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Abstract
We use standard Monte Carlo simulations based on the Metropolis algorithm and mean-field calculations to investigate
the magnetic properties of an Ising bilayer film consisting of two superposed ferromagnetic squared lattices A and B
whose magnetic atoms have spin 7/2 and 5/2 respectively. Crystal-field and external magnetic field effects on the spins
are considered in the model. The magnetic order parameters and response functions are calculated as functions of the
temperature for selected values of the model parameters and this enables one to devise thermal phase diagrams by both
methods. Our calculations only reveal second-order phase boundaries. Under appropriate conditions, compensation point
phenomena are detected in the calculations below the critical temperatures. When the system is exposed to the external
magnetic constraint, attracting hysteresis phenomena are sometimes generated. The temperature dependence of the coercitive
field for various values of the crystal-field is singled out.

Keywords Monte Carlo simulations · Mean-field calculations · Ising bilayer film · Compensation temperature ·
Temperature phase diagram · Hysteresis phenomena

1 Introduction

The theoretical investigation of magnetic systems formed
by sublattices of alternately unequal opposite magnetic
moments has generated valuable results and an increasing
interest among condensed matter physicists [1, 2]. Besides
the fundamental aspects, recent developments on the subject
have shown real advances in the synthesis of novel magnets
for potential technological uses: thermomagnetic data
storage and retrieval, magneto-optical recording devices,
etc [3–5]. Theoretical and numerical tools of statistical
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mechanics often used in the studies are mean-field
(MF) theory [6, 7], effective-field theory (EFT) [8–10],
exact recursion relations (ERR) [11], Monte Carlo (MC)
simulations [12, 13], etc. Some recent interesting works
in the field could be mentioned. Kaneyoshi [14] and
Kaneyoshi et al. [15] examined the effect of transverse
fields on a mixed-spin (1/2 and 1) Ising bilayer film
in some interesting theoretical developments. The aims
were to explain the negative magnetization that appears in
some molecular-based ferrimagnets. Generated results bear
resemblance with behaviors observed in some crystalline
ferrimagnetic alloys. Kaneyoshi et al. [16, 17] also studied
a bipartite ferrimagnets like MnCu(pba − OH)(H2)3 on
the basis of the EFT with spin correlations first introduced
by Honnura and Kaneyoshi [18]. Very recently, Bahlagui
et al. [19, 20] addressed by means of MC simulations a
mixed-spin (7/2, 5/2) Ising ferrimagnetic system on a square
lattice which could describe magnetic properties of the
GdFeO3 as demonstrated by the application of Hund’s rule
to the Gd and Fe ions. In the previous studies, the influence
of the strength of the single-ion anisotropy interaction on
the magnetic properties, in particular, on the compensation
temperature has been thoroughly discussed. The existence
of compensation phenomenon in a magnetic system due
to a complete cancellation of sublattice magnetizations
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below the critical temperature Tc, has been pointed out in
several works [12, 13, 19, 20] and has obvious technological
significance. Indeed, a small amount of driving field is
required to achieve in this system, magnetic pole reversal
or the sign change of the total magnetization [21–23]. On
the other hand, spin Ising models have been also considered
to examine very small systems, such as nanoparticles with
core-shell structure [24–26]. It is worthwhile to mention that
the latters are also receiving considerable attention these
last twenty years because of their possible applications in
permanent magnets, microwave absorption [27, 28], etc.

In this paper, a spin-7/2 and spin-5/2 Ising model is
introduced through a squared bilayer system and studied
by MF and MC calculations. It should be noted that such
system is very useful to simulate thin magnetic films
that consist of various layered structures or superlattices.
Insulating ferromagnets built up from several magnetic
sublattices are typical examples in the field (see ref. [8]
and references therein). Here, the thermal behaviors of the
total and layer magnetizations of the film are calculated
by both methods. We are interested in the influence of
the single-ion anisotropy (crystal-field) interaction and the
external magnetic constraint on the magnetic properties of
the system. In this context, several finite-temperature phase
diagrams have been plotted in the model parameters’ space.
Of particular importance is the dependence of the hysteresis
phenomenon that emerged on model parameters when the
external field is applied. Numerical results derived by both
methods are often compared and agreement between them
looks impressive.

The outline of the paper is as follows. In Section 2, the model
Hamiltonian is specified and the MF equations of state are
derived. Section 3 gives the MC simulations procedure. In
Section 4, our obtained results are presented and discussed.
Finally, a brief conclusion is presented in Section 5.

