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Abstract
This paper aims at using the functional renormalization group formalism to study the equilibrium
states of a stochastic process described by a quench–disorderedmultilinear Langevin equation. Such
an equation characterizes the evolution of a time-dependentN-vector q(t)= {q1(t),L qN(t)} and is
traditionally encountered in the dynamical description of glassy systems at and out of equilibrium
through the so-calledGlaubermodel. From the connection between Langevin dynamics and quantum
mechanics in imaginary time, we are able to coarse-grain the path integral of the problem in the
Fouriermodes, and to construct a renormalization group flow for effective Euclidean action. In the
largeN-limit we are able to solve the flow equations for bothmatrix and tensor disorder. The
numerical solutions of the resulting exactflow equations are then investigated using standard local
potential approximation, taking into account the quench disorder. In the casewhere the interaction is
taken to bematricial, for finiteN the flow equations are also solved.However, the case offiniteN and
taking into account the non-equilibrumprocess will be considered in a companion investigation.

1. Introduction

Multilinear Langevin dynamics are characterized by a specific notion of disorder, said to be quenched, and
referring to the existence of twofluctuations times: the time τ of some randomvariables {qi} and the timeT of
the couplings between these randomvariables. For a glassy system, we haveT? τ, meaning that the couplings
are essentially constant during the typical fluctuation time of the randomvariables {qi}. Initially introduced as a
mathematical description of themagnetic field, it allows to obtain strange thermodynamics properties through
for instance the so-calledGlaubermodel [1–5]. Glassy systemhave acquired an independent existence,
essentially due to theirmathematical complexity, and are encountered in a large area of research fields, among
whichwefind the condensedmatter physics, chemistry, genetics, computer science (as a description of neural
networks behavior), collective processes inmarkets, economy, tensorial principal component analysis, etc (see
[6–12] formore details).

The existence of a freezing temperatureTf, belowwhich the systemmay be trapped into an equilibriumnon-
ergodic region of the phase space, andwhere the system is enforced tofluctuate around some states but cannot
visit every other possible equilibrium states, is the fundamental behavior of the disordered system. The physical
meaning of this phenomenon leads to the existence ofmany deepminima of the energy landscape, with large
energy barriers between the differentminima, such that the system requires a very long time to escape from
them. The existence of such an ergodicity breaking is one of the standard signatures of the glassy transition,
occurring generally in dynamical investigations based on a stochastic, Langevin equation. Other standard
approaches for glass transition use replicamethod, the cavitymethod through a generalizedmean-field
approach, or the so-called ‘TAP’ (Thouless-Anderson-Palmer [13]) approach focusing on complexity (i.e.
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configuration entropy, counting the number of energyminima) [1, 3, 5, 14–16]. All of themprovide the
characterization of the transitionwith different signatures, replica symmetry breaking for the first one and the
divergence of themagnetic susceptibility for the second one and then the divergence of the complexity for the
third one, which highlights their complementarity.

The Langevin equation formulation has the advantage to be able to describe systems from a dynamical point
of view both near and far from equilibrium, therefore we particularly focus on this formulation in the following
work because it corresponds well to the system thatwewant to study. This kind of equation has beenwidely
studied recently, andwe can in particularmention some relevant results [17–22]. A large part of these
investigations combine numerical and analyticmethods; but analytic solutions were still found only in some
limited cases, in particular the references [20, 21] studied the largeN limit where self-averaging property holds.
Another specific case ismatrices disorder where an exact analytic solution can be found due to thewell-known
large-N properties of the randommatrices, whose spectrum converges toward theWigner semi-circle law
[23–27]. However, such a simplification does not occur for themultilinear case, which is themain topic of this
paper, essentially because no exact analogue of theWigner law exists for tensors3. In this paper, we propose an
alternative approach using coarse-graning in frequenciesmodes to construct effective states of the system for
large times.More precisely, the degrees of freedom can be labelledwith frequencymodesω, andwe are aiming to
use renormalization group (RG) and nonperturbative techniques to construct anRG flow for effective
quantities, integrating out large frequenciesmodes (i.e. rapidmodes effects) 1/ω? T, for some running time-
scaleT.

In particular, we deal with the large-time behavior of the system, describing equilibrium states from initial,
out-of-equilibrium conditions. To this end, we consider a coarse-graining approach in time, through anRG
description allowing us to investigate physics at different temporal scales integrating out large frequencies
modes. Let us recall that RG realizes an interpolation between two physical descriptions of the same system,
through a progressive integration of degrees of freedom;which provides an effective description valid at a large
scale from amicroscopic description [28–34]. This coarse-graining procedure dilutes information from each
step, and the effective description discards some irrelevant effects which decrease alongwith the RG flow.Hence,
RG is usually considered as a powerful tool to discuss universality in quantumand classical field theories; and
generally in systems involving intrinsic variability. There is a recent literature on the link betweenRG and
information theory, see for instance [35–37]. In [37] for instance, authors propose a point of viewwhere RG
looks like amaximumentropy dynamics where coarse-graining is generated by a decrease of the relative entropy
(with respect to a fixed background probability). For recent connections with data analysis see [38–43].

In the presentmanuscript we use the functional renormalization group (FRG) formalismdue toWetterich
[28, 44–49]. Themain interest of thismethod is that it avoids some difficulties occurring in othermathematical
incarnation of the RG idea, especially concerning the strong coupling regimes; where instabilitiesmay occur
withmethods based on other functional relation as Polchinski equation [47, 50, 51]. Thus, its ability to support
crude truncation is especially relevant in a case where the coupling’smagnitudefluctuates and can become
arbitrarily large. Coarse-graining in time has been considered through the FRG formalism for quantum
mechanical systems [51–53]; especially regarding supersymmetric aspects of quantum systems. Exploiting the
link between Langevin equation and Schrödinger equation in imaginary time, the same techniques have been
used for stochastic systems [54–57]; focusing on the effective Euclidean action. In the quantumdescription,
stochastic systems exhibit elementary supersymmetry which simplifies the choice of the truncation; explicit
supersymmetric truncation strongly improves the approximate RG flow for non-supersymmetric ones [55,
57–59].

RGhas been considered as a powerful tool of investigation for such a kind of problem, especially in regard to
the behavior of spin glass [60–64] or the so-called random-field Ising problem [14, 65–74]. In this paper we
propose to investigate dynamics of a zero-dimensional p-spin like system, through FRG formalism,
mathematically incarnated as a Langevin equationwith quenched disorder, describing dynamics of aN
dimensional randomvector qi(t). A large part of this paper is devoted to themultilinear case, with tensorial
disorder. Our aim in this paper is essential to establish the formalism at equilibrium,meaning thatwe are only
able to discuss vitreous transitions aboveTc. Beyond physical applications, such a formalism can be helpful for
other areas of sciences, like data analysis, where such a kind of equations appears, andwe plan to investigate these
aspects in a futurework.

The outline is the following. In section 2we define themodels and review some aspects about the standard
connection between Langevin equation, Fokker-Planck, imaginary time Schrödinger equations and
supersymmetry. In section 3we introduce the FRG formalism able to deal with time-reversal and quenched
disorder. In section 4, we use standard local potential approximation to construct solutions of the exact RG
equation compatible with the supersymmetry.We introduce a graphical formalism allowing us to drawflow
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equations in a very convenient way, especially relevant formultilinearmodels where the number of terms in the
truncations become large. Finally, we investigate a similar analysis for the samemodel with the spherical
constraint. In section 5we provide a numerical analysis of the flow equations, and compare themwith numerical
simulations for the Langevin equation, especially in the largeN limit. In section 6we consider the special case of
matricial disorders. Finally, section 7 is devoted to the conclusions onwhichwe provide some remarks and
ingredients which can help to investigate the non-symmetric phase and the non-equilibriumprocess whichwill
be addressed taking taken into account in forthcomingworks.

