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Abstract: Two layered magnetic Bethe lattice with varying coordination number q is introduced and numerically stud-
ied via exact recursion relations within a pairwise approach. The system is influenced by competing in-
terlayer and intralayer nearest-neighbour (NN) coupling interactions and also by the crystal and external
magnetic fields. Cases where both layers are ferromagnetic or one is ferro and the other antiferromagnetic
are considered. System configurations’ energy calculations are used to devise some ground state phase
diagrams that have proven useful for the investigation of the very low temperature behaviour of the model.
Analysis of the thermal behaviours of the total magnetization within the model parameters’ space yield in-
teresting phase diagrams which display fascinating properties, in particular the presence of tricritical points.
Increasing negative values of the crystal field strength stabilizes the disordered paramagnetic phase and
sometimes gives rise to wavy transition lines.
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1. Introduction

Mixed Ising systems attracted much interest in the lastdecades from both theoretical and experimental points ofview. First, they are among the simplest models that ex-hibit critical behaviours. In particular, the mixed spin-1/2and spin-1 got considerable attention because it appearswell adapted for the investigation of some special ferri-magnetism [1]. Second, molecular-based magnetic mate-rials and the understanding of their molecular magnetism
∗E-mail: hontinfinde@yahoo.fr

have become an important focus of scientific and techno-logical interest [2–4].Various mixed-spin Ising systems can be constructed. Thesimplest one concerns the mixed spin-1/2 and spin-1Ising system. It has been studied extensively by a va-riety of techniques, namely the renormalization grouptechnique [5–8], high-temperature series expansions [9,10], the free-fermion approximation [11], the Bethe lat-tice approach [12], the Bethe-Peierls approximation [13–15], the effective-field theory [16–21], the mean-fieldapproximation [22–24], the finite-cluster approximation[25], Monte Carlo simulations [26–28], the mean-fieldrenormalization-group technique [29], the numerical trans-fer matrix method [27, 28] and the cluster variation method
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in pair-approximation [30]. Thus, thin film models thatconsist of various magnetic layered structures becomeinteresting tools for physicists [31]. Indeed, modelsof ferromagnetic/ferromagnetic (FM/FM) multilayer withFM interface exchange coupling such as in Co/Cu/Ni[32], FM/antiferromagnetic (AFM) multilayer such as inFe/NiO [33] and NiO/Co [34], ferrimagnetic/ferrimagneticsuperlattices such as in Fe3O4/Mn3O4 [35] and ferrimag-netic/AFM superlattice such as in Fe3O4/CoO [36] havebeen constructed and thoroughly investigated [37]. Bilay-ered structures are of particular interest since they displaynovel properties such as giant magnetoresistance [38, 39],enchanced surface magnetism moment [40, 41], etc. Theirstudy induced technological advances in devices manufac-ture for information storage and retrieval and also in thesynthesis of other magnets of wide applications [42].The symmetric two-layer Ising model was studied by thecorner transfer matrix renormalization group method forcritical points and exponents [43] calculations. MonteCarlo simulations were also performed to investigate theIsing model consisting of two FM layers coupled weaklytogether [44] with different interaction constants. Be-yond that, other methods were considered to study thetwo-layer Ising model: the mean field theory (MFT), thegeneralized MFT, the scaling approach and the high-temperature series expansions [45]. The critical tempera-ture of this model was precisely calculated by using thetransfer matrix mean field approximation [46]. Thougheach method has it own advantages, they all have limita-tions in treating thin film systems. Numerical techniquessuch as the Monte Carlo method can provide very accu-rate results on the properties of such systems; however,they can only be implemented for relatively small systemsizes.Exact solutions of models that describe such systems areunavailable. One often relies on approximate methodssuch as the Bethe approximation [47, 48] which yieldsresults that are better than those obtained using the com-mon mean field scheme [49]. Exact calculations are pos-sible when the model is defined on the Bethe lattice [50].On such a recursive graph, the behaviour of one spin, saythe central spin, can lead to the full picture of the wholesystem.In the present work, the original one layer Bethe lattice[51, 52] is replaced by two superposed Bethe lattices withthe same coordination number q [53–58]. Each of themcontains spin-1/2 and spin-1 atoms that are allowed tointeract through the bilinear intralayer interactions J1 (forthe upper layer) and J2 (for the lower layer) between thenearest neighbour (NN) spins of their own layer. Ad-jacent NN spins of the two layers are tied together viainteractions J3 and J4 between vertically aligned spin-1/2