2 Formulation of theModel
and Its Mean-Field Solution

The bilayer Ising film model consists of spin particles interact-
ing with an external magnetic field. Two square lattices with
spins S = 7/2 and σ = 5/2 are considere (Fig. 1). We
refer to these layers as layer A and B respectively. The
Hamiltonian of the model is written as follows:

H = −J1

∑

〈i,j〉
SiSj −J2

∑

〈m,n〉
σmσn − J3

∑

〈i,m〉
Siσm − D1

∑

i

(Si)
2

−D2

∑

m

(σm)2 − h
∑

i

Si − h
∑

m

σm (1)

where J1 and J2 are intralayer exchange coupling constants
for the first and second layers, respectively, and J3 is the

Fig. 1 Schematic representation of the bilayer magnetic film. Layer A
and layer B refer to the upper and lower layers containing spins labeled
SA

i , SA
j and σB

m , σB
n

interlayer coupling constant over adjacent neighboring sites
of layers. D1 and D2 are the crystal-fields acting on spins of
layers A and B respectively. h is the external magnetic field.

The approximated free energy of this system is obtained
from a variational method based on the Bogoliubov
inequality,

F(H) ≤ � ≡ F0(H) + 〈
H − H0

〉
0, (2)

where F(H) is the true free energy of the model described
by the Hamiltonian given in (1). F0(H) is the average
free energy of a trial Hamiltonian H0 which depends on
variational parameters.

〈
H −H0

〉
0 denotes a thermal average

of the value H − H0 over the ensemble defined by the trial
Hamiltonian H0.

In this work, we use one of the simplest choices for this
trial Hamiltonian given by:

H0 = −
∑

i

(αSSi + D1S
2
i ) −

∑

m

(ασ σm + D2σ
2
m), (3)

where αS and ασ are two variational parameters related
to the molecular field acting on the two layers A and B

respectively.
By evaluating (2), the expression of the free energy per

site by MF reads:

� = − 1

β

(
ln

[
2e

49βD1
4 cosh(

7

2
βαS) + 2e

25βD1
4 cosh

(
5

2
βαS

)

+ 2e
9βD1

4 cosh

(
3

2
βαS

)
+ 2e

βD1
4 cosh

(
1

2
βαS

)])

− 1

β

(
ln

[
2e

25βD2
4 cosh

(
5

2
βασ

)
+ 2e

9βD2
4 cosh

(
3

2
βασ

)

+ 2e
βD2

4 cosh

(
1

2
βασ

)])
− J1q1m

2
A + αSmA − J2q2m

2
B

+ασ mB − J3q3mAmB − hmA − hmB . (4)
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To get the expressions of the order parameters describing
the magnetizations mA and mB , one should minimize the
free energy. By partially deriving (4) with respect to αS and
ασ , one gets:

αS = J1mAq1 + J3mBq3 + h,

ασ = J2mBq2 + J3mAq3 + h,

where q1, q2, and q3 are respectively numbers of neighbor’s
interactions in sublattice A, sublattice B and between
sublattices A and B for a given spin of the system. The
calculations lead to the following state equations:

Fig. 2 Variations of the total
magnetization |MT | and the
sublattice magnetizations |mA|,
|mB | as functions of the
temperature for J3 = −1.0,
J2 = 7 and for selected values
of the coupling constant J1
(panels a and b) by both
methods. Thermal variations of
the the total magnetization |MT |
when the values of J1 is varied
for fixed values of J3 and J2
written in the panels (panel c to
panel f). Here, right panels
contain MC results while left
ones are for MF results
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In order to determine the compensation temperature, one
has to define the global magnetization MT of the model
which is given by:

MT = mA + mB

2
. (5)

To study the model in detail and single out the influence
of the applied magnetic field on the magnetic properties
of the model, one has to examine the thermal variations of
the order parameters and the response functions e.g., the
magnetic susceptibilities defined as follows:

χT = χA + χB

=
(

∂mA

∂h

)

h=0
+

(
∂mB

∂h

)

h=0
(6)

3 TheMonte Carlo SimulationMethod

The sample consists of two superposed squared lattices A
and B (Fig. 1). The upper lattice (A) sites are occupied
by spins σ = 7/2 and the lower (B) by spins S = 5/2.