2. Preliminaries

The theory of Brownianmotion is perhaps the simplest approximate way to treat the dynamics of
nonequilibrium systems. The fundamental equation that governs this dynamic is called the Langevin equation.
This equation is a stochastic differential equation describing the time evolution of a subset of the degrees of
freedom. These degrees of freedom typically are collective (macroscopic) variables changing only slowly in
comparison to the other (microscopic) variables of the system. In this section, we provide some definitions and
basics for the disordered Langevin equation, required for the rest of this paper. Formore detail concerning this
notion, the reader can consult the standard references as [32, 34].

2.1. Themodel
We introduce the functional renormalization groupmethods to investigate the behavior of a disordered system
described by a randomdynamical vector ( ) { ( ) ( )}= ÎQ t q t q t, N N1   depending on time Ît  andwhere

N designates the configuration space.We assume that the dynamics obeys to the non-linear Langevin equation:

[ ] ( ) ( )h= -
¶
¶

+
dq

dt q
H J Q t, , 1i

i
i0

where ( ) ( ( ) ( ))h h h= Ît t t, , N
N

1   is a random vector assumed to beGaussian distributed, with zeromean
value and the variance given by:

( ) ( ) ( ) ( )h h d dá ¢ ñ = - ¢ Î +t t D t t D2 , . 2i i i i1 2 1 2 

Two specific cases are relevant:

1. The unconstrained model (or soft p-spin model), for which ºN
N  , and the stochastic HamiltonianH0(J,Q)

is defined such that:

[ ] ≔ ( ) ( ) ( ) ( ) ( )å+
=

-
H J Q

p
J q t q t q t

h

N m
Q,

1

2
. 3i i i i i i

m

M
m

m
m

0
1

1
2

p p1 2 1 2


ThisHamiltonian content two parts. Thefirst one is a stochastic expression linear on the (symmetric) tensor
J. The second one is the deterministic part with ÎM  and ≔ åQ qi i

2 2.

2. The spherical model ( )( )º NN
N  , the N dimensional sphere of radius N , for which the stochastic

Hamiltonianmust bemodified froma Lagrange parameterμ to ensure the spherical constraintQ2(t)=N:

[ ] [ ] [ ] ( ) ( )m ¢ = - -H J Q H J Q H J Q Q N, , ,
1

2
, 40 0 0

2

with the initial conditionwhich satisfies the spherical constraint.

Note that we assumed the Einstein convention for summation of repeated indices. The time independent
symmetric rank-p tensor ÎJ  is assumed to be randomly distributed, following to aGaussian distribution p(J)
such that:

( )l
= =

- -
J J

N
C J

J

N
, , 5i i j j p i i j j i i p1 ;

0
1p p p p p1 1 1 1 1    

where l Î + , and:

≔
!

( )( ) ( )å d d
p

p pC
p

2
, 6i i j j i j i j;p p p p1 1 1 1

 

the sum running over permutationsπ of thefirst p positives integers. Note that sincewe are aiming to take the
averagewith respect to two sources offluctuation, we have tofix the notation to designate themean quantities.
Thus, we use the notation 〈x〉 for averaging for the noise η, andwe use the notation x for averaging for J. The
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power ofN is chosen to ensure that the extensive quantities likeH0 are proportional toN. l define the size of
thefluctuating tensorial coupling Jwhich interpolates between two regimes:

• Forλ= 0, thefluctuations are frozen and J goes toward a fixed value J0.When J0 becomes large, the influence
of the noise fades out, and the dynamics reach a deterministic regime. For J0→ 0 on the other hand, the noise
dominates, and the dynamics is essentiallyBrownian.

• Forλ→+∞ , the fluctuations of the coupling dominate, and the system reach a glassy regime.We note that
the nature of the dynamics could be characterized using theHurst Exponent [75]. Indeed, this statistical
measure allows to investigate the variability of a time series and thus identify a randomwalk from
deterministic dynamics.

The sphericalmodel is the one generally considered in the spin-glass literature. Thefirstmodel however is as well
considered as a simplification of the constrained case, which it reduces in some limits [22, 76–79]. For instance,
with J0= 0, and for arbitrary sizeN, the sphericalmodel can be recovered as a limit case, with quartic
deterministic part such that h1→−∞ , h2→+∞ but =h h const.1 2 In the largeN limit, the self-averaging of
O(N) invariant quantities as ≔ åQ qi i

2 2 (stemming as for the central limit theorem from the assumption that
randomvariables qi areweakly correlated) ensures that quantity as 〈Q

2Q2〉 satisfies the cluster properties
[32, 80, 81]:

( )á ñ ~ +¥ á ñá ñQ Q
N

Q Q . 72 2 2 2

Thus, by projecting equation (1) alongQ, we get for the quartic potential (hm= 0 ∀m> 2):

( )å » á ñ + á ñq q h Q
h

N
Q . 8

i
i i 1

2 2 2 2

In addition to á ñ =Q 02 , the potential admits anotherminimumwhen h1< 0, for the value:

( )á ñ = -Q
h

h
N . 92 1

2

The value of themean potential for this value being ( )á ñ = -V Q h N h41
2

2. Thus, in the largeN limit, the stable
minimumof the potential becomes infinitely deep, and all the trajectories are trapped in effective spherical
dynamics.We also note that the non-linearities present in the local potential could induce interesting non-
gaussian effects such as described in [82–84].

2.2. Associated Euclidean path integral and supersymmetry
The stochastic Langevin equation can be suitably reformulated as an Euclidean quantummechanical issue
involving a real wave function that obeys an imaginary time Schrödinger equation. This representation admits a
path integral formulation, expressing the transition probability between two configurations as a sumover
histories bounding them,weighted by the exponential of the classical action [ ]-e Q . This representation
moreover admits interesting supersymmetry, which is of great interest to construct an approximation of the
exact RG flow in section 4.

The randomness of the trajectoryQ(t) induced by theGaussian noise η(t) can be equivalently described in
terms of a functional probability distribution P(Qf, t) giving the probability to reach thefinal pointQf in the lapse
t from the initial conditionQ(t= 0)≔ c. Fixing disorder the probability distribution, suitably normalized, can
be read as:P(Qf, t)= 〈δ(Q(t)−Qf)〉, or explicitly:

( ) [ ( )] ( ( ) ) ( )
( )

ò òh dµ -- h

P Q t d t e Q t Q, , 10f
dt

f

t
D

2

4

[dη(t)] denoting the standard path integralmeasure. This probability distribution satisfies a Fokker-Planck type
equation.Moreover, defining ( ) ≕ ( )[ ]Y Q t e P Q t, ,H Q D20 , we find thatΨ(Q, t) satisfies the Euclidean
Schrödinger equation ˆY = - Y , with positive definiteHamiltonian:

ˆ ≔ ( )å -
¶
¶

+
¶
¶

¶
¶

+
¶
¶

D
q D

H

q q D

H

q

1

2

1

2
. 11

i i i i i

0 0 ⎜ ⎟⎜ ⎟
⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

The ground stateΨ0 such that ˆ Y = 00 is formally solved by ( )Y µ -e H q D
0

20 (if it is normalizable). This has an
important consequence in regard to the large time behavior of the distribution. Indeed, we expect that the
transition operator ˆ ( ) ≔ ˆ-U t e t projects into the ground state for t→∞ , and thusP(Q, t) reach its equilibrium

4
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solution ( ) ( )¥
-P q t elim ,t

H q D0 . The quantum transition probability can be formally deduced from the
standard Feynman prescription. Alternatively it can be defined from the integral (10) from the formal identity4:

[ ( )] ( ) ( )ò d hº +  -dq t Q H1 det , 12
c

Q 0 

where∇Q≔ {∂/∂qi} and is thematrix with entries:

( ) ≔ ( )
( ) ( )

( )d d¢ - ¢ +
¶

¶ ¶ ¢
t t

d

dt
t t

H

q t q t
, . 13ij ij

i j

2
0

Inserting the identity (12) into the integral (10), we get:

( ) [ ] [ ] ( ) ( )ò ò òh d hµ ´ +  -- h

P Q t d dq e Q H, det . 14f
c

Q
dt

Q 0
f

D

2

4 

The integration over the noise η(t) can be straightforwardly performed.Moreover, the determinant can be
computed from the identity = edet Trln . Taking into account the normalization of theGaussian integral
over η and expanding in power of the trace, we get:

∣
( )

( ) ( )
( )ò åq=

¶
¶ ¶=

e
dt

H

q t q tdet
exp 0 . 15

H i i i

Trln

0

2
0

0



⎜ ⎟
⎛
⎝

⎞
⎠

The standard Stratonovich prescription imposes θ(0)= 1/2 for the value of theHeaviside function at origin.We
thus obtain:

( ) [ ] ( )( )( ) ( ) [ ]òµ - - -P Q t e dq e, , 16f
H Q H c

c

Q
QD f

f1
2 0 0 

wherewe used the identity, valid only for the Stratonovich prescription, see [16] formore detail:

( ) ( ) ( )ò  = -dtQ H H B H A . 17
A

B

Q 0 0 0

Remark that the integral in the expression (16)must be identifiedwith the path integral associated to the
quantum statesΨ. The corresponding classical action  is defined as:

[ ] ≔ ( ( ) ) ( )ò +  - Q dt
D

Q H H
1

4

1

2
. 18QM Q Q

2
0

2 2
0 ⎡

⎣
⎤
⎦

Also let us specify that this dynamic action associated to a stochastic process admits a natural BRS (Becchi-
Rouet-Stora) symmetry [85] that can be embedded in a quantummechanical supersymmetric formulation. This
supersymmetry is known to have important consequences on theRGflow, especially relevant in the construction
of nonperturbative approximate solutions of the exact RG flow [58, 59]. A simple way to reveal this
supersymmetry is to rewrite the determinant det in (10) as aGrassmann integral:

[ ¯ ] ¯
( ) ( )

( )ò ò d= - - ¶ +
¶

¶ ¶
dcdc dtc

H

q t q t
cdet exp . 19i ij t

i j

j

2
0

⎡

⎣
⎢

⎛

⎝
⎜

⎞

⎠
⎟

⎤

⎦
⎥

Nowby imposing the following redefinition of the fields as:

¯ ≕ ¯ ( ) ≕ ( ) ≕ ( )y y fc c i q t D t H DW2 2 , 20i i i i i i 0 0

and introducing the auxiliaryfields j̄ Îi  in order to break the square ( )fW1

2 0
2 as ¯ ¯j j f+ ¶ ¶i W2 i i

2
0 , the

classical action (18) takes the form:

¯ ¯ ¯
( ) ( )

( )ò
f j

j
f

y d
f f

y= + +
¶
¶

+ - ¶ +
¶

¶ ¶
dt i

W
i

W

t t2 2
. 21BRS i

i
i ij t

i j
j

2 2
0

2
0

⎛

⎝
⎜

⎛

⎝
⎜

⎞

⎠
⎟

⎞

⎠
⎟

The supersymmetry can bemade evenmore explicit by introducing the superfield:

( ¯ ) ( ) ¯ ( ) ( ) ¯ ¯ ¯ ( ) ( )q q f qy y q qqjF = + + +t t t t t; , , 22i i i i i

where θ and q̄ areGrassmann valued, as well as the operators:

¯
¯ ¯ ( )

q
q

q
q=

¶
¶

-
¶
¶

=
¶
¶

-
¶
¶

i
t

i
t

, , 23 

4
Note that we removed the absolute value of the determinant, due to the fact that the Langevin equation is afirst order differential equation,

admitting a single causal solution see [32].Moreover, note that out of equilibrium, equation (1) having several solutions (i.e. the action
having severalminima), equation (12)would no longer be valid.
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which satisfies the anti-commutator relations { } { ¯ ¯ }= =, , 0    , and { ¯ } = - ¶i, 2 t  . Then the
following relation holds:

( ¯ ¯ ) ̈ ¯ ¯ ( )ff j yyF - F = - - i
1

2
2 . 242  

Moreover, expandingH0(Φ) to the power of θ and q̄, and using the properties of Grassmann algebra, it is not
hard to see that the superpath integral:

[ ] ¯ ˜ ( ) ( )ò q qF = F F + FS dt d d K iW
1

2
, 250⎛

⎝
⎞
⎠

is reduced to the off-shell classical action (18), if ˜ ≔ [ ¯ ]-K , 2  . Therefore, the supersymmetry properties
may be explicitly checked by introducing the nilpotent operators ≔ ¯ q¶ + ¶qQ i t and ¯ ≔ q̄¶ + ¶qQ i t such that
{ ¯} = ¶Q Q i, 2 t , and then the infinitesimal supersymmetric transformations acts on the superfieldΦ through the
operator ¯ ¯d = -Q Q  asΦ→Φ+ δòΦ. A few algebraic computation show that the action (25) is invariant
under such a transformation atfirst order in ò.More details on supersymmetry can be found in standard
references [32, 51, 86].

2.3. Generating functional
Agenerating functional of the correlation functions can be defined through a standardmethod known as
Martin-Siggia-Rose-Janssen-deDominicis formalismwhich is largely discussed in the literature (see [14, 87],
and references therein). From a solution of the Langevin equation by fixing J,fi(t), wemay define formally the
generating functional:

[ ] ( ) ( ) ( )ò å f=
=

Z j dt j t texp . 26
i

N

i i
1

⎡
⎣⎢

⎤
⎦⎥

Because of the normalization of theGaussian noise, the averaging over η conserves the normalization andZ
[j= 0]= 1. This condition allows us to perform an averaging over disorder without introducing the replica
method [14]. The computation of the averaging follows the same strategy as for the previous section. The end
conditionsmay be enforcedwith a suitable delta function, and the trick (12) can be used in the sameway. The
determinant can be rewritten usingGrassmannfields, and after integrating out the delta function

( )d h+  -Q HQ 0
 , wemay break the square ( )+ Q HQ 0

2 introducing an auxiliary vectorial field j̄i.We
obtain:

[ ] [ ][ ¯ ][ ][ ¯ ] ( )˜[ ¯ ¯ ] ( ) ( )ò òf y y j= f y y j f- +Z j d d d d e , 27S dtj t t, , ,

wherewe introduced the short notation ( ) ( ) ≔ ( ) ( )f få =j t t j t ti
N

i i1 and:

˜[ ¯ ¯ ] ≔ ¯ ¯ ¯
( ) ( )

( )òf y y j
j

j f
f

y d
f f

y+ +
¶
¶

+ - ¶ +
¶

¶ ¶
S dt i

W
i

W

t t
, , ,

2
. 28i i

i
i ij t

i j
j

2
0

2
0⎜ ⎟

⎛

⎝
⎜

⎛
⎝

⎞
⎠

⎛

⎝
⎜

⎞

⎠
⎟

⎞

⎠
⎟

It is suitable to introduce a second generating functional ˜[ ˜]Z j j, both for thefieldsf and j̄,

˜[ ˜] ≔ [ ][ ¯ ][ ][ ¯ ] ( )˜[ ¯ ¯ ] ( ˜ ¯ )ò òf y y j f y y j f j- + +Z j j d d d d e, , 29S dt j j, , ,

with the normalization condition ˜[ ˜ ]= = =Z j j0, 0 1. As explained above, this property allows us to perform
an integral over quenched disorder Jwithout introducing replica:

˜[ ˜] [ ][ ] ( ) ( )˜[ ¯ ¯ ] ( ˜ ¯ )ò òº X f y y j f j- + +Z j j d dJ p J e, 30S dt j j, , ,

where ≔ ( ¯ ¯ )f y y jX , , , denotes collectively all the fields involved in the path integral.