and spin-1. These interactions are taken to be either fer-romagnetic or antiferromagnetic. The model differs fromthose developed in Refs. [56, 59] since mixed spins arenow considered for each layer.By means of a pairwise approach [53–58], the underlyingrecursion relations are solved to calculate the partitionfunction of the system. Using the thermal behaviours ofthe order parameters and the response functions calcu-lated using the system free energy, the temperature phasediagrams are constructed. They show interesting prop-erties with varying model parameters: reentrance, wavyforms and existence of tricritical points.In section 2, the model and its formulation are specified. Insection 3, the temperature phase diagrams are calculated.The final section is devoted to the conclusion.
2. The model and its formulation
Two identical layers G1 and G2 of the Bethe lattices areplaced parallel to each other with an exact match, formingthe two-layer Bethe lattice [53–58] as seen in Fig.1. Eachlayer consists of two interpenetrating sublattices contain-ing spin-1/2 atoms (sublattice A) and spin-1 atoms (sub-lattice B).The appropriate Hamiltonian of such a system influencedby external magnetic and crystal fields is written as:
H = −J1∑

<ij>

Siσj − J2 ∑
<i′j ′>

S ′i′σ ′j ′ − J3 ∑
<ii′>

SiS ′i′

−J4 ∑
<jj ′>

σjσ ′j ′ −D(∑
j

σ 2
j +∑

j ′
σ ′2j ′ )

−h1(∑
i

Si +∑
j

σj )− h2(∑
i′
S ′i′ +∑

j ′
σ ′j ′ ) (1)

where each spin Si/σj located at the neighbouring sites
i/j refers to spins in the upper G1 layer, and is of 12 /(1)type with discrete values ± 12 /(±1, 0); S ′i′ /σ ′j ′ located at
i′/j ′, refers to corresponding spins in G2 layer, with thesame discrete values as above. The couplings J1 and J2are the intralayer NN bilinear exchange coupling param-eters. Analysis of the Hamiltonian will be only performedin the simple case of NN interactions. Thus, the first andthe second summations are over all NN sites of G1 and
G2, respectively. J3 and J4 are the interlayer bilinear in-teractions of adjacent NN spins between the layers, sothe third and the fourth summations run over all adjacentneighbouring sites of G1 and G2. D is the crystal fieldinteraction strength; two external magnetic fields h1 and
h2 act on the system.We exactly calculated the partition function of the systemusing the recursion relations in a pairwise approach [53,
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54, 56–58]. The name “pairwise approach” is used sincewe form a pair by taking the adjacent NN spins from eachlayer, then one moves from the root to the boundary sitesby considering all the interactions at each step.The partition function is usually defined as:
Z = ∑

e−βH =∑
Spc

P(Spc), (2)
where P(Spc) can be thought of as an unnormalized prob-

ability distribution [60] over the spin configuration, Spc.Starting from the central pair on the lattice made up with
q separate branches connecting each pair of spins, onefollows only one of the branches of the tree out of q. Thisimplies that P(S0, S ′0′ ), i.e. Spc = (S0, S ′0′ ), of a spin con-figuration with the spin value (S0, S ′0′ ) at the central pair,can be written as:

P(S0, S ′0′ ) = exp [β(J3S0S ′0′ + h1S0 + h2S ′0′)][gn(S0, S ′0′ )]q, (3)
P(σ1, σ ′1′ ) = exp [β(J4σ1σ ′1′ +D(σ 21 + σ ′21′ ) + h1σ1 + h2σ ′1′)][gn−1(σ1, σ ′1′ )]q, (4)

where,
gn(S0, S ′0′ ) = ∑

{σ1 ,σ ′1′ }
exp [β(J1S0σ1 + J2S ′0′σ ′1′ + J4σ1σ ′1′ +D(σ 21 + σ ′21′ ) + h1σ1 + h2σ ′1′)][gn−1(σ1, σ ′1′ )]q−1 (5)

and
gn−1(σ1, σ ′1′ ) = ∑

{S2,S′2′ }
exp [β(J1S2σ1 + J2S ′2′σ ′1′ + J3S2S ′2′ + h1S2 + h2S ′2′)][gn−2(S2, S ′2′ )]q−1

. (6)

In order to find the recursion relations, the following vari-ables as ratios of the gn functions for the spin-1/2 areintroduced:
Xn = gn(1/2, 1/2)

gn(−1/2, −1/2) ,
Yn = gn(1/2, −1/2)

gn(−1/2, −1/2) ,
Zn = gn(−1/2, 1/2)

gn(−1/2, −1/2) (7)
and for the spin-1, the gn−1 functions are considered:

An−1 = gn−1(1, 1)
gn−1(0, 0) , Bn−1 = gn−1(1, −1)

gn−1(0, 0) ,
Cn−1 = gn−1(1, 0)

gn−1(0, 0) , Dn−1 = gn−1(−1, 1)
gn−1(0, 0) ,

En−1 = gn−1(−1, −1)
gn−1(0, 0) , Fn−1 = gn−1(−1, 0)

gn−1(0, 0) ,
Gn−1 = gn−1(0, 1)

gn−1(0, 0) , Hn−1 = gn−1(0, −1)
gn−1(0, 0) . (8)

These variables are related to each other as follows:
∆n = f (Xn−2, Yn−2, Zn−2), (9)

Θn−1 =
g(An−3, Bn−3, Cn−3, Dn−3, En−3, Fn−3, Gn−3, Hn−3), (10)

where ∆ and Θ refer to the three functions given in equa-tion (7) and the eight functions given in equation (8), re-spectively. These functions are totally nonlinear; theirexplicit expressions are too long to be given here. Theirnumerical values are easily calculated by an iteration pro-cedure. The initial choice of the recursion relations, i.e,the ratios of these functions, is completely arbitrary.In the pairwise approach, both layers are partitioned intosublattices A and B. The sublattice magnetizations forlayers G1 and G2 can be written as [58]:
{M1A,M2A} for even n

{M1,2} −→ (11)
{M1B,M2B} for odd n;
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Figure 1. The bilayer Bethe lattice of coordination number q = 3. G1
and G2 refer to the upper and lower layers containing the
spins labeled as (Si, σi) and (S′i′ , σ ′i′ ), respectively. While
J1 and J2 are the bilinear interaction parameters of spins in
G1 and G2, J3 and J4 are those for the adjacent vertically
aligned spins of G1 and G2.

the numbers 1 and 2 refer to the layers while A and Brefer to the sublattices.Similarly, the quadrupolar order-parameter Q can be writ-ten as:
{Q1A, Q2A} for even n

{Q1,2} −→ (12)
{Q1B, Q2B} for odd n,

The free energy is obtained as;

{FA
n } for even n

{Fn} −→ (13)
{FB

n } for odd n;then, the specific heat defined accordingly is:
{CA

n } for even n
{Cn} −→ (14)

{CB
n } for odd n.

Finally, the magnetic susceptibility is given by;
{(χ1A)n + (χ2A)n} for even n

{χn} −→ (15)
{(χ1B)n + (χ2B)n} for odd n.

The sublattice magnetizations M1A, M1B and M2A, M2B ofthe layers G1 and G2 are defined as;

M1A = 〈S〉 , M1B = 〈σ〉, (16)
and

M2A = 〈S ′〉 , M2B = 〈σ ′〉, (17)
where 〈...〉 denotes the usual thermal average. Thesequantities are calculated by means of the recursion re-lations as;

M1A = [eβ(0.25J3+0.5(h1+h2))Xq
n + eβ

(
−0.25J3+0.5(h1−h2))Y q

n − e
β
(
−0.25J3+0.5(−h1+h2))Z qn − eβ(0.25J3−0.5(h1+h2))]/2ZA, (18)

M1B = [
eβ(J4+2D+h1+h2)Aqn−1 + eβ(−J4+2D+h1−h2)Bq

n−1 + eβ(D+h1)Cq
n−1

−eβ(−J4+2D−h1+h2)Dq
n−1 − eβ(J4+2D−h1−h2)Eq

n−1 − eβ(D−h1)Fq
n−1
]
/ZB (19)
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and
M2A = [

eβ
(0.25J3+0.5(h1+h2))Xq

n − e
β
(
−0.25J3+0.5(h1−h2))Y q

n

+eβ(−0.25J3+0.5(−h1+h2))Z qn − eβ(0.25J3−0.5(h1+h2))]/2ZA, (20)

M2B = [
eβ(J4+2D+h1+h2)Aqn−1 − eβ(−J4+2D+h1−h2)Bq

n−1 + eβ(−J4+2D−h1+h2)Dq
n−1

−eβ(J4+2D−h1−h2)Eq
n−1 + eβ(D+h2)Gq

n−1 − eβ(D−h2)Hq
n−1
]
/ZB (21)

where
ZA = eβ

(0.25J3+0.5(h1+h2))Xq
n + eβ

(
−0.25J3+0.5(h1−h2))Y q

n + eβ
(
−0.25J3+0.5(−h1+h2))Z qn + eβ

(0.25J3−0.5(h1+h2)), (22)

ZB = eβ(J4+2D+h1+h2)Aqn−1 + eβ(−J4+2D+h1−h2)Bq
n−1 + eβ(D+h1)Cq

n−1 + eβ(−J4+2D−h1+h2)Dq
n−1+eβ(J4+2D−h1−h2)Eq

n−1 + eβ(D−h1)Fq
n−1 + eβ(D+h2)Gq

n−1 + eβ(D−h2)Hq
n−1 + 1. (23)