Typically, each lattice of the sample contains N = L×L =
104 sites. Periodic boundary conditions are imposed on the
layers and the standard Metropolis algorithm [19, 20, 29]
is adopted for the simulations. The latters are propagated
as follows. A site is randomly selected in the system and
the flip of its spin is attempted. For that, a spin value is
randomly selected within the possible projections with a
uniform distribution. The probability of each configuration
is proportional to the Boltzmann factor and another random
number is chosen to decide or reject the attempted move.
Physical quantities of interest are calculated after NS =
105 Monte Carlo steps per site are performed. The first
NE = 104 steps are considered for thermal equilibration and
then discarded from the averaging procedure. The lattice
magnetizations are calculated as follows:

mA = 1

N

N∑

i=1

Si (7)

mB = 1

N

N∑

i=1

σi (8)

Fig. 3 Variations of the total
magnetization |MT | as a
function of the temperature for
J3 = −1.0, J1 = 0.25 and for
selected values of J2. Panels a
and b contains MF results while
panels c and d are for MC results
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The total magnetization MT is given by the average value:

MT = (mA + mB)/2 (9)

The critical temperature Tc is defined by MT (Tc) =
mA(Tc) = mB(Tc) = 0 when the temperature is increased
from T = 0. The magnetic susceptibility is calculated by
the formula:

χT =<< (σ + S)2 > −M2
T >, (10)

where σ and S are the averaged layer magnetizations at a
given step of the simulation and < . > denotes a statistical
average over the (NS − NE) MC steps needed to reach the
steady state, starting from thermal equilibrium.

4 Results and Discussions

We first look for the effects of the coupling constant J1

on the system magnetizations, setting J2 = 7 and J3 =
−1. Only ferromagnetic inlayer J1 interaction values are
used to compute mA, mB and MT . This enables us to first
check the accuracy of our numerical results by MF and
MC when the temperature is varied. In Fig. 2a, J1 = 1.0
whereas in Fig. 2b, J1 = 4.0. In both panels, it could be
noted that the layer magnetizations have their saturation
values |mA| = 3.5 and |mB | = 2.5 at T = 0 and when
the temperature T is varied, they fall from these values,
then decrease monotonically and finally vanish almost at
the same temperature when MF or MC computations are
separately considered. On the contrary, it should be noted
that in the panel a, MT vanishes at the crossing point of

Fig. 4 Total magnetic
susceptibility curves χT of the
magnetic film by mean-field
theory and Monte Carlo
simulations for selected values
of J1 when J3 = −1, J2 = 7
and D1/|J3| = D2/|J3| = 0.0
(panels a and b). Temperature
phase diagrams by MF and MC
in different planes for selected
values of the model parameters
(panels c to f). Full lines are
critical lines and dashed lines are
compensation lines, all found by
MF calculations whereas open
triangles/circles denote
critical/compensation points
obtained by MC simulations
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mA(T ) and mB(T ) well before Tc. This particular point is
known as the compensation temperature that is noted Tcomp.
At Tcomp, both layers have opposite magnetic moments
giving rise to zero global film magnetic moment. The
values of Tcomp by MF and MC are almost the same. This
reveals that Tcomp could be determined with more accuracy
than Tc through the present investigation. In panel b, the
compensation phenomenon is absent since mA and mB do
not cross each other and mA, mB and MT all vanish at the
same temperature Tc. First, let us notice that the value of Tc

obtained by MF and MC are different, Tc(MC) < Tc(MF).
Indeed, values of critical temperatures calculated by both
methods are kTc/|J3| � 82 for MF calculations whereas for
MC calculations kTc/|J3| � 55 for J1 = 1. But for J1 = 4,
kTc/|J3| � 87 for MF calculations whereas kTc/|J3| � 63
for MC simulations. This discrepancy originates from the
fact that the MF calculations, neglect correlations in spin
fluctuations whereas they are important in the neighborhood
of Tc. The existence of Tcomp in ferrimagnets is of

technological importance and enhances most physicists’
interest in the field. Far from that region, ie in the relatively
low temperature range, the agreement between both results
by MF and MC appears evident and suggests that either
MF or MC procedure could be adopted in order to get
reliable values of the magnetizations. The influence of
model parameters on Tcomp has been intensively studied
in several previous works [12, 19, 21], especially the case
of single-ion anisotropy. In panels c,d,e,f of Fig. 2, the
influence of the coupling constant J1 was studied when
the two layers interact antiferromagnetically. Figure 2c, d
indicates a good qualitative agreement between MF and
MC results and suggest that for J1 ≤ 3, Tcomp exists and
increases with increasing values of the coupling constant
J1. The influence of intralayer coupling constants as J1 on
the compensation temperature is then very important. On
the contrary, the value of Tc through both panels is not
affected when the coupling constant J1 is varied, neither by
MC nor by MF computations, at least in the values of J1

