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In this paper, the effects of the longitudinal D, and the transverse D, crystal fields on

the mixed spin—(é, 2) Ising—Heisenberg model have been studied. The thermodynamic

properties of the model are obtained by using a new approach of the mean field approx-
imation (MFA). The thermal variations of the order-parameters and the total magnetic
susceptibility of the model are carefully investigated to obtain the phase diagrams on
the (Dy/J, kgT/J) planes for z = 3 and on the (D./J, kgT/J) planes for z = 3,4 and
6. The existence of compensation temperatures between the sublattice magnetizations,
Teomp, M, and the two components of the quadrupole moments, Teomp, @, are observed.
Our results are compared with other existing works in the literature and reliable agree-
ments are found.

Keywords: Transverse crystal field; longitudinal crystal field; compensation; mean field;
mixed spin.

PACS Number(s): 61.10.Nz, 61.66.Fn, 75.40.Gb

1. Introduction

The mixed-spin models with various kinds of spins have been studied extensively,
because they have less translational symmetry than their single counterparts and
may show many new phenomena, such as the compensation behavior, that cannot
be observed in the single-spin Ising models. These models are well adopted to
study a certain type of ferrimagnetism which is of great interest because of its
interesting and possible useful properties. Experimentally, it was shown that the
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MnNi (EDTA)6H20 complex is a mixed-spin system! and there is also evidence
for the mixed spin-1/2 and spin-3/2 system, i.e. amorphous V(TCNE)z - y solvent,
in which TCNE is a tetracyanoethylene, is an organometallic compound seems to
have this mixed-spin structure which was found to stay in ferrimagnetic ordering
until 400 K’s.?

In addition, Heisenberg’s model continues to be of great interest for theoretical
researches because it offers the possibility of studying the quantum phase tran-
sitions. One of the difficulties linked to this model is the non-commutativity of
the spin operators which leads to uncertainty in the measurements of the observ-
ables. To get around this difficulty, one can resort to hybrid classical-quantum mod-
els which constitute both Ising and as well as Heisenberg spins models.? Several
studies have been performed on the mixed-spin Ising—Heisenberg or its modified
versions.* 10 In most of these works, only the longitudinal crystal field (LCF) com-
ponent D, has been considered in their Hamiltonian’s model. Since it has been
proven that the transverse component also influences the critical behaviors of the
system, several other works have also looked into this aspect. The critical behaviors
of a mixed spin-(3, sp) Ising system with transverse crystal field (TCF) D,,'* the
magnetic properties of a bond-diluted mixed spin—(%, 1) Ising model with uniaxial
and biaxial single-ion anisotropy,'? the magnetic properties of a multilayer system
consisting of L-layers of spin-% atoms and L-layers of spin-1 atoms with disordered
interface,'3 the effect of TCF on ferromagnetic (FM) or ferrimagnetic (FI) mixed
spin-3 and spin-1 (spin-3/2) Ising bilayer system,'* the FM or FI bilayer system
consisting of different monolayers with spin-1 and spin-1 (spin-3),'® the critical
behaviors of a TCF and a bimodal magnetic field mixed spin Ising model with
bond dilution or bond percolation threshold,'® compensation behaviors of mixed
Ising model with a TCF in an external magnetic field,!” the alternating-bond mixed
spin-(4, 1) Ising chain with both LCF and TCF are a few examples.’® In addition,
the effects of an LCF and a TCF on the mixed spin-(1, 1) Ising-Heisenberg model
were examined on a honeycomb lattice by using a new approach in the MFA 19