The layer magnetization and the total magnetization aredefined as:
M1 = 12(M1A +M1B), M2 = 12(M2A +M2B), (24)

and
MT = 12(M1 +M2). (25)

The order-parameter Q that is the quadrupole moment isdefined as:
Q1B = 〈σ 2〉; Q2B = 〈σ ′2〉 (26)

Since the spin-1/2 sublattices are the two-state and oneorder parameter systems, they have only M1A and M2A asthe order parameters since Q1A and Q2A are constant andequal to 1/4. For the spin-1 sublattices, Q1B and Q2Bhave the following expressions:

Q1B = [
eβ(J4+2D+h1+h2)Aqn−1 + eβ(−J4+2D+h1−h2)Bq

n−1 + eβ(D+h1)Cq
n−1+eβ(−J4+2D−h1+h2)Dq

n−1 + eβ(J4+2D−h1−h2)Eq
n−1 + eβ(D−h1)Fq

n−1
]
/ZB, (27)

Q2B = [eβ(J4+2D+h1+h2)Aqn−1 + eβ(−J4+2D+h1−h2)Bq
n−1 + eβ(−J4+2D−h1+h2)Dq

n−1+eβ(J4+2D−h1−h2)Eq
n−1 + eβ(D+h2)Gq

n−1 + eβ(D−h2)Hq
n−1]/ZB. (28)

Magnetic susceptibilities for layers G1 and G2 are givenby: χ1 = lim
h1→h

∂M1
∂h and χ2 = lim

h2→h
∂M2
∂h , (29)
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and the total susceptibility of the bilayer follows:
χTotal = 12(χ1 + χ2). (30)

Using the relation F = −kT logZ and equations (7), (8),(22) and (23) in the thermodynamic limit (n → ∞), oneobtains the exact expression of the free energy in terms ofthe recursion relations. Thus, after some straightforwardmathematical calculations, one finds:
− βF = 12− q logW1 − 1− q2− q logW2 + logZA, (31)

or

− βF = 12− q logW3 − 1− q2− q logW1 + logZB, (32)

where:

W1 = eβ(−0.5J1−0.5J2+J4+2D+h1+h2)Aq−1
n−1 + eβ(−0.5J1+0.5J2−J4+2D+h1−h2)Bq−1

n−1 + eβ(−0.5J1+D+h1)Cq−1
n−1+ eβ(0.5J1−0.5J2−J4+2D−h1+h2)Dq−1

n−1 + eβ(0.5J1+0.5J2+J4+2D−h1−h2)Eq−1
n−1 + eβ(0.5J1+D−h1)Fq−1

n−1 + eβ(−0.5J2+D+h2)Gq−1
n−1+ eβ(0.5J2+D−h2)Hq−1

n−1 + 1, (33)

W2 = eβ
(0.25J3+0.5(h1+h2))Xq−1

n + eβ
(
−0.25J3+0.5(h1−h2))Y q−1

n + eβ
(
−0.25J3+0.5(−h1+h2))Z q−1

n + eβ
(0.25J3−0.5(h1+h2)), (34)

W3 = eβ
(0.25J3+0.5(h1+h2))Xq−1

n−2 + eβ
(
−0.25J3+0.5(h1−h2))Y q−1

n−2 + eβ
(
−0.25J3+0.5(−h1+h2))Z q−1

n−2 + eβ
(0.25J3−0.5(h1+h2)). (35)

3. The phase diagrams
The temperature phase diagrams are obtained by study-ing the thermal variations of the order parameters, theresponse functions and the system free energy.Let us point out that the results derived in the previoussection are rather general. They are valid for the FM/FM(J1 > 0, J2 > 0), FM/AFM (J1 > 0, J2 < 0), AFM/FM(J1 < 0, J2 > 0), AFM/AFM (J1 < 0, J2 < 0) versions ofthe model. Here, we only restrict our study to the case:FM/FM and FM/AFM interactions. To reduce the num-ber of model free parameters, all the interaction constantswill be hereafter normalized with respect to the couplingparameter J1.
3.1. The case of FM/FM interactions: J1 =
J2 = J > 0
Let’s start the investigation of the system in this casewith the construction of some ground state (GS) phase

diagrams. The zero temperature phase diagram is exactlycalculated and may be useful to check the reliability of thetheoretical results at low temperature. By means of theassumption that both layers are influenced by externalopposite magnetic fields: h1 = −h2 = h ≥ 0, the GSenergies are obtained from Eq. 1 in units of J in rewritingthis equation as follows:
E
qJ = −