Fig. 5 Phase diagrams of the
system illustrated in the
(D1/|J3|, kBT /|J3|),
(D2/|J3|, kBT /|J3|),
(J2/|J3|, kBT /|J3|) and
(J1/|J3|, kBT /|J3|) planes by
mean-field calculations,
full/dashed lines are
critical/compensation lines
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range selected. The situation above this range is presented
in Fig. 2e, f. Evidently, we also get good agreement between
results by MC and MF which showed the absence of Tcomp

for J1 ≥ 4. The results reported here about Fig. 2 are quite
similar to those displayed in Fig. 4 of Ref. [20] although
their model and the one studied here are different. Here,
a bilayer is considered whereas in their work, a single
layer with two sublattices of unequal magnetic moments
has been investigated. It is worthwhile to mention that
saturated values of MT got at T = 0 indicate that for the
selected values of the model parameters, the ground state
configuration is (− 7/2, + 5/2). This phase does not change
up to Tc which is the onset of the disordered paramagnetic
phase. As shown in ref. [19], the behavior of Tc − Tcomp

or simply Tcomp could be studied as a function of values of
model parameters, e.g., the coupling constant J1.

Other interesting features of the model are revealed in
Fig. 3 at fixed values of J1 and J3 and varying values of J2.
In the panel a, one gets a fixed Tcomp which is associated
to several values of Tc when J2 ≥ 3. The Tcomp does not
exist for J2 ≤ 0.5. Between these two limiting values, Tcomp

varied with J2. Let us remark that after the maximum, the
total magnetization (MT ) curves look parallel in each panel
when MF and MC calculations are considered. This means
that Tc changes almost linearly with J2 at least for J2 ≥ 1.0.

In order to precisely locate Tc when values of model
parameters are varied, the film magnetic susceptibility
is calculated by MF and MC and some of the results
have been checked by the specific heat computation by
MC simulations. The numerical results for some selected
values of the model parameters are displayed in Fig. 4a,
b. The susceptibility curves show peaks whereas the order

Fig. 6 The effect of the
coupling constant J3 on
hysteresis loop patterns of the
magnetic film for J1 = J2 = 1.0,
T = 1.0 and D1/|J3| = D2/|J3|
= 1.0. Left panels contain MF
results and the right ones, those
calculated by MC simulations
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parameters vanish continuously. These are true features
of the existence of second-order phase transitions. Using
values of these critical temperatures detected in this way,
some finite-temperature phase diagrams are plotted in the
remaining panels of Fig. 4. Phase boundaries are exclusively
of second order and appear almost parallel when MF and
MC procedures are compared. On the contrary, Tcomp curves
coincide in a wide range of the varying model parameter.
Different observations noted in Fig. 3 are revealed in
Fig. 4d. There, we note that for large values of the coupling
constant J2, the compensation curves become parallel to
the J2/|J3|-axis with a constant value of Tc. As previously
stated, the Tc-line in this panel is almost linear for J2 ≥ 1.
Below the critical lines, magnetic ordered film is expected.
Above, the disordered paramagnetic phase prevails. Since
critical lines generated by MF and MC are almost parallel,
other phase boundaries are presented in Fig. 5 only by MF.

The latters extend MF results displayed in Fig. 4. A direct
analysis of the phase boundaries suggest that for sufficiently
negative values of coupling constants, phase boundaries are
parallel in most cases. Above the critical lines, paramagnetic
phases should prevail.

From now on, let us discuss the last interesting results. It
is well-known that the emergence of hysteresis phenomenon
is a suitable tool to describe the reaction of a multi-agent
system when subjected to external perturbations. It has
been observed in several metallic ferromagnets [30, 31]
and describes the delay of magnetization or generally that
of the effect on the cause. It could be observed in the
nature in different contexts (see [31–33] and references
therein) and used for example in high frequency device
applications (see [34]). Essaoudi et al. [35] addressed
sometimes ago, by means of EFT within a probability
distribution technique [36] a mixed-spin (1/2, 3/2) bilayer

Fig. 7 The effect of the crystal-
field strength D on hysteresis
loops for J1 = J2 = 0.5,
T = 1.0 and J3 = −0.5 when
the external field is set on the
system. Left panels contain MF
results and the right ones, those
found by MC simulations
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Ising model and reported such phenomenon. Here, it is
revealed when the external magnetic field is set on the
system. In view to study the behavior of the hysteresis
phenomenon with the interlayer coupling constant J3, the
following values of the model parameters are retained:
J1 = 0.5, J2 = 0.5, D1/|J3| = D2/|J3| = D/|J3| =
1.0, T = 1.0. In Fig. 6, results by MF (left panels)
and MC (right panels) are presented when the interlayer
coupling constant J3 is increased from negative values.
Qualitative agreement between the MF and MC results is
evident. The loop pattern starts with a large double loop
and as J3 increases, the deformation disappears leading
to a single central loop. Such double hysteresis loop
pattern has been observed in ferroelectric superlattices [30]
and may be typical of antiferro-structure of dipoles or
magnetic moments when coupled layers have the same
thickness as in the present case. One can conclude that in

