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Abstract

Techniques based on nonlinear partial differential equations have
impacted the image processing field with increasing success supported
by experimental results. In this article, we have proposed a
2-dimensional model of image processing by combining anisotropic
diffusion with generalized nonlinear diffusion. On the one hand, this
model makes it possible to perfectly restore the degraded image with
an improvement in the contrast of the image. On the other hand, this
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model allows for the segmentation of images. Various statistical
criteria are used to assess the quality of the restored images.

1. Introduction

For several decades nonlinear methods based on partial differential
equations (PDE) represent powerful tools in the field of image processing.
There are many reasons for this interest: nonlinear effects included in the
human visual system (SVH); the highly nonlinear behavior of optical image
acquisition systems [1]; obtaining in many cases the results of existence and
uniqueness of solution, and even very efficient numerical resolution schemes
as in [2, 3]. Although linear filters still play an important role in image
processing, being intrinsically very easy to implement, the limitations of this
type of filter are well known: images in general do not respect the stationarity
hypotheses; linear filters are unable to eliminate noise without blurring the
edges. On the other hand, filters from nonlinear approaches can overcome
these limitations. The nonlinear diffusion equations which derive from partial
differential equations (PDE) are applied in several image processing
operations such as restoration [3-12], segmentation [9, 13-22], texture
synthesis [23-28]. [29] proposed an unconventional noise filtering algorithm
based on differential equations modeling an anisotropic diffusion process.
This algorithm served as a reference and stimulated a lot of interest, since it
has been widely used by several authors [6, 30-37].

[6] proposed an image processing model by combining the nonlinear and
anisotropic diffusion processes. Indeed, the author considered Fisher’s
nonlinear diffusion equation which not only makes it possible to model the
transport mechanisms in living cells [38], but also to enhance the contrast of
images [39, 40], which it combined with the anisotropic diffusion equation of
[29] in order to obtain a filter which combines the advantages of these two
diffusion processes. The model thus proposed by [6] is written in the form:

{W = div(g(|VI(s, 3. ) Vi . 0) + fUGs 3 0)
t>0,(x,y)eQ, I(x, y,0) = Iy(x, y).
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In this expression, div is the divergence operator, I(x, y, 0) = I(x, y)
is the original noisy image in a rectangular domain Q; I(x, y, f) is the
image processed at time #; f(-) is a nonlinear cubic function [41, 42]

defined by:
f(l(xa s t)) = _Bl(xa s t)(l(xay’ t) - a)(l(x’ Vs Z)_ 1)’ (2)

where 3 adjusts the weight of non-linearity and o is the threshold of non-

linearity such that 0 <a <1; g(|VI(x, y,)|) is a decreasing function
proposed by [29] to introduce the anisotropy.

For image processing, the author used an explicit discretization scheme
and the results obtained show that this model allows noise filtering and
image contrast enhancement while preserving the contours of the image. One
of the major shortcomings of this model is its sensitivity to noise. When you

increase the noise slightly, you get unsatisfactory results.

The objective of this work is to: modify the model (1) proposed by [6],
by combining the anisotropic diffusion of [29] with the generalized model of
nonlinear diffusion proposed by [43]; digitally solve this new model for
image processing. Thus, we have described in Section 2 the generalized
models of nonlinear diffusion and nonlinear anisotropic diffusion. In Section
3, we presented and analyzed the experimental results obtained. Finally,

Section 4 presents the conclusion.
2. Proposed Models

2.1. Generalized nonlinear diffusion model

Some homogeneous one-dimensional reaction-diffusion equations have
been generalized and solved analytically in [43]. In this work, we propose to
write one of these generalized equations in dimension 2 in the following

form:
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ou(x, y, t) azu(x, V, 1) . 62u(x, ¥, t)
ot o%x 62)/

+[1=u"(x, y, Olla” (x, y, 1) = plulx, y, 1), (3)

t>0,(x,y)eQ,a>0,p#0,and u(x, y, 0) = ug(x, ).