∑
<plaq>

[
Siσj + S ′i′σ ′j ′ + J3

qJ SiS
′
i′

+ J4
qJ σjσ

′
j ′ + D

qJ
(
σ 2
j + σ ′2j ′ )

+ h
qJ (Si + σj − S ′i′ − σ ′j ′ )]. (36)

In this expression, the summation is over the central pla-quette that consists of four NN pairs of the two-layersystem with one pair < ij > from the layer G1, one pair
< i′j ′ > from the layer G2, and two pairs < ii′ >, < jj ′ >obtained by connecting the layers G1 and G2 between the
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Figure 2. T = 0 phase diagrams of the mixed spin-1/2 and spin-1 Ising system on a bilayer Bethe lattice with FM/FM in-
teractions on the (J3/qJ, J4/qJ) plane for h/qJ = 0. Panel
(a): D/qJ = 0.0; Panel (b): D/qJ = −0.50; Panel (c):
D/qJ = −1.0.

only adjacent spins. The GS phase diagrams are calcu-lated by comparing energies of different spin configura-tions. These equations are obtained for a general q. TheTable 1 presents, for one plaquette the different types ofGS configurations.Phases I, III and IX correspond to the ferromagnetic or-dering, i.e NN pairs are in the same ferro state.Phases II, IV, VII, VIII, X, XIII and XIV correspond to theferromagnetic ordering which is equivalent to the casewhere the GS of one layer is ferromagnetic and the GS ofthe other layer is antiferromagnetic phase, thus leadingto the surface magnetic phase.Phases V, VI, XI, XII and XV show ferromagnetic order inlayers G1 and G2 separately. However the magnetizationson G1 and G2 are antiparallel, and these phases are calledantiferromagnetic phases; the total magnetization of the

Figure 3. T = 0 phase diagrams of the mixed spin-1/2 and spin-1 Ising system on a bilayer Bethe lattice with FM/FM in-
teractions. In the (J3/qJ, J4/qJ) plane for D/qJ = 0.0 and
h/qJ = 0.50 (a); in the (D/qJ, J ′/qJ) plane for J3 = J4 = J ′
and h/qJ = 0.0 (b); in the (h/qJ, J3/qJ) plane for J4/qJ = 1.0
and D/qJ = 0.0 (c).

bilayer system is zero.Fig.2a is obtained on the (J3/qJ, J4/qJ) plane for D/qJ =
h/qJ = 0 and shows phases I, (II, VII), (IV, VIII), andV. The symmetry along the J3/qJ = 0 and J4/qJ = 0-axis is obvious. For further higher values of D/qJ when
h/qJ = 0.0, the GS phase diagram remains qualitativelythe same. When D/qJ < 0, (Figs.2b,c), additional config-urations with lower spin values occur, i.e., zero values ofspin-1 appear. For h/qJ = 0.50 and D/qJ = 0, (Fig.3a),the GS phase diagram is similar to that in Fig.2a withthe replacement of phases (II, VII), (IV, VIII), and V by thephases XIII, XIV and XV respectively. Indeed, for h/qJ > 0and D/qJ = 0, the GS phase diagram is similar to that inFig.3a. The domain covered by the phase XV which has
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Table 1. GS configurations. The phases are indicated with (s0, σ1) and (s′0′ , σ ′1′ ) NN pairs for the layers in G1 and G2 respectively, with the GS
values of spin-1/2 and spin-1.

±1/2 ± 1 ±1/2 ± 1 ±1/2 ± 1 ±1/2 ± 1I II III IV
±1/2 ± 1 ±1/2 ∓ 1 ±1/2 0 ∓1/2 ± 1
±1/2 ± 1 ±1/2 ± 1 ±1/2 ∓ 1 ±1/2 ∓ 1V VI VII VIII
∓1/2 ∓ 1 ∓1/2 0 ±1/2 ± 1 ∓1/2 ∓ 1
±1/2 0 ±1/2 0 ±1/2 0 ±1/2 0IX X XI XII
±1/2 ± 1 ±1/2 0 ∓1/2 ∓ 1 ∓1/2 0
±1/2 + 1 +1/2 ± 1 +1/2 + 1XIII XIV XV
±1/2 − 1 −1/2 ± 1 −1/2 − 1

