World Scientific

Connecting Great Minds

Subject ~ Journals

Books Major Reference Works Partner With Us ~ Open Access About Us

Cookies Notification

ntinuing to br

B

sent to the

I |nternational Journal of Computational Methods

Iatmasocal sl o
COMPUTATIONAL
METHODS

ISSN (print): 0219-8762 | ISSN (online): 1753-6969

X Tools < Share & Recommend to Library

Online Ready | Current Issue | Accepted Papers | Available Issues

Q ® A

Search My Cart Signin

Submit an article

Subscribe

About the Journal

IMPACT FACTOR

Call for Papers

We are pleased to announce that the [JCM has achieved an impact factor of 2.193 in the year 2020

Thematic Issue on Scientific Machine Learning
in Engineering

Due date for submission of manuscripts: 31
August, 2021

Guest Editors:
Pattabhi Ramaiah Budarapu (/ndian |

Bhubaneswar, India)

Cosmin Anitescu

e S e A e LS 2

Journal Metrics

Impact Factor: 2.193

CiteScore: 3

Source Normalized Impact per Paper [SNIP):
0.944

SCmagoe Journal Rank (SJR): 0.558



L
® [ ] ...AMENQ\N MATHEMATICAL sacm'\; =',nor¢
3 MATHSCINET S

°-.;. MATHEMATICAL REVIEWS
.,

International Journal of Computational Methods

Journal Details Recent Issues

Abbreviation Int. J. Comput. Methods Mok b e

18 7 2021 View
Publisher World Sci. Publ.

18 6 2021 View
Websites worldscientific.com 18 5 2021 View
ISSN (Print) 0219-8762 List All Issues
ISSN (Online) 1793-6969

Concise History
Frequency 10 issues/vol./yr.

Title Start End

Publications Listed 939



International Journal of Computational Methods B . .
World Scientific

© World Scientific Publishing Company
DOI: 10.1142/50219876220500346

Robust Finite Difference Method for Singularly Perturbed
Two-Parameter Parabolic Convection-Diffusion Problems

Tesfaye Aga Bullo*’i, Gemechis File Duressa®% and Guy Aymard Deglaﬁ’ql
*Department of Mathematics
Jimma University, Jimma, Ethiopia

tInstitut de Mathematiques et de Sciences Physiques
Universit D’ Abomey Calavi, Benin
ftesfayeaga2@gmail.com
Sgammeef@gmail.com
Ygdegla@gmail.com

Received 24 December 2019
Accepted 12 May 2020
Published 20 October 2020

Robust finite difference method is introduced in order to solve singularly perturbed two
parametric parabolic convection-diffusion problems. In order to discretize the solution
domain, Micken’s type discretization on a uniform mesh is applied and then followed by
the fitted operator approach. The convergence of the method is established and observed
to be first-order convergent, but it is accelerated by Richardson extrapolation. To vali-
date the applicability of the proposed method, some numerical examples are considered
and observed that the numerical results confirm the agreement of the method with the
theoretical results effectively. Furthermore, the method is convergent regardless of per-
turbation parameter and produces more accurate solution than the standard methods
for solving singularly perturbed parabolic problems.

Keywords: Singularly perturbed parabolic problems; convection-diffusion; robust
method; two-parameter; accurate solution.

1. Introduction

Singularly perturbed differential equations arise in diverse areas of applied mathe-
matics and mathematical physics such as fluid dynamics, quantum mechanics, chem-
ical reactor theory, meteorology, oceanography, reaction-diffusion process, Navier—
Stokes equation of fluid flow at high Reynolds number, and so on. Differential equa-
tion depends on perturbation parameter(s), multiplying the highest-order derivative
term(s) is known as singularly perturbed differential equation. When the perturba-
tion parameter tends to zero, the problem has warning solution and the regions of
nonuniform convergence lie near the boundary of the domain which are represented

§Corresponding author.
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by boundary layers ﬂBms_Qt_&d dZ_QOﬁ), Das and Mehrmann (IZD_l_d)] For singularly

perturbed ordinary differential equations, effective numerical methods like a poste-
riori error estimation by ﬂiﬂ] and Haar wavelet approach are proposed by

| for numerical solution of two parameters singularly per-
turbed boundary value problems. However, solving singularly perturbed parabolic
problems by standard numerical methods like finite difference, finite volume and
finite element methods, the obtained solution is inaccurate due to boundary lay-
ers. In order to capture the layers, a large number of special methods have been
developed by the researchers to provide accurate solution which cover the singu-

larly perturbed parabohc problems with one parameter |[Clavero and Graci il 12!!13