There are also a few works which consider the magnetic properties of the mixed
spin—(%, %) with LCF as follows. The Glauber-type stochastic dynamics was used
to describe the time evolution of the two interpenetrating square sublattices having
mixed-spins 1/2 and 3/2 with a crystal-field interaction in the presence of a time-
dependent oscillating external magnetic field within a MFA.2° The investigation of
the diluted model on a honeycomb lattice within the effective-field theory (EFT) has
exhibited two compensation points.?' Again using the EFT, the study of the model
has led to a variety of interesting phenomena in phase diagrams due to the influence
of the LCF.22 The thermal behaviors of the order-parameters and phase diagrams
of the Ising model were also investigated within the EFT.23 The model was studied
by using the Monte Carlo (MC) simulation on a square lattice and it was found
that the compensation temperatures depends extremely on the interactions in the
Hamiltonian.2* By using Green’s function method, the effects of the nearest- and
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next-nearest-neighbor interactions between the spins on the magnetic behavior of
quantum Heisenberg system were examined.?® It should be noted that this system
has also been investigated on the Bethe lattice and on the two-fold Cayley tree by

26,27 and also on the honeycomb lattice

means of the exact recursion relations (ERR),
by using the exact star-triangle mapping transformations.?® It is also important to
note that the effects of both exchange anisotropy and single-ion anisotropy on the
phase diagrams and the magnetization curves of the FM Heisenberg model were
investigated by using Oguchi approximation.?? Recently, the effects of the LCF
and longitudinal magnetic field on the order-parameters of the Blume—Capel model
were studied by using the ERRs on the Bethe lattice.3°

Among all these different studies above, only Ref. 19 examined the effects of
both LCF and TCF on the mixed spin—(%, 1) Ising—Heisenberg model. In order to
extend this study to the mixed spin models with that of half-integer spins, we
now investigate the thermal variations of the order-parameters, susceptibility and
the phase diagrams of the mixed spin—(%, %) Ising—Heisenberg model by using a
new shape of the MFA where particular attention is given to the study of the
compensation properties of the model.

The remaining parts of this work are constructed as follows. The formulation
of the model and the details of calculations are given in Sec. 2. Section 3 con-
tains the detailed numerical findings concerning the thermal behaviors of the order-
parameters and susceptibility. Section 4 consists of the phase diagrams which are
carefully exposed and discussed, and in the last section, we present a brief summary
and conclusions.

2. Model and Formalism

The mixed spin-(Sa, Sg) Ising-Heisenberg model may be described by the following
Hamiltonian:

BT $48in - DY (S5~ . Y (S
(3,3)

jEB jEB
Y S —he Y S, (1)
icA jEB

where S’EA and S’?B with (6 = z, z) are the components of spin—% and spin—% oper-
ators for the sublattices A and B, respectively. J is the FM exchange interaction
between the nearest-neighbor (NN) spins S;4 and S;p. D, and D, are the TCF
and LCF parameters, respectively, acting only on the sites with spin—%. Lastly, ha
and hp are the longitudinal external magnetic fields acting on the spins of both
sublattices.

It is well known that in the ordinary MFA, the NN pair interactions between the
spin components are treated exactly and the rest of interactions are replaced with
the effective field terms. In this work, we consider the opposite approximation, i.e.

the NN pair interactions between the spin components are approximated and the
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rest of interactions are treated exactly. By using this new approach of the MFA,?
the Hamiltonian given in Eq. (1) can be written as

—BH =Y A, (2)

)
where
—BH\ = BI=(M5 S5, + M;Sip) + BD.(S75)?

+BD4(575)% + BhaSia + BhpSip, (3)

z is the number of NN spins, M7 = (S7,) and M3 = <ng> are the thermal averages
2 2

corresponding to the sublattice magnetizations. The spin operators corresponding

to spin-1 and spin-2 are given by

30 0 0
.. 1(1 0 . 01 0 0
72\ 1) TP 200 0 -1 o |’
00 0 -3
0 v3 0 0 9 0 0 0
. L[V 0 2 0 (Az)210100
B2l o 2 0 3T P T 4lo 001 0]
0 0 V3 0 0009
3 0 2v3 0

(& )271 0 7 0 2v3
BTy lev3 0 7 0
0 2v3 0 3

The basis vectors of spin—% and spin—% are defined in spaces of dimension 2 and 4,
respectively. The study of the mixed Spin—% and spin—% system must be done in a
space of dimension 8. Thus, we use the direct product with unitary matrix Isyo
and I4«4 which are written as

1 0
Iy = v Iaxa =
0 1
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Using the direct product, Eq. (3) can be rewritten as follows:
—BH = BI2MS (s ® $4) + M (55 © o))

+BD.(575)% ® Irxz + BD(S75)? ® Iaxo

+ Bhalina ® Siy + BhpSip @ Loxo.