3. Functional renormalization group formalism

3.1. Basics
TheRGaims to interpolate between amicroscopic description and amacroscopic description, taking into
account fluctuations at all scales. RGprovides a progressive description of effective physics at different scales,
integrating outfirstly themodes having a small wavelength and ending by the ones having a largewavelength.
This coarse-graining is themost operational incarnation of the block-spin idea of Kadanoff. For stochastic and
non-equilibrium systems, temporalfluctuations cannot be ignored and can be included in the coarse-graining
through a progressive integration in the frequencies space. This has been considered in some recent works,
among them [54]. In this paper, we follow the same strategy, and consider a coarse-graining in time that
interpolate between two regimes:

6

J. Phys. Commun. 6 (2022) 055002 VLahoche et al



1. The UV regime, where fluctuations are frozen and fields configurations are determined by stationary points
of the classical action S̃ .

2. The IR regime, where fluctuations are all integrated out and field configurations described through the
effective actionΓ, Legendre transformof theGibbs free energy.

The standard procedure consists in adding to the classical action S̃ a suitable non-local functional

≔ ( )( ) ( ) ( )òD X - ¢ X ¢S t R t t t ,k a k ab b

(for some energy scale k), assumingRk, the regulator, to be differentiable in k and t. It plays the role of a
momentumdependentmass, such that high energymodes concerning k are integrated out whereas low energy
modes are frozen. In such awaywe are aiming to construct a smooth interpolationΓk of S̃ andΓ i.e. between
someUV scale k=Λ (for someΛ)where allfluctuations are frozen and the IR scale k= 0where allfluctuations
are integrated out. The last condition generally imposes thatRk vanish for k= 0, and the symmetrymust be
formally restored in the deep IR for the exactflow equations.However, this equation in itself cannot be solved
exactly except for very special cases; and the approximations used to solvewhichwork generally into a reduced
dimensional phase spacemay introduce a spurious dependence on the regulator [50]. To avoid these difficulties,
we have to be able to construct anRG that preserve asmany symmetries as possiblly allowed from equilibrium
condition. Among them,we demand that the RGflowwill be such that it preserves causality, time reversal
symmetry and supersymmetry. Note that time-reversal symmetry and supersymmetry are not truly independents,
in the sense that all theWard-Takahashi identities coming from supersymmetry can be used to derive
equilibrium relations as afluctuation-dissipation theorem,which are the consequence of the time-reversal
symmetry (as theOnsager relation). However, as pointed out in [88] the inverse is not true and supersymmetry
fails to provide relationswhere time-reversal appears explicitly. The origin of this non-reciprocity can be traced
back to the fact that time-reversal symmetry cannot be decomposed as a sumof supersymmetry generators.
From this observation, one expects that time-reversal symmetry implies supersymmetry, but that the reverse is
false. Thus, we essentially focus on the time-reversal, andwewill check at the end that supersymmetry and the
correspondingWard-Takahashi identities hold. Finally, the last requirement concerns the averaging over the
disorder. Indeed, if we aim to coarse-grain before averaging over the disorder, we show from (29) and (30) that
such a program requires ˜[ ˜ ]= = =Z j j0, 0 1before averaging, and the introduction of the regulatormust not
change this normalization.

3.2. Physical constraints on the regulator at equilibrium
3.2.1. Coarse-grained partition function
We start our analysis by constructing a coarse-grained partition function, labeledwith a scale index k, in away
compatible with the normalization condition. Following the analyze in [54]we add to the force∂H0/∂qi on the
right-hand side of equation (1) a non-local driving force fi[q(t)] such that:

( )
( )

( ) ( ) ( ) ( )( )ò h= -
¶
¶

- ¢ - ¢ ¢ +q t
H

q t
dt R t t q t t . 31i

i
k i i

0 1

The additional driving force is constructed as a non-local functional of the random trajectory q(t), depending on
the history of the trajectory:

[ ( )] ≔ ( ) ( ) ( )( )ò ¢ - ¢ ¢f q t dt R t t q t . 32i k i
1

In addition, wemodify the noise correlation in a non-localmanner, adding a non-local function to theDirac
delta. In such away, the inverse propagator for η becomes:

( ) ( ( ) ( )) ( )( )d d- ¢  - ¢ + - ¢D t t D t t R t t2 2 , 33k
2

which can be understood as the introduction of a shortmemory in the dynamics of the system.Note that the
averaging over disorder also produces such an explicitmemory effect which couples different times. The non-
local functions ( )Rk

1 and ( )Rk
2 aims to cut-off small frequenciesmodesω k, for some infrared cut-off k. In such a

way, the formal derivation of the previous section leads to the one family parameter ofmodels described by the
generating functional:
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˜ [ ˜] [ ][ ] ( ) ( )˜[ ] ˜ [ ] ( ˜ ¯ )ò òº X f j- X -D X + +Z j j d dJ p J e, , 34k
S S dt j jk

the additional term ˜ [ ]D XSk being defined as:

˜ ≔ ( ¯ ( ) ( ) ( )

¯ ( ) ( ) ¯ ( ) ¯ ( ) ( ) ( ) ( )

( )

( ) ( )

ò j f

j j y y

D ¢å - ¢ ¢

+ - ¢ ¢ + ¢ - ¢

S dtdt i t R t t t

t R t t t i t R t t t
1

2
, 35

k i i k i

i k i i k i

1

2 1 ⎞
⎠

Finally, we can perform the integral over J in equation (34). The integration is easier using the supersymmetric
formalism, the integral that we need to compute reads as:

[ ] ≔ [ ] ( ) ¯ ( ) ( )
{ }ℓ

ò ò åq qX F F F
-

I dJ p J i dtd d
D

p
Jexp

2
, 36

i
i i i i i i

1p

p p

2

1 2 1 2 
⎛

⎝
⎜

⎞

⎠
⎟

whereΦi≡Φi[Ξ] is defined from the one to onemapping (22). From the properties (5) defining theGaussian
distribution p(J), we get the effective field theory non-local in time [14, 89]:

˜ [ ˜] [ ] ( )[ ] ˜ [ ] ( ˜ ¯ )ò òº X f j- X -D X + +Z j j d e, , 37k
S S dt j jk

with:

[ ] ≔
¯

¯ ¯ [ ( )] ( )ò òå
j

j f y yX + + + FS dt i i i dzW z
2

, 38
i

i
i i i i

2

0
 ⎜ ⎟

⎛

⎝

⎞

⎠

the super-coordinate ( ¯)q q=z t , , havingmeasure ≔ q̄ qdz dtd d and the effective (non-local) stochastic
potentialW0 being given by:

≔ ( ) ( ( ) · ( )) ( ) ( ( )) ( ) ( )ò ål- ¢ F F ¢ + F + F
-

-

-

-

-
W i

D

p N
dz z z

D

p

J

N
z

h

m

D

N

2 2

2

2
. 39

p

p
p

p
p

m

m
m

m
0

2

2 1

1
0

1 •

1
2

p
2 ⎛

⎝
⎞
⎠

wherewe introduced the notations:

· ≔ ≔ ( )å åF F¢ F F¢ F F, . 40
i

i i
i

i•

Taking derivative with respect to k of the partition function (37), we deduce an equation describing the evolution
of the free energy ≔ Z̃lnk k , which can be translated as an equation describing the evolution of the effective
averaged actionΓk, which interpolates between themicroscopic action (38) at k=Λ (for some cut-offΛ in high
frequencymodes) and the full effective actionΓ for k= 0. It is defined as:

[ ] [ ] ( ) ˜ [ ] ( )òG + = - Ddt S, , 41k k k     

wherewe introduced the inner product between superfields:

( ) ( ( ) ( ) ˜ ( ) ¯ ( ) ¯ ( ) ( ) ¯ ( ))å f j y c c yX = + + +j t t j t t t t t, ,
i

i i i i i i i i

including external sources ( ¯ )c c,i i for fermions; and the notation º ¶ ¶Xa ak  denoting collectively the
classical fields—the extra indexα running over all fermionic and bosonic fields involved into the setΞ. The
resultingflow equation forΓk, describes themove through the full theory space fromUV scales (k≈Λ) to IR
scales (k≈ 0) is [45, 46]:

≔ ([ ] ) ([ ] ) ( )( ) ( ) ( ) ( )¶ G G + ¶ - G + ¶- -R R R R
1

2
Tr

1

2
Tr , 42k k B k k k k F k k k k

2 1 2 1 1 1

the traces TrB and TrF denoting respectively traces over all relevant bosonic and fermionic indices; and the
matrixRk is defined as:

˜ ≔ ( ¯ ( ) ( )) ( )
¯ ( )

( )
( ) òå j f

j
f

D ¢ - ¢
¢
¢

S dtdt t t R t t
t

t
1

2
, ,k

i
i i k

i

i


⎜ ⎟
⎛
⎝

⎞
⎠

and:

≔ ( )( )G
¶


¶
G

¶
¬

¶ab
a b

. 43k k,
2

 

Note that in the rest of this paperwewill denote as ( )Gk
n the nth functional derivative with respect to the classical

superfield.
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3.2.2. Time reversal symmetry and causality
Wenowmove on to themain physical constraints, namely the time reversal symmetry and the causality, and
following [54]wewill investigate the conditions on ( )Rk

1 and ( )Rk
2 which preserve these physical requirements.

Indeed, from the hypothesis that the system relaxes toward equilibrium for sufficiently large time, one infers
time reversal invariance of themove equations, and thus of the classical action (28). The fermionic part of the
action has to be invariant from time reversal by construction. Indeed, because all the prescriptions to express the
determinantmust be physically true, it is sufficient to check invariance fromStratonovich prescription (15). The
remaining part of the action is invariant in the transformation, ( ¯ ) ( ¯ )f j f j ¢ ¢, , defined as:

( ) ( ) ¯ ( ) ¯ ( ) ( ) ( )f f j j f¢ = - ¢ = - + -t t t t i t, 2 , 44i i i i i


up to a total derivative. These transformations acting on the bosonic sector of ˜ [ ]D XSk leads to:

˜ ¯ ( ) ( ) ( ) ( ) ( ) ( ) ¯ ( ) ( ) ¯ ( )

( )( ( ) ( )) ¯ ( ) ( ) ( ) ( )]

( ) ( ) ( ) ( )

( ) ( ) ( )

ò j f f f j j

f j f f

D  ¢å ¢ - ¢ - ¢ - ¢ + ¢ - ¢

+ ¢ - + - ¢ ¢ - ¢ - ¢

S dtdt i t R t t t t R t t t t R t t t

i t R t t R t t t t R t t t

2
1

2

2 ,

k i i k i i k i i k i

i k k i i k i

1 1 2

2 2 2

 

  

⎡
⎣

or, from the symmetries of ( )Rk
2 :

˜ ¯ ( ) ( ) ( ) ( ) ( ) ( ) ¯ ( ) ( ) ¯ ( )

( )( ( ) ( )) ¯ ( ) ( )( ( ) ( )) ( )]

( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

ò j f f f j j

f j f f

D  ¢å ¢ - ¢ + ¢ - ¢ + ¢ - ¢

+ ¢ - + - ¢ ¢ - ¢ - + - ¢ ¢

S dtdt i t R t t t t R t t t t R t t t

i t R t t R t t t t R t t R t t t

2
1

2

.

k i i k i i k i i k i

i k k i i k k i

1 1 2

2 2 2 2

 

  

⎡
⎣

Thus, integrating by part, the requirement that the global action is invariant from time reversal thuswrites as, up
to a total derivative:

[ ¯ ( )( ( ) ( ) ( ) ( )) ( )

( )( ( ) ( ) ( )) ( )]

( ) ( ) ( ) ( )

( ) ( ) ( )

ò j f

f f

º ¢å ¢ - - - ¢ + - ¢ - ¢ - ¢

+ - ¢ - + ¢ - - - ¢ ¢

dtdt i t R t t R t t R t t R t t t

t R t t R t t R t t t

0

2 .

i i k k k k i

i k k k i

1 1 2 2

1 2 2

 

  

This constraintmust be satisfied by allfields j̄i andfi.Moreover, an integration by part of the term

( ) ( ) ( )( )ò f f¢å ¢ - ¢dtdt t R t t ti i k i
1 show that a sufficient condition of ( )Rk

1 and ( )Rk
2 is the following:

( ) ( ) ( ) ( ) ( )( ) ( ) ( ) ( )- - + - - =R t R t R t R t 0. 45k k k k
1 1 2 2 

equation (45) is the first physical requirement that we impose on the regulators. The second requirement comes
from causality. Indeed, because the additional driving force [ ( )] ( ) ( )( )ò= ¢ - ¢ ¢f q t dt R t t q ti k i

1 depends itself on
the history of the trajectory, it could have feedback on itself, thus breaking causality. To avoid such an effect, we
have to impose ( )( ) - ¢ =R t t 0k

1 for < ¢t t , i.e.

( ) ( ) ( )( ) q- ¢ µ - ¢R t t t t , 46k
1

where θ(t) denotes the standardHeaviside function.

3.2.3. Supersymmetry andWard-Takahashi identities
The originalmodel (30) exhibits a non-trivial supersymmetry which can be easily checked from the discussion of
the previous sections. Indeed, the kinetic part of the classical action (38)

[ ] ≔
¯

¯ ¯ ( )ò å
j

j f y yX + -S dt i i
2

, 47
i

i
i i i ikin

2
 ⎜ ⎟

⎛

⎝

⎞

⎠

can be rewritten explicitly in a supersymmetric form [32]. Introducing the differential operators D̄ andD as:

¯ ≔ ¯
¯ ( )

q q
q

¶
¶

=
¶
¶

-
¶
¶

D i D i
t

, 2 , 48

satisfying ¯= =D D 02 2 and { ¯} = - ¶D D i, 2 t , wemust have:

[ ] ¯ ( )òåX = X XS dz D D
1

2
. 49

i
i ikin

Thus, we introduce the nilpotent operators and ̄,

¯
¯ ( )

q q
q=

¶
¶

=
¶
¶

+
¶
¶

i i
t

, 2 . 50 

which anticommutewithD and D̄ and such that { ¯ } = ¶ ¶i t, 2  , it is a simple exercise to prove that the
classical action (28) is invariant atfirst order in ̄ under thefield transformation ( ¯) ¯ ¯d q qF = Ft , , ;i i the
variation of the kinetic action [ ]XSkin taking the formof a total derivative. At the quantum level, this invariance
translates as exact (i.e. valid to all orders in the perturbative expansion) relations between correlations functions,
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summarized through theWard-Takahashi identities. Let us consider the following partition function, including
sources for fermionic fields:

˜[ ] ≔ [ ] ( )¯[ ] ( ( ) ( ))ò òX - X + XZ d e . 51S dt t t, 

From an infinitesimal supersymmetric transformation, the partition function becomes:

˜ [ ] ( ( ) ) ( )òd d=Z dt tln , , 52  *

where δ* is defined from linearity of δ as the image of the transformation δ on the effective field ( )t . Assuming
the integrationmeasure [dΞ] is translation invariant [dΞ]= [d(Ξ+ δΞ)] (without anomaly), wemust have

˜ [ ]d =Z 0k  . Therefore, taking into account the explicit expression of the supersource:

≔ ˜ ¯ ¯ ¯ ( )qc c q qq+ + +j j , 53i i i i i

we get in terms of thefirst derivative of the classical action the compact relation:

( ) ¯
( )

( )ò å d
d

F
G

F
=dz z

z
0. 54

i
i

i



Which is the standard expression ofWard-Takahashi identity, fromwhich all the relations between correlation
functions coming from supersymmetry can be deduced.One expects that such a relations have to hold along all
physical relevant RG candidates. However, the presence of the regulatormust break them, if it is not explicitly
supersymmetric, adding to the variation (52) the contribution ˜dá D ñSk . It is however easy to check that
supersymemtry is ensured by time reversal symmetry, and such that ˜dD =S 0k . To check this, note that the
infinitesimal transformation ( ¯) ¯ ¯d q qF = Ft , ,i i , reads explicitly as:

¯
¯ ( ¯ ) ¯ ¯ ¯ ( )

df y dy

dy j f dj y

= =

= - =

i

i

, 0,

2 , 2 . 55

i i i

i i i i i



  

Thus, computing the variation ˜DSk we get:

˜ ( ( ) ( ) ( ) ¯ ( ) ( ) ( )

¯ ( ) ( ) ( ) ( ) ( ) ¯ ( ) ( ) ( ) ( )) ¯ ( )

( ) ( )

( ) ( ) ( )

òd y f j y

j y y j f y

D = ¢å - ¢ ¢ - - ¢ ¢

+ ¢ - ¢ + - ¢ ¢ + ¢ - ¢

S dtdt i t R t t t t R t t t

t R t t t t R t t t i t R t t t

2

2 2 . 56

k i i k i i k i

i k i i k i k

1 1

1 2 1 



 

Thefirst and the last terms cancel exactly.Moreover, taking into account the physical condition (45) for the
second and the third termswe get:

˜ [ ( ) ( ) ¯ ( ) ¯ ( )[ ( ) ( )] ( )] ¯( ) ( ) ( )ò åd y j j yD = ¢ - ¢ ¢ - - ¢ - ¢ - ¢S dtdt t R t t t t R t t R t t t2 .k
i

i k i k k
2 2 2

  

Finally, integrating by parts the first term,we obtain:

˜ ¯ ( )[ ( ) ( )] ( ) ¯( ) ( )ò åd j yD = - ¢ - ¢ + ¢ - ¢S dtdt t R t t R t t t .k
i

k k
2 2

 

Because the regulator ( )( )R tk
2 is expected to be an even function, ( )( )

R tk
2 must be even, and the bracket vanish5 .

Therefore, ˜dD =S 0k and supersymmetry is ensured from time reversal symmetry.Moreover, from thewaywe
derive the relation (54), but workingwith the coarse-grained partition function, we get the identity:

( ) ¯
( )

( )ò å d
d

F
G

F
=dz z

z
0. 57

i
i

k

i



ensuring that the relations between correlations functions coming from supersymmetry, and valid for the IR
theory, remains true along the RG flow, at least as long as no singularities are encountered.

3.2.4. Choice of the regulator
The derivation of theflow equation proceeds in two steps. Following [54]we choose the one-parameter family of
regulators:

( ) ≔ ( ) ( )( ) a q-R t Z k e t , 58k k
kt1 2

5
This can be specially checked for the regulator (62), which reads explicitly as:

( ) ( ( ) ( ) )( ) a q q= + --R t k t e t e .k
kt kt2
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which is compatible with causality andwhose Fourier transform can be computed analytically6:

( ) ≕ ( ) ( )( ) ( )w a
w

r w=
-

R
Z k

k i
Z . 59k

k
k k

1
2

1

The Fourier transform (using the same symbol to designate the function and its Fourier transform) being defined
as in the rest of this paper as:

( ) ≔ ( ) ( )òw wf dt f t e . 60i t

The parameter a Î  can be adjusted numerically to optimize the truncation.Moreover, the condition (45)
allows computing ( )Rk

2 :

( )
( ) ( )

( )( )
( ) ( )

w
w w

w
=

- -
R

R R

i2
, 61k

k k2
1 1

wherewe assumed ( )( )R tk
2 even in time from its definition below (34). Explicitly:

( ) ≕ ( ) ( )( ) ( )w a
w

r w=
+

R
Z k

k
Z , 62k

k
k k

2
2

2 2
2

Let us examine the boundary conditions. For k→Λ? 1, we designed the first regulator ( )( ) wRk
1 such that

( )( ) w ~ L=LRk
1 , ensuring thatfluctuations are frozen in the deepUV limit. In the sameway, however,

( )( ) w aL LR Z ;k
2 and the initial correlation noise is not exactly recovered. Nevertheless, we expect that such an

initial condition, which has only for effect tomodify the initial value ofD→D(1+ αZΛ) does not affect the
universal behaviors of the system, at least as long asαZΛ≠− 1. Finally, for k→ 0, the two regulators both vanish
ensuring that allfluctuations are integrated out.

4.Multi-local truncations for p= 3models

Wedenote this section to the construction of approximate solutions of the exactflow equation (42)which
cannot be solved exactly excepts for very special cases.We are aiming to construct approximate solutions able to
deal bothwith the nonperturbative regime and non-locality of the interactions. The difficulty to solve the exact
RGflow equation can be traced back to the fact that it describes a trajectory into an infinite-dimensional
functional space, thuswe resort to approximations that consist in truncating it to form a finite-dimensional
subspace.Here, the non-local structure of the interactions provides a non-conventional difficulty. To deal with
it, we introduce amethod inspired by the replicated construction considered by [68, 71–74] for the randomfield
Isingmodel, organizing truncation as a hierarchicalmulti-local expansion but keeping inmind two differences
with their construction:

1. The role of the discrete replica index is nowplayed by the continuous super-coordinate z.

2. The coarse-grained dimension is time rather than space.

We introduce themethodology for the unconstrainedmodel and close this section by considering the spherical
model.

4.1. Parametrization of the theory space:minimal bi-local truncation
As the perturbative expansion shows straightforwardly, the non-local structure of the interaction term in (38)
contaminates the free energy ≔ Z̃ln , which becomes a non-local function of the external sources aswell.
In such away, we expect an expansion of the form:

[ ]
!

( ( ) ( )) ( )
ℓ

ℓòå  v=
=

¥

=n
dz z z

1
, , . 63

n

n

n n
1 1

1   

The origin of this expansion can be easily understood as follows. The potential in the classical action (38)writes
schematically as a sumof two terms:

the dotted edgematerializing the contraction of internal indices i. Thus, from standard perturbation theory and
properties of Gaussian integrations, the loop expansion in power ofA andB organizes schematically as:

6
Note that the fact that the pole is localized in the half inferior part of the complex plane, as a consequence of the locality prescription.
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where the thick edgesmaterialize theWick contractionwith propagator defined by the kinetic part of the
classical action (38). Note that we voluntarily omitted the combinatorial factors, signs and additional numerical
factors as well as classical (i.e. tree) contributions, irrelevant for our purpose. Finally, the upper index p in ( )vn

p

refers to the order of the perturbative expansion. Furthermore, the hierarchical structure of the expansion (63)
contaminates the Legendre transform [ ]G  of [ ]  which have to be expands as:

[ ]
!