Qragi . \Gowrisankar and Srinivasan (2013.12014); Chandru
e al. \2()1§)]
From many other schemes, few recently developed numerical schemes to solve

singularly perturbed two parameter parabolic problems are;arameter-uniform finite

element method presented by |[Kadalbajoo and Yadawl 2!!12], spline difference

scheme by [Zahra. et all 2!!14], robust finite difference method by IMunyakaz 2!!15],

robust layer adapted difference method by |Jha and Kadalbajgd 2015] and a

parameter-uniform higher-order finite difference scheme presented by
]. All these methods are developed to solve singularly perturbed parabolic
problems in which the perturbation parameter is affecting the first- and second-
order derivative terms. Altogether the above-mentioned methods provided param-
eter independent uniform convergence for a class of singularly perturbed parabolic
convection-diffusion problems with two-parameters and the obtained result holds
even for the limiting case where the perturbation parameters are zero. Further,
there are some numerical methods recommended by various authors for solving
singularly perturbed parabolic problems with two small parameters. Specifically,
numerical treatment of two-parameter singularly perturbed parabolic convection
diffusion problems with nonsmooth data by |; numerical method
for solving boundary and interior layers dominated parabolic problems with discon-
tinuous convection coefficient and source terms by Chandru et al. [2017] and a
uniformly convergent hybrid scheme for singularly perturbed system of reaction-
diffusion Robin type boundary-value problems are proposed by
[20134].
More recently, |Gupta._et all ﬂZD_Ld] developed a parameter-uniform numerical
method to solve singularly perturbed parabolic problems with two parameters.

These authors developed and analyzed the method using asymptotic behavior of
the solution and a decomposition of solution into its regular and singular parts.
To approximate the solution, they considered the implicit Euler method for time
stepping on a uniform mesh and a special hybrid monotone difference operator

for spatial discretization on a specially designed piecewise uniform Shishkin mesh.
They improved order of convergence by means of Richardson extrapolation tech-
nique used in temporal variable only and the resulting scheme was proved to be
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Robust Finite Difference Method

uniformly convergent of order two in both the spatial and temporal variables. In
connection to this, there are more recent numerical methods proposed by various
authors for systems of singularly perturbed differential equations like; posteriori-
based convergence analysis method by @ M] Comparison of a priori and a
posteriori meshes,;igher-order accurate approximations on equidistributed meshes
by HM], Das et all ﬂm and optimal error estimate using mesh equidistri-
bution technique developed by [Das and Natesarl HM] are some of the applicable
methods for solving singularly perturbed parabolic problems with two parameters.

Generally, uniformly convergent numerical methods for solving singular pertur-
bation problems are widely classified into fitted operator and fitted mesh methods
Roos et all (IM@), Miller et all (ILQ%)} Most of the developed uniformly conver-
gent numerical methods for solving the problem under consideration were focused
on fitted mesh methods rather than fitted operator finite difference method. Herein,
we apply the fitted operator finite difference method obtained through the nonstan-
dard finite difference method. The method is nonstandard owing to the fact that the
classical denominator for spatial mesh size h or h? of the discrete first- or second-
order derivatives in the standard finite difference scheme is replaced by nonnegative
function ¢ such that ¢(z) = h + O(2?) or ¢(2) = h? + O(2%), as 0 < z — 0. This
denominator function imitates a number of significant properties of the governing
differential equations. Interested readers may refer to a comprehensive list of works

and detail concept on nonstandard finite difference methods from books and articles

in Pat] [200d]; lean et all [200d]; [Kadalbajoo et all [2006]; Mickend
[1994, koo,

In the past few years, numerous uniformly convergent numerical schemes have
been proposed in the literature for solving singular perturbation parabolic prob-
lems, and typically most methods are associated to fitted mesh methods. Thus, the
main objective of this paper is to present robust finite difference method which is
based on fitted operator for solving singularly perturbed parabolic initial boundary
value problems (IBVPs) with two-parameters to produce more accurate numerical
solution.

2. Statement of the Problem

We consider the following singularly perturbed two-parameter parabolic IBVP on
the solution domain (z,t) € @ :=Q x (0,7],Q2 = (0,1)

% ou ou
Lx,tu = EW + Na(xvt)% - b(xvt)u(xvt) - E - f(xvt) (1)

subject to the initial and boundary conditions
u(z,0) = s(z), 2€Q

u(0,t) = qo(t), wu(l,t)=aq(t), t€0,T)

2050034-3
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with two small parameters 0 < e, u < 1. The coefficient functions a(x,t),b(x,t)
and source function f(z,t) are sufficiently regular on Q and satisfy a(z,t) > a > 0,
b(x,t) > B > 0; a and § are real numbers. Also, we assume that sufficient regular-
ity and compatibility conditions are imposed on the functions s(z), go(t), ¢1(t) and
f(z,t), so that a unique solution exists.