zero magnetization, is extended by increasing the values
h/qJ while those of phases I, XIII and XIV are reduced.So increasing values of h/qJ puts the system into thedisordered configurations. Fig.3b is constructed on the(D/qJ, J ′/qJ) plane, where, only the phases I, V, X andXII are visible. When D is negative, as |D| increases,states with lower spins are favoured; the zero value ofspin-1 become persistent leaving the sublattices B withzero magnetization. It can be clearly seen from Fig.3c thatas h/qJ becomes more and more higher, the area of phaseXV increases.Let us now analyze how thermal fluctuations disorder theprevious GS phase diagrams. The temperature-dependentphase diagrams are constructed for low values of q bystudying the thermal behaviours of the order parametersand the free energy. The two layers that are concernedare assumed to be influenced by external opposite mag-netic fields: h1 = −h2 = h ≥ 0. In the phase dia-grams, the solid and dashed lines represent the second-(Tc-lines) and first-order (Tt-lines) phase transition linesrespectively, and the triangles correspond to the positionsof tricritical points where Tc-lines and Tt-lines meet.In Fig.4, we show temperature-dependent phase diagramsfor q = 3−6. For q = 3, 4, only Tc-lines are got whereas,for q > 4, Tt-lines appear with the existence of tricriticalpoints. For h/qJ = 0.5, all transition lines, for different

values of q, reach the T = 0-axis at the same value J4/J =0. Some phase diagrams show a reentrance (Figs.4a,b).For negative values of D/qJ , the phase boundaries presenta wavy character (Fig.4d). In Fig.5, as the value of h/qJincreases, the transition lines moved to the higher J4/Jregion. This behaviour is also detected for large negativevalues of D/qJ . Consequently, the region with nonzeromagnetization is reduced.The next four phase diagrams are displayed on severalplanes (Fig.6). The first one (Fig.6a) is calculated for
h/qJ = 0 for J3/qJ = J4/qJ = J ′/qJ = 1.0. In Figs.6a,b,one observes that the critical temperature monotonicallydecreases with decreasing values of J3 and D, until itreaches zero. Figs.6c,d clearly indicate that an increase of
h/J at fixed other parameters stabilize the ordered ferro-magnetic phase. There, one also observes that an increaseof the gap J̃ = |J4 − J3| shortens the Tt-lines when theyexist. This implies that a critical gap J̃c(q) may exist foreach value of q where Tt-lines may disappear! One re-marks that the lower the q is, the lower the value of Tcwill be at h/J = 0.The last phase diagram (Fig.7) is obtained on the(D/J, kT /J) plane when both interlayer interaction param-eters are set to zero. This phase diagram is similar to theone obtained in Fig.6a.We have found two topological types of phase diagrams:
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Figure 4. Temperature phase diagrams of the model for q = 3, 4, 5 and 6 in the (J4/J, kT /J) plane when J1 = J2 = J > 0 and J3/qJ = 4.0. The solid
and dashed lines correspond to the second-order and the first-order phase transition lines respectively. Tricritical points are indicated
with filled triangles. Panel (a): h/qJ = 0.0 and D/qJ = 0.0; panel (b): h/qJ = 0.5 and D/qJ = 0.0; panel (c): h/qJ = 0.0 and D/qJ = 0.5;
panel (d): h/qJ = 0.0 and D/qJ = −0.5.

diagrams where all transitions lines are Tc-lines (for q ≤4) and diagrams with Tc-lines and Tt-lines with triciritcalpoints (q > 4). So increasing the coordination number qdoes display qualitative changes in the diagrams. This canbe understood as follows. The Bethe lattice approximationis a kind of mean-field calculation. When the coordinationnumber q increases, the value of the effective field of theneighbouring spins that acts on a giving spin becomesmore or less important. This may induce changes in thenature of the phase boundaries.

Since J3 and J4 are the bilinear interlayer interaction con-stants between the layers G1 and G2, when both are equalto zero the two-layer Bethe lattice reduces to two identi-cal independent one-layer Bethe lattices with mixed spin-1/2 and spin-1. Let us point out that if J̃ = 0 in the presentsystem (see Figs.6a, 7), one gets results that are consis-tent with those in Refs. [12, 50].

3.2. The case of FM/AFM interactions: J1 > 0
and J2 < 0

Let us first show how the NN interactions affect thetotal magnetization. We only illustrate the case q = 3due to similarities with other cases. We used the extendedNéel classification [1, 61] to refer to different types of tem-perature dependence of the total magnetization. The ther-mal variation of the total magnetization has been found tobe of Q-, R-, N-, S-, L- and P-type (Fig.8).Monotonic decrease of the magnetization with increasingtemperature indicates Q- and R-type behaviours. The Q-type always displays a steep decrease close to the Néeltemperature TN . The latter shows an intermediate rel-atively rapid decrease regime before an abrupt decay tozero at TN . Another familiar N-type curve is characterizedby one compensation point at which the resultant magne-tization vanishes due to a complete cancellation of thebilayer magnetization. The stair-like S-shaped depen-dence initially exhibits a steep decrease of the magnetiza-tion that almost completely diminishes in the intermediatetemperature regime and finally, a second steep decrease
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Figure 5. Temperature phase diagrams of the model for q = 3, 4, 5
and 6 in the (J4/J, kT /J) plane when J1 = J2 = J > 0 and
J3/qJ = 4.0. The solid and dashed lines correspond to
the second-order and the first-order phase transition lines
respectively. Tricritical points are indicated with filled tri-
angles. Panel (a): h/qJ = 1.0 and D/qJ = 0.0; panel (b):
D/qJ = −1.0 and h/qJ = 0.0.