In this expression, [1—u"(x, y, t)]|[au"(x, y, t) - plu(x, y, t) is the
generalized nonlinear function; a, p and n are the parameters of the model.
The grid points being with the regular step in the case of the discrete images,
to carry out the numerical resolution in order to process the images, [6] used

an explicit discretization scheme which we adopted for equation (3) and

which gives the following iterative algorithm:

d dt
“it,+jt=”l{j+|N | Z(”ltm_”ltj)
riy

,meN,
+dt(1 - (u;,j)n)(a(u;,j)n -p)uf ; “)

i, j=1...N,1...M are the indices of the pixel of the image to be
processed with N x M the size of the image. N, ={(i -1, j);, (i +1, j);
(i, j —1); (i, j +1)} represents the set of adjacent neighbors of the pixel to

be filtered (they are at number of: 4 for the dots in the middle of the image, 3

t t+dt
i,y and

for the dots on the sides, and 2 for the dots in the corners). u
are the values of the pixel light intensity at time ¢ and ¢ + dt respectively, dt
being the integration step of the differential equation. The image that we
want to process is applied to the input of the algorithm and the processed

image is recovered at the output.
2.2. Generalized nonlinear anisotropic diffusion model

In this model, we associated the anisotropy of [29] with the generalized
nonlinear diffusion process (3), as proposed by [6]. The equation thus

obtained is as follows:
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ou(x, y, t)

2= = div(g(| Vu(x, y. 1)) Vu(x, . 1)

+[1_un(x’ YV, t)][aun(x’ y, t)_p]u(x, y, t) (5)
t>0,(x,y)eQ,a>0,p=0,and u(x, y, 0) = uy(x, y)

1
. [n Vu(x, y, 1) ||)2
k

g(| Vu(x, y, 1)|) = is the function proposed by [29].

In above, V is the gradient operator; k£ is a noise estimator [37], or the
diffusion barrier which can be defined to preserve the contours of the image.
Based on the formula proposed by [37], the value of & calculated by [6] for
the image that we want to process is k = 0.03783. According to the explicit
discretization scheme proposed by [29] for the equation which governs
anisotropic diffusion, we deduce the discretized form of equation (5) which

1s in the form:

dt
ul];,-l—jdt :ult,]+|N | Zg("u;,m_ul?,j”)x(ult,m_ullf,j)
"1, meN,.

+di(1 = (uf ;)" )(aluf ;)" = p)uj ©)

with ultm - u,t ;j an approximation of the local gradient for (I, m)e N,
[29]. Here too, the image that we want to process is applied to the input of
the algorithm and the processed image is recovered at the output.

2.3. Evaluation of the quality of restored images

To evaluate the quality of the images restored by the models, we used the
criteria of objective evaluation of the approach without reference (NR)
proposed by [4] since in our study we do not have images of good qualities.

According to [4], these objective criteria are defined as follows:

e The mean square error (MSE®)
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o 11 Shy o r\2
MSE :HWZZ(UI.’J._UI.’J.) . (7)
i=1 j=1

e Signal to noise ratio (SNR)

02
SNR® =10 1log [CA]) (8)
o
MSE

e The peak signal to noise ratio (PSNR’)

02
PSNR® =10 log max(U7) | )
[0
MSE

In these expressions,

M N
max(U°%?) = max{(Ul-‘fj)z} and p(U°?) = ﬁ%ZZ(U&)Z (10)
i=1 j=1

with U° the matrix of the degraded image (initial image), and U” the matrix
of the restored image. When the image is well restored (visual appreciation),

it has less similarity with the degraded image, so the restored image is good

for high values of MSE and for low values of SNR® and PSNR® [4].
3. Experimental Results and Analysis