Problem given by Egs. ([l) and () exhibits two boundary layers with different
widths depending on the relation between the two parameters ¢ and p. For chosen
Y A ming e % if “8—2 < I, the reduced problem Eq. () is
8u0
ot
Thus, boundary layers of width O(+/€) are expected in both neighborhood of z = 0
and x = 1 if ug(0,t) # qo(t) and wuo(1,t) # q1(¢).

If *;—2 > I then reduced problem

— b(z, t)ug(x,t) — = f(x,t), wo(x,0)=s(x) (3)

ou ou
alz, t) =L — bz, u,(z,t) — =2 = f(z
1% ( 7t) 895 ( 7t) #( 7t) 6t f( 7t) (4)

uy(z,0) = s(z) and w,(0,t) = go(t)

is again singularly perturbed problem with perturbation parameter, u. This is a
first-order hyperbolic equation with initial data specified along two sides t = 0 and
2 = 0 of the domain Q. A boundary layer of width O(ﬁ) is predictable in a right
neighborhood of « = 0 if u,(0,t) # qo(t), and a boundary layer of width O(u)
is expected in a left neighborhood of x = 0 if w,(1.t) # ¢(t) [Kadalbajoo and
Yadaw (IZQ]_ﬂ)7 Miller_et_all (ll&9ﬂ)] When the parameter g = 1, the problem is
a well-studied parabolic convection-diffusion problem |Chen and Lid (IQOld)' Roos
et al. (IZM), Gowrisankar and Srinivasanl (IZQIAI)] with boundary layer of width O(g)
appearing in the neighborhood of z = 0 or x = 1. While the parameter y = 0, the
problem is parabolic reaction-diffusion problem |Clavero and Gracid (2013); Gracia
and O’Riordan 421115)] which has two boundary layers of width O(y/e) appearing
near & = 0 and @ = 1. Here, we consider the problem in Eqs. (1) and () when
the two perturbation parameters satisfy 0 < ¢ < 1 and 0 < p < 1, for which
the problem has different layer widths on the opposite side of the space domain
depending on the value of two perturbation parameters, € and p.

3. Properties of Continuous Solution

By imposing the compatibility condition $(0) = go(0) and s(1) = ¢;(1), data match
at the two corners (0,0) and (1,0). This condition promises that there exist con-
stants C; and Cy such that Va,t € Q

lu(z,t) — s(z)] < Cyt (5)

u(z,t) = qo(t)] = [u(z, )] < Ca(1 — ) (6)

2050034-4



Robust Finite Difference Method

For the detailed proof of both Egs. (Bl) and (Gl), readers can refer to Kadalbajoo
and Yadaw HZ_QH] Let u(z,t) € C1(Q), then from Eqs. (&) and (@), it implies that
|ut(2,0)| < C and |u,(0,¢)| < C, where us and u, are derivatives with respect to ¢
and x, respectively.

Lemma 3.1 (Continuous minimum principle). If o(x,t) € C2(Q)NC°(Q) is
such that o(x,t)|ag > 0 and Ly p(x,t)|g <0, then ¢(x,t)|q > 0.

Proof. SeelJha and Kadalbajgd 2!!15]; Gupta et all M] O

Lemma 3.2 (Uniform stability estimate). Let u(x,t) be the solution of Egs. ()
and @)). Then, we have

lu(z, )l < CEHf (@, )] + max(lgo ()] + | (D)), V() € Q

where || .|| denotes the mazimum norm on the domain Q, and 3 is a positive constant
specified under Sec. 2l

Proof. Sece |Gupta et all 2!!19]. |

Lemma 3.3. For any nonnegative integers i, j such that 0 < i+435 < 4, the solution
u(x,t) satisfies

1

2

, — dfpu<ce
7 K3
3lu 1 <c (Ve)
Ozt ot || 5 — '

(_> ’ Zf ,UQ Z ce

€
where ¢ = X, the constant C is independent of parameters e, u, and is depend on
a%b or

P
15# o, 1557 llg and | 5:F g, for p=0,1,2

For the proof of this lemma, one can refer lJTha and Kadalbaiod [2015]: Gupta

et al. ﬂZ_Ql_d]

4. Description of the Scheme

To describe the proposed scheme, the argument splits into two steps; the time
variable is discretized which leads to a system of boundary value problem and then
the discretization of space variable on a uniform mesh followed by the nonstandard

methodology of Mickens , ]

4.1. Temporal discretization

To discretize the time variable with uniform step size k, the interval [0, T is parti-
tioned into N equal sub-intervals and each nodal point satisfies 0 =tg < t; < -+ <