follows near the critical temperature. The L-type and P-type curves are very analogous, displaying a temperature-induced maximum as the temperature is raised from zero.However, for the L-type curve [62], the resultant magneti-zation starts from zero [63]. These morphologies dependstrongly on the values of the interaction parameters of themodel.We have also studied the effect of the interlayer bilinearexchange interaction parameters on the critical tempera-ture of the bilayer system in the absence of other con-straints, in particular for J2/J1 = −1.50. Our results forthe transition temperature as a function of J3/J1 and J4/J1are shown in Fig.9.The temperature-dependent phase diagrams are obtainedfor q = 3, 4 and 6 and their phase transition lines arelabeled with gray solid, dashed and black solid lines,respectively. The arrows indicate the phase separationpoints according to the GS phase diagrams. Two groundstate (GS) configurations are found for the central plaque-tte deep inside the two-layer Bethe lattice as indicated inTable 1: Phases II and IV are the surface FM phases, i.e.layers G1 and G2 are FM and AFM types, respectively.The first phase diagram of the model is obtained on the

Figure 6. Temperature phase diagrams of the model for q = 3, 4, 5
and 6 when J1 = J2 = J > 0. The solid and dashed lines
correspond to the second-order and the first-order phase
transition lines, respectively, and the tricritical points are
indicated with filled triangles. In the (D/J, kT /J) plane for
J3/qJ = J4/qJ = J ′/qJ = 1.0 and h/qJ = 0.0 (a); in the(J3/J, kT /J) plane for J3/qJ = 1.0, h/qJ = 0.25 and D/qJ =0.0 (b); in the (h/J, kT /J) for J3/qJ = 3.0, J4/qJ = 0.0 and
D/qJ = 0.0 (c); in the (h/J, kT /J) for J3/qJ = 6.0, J4/qJ =1.0 and D/qJ = 0.0 (d).

(J4/J1, kT /J1) plane. As seen in Fig.9a, for J3/qJ1 = 1.0,the critical lines (TN-lines) start from constant tempera-tures at higher negative values of J4/J1. The wing-shapedsecond-order lines, i.e. TN-lines, are seen at higher tem-peratures for higher q and separate the ordered phases II,and IV from the paramagnetic (P) phase. The left wingsare seen at temperature higher than for the right ones,since situation where J1 > 0, J2 < 0, J3 > 0 and J4 < 0favours the surface FM phase II but for J1 > 0, J2 < 0, thesurface FM phase is favoured whereas the case J3 > 0 and
J4 > 0 favours the FM phase, so the phase II is more re-sistive to temperature than the phase IV. The TN-lines donot reach the T = 0-axis since both phases II and IV arethe surface FM phases. These results bear some resem-blance with those reported in Ref. [58] for the two-layerspin-1/2 Ising model. When J3/qJ1 = −1.0, one obtainsthe mirror image of Fig.9a (see Fig.9b). In Fig.9c, theroles of J3 and J4 are exchanged. One observes here thatthe critical temperature exhibits a smooth monotonic de-cline with increasing values of J3/J1 and becomes constantat large positive values. This phase diagram is qualita-



Joël Kplé, Gabriel Y. H. Avossevou, Félix Hontinfinde

-3 -2 -1 0 1 2 3
0

0,5

1

1,5

2

2,5

▼

▼

J’/qJ=0.0
h/qJ=0.0kT

/J

D/J

q=3

q=4

q=5

q=6

P

(I, V)

(X, XII)

Figure 7

Figure 7. Temperature phase boundaries of the model for q = 3, 4, 5
and 6 in the (D/J, kT /J) plane when J1 = J2 = J > 0 and
J3/qJ = J4/qJ = J ′/qJ = 0.0. The solid and dashed lines
correspond to the second-order and the first-order phase
transition lines respectively. Tricritical points are indicated
with filled triangles.