Fig. 6a, the behavior of the system under study is then
antiferromagnetic. The interesting fact is that with J3 = 0,
the system is still then globally antiferromagnetic for the
selected values of the model parameters since the double
hysteresis loop is still present. In all three panels, the
remanent magnetization coincides with the saturation value
of the film total magnetization. In Fig. 7, the crystal-field
strength effect is examined. We used: J1 = 0.5, J2 =
0.5, J3 = −0.5 and T = 1.0. For sufficiently negative
values of D/|J3|, loops are almost absent and one gets
multistep behavior of the film magnetization, even after the
field reversal. Double loop appears with increasing values
of the parameter D. There exists some few differences in
the loop forms obtained there by MF and MC results. In
Fig. 8, the qualitative agreement between the forms of the
loops is observed when the temperature-dependence of the
loop pattern is evaluated. Here, we retained: J1 = 0.5,

Fig. 8 The
temperature-dependence of
hysteresis loop patterns for J1 =
J2 = 0.5, J3 = −1.0 and
D1/|J3| = D2/|J3| = 1.0. Left
panels contain MF results and
the right ones, those computated
by MC simulations
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Fig. 9 Sublattice hysteresis
loops corresponding to Fig. 8 by
MF (panel a) and MC (panel b).
In panels c and d, the
temperature-dependence of the
coercitive field is shown for
different values of the
crystal-field strength. At fixed
value of this strength, the
coercitive field of the magnetic
film is a decreasing function of
the temperature at least in the
temperature range investigated
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It appears obvious that when the temperature is varied,
the whole magnetic behavior of the film changes from
antiferromagnetic (panels a, b) to ferromagnetic (panels c,
d) and later to an almost straight line (panels e, f). The
latter indicated that both layers are magnetically disordered
and the hysteresis phenomenon cannot exist any more. Of
particular importance is the hysteresis behavior of each
layer separately. This is shown in Fig. 9a, b for results about
Fig. 8c, d. As indicated by arrows in each panel, MF and
MC results are qualitatively the same. For the layer A, the
loop is described in the common or regular sens whereas for
layer B, the inverse holds. This finally strongly decreases
the area of the resulting hysteresis ferromagnetic loop.

We also study the behavior of the coercitive field as
functions of the crystal-field when the temperature is
raised. As it could be observed from panels c and d,
results by MC and MF show very good agreement: Hc

is a decreasing function of the temperature. This is partly
consistent with results reported in Fig. 4 of ref. [37]
where an increase is again detected after a critical value
of the temperature. Fe nanoparticles show similar trends

concerning the temperature dependence of the coercitive
field with the temperature [38].

5 Conclusion

We used Monte Carlo simulations and mean-field theory
to study a bilayer magnetic film with an Ising-type
Hamiltonian. An interlayer antiferromagnetic coupling is
assumed and the effect of the crystal-field or single-ion
interaction is considered in the system. Our calculations
generated some interesting results. First, strong qualitative
agreement is observed about results generated by both
methods. Second, under appropriate values of the model
parameters, compensation temperatures where the global
magnetization vanishes are detected. This temperature
is found to be sensitive to the change of the values
of the model parameters in most cases. Third, critical
temperatures are obtained by the computation of the film
magnetic susceptibility. This enabled us to construct the
finite-temperature phase diagrams in several planes of the
model parameters’space. Phase boundaries are essentially
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of second-order kind. Fourth, when an external magnetic
field is applied, hysteresis phenomenon appeared. Under
appropriate conditions, double loops are obtained indicating
the antiferromagnetic behavior of the film. When values
of the model parameters are varied, the nature of the
loop changes and thus the thermodynamic stable phases in
which the film lays on: antiferromagnetic, ferromagnetic,
or paramagnetic phase. Due to the importance of the
emergence of the hysteresis phenomenon, we investigate
the behavior of the coercitive field with the single-ion
anisotropy and the temperature. We found that this field
decreases with the temperature in agreement with what is
observed in some iron (Fe) nanoparticles and alloys [38] and
increases with the strength of the single-ion anisotropy. In
Figs. 2 and 4 of refs. [37, 39] where dynamic magnetic
hysteresis properties have been studied, an increase is again
observed after some critical temperature. An interesting
problem is the behavior of the compensation temperature,
the coercitive field and the remanent magnetizations
of superlattices with several antiferromagnetic interfacial
couplings. Work on the subject is in progress.
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