2050034-5
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ty =T, for t, =nk, k= %,n =0,1,2,...,N. Now, at the point (x,t,+1), Eq. )
written as

62 ou
Lo, u £ 9r 2(17 tnt1) + pa(z, t”“)@x (T, tnt1)
ou
- b(w,tn+1)u($,tn+1) - E(xvtn-‘rl) = f(xvtn—i-l)- (7)

From Taylor’s series expansion about the point (z,t,+1), we have

k% 0%u k? 83u

ou
u(w, tn) = u(w,tny1) — k%(a??tn*f’l) + 5 2 2 (@, tnt1) — G o (@, tng1) +-

Solving for %—7;(95, tyn41) from this equation, we get

5 ’tn - 7t’ﬂ
a_:/(x?tn-i-l) = U(x +1)k u<$ ) +7—13 (8)

2
where 7, = %%(m,tnﬂ) = O(k).
This indicates that the error estimate of time discretization is given by

[ Enll < CF, (9)

where C' is constant independent of perturbation parameters €, u and mesh size k.
Substituting Eq. () into Eq. (@) yields boundary value problems in terms of
space variable at each time level written as

2

27 dZ 1 .
L,7 = ) —l—ua(w,tn_ﬂ)% - <b(w,tn+1) + —) 7=z (10)

subject to the conditions
Z(O):qO(tn+1), Z(l):ql(tn+1), n:O,l,...,N, (11)

where Z = u(z,tn41) and 2% = f(2,tng1) — pulz, tn).
Differential operator L, in boundary value problems in Eq. ([I{) satisfies the
following discrete minimum principle.

Lemma 4.1 (Continuous minimum principle for semi-discretize). If ¢(z) €
C2() N C(Q) is such that ¢(x)|oq > 0 and L.d(x)|o < 0, then ¢(z)|q > 0.

Proof. One can prove this lemma by the same procedure to the proof of Lemma 311
O

Lemma 4.2 (Uniform stability estimate for Semidiscretization). Let Z be
the solution of Eqs. (1)) and [I2). Then, we have

1Z]l < C(B7 2" + max(1Z(0)] + [Z(D]),  V(z,tns1) € QY.

2050034-6



Robust Finite Difference Method

Proof. Consider the comparison function
0= (@, tne1) = 7|27 | + max(1Z(0)] +1Z())) £ Z, ¥ (@, tns1) € QY
Then we have
Lo (2, tug1) = =b(@, ts1) 5" [|27]
—b(x, tpy1) max(|Z(0)| +|Z(1)|) £ Lo Z, Y(x,tns1) € QY.

Since Lu(z,t)
LIH*i(x,th)
QV. Thus

< 0, from the minimum principle in Lemma B it follows that
<0, V(x,tny1) € QN, which implies 0*F (z,t,.1) > 0, V(2,tn11) €

0% (2, tng1) = A7 |2" ] + max(1Z(0)| +1Z())) £ Z, ¥ (2,tn1) € QY

This completes the required proof. O

The characteristic equation for the homogeneous part of Eq. (I0) is

1
() + pa(x, ty)r(z) — (b(x,tn+1) + E) =0.
Assume this equation has two real solutions 71(z) < 0 and ry(z) > 0, and let

Al =— ng[%,)i] ri(z) and Ay = zlen[z)l)ll] ro(x).

The situations of two layers are characterized by the case u? < € as ¢ — 0, which

suggests that \; = Ay = % and we have the layer like to the case y = 0.

The other condition, layers comes across in the case where ¢ < p? as u — 0 yields
A1 A ming¢o,q) M and Ay &~ 0. The detailed proof of the following lemma
given by the authors inlGupta et all m | requires some used bounds on the solution
and its derivatives for the convergence analysis of the numerical scheme.

Lemma 4.3. For any real constant number v, 0 < v < 1 we have up to a certain
order q that depends on the smoothness of data

2z

The detailed proof of this lemma is given in|Kadalbajoo and Yadauw 2!!12].

< C 1+ Me vhe 4 /\ée*“““*”} , for0<j<gq (12)

4.2. The full discrete problem

Assume that Q*denotes partition of [0,1] into M subintervals such that 0 = 2o <
1 < -+ <zy =1and z,, = mh,h = ﬁ,l =0,1,2,... M, which can be decom-
posed as [0, %] U [%, 1] and then the tensor-product grids Q" . Using the decompo-
sition of space domain, we consider the following two cases to construct the scheme
for solving Eq. (I)) sideways with appropriate boundary conditions.