(4)

Now, one can obtain the matrix representation of the operator —Bﬁﬁ& in the

form of 8 x 8 matrix as

ai 0 0 0 @ 0 0 0
0 a22 0 0 0 @ 0 0
0 0 as3 0 0 0 @ 0
0 0 0 Q44 0 0 0 6\/2§DI
B\/2§Dm 0 0 0 ass 0 0 0
0 6\/§DI 0 0 0 a66 0 0
0 0 ﬁ\/ng 0 0 0 a7y 0
0 0 0 5\/2§DI 0 0 0 ass

where the diagonal matrix elements are given as

pJzMi  BJzMi  gp BD, Bha _Bhp

p— 2 2 xr
ﬁJzMi BJZMf BD ﬁD Bh Bh

— 2 3 T z A B
Qg2 = 9 +3 5 +3 1 +9 1 5 +3 5

_ My BTEME 8D, BD. | Bha |, fhs
433 = Ty 2 A 1 2 9

_ My BIEME 8D, BD.  Bha  fhs
a4 = 2 2 4 4 2 9

_ PIEME BIEME gD, | D, | pha  fhy
455 = 7y 2 1 1 2 9
o _BJZM§ - BJ=M} +75D1, +9ﬁDz _ Bha  phg
66— 2 2 4 4 2 2’
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BJzM3 5JZMZ BD, BD Bh Bh
_ 2 z A B
arr = B 3 5 2 +3 1 +9 1 + 5 3 5
_ My BTEME BD. , 0BD. Bha fhs 5)
88 = 2 2 4 4 2 2

The eigenvalues of this matrix are the main ingredients in calculating the thermo-
dynamic functions and are obtained as follows:

A2 = [ags + aaq = \/(ass — ay44)? + 4aiy) /2],

X34 = [a77 + asz £ \/(077 — az3)? + 4ai;)/2],

5,6 = [age + 22 + \/(%6 — a2)? + 4ai;) /2],

7,8 = [ass + a1 = \/(%5 —an)? +4aiy) /2],
with

BV3D,

5
Since all the information in our system is contained in the partition function, it is
calculated by using the formula as

a15 =

Z =Trjexp ( ,BHN?F Z e PN, (7)

The explicit form of the partition function Z is given by

2 =20 (4 ) o () 20 (22 o (£
oo (Yo (£ 20 () o (£).

where the coefficients C, E, A1, Ay, A3 and Ay are given by
C = ﬂ\/(—Dx 42D, — 2hp — 2J=M?%)2 + 3D2,
2

E = 5\/(1)1 — 2D, — 2hp — 2J2M?)2 + 3D2,
2

—BJ=M5 — BJ2Mj — fha — Bhp + w,
= BJZM§ — BJzMg + Bhys — Bhp + w,
Az = fﬂJzMg +ﬂJZM§ — Bha + Bhp + w,
Ay = ﬂJzMg +ﬁJzM§ + Bha+ Bhp + w.
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The magnetization of the sublattice A4 is calculated by the formula

1 07

1= 5z0m, ®)

and it is explicitly expressed as

M = % [— exp (él) cosh ((;) +exp (1‘;2) cosh (g)
B (o]

For the sublattice B, one can obtain the magnetization and, transverse and longi-
tudinal quadrupolar moments, respectively, by using the formulas as

1 07
f=— = 11
Mf [‘32(9}13 ( )
. 1 0z
9t = 5zop, (12)
and
. 1 0z
9= 5zop. (13)

which are given explicitly as

z 1 Al 3 C A2 C
M% = Z[—exp( > )cosh<2) —exp( > )cosh(Q)
A3 E A4 E
+ exp (2> cosh <2> + exp <2> cosh (2>