3.1. Analysis of restored images

The degraded image of Figure 1 has been restored with the two models
proposed in Section 2. Figure 2 presents the results obtained with the
generalized model of nonlinear diffusion. This figure shows that there is
noise filtering and that the restored image is slightly blurred. This is
explained by the isotropic nature of generalized nonlinear diffusion. The
evolution of the profile of line 50 of the restored image (Figure 3) shows that

the noise is filtered and that there is an increase in the amplitude.
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Figure 1. (a) Degraded to restored image and (b) histogram of this image.
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Figure 2. (a) Image restored by our generalized nonlinear diffusion model
with the values of the parameters of the model: ¢ =1; n = 3; p = 0.1; t = 2;

dt = 0.01. (b) represents the histogram of this image.
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Figure 3. Profile of line 50 of the image restored by our generalized
nonlinear diffusion model, for different processing times, with the values of
the parameters of the model: a = 1; n = 3; p = 0.1; df = 0.01.

With the nonlinear anisotropic diffusion model, the results show that the
blurring observed at the level of the image restored with the nonlinear
diffusion model disappears and the restored image is sharper (Figure 4). In
addition, Figure 5 shows that there is a significant increase in the amplitude
of the profile of line 50 of the restored image. This explains a significant
increase in contrast and certain details observed on the restored image. In
short, the anisotropic diffusion associated with the nonlinear diffusion model
promotes very good restoration of the degraded image.
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Figure 4. (a) Image restored by our generalized anisotropic and nonlinear
diffusion model, with the values of the parameters of the model:
a=1,n=3p=0.11¢=2;dt =0.01; kK =0.03783. (b) represents its

histogram.
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Figure 5. Profile of line 50 of the image restored by our generalized
anisotropic and nonlinear diffusion model, for different processing times,

with the values of the parameters of the model: a=1;n=3; p=0.1;dt =
0.01; k£ = 0.03783.

Figure 6 (resp. Figure 7) shows the variations of MSE’, SNR’ and

PSNR® as a function of the processing time of the images, with the
generalized model of nonlinear diffusion (resp. with the generalized model of
nonlinear anisotropic diffusion). Variations in the three criteria indicate that
the quality of the restored images improves as a function of the processing
time. The time limit selected, where the restored image is visually of good
quality is ¢ = 2. This time limit cannot be calculated with these two-
dimensional models for which the resolution is digital, unlike the one-
dimensional model with analytical solution proposed by [4].
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Figure 6. Curves showing the variations of MSE®, SNR® and PSNR° as a

function of image processing time, with the generalized nonlinear diffusion

model, for the values of the parameters of the model: a =1;n = 3;

p =0.1; dt = 0.01.
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Figure 7. Curves showing the variations of MSE°, SNR® and PSNR’ as

a function of image processing time, with the generalized anisotropic and
nonlinear diffusion model, for the values of the parameters of the model:
a=1Ln=3p=0.1dt =0.01; k =0.03783.
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With Figure 8, we compare over the same image processing time

interval, the values of SNR® and PSNR’ from our models to those from
models proposed by [6]. The results in this figure indicate that the image is
better restored, over this time interval, by our models than by the models
proposed by [6]. The time limit retained by [6] is ¢ = 6 whereas in our case
t = 2. Figure 9 shows, at ¢ = 2, the images restored by the models proposed
by [6] and the images restored by our models. We note, for this processing
time, that the images restored by our models are better than those restored by

the models proposed by [6].
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Figure 8. Comparison over the same image processing time interval, of the
SNR® and PSNR° values of our models with those of the models proposed
by [6]. (a) Comparison of the values of SNR® and PSNR® of the
generalized nonlinear diffusion model (a =1;n =3;p = 0.1; df = 0.01)
with those of the nonlinear diffusion model (a=0.5;B=1;dr=0.01)
proposed [6]. (b) Comparison of the values of SNR® and PSNR’ of the
generalized anisotropic and nonlinear diffusion model
(@=1n=3p=0.1d = 001, k =0.03783) with those of the diffusion
model anisotropic and nonlinear (o = 0.5; B =1; dt = 0.01; k = 0.03783)
proposed [6].
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(a) (b)