2050034-7
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Case 1. On the domain [0, 3] x (0,7, (for left boundary layer case)

By undertaking the notation U™ =~ w(@pm,tni1) = Z(Tm,tnt1) and using the
nonstandard finite difference methodology of Mickens ,M], Eq. () can be
written as

Upih = 205+ + Upth

n+l _ rrn+1
+ an+1 Um+1 Um
m

M,Nym _—
LE,[L Ul =¢

(1 4 LY gt Frt Lo (13)

with the discrete initial and boundary conditions
U(zm,0) = 5(xm), m € Q03]
U(0,tnt1) = qo(tns1),  u(litnt1) = qi(tusr),  tosr € [0, 7]V
As ] provided the detail to prove, the denominator function ¢?, is

given by
Fateonh) = = (oxp (MLE2) 1), (15)

(14)

Case 2. On the domain [ 3, 1] x (0,77, (right boundary layer)

Similarly, nonstandard finite difference scheme to solve Eq. (IQ) as

Un+1 - 2Un+1 + Un+1 Un+1 o Un+1
L%’LNU” =¢ m+1 (b’l;l m—1 Ma:zn-&-l m - m—1
n+1 1 n+1 n+1 1 n
— (b T + % upyt = for — EUW (16)

Subject to the discrete initial and boundary conditions
U2, 0) = $(z), @m € Q21

U0, tpt1) = qo(tns1), U(Ltng1) = qi(tns1), tas1 € 0,71V, n=0,1,...,N

(17)
The schemes in both Egs. (I3) and (I6]) can be re-written as
LM = ERHUn sy - FRP Ut GRHunEs = Hyt (18)
n+1 n+1
where Eptt = o5 Fitt = 25 4 B 4 bpH 4 4, G = o5+ By for
m=12,..., 2 andn=0,1,2,...,N - 1.
€ antl 2¢ antt 1 5
Egl+1:_2_/l’m 7F7?1+1:_2_Mm +bzl+1+_’ Gnm+1:_2§
b, h b, h k b,

form=2%+1,2+2 .. M-landn=0,1,2,...,N=land H" = frtl—1yn,
m=1,2,...,M —1landn=0,1,2,...,N — 1.

2050034-8



Robust Finite Difference Method

Hence, scheme developed in Eq. ([I8) is considered as fitted operator finite dif-
ference method to solve Eqs. () and (). Here, Eq. (I8) is tri-diagonal system of
equations with respect to the z—direction and the coefficients E*t1 Fntl Gnitl
and the right-hand side H™! are given that they satisfy the conditions |E™1| >
0,[FPH > 0,|GFY > 0 and [FHY > |ERFY + |GRFL at each (n+ 1)™ level.
These situations guarantee that the system is diagonally dominant. Thus, M x M
system of equation given in Eq. ([I8) can be solved by Thomas algorithm. The
L~

discrete operator in Eq. (I8) satisfies the following minimum principle.

Lemma 4.4 (Discrete minimum principle). Assume that LY;M is the discrete

operator of Eq. (TA) and ¥+ is any mesh satisfying 19, > 0,0 <m < M, ,¢p*t >
0,95 >0,0<n < N.IfFLMNgrH >0 in QY then vt > 0 in QY.

Proof. Let i and j be the indices such that 1/){“ = min(m») ¢g+1 for wgﬂ € QAN4

Assume that wzﬂ < 0. It is easy to see that (4, ) € {1,2,. —1}x{1,2,...,N}
because otherwise wzﬂ > 0. It tails that 1/15:11 1/1”1 > O an d 1/1”1 wfﬂ > 0.
Thus, Lé\ffﬁN Y1 < 0 which is a contradiction. Therefore, 17 1 > 0. The indices i
and j being arbitrary, we obtain ¥ > 0 in Q7. O

Lemma 4.5 (Uniform stability estimate for discrete problem). At any time

level tpy1, if UMY is any function such that U™ = U}\?Ll =0, forn=0,1,..., N,
then
1
UP <= max |LMNURTY, for 0 <i< M. (19)

o 1<m<M-1

This means the operator L%ANiS uniformly stable.

Proof. For m = 1,2,...,M — 1 and n = 0,1,..., N, Let (%)% be the mesh
function demarcated by

1
(WE)H = P+ U™ where P = 5 oomax LMV

with (p*)ot! = (p*)if' = P > 0. Moreover, for 1 < m < M — 1 and n =
0,1,...,N, we have
MN +yntl _ byt + 1 M,Npm+1 M,Nyn+1
LN () TK%@_JLN; AP AU oA

Spending the fact that 0 < § < bt < biF! + &, we have LMN =)+ < 0. By
the discrete minimum principle above, we obtaln (PpE)Hl >0 for 0 <m < M.
O

5. Convergence Analysis

The error estimate to approximate the derivative with respect to time in the differ-
ential equation was verified in Eq. ([@). Thus for now, drop the time level indices for