_ €xXp (

C

26(=D, + 2D, — 2hp — 2JzM?%) A, C
c 2 | exp ( ) sinh (2>

E

(25(171 — 2D, — 2hp — 2JzM7) As
=)o () e

(25(171 - 2D, —2hp — 2JZMT)> Ay
2 exp ( ) sinh (

E
5 Ay C 5 As
[2 exp (2> cosh (2> + 3 exp <2) cosh
5
2

As E 5 Ay E
XP (2> cosh (2) + 5 exp (2> cosh <2>
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B(2D; +2D, — 2h — 2J2M)
C

C

B(AD, = 2D — 2hp — 2J2M)
E

_|_

B(4D, — 2D, — 2hp — 2JzM?%)
2
E

_|_

(ﬂ (2D, +2D, —QhB—QJzMZ)

o]
P
ke}
N N N N
N
w
"
&.
=
=
7N 7N 7N 7N

and

.15 Ay C 5 Ay C
Q% =7 [2 exp <2) cosh (2> + 5 EXP (2) cosh (2)
A3 E 5 Ay E
XP (2) cosh (2> + 5 exp (2> cosh (2)

28(~D, + 2D, — 2hg — 2JzM
C

+
N | Ot
@

[SIEENS

0]

%

ko}
7 N\
vo| 2=
f
N~~~

&.

]

=
7N
| Q
N~

C

28(D, — 2D, — 2hp — 2J2zM?%) A3\ . E
T exp (2) sinh (2)

B(Dz — 2D, — 2hp — 2J2M7) A\ . (E
. ) I3 exp <2) sinh <2) :| .

In addition, one also needs the definitions of the net magnetization My and
net quadrupolar moment (e, respectively, given as

Mpet = |M§ — M§| (14)

+
/N N N

[\

=y

]

_|_

)

)

|

[N

>

ool

|

[\

<

n

= §

N[= W

N~ ~—

o
>
ko)
7N
‘D>
~——
<
=)
=
| Q
S~

and
Qnet = |QZ% - Q§| (15)

The total magnetic susceptibility of the system is just the sum of the sublattice
susceptibilities

X = XA+ XB, (16)
which can be calculated by using the definitions
OM%
XA = ( ah; ) (17)
ha=0
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<8M§>
XB = 2 . (18)
Ohp -

In Sec. 3, we illustrate the thermal variations of the order-parameters, net mag-
netization and quadrupole moment, and the susceptibility.

and

3. The Thermal Variations of Order-Parameters, Susceptibility
and Compensation Properties

First, we have investigated the thermal behaviors of the order-parameters and the
total magnetic susceptibility as indicated in different panels of Fig. 1 for given values
of our model parameters. As seen, the sublattice magnetization with spin—% shows
three ground states (GSs) values, i.e. %, 1 and %, whereas the sublattice with Spin—%
shows only one GS, i.e. %, as expected. Figure 1(a) obtained for D, /J = D,/J =0
shows that M 7 and M 5 decrease continuously from their GS values (5 and 3

respectively) Wlth 1ncreasmg temperature and finally vanish at the second- order
phase transition temperature T.. In addition, Q% and @Q%, respectively, decrease
and increase with the temperature and then tend towards the asymptotic value of
1.25 as the temperature is increased for T' >> T... Figure 1(c) obtained for D, /J =5

and D,/J = 3.5 illustrates that M i and M start from their GS values (3 and

1, respectively) and they decrease contlnuously with temperature and go to zero
at T.. However, Q% and Q% start from 1.75 and they decrease with increasing
2 2