0 1 2
0

0,05

0,1

0,15

0,2

0,25

0 1 2 3 4
0

0,05

0,1

0,15

0,2

0,25

0 1 2 3 4
0

0,05

0,1

0,15

0,2

0,25

0 1 2 3 4
0

0,1

0,2

0,3

0,4

0,5

0 0,5 1
0

0,05

0,1

0,15

0,2

0 0,5 1
0

0,1

0,2

0,3

0,4

J2/J1=-1.5
J3/J1=3.0
J4/J1=-3.0

Q-type

|M
t|

kT/J1

R-type

N-type S-type

L-type P-type

J2/J1=-4.5
J3/J1=3.0
J4/J1=-3.0

J2/J1=-4.5
J3/J1=3.0
J4/J1=-0.5

J2/J1=-4.5
J3/J1=-3.0
J4/J1=-0.5

J2/J1=-0.01
J3/J1=-3.0
J4/J1=-0.5

J2/J1=-0.01
J3/J1=3.0
J4/J1=-0.5

|M
t|

|M
t|

|M
t|

|M
t|

|M
t|

kT/J1

kT/J1 kT/J1

kT/J1 kT/J1

(a) (b)

(c) (d)

(e) (f)

Figure 8Figure 8. The temperature variation of the resultant magnetization
of the model for q = 3. Values considered for the model
parameters are indicated in different panels.

tively similar to the one displayed in Fig.3b of Ref. [58].
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Figure 9Figure 9. Temperature phase diagrams of the model are presented
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J4/qJ1 = −1.0 (d); on the (J ′/J1, kT /J1) for J3 = −J4 = J ′ (e)
and on the (J ′′/J1, kT /J1) for J3 = J4 = J ′′ (f).

The mirror image of Fig.9c is obtained for J4/qJ1 = −1.0(see Fig.9d). Fig.9e is obtained on the (J ′/J1, kT /J1) planefor J3 = −J4 = J ′, where the TN ’s are constant at largeand negative values of J ′/J1. This happens also at largeand positive values of J ′/J1. The TN-lines present concav-ities at about J ′/J1 = 0.0 for all values of q. The criticaltemperatures are the same for large negative or positivevalues of J ′/J1 since the case J1 > 0, J2 < 0 and J ′ < 0favours the surface FM phase IV. For J1 > 0, J2 < 0and J ′ > 0, the surface FM phase II is favoured. Thisphase diagram is qualitatively similar to those reportedon the spin-3/2 Ising model AFM/AFM two-layer latticewith crystal field in Fig.3 of Ref. [57]. Fig.9f is obtainedfor J3 = J4 = J ′′ on the (J ′′/J1, kT /J1) plane. The TN-lines are horizontal at large and negative values of J ′′/J1,but as J ′′/J1 increases, the critical temperature increasecontinuously and reach a maximum. As J ′′/J1 is raised fur-ther, the TN ’s decrease and show a minimum for all q atabout J ′′/J1 = 0.0. The same behaviour is obtained for
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positive values of J ′′/J1. This phase diagram is symmetricwith respect to J ′′/J1. Moreover, when the roles of J1 and
J2 are exchanged and J1/|J2| = 1.5, the phase diagramson the (J4/|J2|, kT /|J2|), (J3/|J2|, kT /|J2|), (J ′/|J2|, kT /|J2|),and (J ′′/|J2|, kT /|J2|) planes for respectively J3/q|J2| = ±1,
J4/q|J2| = ±1, J3 = −J4 = J ′ and J3 = J4 = J ′′ are re-spectively the same when compared to those displayed inFig.9.
4. Conclusion

We have studied a bilayer mixed spin Ising system interms of interlayer and intralayer coupling constants inthe presence of crystal field and external magnetic fieldconstraints. The T = 0-behaviours of the system are in-vestigated through some ground state phase diagrams re-lying on energies of possible spin configurations of thesystem. Numerical solutions of the recursion relationsenabled us to study the thermal behaviours of the orderparameters and the system free energy. Interesting be-haviours such as the existence of the first-order and sec-ond order transitions as well as compensation point arefound. The first order transition occurs for coordinationnumber q > 4. Topologically different phase diagrams arefound by tuning values of the coupling constants. Some-times, tricritical points and also reentrant phase diagramsare observed. When the nearest-neighbour coupling con-stants are fixed, the external magnetic fields influence thesystem by shortening the first order transition lines. In-creasing negative values of the crystal field stabilizes thedisordered phase.The existence of compensation points has been reportedin many previous works on mixed-spin Ising models [51,56, 59, 63]. It has a technological interest since this prop-erty is used in several devices for information storage andretrieval. The different results achieved here bear someresemblances with those reported in Refs. [12, 50, 57, 58].The present model can be extended to study spin tran-sitions in spin-crossover materials. Then some couplingconstants may depend on the temperature or the ligand-field strength. Work on this subject is in progres andpreliminary results look fascinating.
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