2050034-9
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the sake of simplicity and then the following analysis concerns the space variable x.
The local truncation error of nonstandard finite difference method which considered
as the fitted operator finite difference method in Eqs. (I3]) and (I6) is given by

Li/[’N(u(xm»tn-‘rl) _unm+1) (L = Ly)uy, n+1

which verified as

M.N 41 d2un+1 " dun+1
LYY (u(xp, the1) — ul =e—" 4 et
T ( ( ms bn+ ) m ) A2 My, dx
n+1 n+1 n+1 n+1 n+1
Uiy = 22U —up, Ty n+1 Umt1 = Uy
m
(20)
d2un+1 dun+1
M,N n+1\ __ m n+1 m
L:c (U(fEm, tn+1) — Uy, ) =& du2 + Ha,, 7
n+1 n+1 n+1 n+1 n+1
Uppiip — 2, —wy Ty g1 U~ Uy
—€ 5 — pupt ————
(078 h
(21)

From Taylor series expansion for L and up 1 at the point z,, on spatial direc-
p m+1 p P
tion, we obtain

h4

un+1 — 2 n+1+un+1 7h2( n+1)l/+ o

m—+1 m

(up @ 4 (22)

h? h?
un+1 o un+1 _ h(u:zn+l)/ + _(un+1)// + = un+1)/// 4.

m—+1 m 2 m 6 ( m ) (23)
n+1 n+1l __ n+1y\/ h2 n—+1\/ h3 n41\/

Also, by the truncated Taylor series expansions for - gwen in Munyakazi 201 5

we have

1 1 Uam, — plaZ, eh? _ wha, n urh?a?,

02 RZ 2eh 1222 g2 T ST 2 12¢

Substituting Eqs. (22)-(23) into both Eqgs. 20]) and (21]), and after simple algebraic
manipulation, we get

(25)

LN (W, ts1) — i) = gl ()

e (M (Tg]:l)? (unm+1)// + Magn'H (uzj_l)///) 4.

(26)

Using the bounds on derivatives of u (Lemma [3) the fact that for small h, h* <
h? < h? < h and observing that for both M e="*1%m and Me~v*2(1=%m) approach

2050034-10



Robust Finite Difference Method

zero as € — 0 for all j € {0,1,2,...}, we obtain
L3N (w(@m, tar) —up,th)] < Ch (27)

where C' = |ua (uF1)"] is constant independent of the parameter e and mesh
size h.
Here, raising the uniform stability estimate (Lemma 4.5) leads to

_ o nt+l <
omax |(u(@m, tny1) — up" )| < Ch (28)

Consequently, form Egs. (@) and ([28)), the key and main result of this work are given

as follows.

Theorem 1. Let u(z,t) be the solution of Eqs. () and @) and UM its numerical
approxzimation for solution of Eq. (I9). Then there exists a constant C' independent
of e,k and h such that

(@, tnr1) = Un | < C(h+ k). (29)

max
0<m<M,0<n <N

This consequence specifies that the developed method is first-order convergent.

Proof. One can provide the detailed proof for this theorem by following the pro-

cedures given by [Das and Mehrmanil HZQld}. i

6. Richardson Extrapolation

For the detail convergence analysis of Richardson extrapolation method, refer Das

[2018] and Das and Natesan ﬂZD_l_S_H] Since Richardson extrapolation technique is
a convergence acceleration technique which involves combination of two computed
approximations of a solution, the combination goes out to be an improved approx-
imation. Hence, from Eq. ([29), we have

u(@m, tasr) — Uptt < C(h+ k), (30)

where u(zy,, tn+1) and U are exact and approximate solutions, respectively, C
is constant free from perturbation parameter € and mesh sizes h and k.

Let Q%f\\; be the mesh found by dividing each mesh interval in Qf\\g and symbolize
the calculation of the solution on Q2% by Unt!. Consider Eq. [B0) works for any

h, k # 0, which implies for all m =0,1,...,M and n =0,1,..., N:
W@, tasr) = Uit < C(h+ k) + Ry (T tat) € Uy (31)
. h k
So that it works for any 5,5 # 0
1 h  k 2N 2N
U(Tmstnt1) — Uyt <C B} + ) + Ropr  (Tm, tnt1) € Qo (32)

where the remainders, RY; and R2Y, are O(h? + k?). Combination of inequalities
in Eqs. 3I) and @2) leads to u(xpy,tyr1) — QUL — UL < C(h? + k2) which
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proposes that
(U7T77:L+1)Cxt _ QU;LTJrl _ U;L]Jrl (33)

is also an approximate solution of w(z,,t,+1). Equation [B3) approximates the
solution with estimated truncation error