temperature until 7, where their values become constant. The new GS (3, 1) found
at T' = 0, resulting from the half mixed of S7p = 3 and Sip = 3 states on
the sublattice B. A similar GS has been identified for this mixed-spin system in
Fig. 2 of Ref. 29. Figure 1(e) calculated for D,/J = 0.0 and D,/J = —6.0 also
presents a T,. Indeed, the two sublattice magnetization curves after starting from
the same GS value ( ) decrease with the temperature and then vanish continuously
at the T.. Figures 1(b), 1(d) and 1(f) which express the thermal dependence of the
total magnetic susceptibility () are in perfect agreement with the order-parameter
curves of Figs. 1(a), 1(c) and 1(e)), respectively. In fact, y increases very rapidly
until reaching a peak at the transition temperature and then decreases very rapidly
as the temperature increases.

In Fig. 2, we illustrate the compensation properties encountered in this model.
Thus, Figs. 2(a) and 2(b) are obtained for D,/J = 1 and D,/J = —0.75. In
Fig. 2(a), as the temperature increases, M% increases first from its saturation value
and then decreases until vanishes at the 2TC whereas M3 decreases continuously
and go to zero at the same T,.. The sublattice magnetizatgions M?% and M3 curves
cross each other at the compensation temperature Teomp, as- Figurfe 2(b) shéws that
the net magnetization curve also goes to zero at Ttomp,as first and then at T..
Figures 2(c) and 2(d) are calculated for D, /J =1 and D,/J = 0. In Fig. 2(c), Q’%

2150486-9
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Fig. 1. Thermal behaviors of the order-parameters and the total magnetic susceptibility in the
absence of external magnetic field for given values of model parameters reported in different panels.
T, indicates the second-order phase transition temperature.

and Q% have the same behavior as in Fig. 1(a) but now the quadrupole moment
curves cross each other at the compensation temperature Teomp,@ < Te. A similar
behavior was also observed in Fig. 2 of Ref. 31 and Fig. 1(d) of Ref. 19. The thermal
behavior of the net quadrupole moment depicted in Fig. 2(d) shows that the net
quadrupole moment Qpet also goes to zero at the Teomp,q. It is important to indicate
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Fig. 2. Thermal behaviors of the order parameters, Mnet and Qnet in the absence of external
magnetic field for given values of model parameters reported in different panels. The model exhibits
two special compensation temperatures denoted by Teomp,m and Teomp,q, respectively.

that the Teomp,ar and Teomp,o lines existing in the model for possible values of D,
and D, are displayed in the different phase diagrams in Sec. 4.

After having completed the thermal variations of our thermodynamic parame-
ters, we are now ready to obtain the phase diagrams in the next section.

4. The Thermal Phase Diagrams

The thermal behaviors of the order-parameters allow us to calculate the phase
diagrams on the (D,/J, kgT/J) and (D,/J,kgT/J) planes for hy = hg = 0. In
these phase diagrams, the T, Teomp,amr- and Toomp,@-lines are indicated with the
solid, dashed and dotted-dashed lines, respectively.

The first phase diagrams plotted in Fig. 3 are obtained on the (D,/J, kgT/J)
planes for z = 3,4, 6 and D, = 0 which corresponds to the Blume-Capel model.
In this case, the model yields only the T¢-lines. In addition, the Tcomp,g-lines can
be observed for all z. All the transition lines are seen at higher temperatures for
higher z’s. As seen, the T,omp -lines which start from their corresponding Te-
lines and terminate at kgT/J = 0 are seen in the region with negative values
of D,. The quadrupolar moments @, and (), compensate each other. For large
negative/positive values of D,, the critical temperatures tend towards a constant
value which is smaller for large negative values than for large positive values. This

2150486-11
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D _/J=0
| X

-10 -5 0 5
D /J
z
Fig. 3. Phase diagrams on the (D./J, kgT/J) planes for D, /J = 0 when z = 3,4, 6. Solid lines

denote the second-order transitions lines, i.e. T¢-lines while dotted-dashed lines represent Tcomp,Q
compensation lines.