Figure 9. For the same restoration times (¢ = 2), we compare the images
restored by our models to the images restored by the models of [6]. (a) and
(c) are the images restored respectively by the generalized model of
nonlinear diffusion (a =1;n=3;p=0.1; df = 0.01) and the generalized
model of anisotropic and nonlinear diffusion
(a=1Ln=3p=0.1;dt =0.01; k = 0.03783), proposed in this study. (b)
and (d) are the images restored respectively by the nonlinear diffusion model

(e =0.5B=1;dr =0.01) and the anisotropic and nonlinear diffusion
model (o = 0.5; B =1; dt = 0.01; kK = 0.03783), proposed by [6].

3.2. Sensitivity of image processing to model parameters

We analyzed the sensitivity of image processing to parameters # and a of

the generalized nonlinear anisotropic diffusion model, using the PSNR’

values as an assessment criterion.

First, we varied the values of the parameter n and fixed the values of the
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other parameters at: a =1, p =0.1; df = 0.01; £ = 0.03783. Figure 10 (a)

shows the variation of PSNR’ as a function of time, for different values of
the parameter n. We note, at ¢+ = 2, that the image is better restored with the

lowest value of n, as confirmed in Figure 10 (b) where we observe an image
which is partially restored for n = 20.
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Figure 10. Here we describe the sensitivity of the image processing to the
parameter n, with the generalized anisotropic and non-linear diffusion model,

for the values of the parameters of the model: a =1;p =0.1; dt =

0.01; £ = 0.03783. (a) shows the variation of PSNR’ as a function of time,

for different values of the parameter n, and (b) shows a partially restored

image, with n = 20; ¢t = 2.

Second, we varied the values of the parameter a and fixed the values of
the other parameters at: n =3; p = 0.1; dt = 0.01; £ = 0.03783. Figure 11

(a) shows the variation of PSNR° as a function of time, for different values
of the parameter a. We note, at ¢t = 2, that the image is better restored with
the highest value of a. For the same processing time, the same parameters

and when a =10; p =1.5, we see that the model makes it possible to

segment the images, as illustrated in Figures 11 (b) and 12.
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Figure 11. Here we describe the sensitivity of the image processing to
parameter a, with the generalized anisotropic and nonlinear diffusion model,

for the values of the parameters of the model: n = 3; p = 0.1; df = 0.01;

k = 0.03783. (a) shows the variation of PSNR® as a function of time, for
different values of the parameter a; (b) shows the segmented image of the
image studied, with ¢ = 10; p = 1.5; ¢t = 2.
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(b)

Figure 12. (a) and (b) are the original images; (c) and (d) are their images
segmented by the generalized nonlinear anisotropic diffusion model, with the
values of the parameters of the model: ¢ =10;n =3; p =1.5; ¢t = 2; dt =

0.01; £ = 0.03783.

4. Conclusion

The application of the generalized anisotropic and nonlinear diffusion
equation to image processing was the subject of this work. We have
rewritten, in dimension 2, the generalized model of nonlinear diffusion in
dimension 1 proposed by [43]. We then combined this model with the
anisotropic diffusion model of [29] to obtain a generalized nonlinear
anisotropic diffusion model. We used the digital resolution of these models
to restore an image. The results show that the contrast of the degraded image
is significantly improved and that the image is well restored. We assessed the
quality of the restored images using a few statistical criteria. We also

compared the quality of the images restored by our models to that of the
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images restored by [6]. This comparison shows, over the same processing
time, that the quality of the images restored by our models is better than that
of the images restored by the models proposed by [6]. We also studied the
sensitivity of the treatment to some parameters of our models. It turns out
that for certain choices of parameters, one of our models is used to perform

the segmentation of the images.
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