(@ tnar) — (U™ < C(B? + ), (34)

where C is free of mesh sizes h and k. Thus, using Richardson extrapolation,;irst-
order convergent method is accelerated into second-order convergent as provided
in Eq. (34)). Thus, the proposed method is second-order convergent. To verify the
proof for Eq. ., one can follow the procedures provided by Das [2018] and Das
and Natesan 21)12@}

7. Numerical Illustrations and Discussion

To demonstrate the efficiency of the proposed scheme, we display numerical results
for two test examples. Since the exact solution for such type of problems is not avail-
able, the maximum absolute errors are evaluated to before and after extrapolation
using the formula

y,N _ |Un+1 U2277711+1|
H O<m<MO<n<N
and
M,N n+1\ext 2n+1\ext :
= max U, Us respectivel
M = e J(URTYS - U3, respectively,

where U1 is the approximate solution obtained using a constant space mash size
h and time step k and Us, 21+l g also approximate solution produced using space
step % with time step & 5- Also, its solutions obtained by Richardson extrapolation
are (Ut and ¢(UZ7 1)<t Likewise, compute the rates of convergence R by

log E%L’N

2M 2N
—log EZ),

log2

Example 1. Consider the IBVP
2u ou
ez Tl +a)o

subject to the conditions

—u(x,t) — % =162*(1 —z)* (z,t) € Q:=(0,1) x (0,T]
u(x,0) =0, 2€][0,1] and w(0,t)=0=uwu(l,t), te€]0,T)

For this example, the obtained maximum absolute errors are given in Tables[Tland 2]
rate of convergence is given in Table[3 and Log—log plot of maximum absolute errors
are given in Fig. [l
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Table 1. Comparison maximum absolute errors for Example[[lat M = 32,

k= 0125
ple— 10-2 104 10-6 10-8
Present method
10—2 2.4609e-05  1.0585e-05  1.4416e-05  1.4416e-05
10—4 2.0593e-05  1.2422e-05 1.2323e-05  1.2362e-05
10-6 2.0588e-05  1.2390e-05  1.2343e-05  1.2342e-05
10-8 2.0588e-05  1.2389e¢-05  1.2343e-05  1.2343e-05
Gupta et al. [2019]
10—2 1.7212e-02  1.7507e-02  2.2799e-02  2.2801e-02
10~4 1.7000e-02  1.6928e-02  1.6913e-02  1.6962e-02
106 1.6998e-02  1.6923e-02  1.6908e-02  1.6917e-02
108 1.6998e-02  1.6923e-02  1.6908e-02  1.6917e-02
Table 2. Maximum absolute errors at p = 10~%,7 = 1, number of intervals M/N for
Example [T
e| M/N 8/4 16/8 32/16 64/32 128/64 256/128
After extrapolation
10—2 2.0324e-03 5.6707e-04 1.5080e-04 3.8842e-05 9.8588e-06 2.4836e-06
10—+ 1.5798e-03 4.4201e-04 1.1796e-04 3.0736e-05 7.9840e-06 2.0373e-06
10-6 1.5751e-03 4.3990e-04 1.1681e-04 3.0021e-05 7.6259e-06 1.9373e-06
10-8 1.5754e-03 4.4092e-04 1.1766e-04 3.0349e-05 7.7131e-06 1.9526e-06
10—10 1.5754e-03 4.4092e-04 1.1766e-04 3.0349e-05 7.7131e-06 1.9526e-06
Before extrapolation
10—2 1.8431e-02 1.0259e-02 5.4059e-03 2.7758e-03 1.4067e-03 7.0813e-04
10—+ 1.9808e-02 1.0637e-02 5.5205e-03 2.8136e-03 1.4217e-03 7.1443e-04
10-6 1.9837e-02 1.0649e-02 5.5257e-03 2.8153e-03 1.4227e-03 7.1497e-04
10-8 1.9837e-02 1.0649e-02 5.5265e-03 2.8165e-03 1.4236e-03 7.1552e-04
10—10 1.9837e-02 1.0649e-02 5.5265e-03 2.8165e-03 1.4236e-03 7.1552e-04

Table 3. Rate of convergence at p = 10~%, T = 1 and number of
intervals M/N for Example [Tl

el 8/4 16/8 32/16 64/32  128/64
After extrapolation
102 1.8416  1.9109 1.9569 1.9781  1.9890
10—4 1.8376  1.9058 1.9403 1.9447  1.9705
106 1.8402 1.9130 1.9601 1.9770  1.9769
108 1.8371  1.9059 1.9549 1.9763  1.9819
10—10 1.8371  1.9059 1.9549 1.9763  1.9819
Before extrapolation
10—2 0.8452 0.9243 0.9616 0.9806  0.9902
10—4 0.8970 0.9462 0.9724 0.9848  0.9928
106 0.8975 0.9465 0.9729 0.9847  0.9927
108 0.8975 0.9463 0.9725 0.9844  0.9925
1010 0.8975 0.9463 0.9725 0.9844  0.9925
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0 0
— O(1/M)
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Fig. 1. Log-log plot of maximum absolute errors before and after Richardson extrapolation at
M = {8,16, 32, 64,128,256} for Example[d with = 10~% and different values of € in the left side
and for Example @] with ¢ = 2710 and different values of y in the right adjacent.