is attributed to the fact that in the system only the GS’s [+3,+3] and [+3,+1]
exist, respectively, for large negative/positive values of D,. For the intermediate
values, the transition temperature increases as a function of D,. This behavior was
also observed in some other works. In fact, in Fig. 1, of Ref. 29, the same model
is investigated by means of the Oguchi approximation similar trends, which are
found. Our findings can also be compared to those obtained from the studies of
the mixed spin—% and spin—% Blume—Capel model using the ERR calculations on
the Bethe lattice and on the Cayley tree,>>23 and with the EFT,2* as a result,
perfect agreements are obtained. In addition, the phase transition temperatures
are found to be at kgT/J = 0.7439,0.9699, 1.4230 corresponding to z = 3,4 and
6, respectively, for large negative values of D,. When these values are compared to
those calculated in the previous works, one remarks that our approach overestimates
the transition temperatures, which is also seen in the Oguchi approximations.?? So,
it is the result of the used method and thus the model needs improvement.

The next phase diagrams displayed in Fig. 4 are calculated on (D, /J, kgT/J)
planes for z = 3 and with positive/negative values of D,. Figure 4(a) calculated
for negative D, indicates that this mixed-spin system yields only T,.-lines and the
Teomp,m-lines which emerge from their corresponding 7.-lines and terminate at
kT /J = 0 as before. The T,-lines start from a constant value for large negative D,
values and then decrease with increasing the temperature until reaching a minimum
from where they increase to finally tending towards an asymptotic value for large

2150486-12
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2.5

Fig. 4. Phase diagrams on the (D./J, kgT/J) planes for Dy /J # 0 when z = 3. Solid lines denote
the second-order transitions lines, i.e. Tc-lines while dashed lines represent Tcomp, s compensation
lines.

positive D, values. All the transition lines intersect at D, = —1. The case of positive
values of D, is plotted in Fig. 4(b). It is also found that the system exhibits only
the T,-lines. The Tcomp,ar-lines are also observed. The shapes of transition lines are
similar to those of Fig. 4(a) except that these lines do not intersect.

The last phase diagrams are displayed on the (D, /J, kgT/J) planes for z = 3
and for given values of Dz, as shown in Fig. 5. In Fig. 5(a), we see that for
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2.5

D JJ

Fig. 5. Phase diagrams on the (Dz/J,kgT/J) planes for given D./J when z = 3. Solid lines
denote the second-order transitions lines, i.e. T¢-lines while dotted-dashed lines represent Teomp,Q
compensation lines.

D./J = 0,1,3,5 and 6, the T.-lines start from higher temperatures, increase
with D, and reach peaks before decreasing towards lower temperature values.
As D,/J increases, the transition temperature increases and the peak shifts
to the right. The Toomp o-lines are found for D, > 0. Figure 5(b) obtained
for D,/J = -1, =2, =3, —4, —5, and —6, indicates that for D,/J < —1, the
T.-lines start from higher temperature, decrease with D, and reach a minimum
from where they increase to go towards a greater value and then they decrease
again then tend towards the lower temperatures values. The T;omp ¢ lines are found
for D, < 0.
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Magnetic properties and phase diagrams of the mized spin—(%, %) Ising—Heisenberg model

5. Conclusion

In this work, we have studied the magnetic properties and phase diagrams of the
mixed spin—% and spin—% Ising—Heisenberg model by using a new approach of the
MFA. By investigating the thermal behaviors of our model, we were able to detect
the presence of different phases at 7' = 0 and to calculate the phase diagrams on the
(D,/J, kgT/J)and (D,/J, kgT/J) planes. According to the values of Hamiltonian
interaction parameters, our model exhibits the second-order phase transitions and
also two different compensation behaviors. The phase diagrams obtained when the
model is reduced to the Blume—Capel model are qualitatively similar to those found
in the literature. However, we should note that this new approach overestimates the
transition temperatures2? and needs to be improved. The compensation obtained
for the magnetizations has many applications in science and technology, but the
compensation for the quadrupole moments was first pointed out in Ref. 19 and its
possible applications need to be searched further.
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