Example 2. Consider the singularly perturbed parabolic IBVP

0%u ou ou
— 1 1— ——-(1 —— =z(1—2a)(e -1
€922 +pl+az(l—a)+t ]8x (14 5zt)u(x,t) Fr z(1—x)(e )
subject to the conditions: u(z,0) = 0,2 € [0,1],u(0,t) = 0 = w(1,¢),t € [0,1].
Computed result given is in Tables M and Bl along with Fig. [

From the results displayed in Tables BHE| one can observe the effects of using
Richardson extrapolation method to produce more accurate numerical solution cor-
responding to higher rate of convergence for solving singularly perturbed parabolic
convection-diffusion IBVPs with two parameters. In addition, results in Table [
demonstrate the accelerated fitted operator finite difference method gives more
accurate numerical solution than the current method as cited in the literature.
Moreover, clearly to verify the contribution of nonstandard or fitted operator finite
difference method to get accurate numerical solution without dependent of the per-
turbation parameters, one can realize from results in Tables [0l 2 and @ with the

Table 4. Maximum absolute errors at ¢ = 2710 and number of intervals M = N for Example[2

wl N — 8 16 32 64 128 256
After extrapolation
28 1.3840e-04 3.8046e-05 9.9990e-06 2.5738e-06 7.2761e-07 1.9279e-07
2-10 1.3991e-04 3.8463e-05 1.0119e-05 2.5939e-06 6.5673e-07 1.6520e-07
212 1.4044e-04 3.8594e-05 1.0159e-05 2.6058e-06 6.5956e-07 1.6593e-07
2—14 1.4058e-04 3.8629e-05 1.0181e-05 2.6097e-06 6.8344e-07 1.7560e-07
Before extrapolation
28 1.7714e-03 9.5858e-04 4.9804e-04 2.5358e-04 1.2795e-04 6.4275e-05
2-10 1.7705e-03  9.5664e-04 4.9723e-04 2.5314e-04 1.2774e-04 6.4168e-05
212 1.7700e-03 9.5602e-04 4.9701e-04 2.5302e-04 1.2769e-04 6.4141e-05
g4 1.7699¢-03 9.5586e-04 4.9695e-04 2.5299e-04 1.2768e-04 6.4134e-05
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Table 5. Order of convergence at ¢ = 2710 and number of intervals
M = N for Example 2

Wl N— 8 16 32 64 128
After extrapolation
278 1.8630 1.9279 1.9579 1.8227 1.9161
2-10 1.8630 1.9264 1.9639 1.9818  1.9911
212 1.8635 1.9256 1.9630 1.9822  1.9909
g 14 1.8636  1.9238 1.9639 1.9330 1.9605
Before extrapolation
2-8 0.8859  0.9446 0.9738 0.9869  0.9933
2-10 0.8881  0.9441 0.9740 0.9867  0.9933
2—12 0.8886  0.9438  0.9740 0.9866  0.9933
214 0.8888  0.9437 0.9740 0.9865  0.9934

corresponding nondisturbance of rate of convergence in Tables [3] and [ at both
before and after extrapolation. Besides, Fig. lindicates log—log plotted to show the
difference between the obtained maximum absolute errors before and after applying
Richardson extrapolation and robust or uniformly convergence of the two schemes.

8. Conclusion

Robust finite difference method is developed for solving singularly perturbed
parabolic problems whose two derivative terms are affected by perturbation param-
eters. Replacing the derivative with respect to time in the differential equation by
finite difference approximation yields boundary value problem. The space domain
discretization on uniform mesh subsequent the nonstandard procedure of Mickens
clues to a full discrete problem whose fundamental operator fulfilled a continuous
minimum principle. A convergence analysis grounded on this detail presented that
the developed method is robust regardless of the perturbation parameters. To val-
idate the proposed method, we considered test examples and numerical results to
care the theoretical results and to determine its effectiveness. Furthermore, the pre-
sented method gives more accurate results than the existing methods in the recent
literature. In a concise manner, the proposed method is robust, convergent and
produces more accurate numerical solution than the existing method for solving
singularly perturbed parabolic IBVPs with two parameters.
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