( ( ) ( )) ( )
ℓ

ℓòå  gG =
=

¥

=n
dz z z

1
, , . 64

n

n

n n
1 1

1  

Now,we are aiming to construct an approximation of the exact equation (42) through a suitable parametrization
of the full theory space able to deal with the non-local structure of the interactions.Moreover, we can only
consider afinite-dimensional region of this theory space. This can be achieved through an ansatz for the effective
averaged action [ ]Gk  retaining only afinite set of couplings. This ansatzmoreovermust be able to deal with
some exact constraint coming from the partition function (37). In particular, becausewe focus on equilibrium,
we consider a truncation compatible with the time-reversal symmetry, i.e. with the transformation (44).
Moreover, assuming that supersymmetry holds, we have only to retain linear interactions in j̄ (this can be
viewed as a requirement imposed by the fluctuation-dissipation theorem aswell, see [54]).

We choose toworkwith notations thatmake the supersymmetry explicit. To simplify, we denote the
classical fields using the same symbols corresponding to the random variables, and view ( ¯ ¯ )f y y j= , , , as a
superfield.Moreover, we define the operators q̄= ¶ - ¶qD i2 t and ¯ ¯= ¶qD , such that ¯=D D2 2 and
{ ¯} = - ¶D D i, 2 t .We thus consider the following ansatz forΓk, keeping only first order derivatives in time and
bi-local contributions for the potential:

[ ] [ ] [ ] ( )( ) ( )G = G + G , 65k k
I

k
II  

with:

[ ] ≔ ¯ ( ( )) ( ( )) ( ( ))( ) ( )òG - +dz DY z DY z iU z
1

2
,k

I
k k k

1   ⎛
⎝

⎞
⎠

and

[ ] ≔ ( ( ) ( )) ( )( ) ( )òG ¢ ¢i dzdz U z z, . 66k
II

k
2  

To return to the original variables, we expand the functions ( ( ))Y zk  , and use the standard properties of the
Grassmann variables. After a tedious calculation, the kinetic part of the truncation (65) (keeping only the
quadratic terms involving afirst derivative with respect to time)writes as:

( ) ( ) ¯ ¯ ¯ ¯ ( )ò å j j j f y yG = + -dt Z Z i i
1

2
, 67k

i
k i k i i i i i i i,kin

1
2

1
2  ⎛
⎝

⎞
⎠
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where ( )Zk i

1
2 must be a function off only. Explicitly:

( ) ( ) ≔ ( ) ( )f
f

fZ
dY

d
. 68k i

k

i

1
2

This equationmeans that the ownwave function renormalization factors j̄Zk, i

1
2 , fZk, i

1
2 and ȳ yZk, i i

1
2 respectively

associatedwith the fields j̄i,fi and the product ( ¯ )y yi i
1
2 (without summation)must be equal:

( ) ( )¯ ¯= = ºj f y yZ Z Z Z . 69k k k k i, , ,i i i i

1
2

1
2

1
2

1
2

This nonperturbative constraint comes from time reversal symmetry, and drastically reduces the number of
independent parameters in the truncation. The remaining part of the truncation, that we call ‘interaction’writes
as:

( ) ( ¯ ¯ ¯ ¯ )

( ( )) ( ( ) ( ))( ) ( )

ò
ò ò

j y y f y y f y yG =- å + +

+ + ¢ ¢

i dt X i

i dzU z i dzdz U z z

2

, ,

k ijl k ijl l i j l i j j i l

k k

,int

1 2  

 

where the symbols ( )Xk ijl depend only onf and are defined as:

( ) ( ) ≔ ( ) ( ) ( ) ( ) ( )f f
f

fX Z
d

d
Z . 70k ijl k l

i
k j

1
2

1
2

This is the second constraint coming from time reversal symmetry. In the rest of this paper we focus on the
simpler approximationwhich consist in neglecting the dependence of thewave function renormalization on the

classical fieldf. In such away ( ) ( )f =X 0k ijl . Finally, rescaling thefields as ( ) Z Zi k i i k

1
2

1
2  , with

≔ ( ) ( )åZ Z Z ;k i k i k i

1
2

1
2 and using the same symbols to designate the rescaled fields, we get the simplified form:

{ }[ ] ¯ · ( ( )) ( ( ) ( )) ( )( ) ( )ò òG = + + ¢ ¢dz
Z

D D iU z i dz U z z
2

, . 71k
k

k k
1 2     

We focus on rank three tensors (p= 3) and quartic deterministic forces (M= 2, see (1) and below). The bare
potentialW0 writes as:

[ ] ≔ ( ) ( ( ) · ( )) ( ) ( ( )) [ ] ( )òl- ¢ F F ¢ + F + FW i
D

N
dz z z

D

N
J z V

2

9

2

3
. 720 2

3
2 0 •

3
1
2



where the deterministic partV is:

[ ] ( ) ( ) ( ) ( )F = F + FV
h

z
D

h

N
z

2

1

2 4
. 731 2 2 2 2

In the rest of this paper, wewill use the notation h≡ Zkh1. Note that due to the integration over the disorder, the
higher powers infields are always even, and thus have non-vanishingWitten index [51, 90], meaning that
supersymmetry is expected to be unbroken dynamically.Moreover, we focus on the large-N limit, discarding
irrelevant contributions in 1/N. Due to the non-local nature of the interaction, we have to choose a suitable
parametrization for the running effective potential [ ]Uk  . As afirst approximationwe consider sixtic
truncation; imposing:

[ ]
[ ] ( ) ¶

¶F
F = >

= z
U n0 for 6. 74

i

n

i
k

1

As afirst stepwe choose a parametrization build as a sumofmonomial interactions reproducing essentially the
structure of thefirst effective loop effects deduced from the potential (72). Explicitly:
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[ ] ( ) ( ) ( )( ( ) · ( ))

( ) ( ) ( ) ( ) ( ) ( ( ) · ( ))

( ) ( ) ( ) ( ( ) · ( )) ( ( ) · ( ))

( ( ) · ( ))( ( ) · ( )) ( )( ( ) · ( )) ( )

( )( ( ) · ( )) ( )( ( ) · ( ))

( ( ) · ( )) ( )

( ) ( )

( ) ( )

( ) ( )

( ) ( )

( ) ( )

ò ò ò ò

ò ò

ò ò ò

ò ò

ò ò
ò

d

= + + +

-
D

¢ ¢ - ¢ -
D

¢ ¢

-
D

¢ ¢ + +

+ ¢ ¢ + ¢ ¢ ¢

+ +

+ ¢ ¢

U u N dt u dz z
u

N
dz z

u

N
dz z z z

iZ k

N
dzdz z z t t

iZ k
dzdz z z

iZ k

N
dzdz z z

Z h
dz z z

u

N
dz z z

i
u

N
dzdz z z z z i

u

N
dzdz z z z z

u

N
dz z z z

u

N
dz z z z

i
u

N
dzdz z z

2 2

2 2

. 75

k

k k

k k

0 1 •
3

1

2 •
3 3

2

•

1

• •

2

3

• •
4
1

2

4
2

5
1

3 •
2

•

5
2

2 •
2 5

3

3 •
3

6
2

3

     

   

     

       

     

 

The initial conditions are given by the potential (72). In particular, for someUV cut-offΛ in frequencies
(assumingΛ? 1),

( ) ( )( ) L =u
h

4
. 764

1 2

Physically, the bi-local termsmust include j̄-j̄ products. These terms renormalize theGaussianmeasure for
the responsefield, which is nothing but the effective noise correlation. In contrast, the local termsmust include
only a singlefield j̄. They correct the effective driving force. Notemoreover that we chose the power onN in
front of each interaction accordingly with the extensive nature of the effective actionΓk. Finally, note that we
discarded 2-point couplings of the form:

( ) ( ) ( )òd µU dz z z . 77k • • 

With this approximation the j̄ f- component of the effective propagator remains diagonal in the internal
indices (see (83) below). It can be justified from the observation that the corresponding couplingmust be of
order ( )( ) ( )u u3

1 2
4

1 , a sub-leading order correctionwith respect to the other contributions.Moreover, even though
we provide a formalism including odd vertices (which come from the fact that J0≠ 0), a large part of our
numerical analysis focus on the centered distribution J0= 0, discarding in that way all the odd contributions as

( )u3
1 . This will be especially the case for our investigations about the sphericalmodel, see section 5. The same

observation holds for terms such that:

( )( · )( ) ( )( · )( ) ( )ò òd dµ ¢ ¢ µU dzdz z z U dz z z, , 78k k• •
2     

and the truncation (75) can be justified semi-perturbatively in J0
7. It reduces the investigations into the interior

of a (despite everything vast) subregion of dimension 15 of the full theory space spanned by the different
couplings involved in it (includingZk). In the rest of this section, wewill derive and solve numerically the
resultingflow equations.

4.2. SolvingRGflow equation: 0 and 1-point functions
In this section, we illustrate the computations offlow equations for the couplings u1 and u0, before introducing a
more systematic procedure in the next subsection.

4.2.1. Computation of the effective propagator
As afirst stepwe derive the explicit expression of the effective propagator at scale k,Gk(ω). Denoting as

( ¯ )j fF = , thefieldwith 2N components bringing together the entire bosonic sector, the corresponding
components of the effective propagatorGkmust read in Fourier space:

( )
( )

( ) ( ) ( )¯

¯
w

w
w w

=
-

jf

jf ff
G

G

G G

0
, 79k

k

k k

,

, ,
⎜ ⎟
⎛
⎝

⎞
⎠

each component ( ( ))wF Fa bGk, being aN×Nmatrix. Note that it is suitable towork in the frequency space, and
integrate over frequenciesω rather than on time t. To compute each component, we start by computing the
inversematrix from the truncation (75).We have:

( )
( ) ( )

( ) ( )¯ ¯ ¯

¯
w

w w
w

=
-

jj jf

jf

-G
A B

B 0
, 80k

k k

k

1 , ,

,
⎜ ⎟
⎛
⎝

⎞
⎠

7
One expect that this approximation is especially justified in the largeN limit, as the following explicit calculations show.
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whereA andB areN×Nmatrices given explicitly by:

( ) ( )) ( ( ) ( )¯ ¯
( ) ( ) ( ) ( )w r p d w d p d w= + + D + D + Dj jA Z

N
1 2

1
2 , 81k k k k ij k k,

2 2 1 3
i j

⎡
⎣

⎛
⎝

⎞
⎠

⎤
⎦

and:

( ) ( ( )) ( )¯
( )w w r w d= + +j fB Z ih i , 82k k k ij,
1

i j

where ≕( ) ( )rR Zk
q

k k
q , q= 1,2. Thematrix can be inverted as a 2× 2 blockmatrix;

( )
( )

( ) ( ) ( ) ( )
¯

¯ ¯ ¯ ¯ ¯
w

w

w w w w
=

-

- -
jf

jf jf jj jf

-

- - -
G

B

B B A B

0
.k

k

k k k k

,
1

,
1

,
1

, ,
1

⎛

⎝
⎜

⎞

⎠
⎟

Explicitly, the component ( )¯ wjfGk, and ( )¯ ¯ wjjGk, reads as:

( ( ))
( ) ( )

( )¯ ( )w
d

w r w
= -

+ +
jfG

i

Z i h
, 83k ij

k

ij

k

, 1 *

and:

( )
( ( ))

( )) ( ( )

∣ ( )∣
( )

( ) ( ) ( ) ( )

( )w
r p d w d p d w

w r w
=

+ + D + D + D

- + +
f fG

Z i h

1 2 2
, 84k ij

k k ij N k k

k
, ,

2 2 1 1 3

1 2

wherewe assumed ( ) ( ) ( )( ) ( )r w r w= -k k
1 1* (see equation (59)), the star * denoting standard complex conjugation.

Remark 1. Two-points function for the responsefield.The fact that ¯ ¯ =jjG 0 in (79) (or equivalently that
G =ff 0) is not a simplification but an exact relation [88, 89]. It can be traced back to the observation that adding
a linear driving force: ( ) ( )ò f ¢ = + åW W W dt k t ti i i0 0 0 is equivalent to translating by ( )-ik ti the i-th

component of the source j̃ for the response field j̄ into the partition function (30) before averaging over
disorder:

˜ [ ˜] ˜ [ ˜ ] ( )= -¢Z j j Z j j ik, , . 85W W0 0

Therefore, because ˜ [ ˜ ]= = =Z j j0, 0 1W0
wemust have ˜ [ ]- =Z ik0, 1W0

" k. Thus, for vanishing source j:

( ) ( )
˜ [ ]

( ) ( )
( )

( ) ( )
( )¯ ¯ ò ò

d
d d

d
d d

¢ = -
-
¢

= -
¢

=jjG t t dJp J
Z ik

k t k t
dJp J

k t k t
,

0, 1
0. 86W

2 2
0

4.2.2. Flow equations for u1 and u0
Wedenote as R̃k the super-matrix in the boson-fermion space:

˜ ( )( )=R
R

R

0

0
, 87k

k

k
f⎜ ⎟

⎛
⎝

⎞
⎠

the regulator for fermions ( )Rk
f being defined as:

( ) ( ) ( )( ) ( )- ¢ = ¢ -R t t iR t t . 88k
f

k
1

Note that from this point we reserve the dot for derivative with respect to ( )kln , =X kdX dk andwe denote
with a ‘′’ the time derivatives, ≔¢X dX dt . Theflow equation for ( )( )G ak

1 can be deduced from theWetterich
equation (42) taking the first derivative with respect to a .We get (note that from this point, =X kdX dk
and ≔¢X dX dt ):

( ) ˜
˜ ˜ ( )( )

( )
( )

( )G = -
G +

G
G +

a aR
R R

1

2
STr

1 1
, 89k k

k k
k

k k

1

2 ,
3

2
 



the notation STr for ‘supertrace’meaning that we trace over all indices, with a globalminus sign in front of
fermionic contributions, and ( )G ak,

3
 denotes the 3-point functionmeaning that the third index isfixed to beα.

Tomake the projection on both sides, we notice that:

( ) ¯ ( ) ( )ò ò j=dz z dt t , 90• •

and8:

( ) ¯ ( ) ( ) ¯ ( ) ( ) ( )ò ò òj f f y y= +dz z dt t t dt t t3 6 . 91•
3

• •
2

• • •

8
We recall the definition of the standard functional derivative in the superspace: ( )( )

( )
d d= - ¢¶F

¶F ¢
z zz

z ij
i

j
, with ( )≔d - ¢z z

( ) ( ) (¯ ¯ )d d q q d q q- ¢ - ¢ - ¢t t .
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In such away, ( )( )G = +iuk
1

1   . Therefore, to deduce the flow equation for u1, we have to expand the right-
hand side of the equation (89) at the zeroth order in, and identify the terms of order zero on both sides. Note
thatαmust belong to the auxiliaryfield j̄; so that from (91) the two remaining free indices of ( )G ak,

3
 have to

belong to the bosonic fieldf. Thus, because the supermatrix R̃k is diagonal in the boson-fermion superspace,
and thatwe have to keep only the zeroth order termonfields in the expansion of ( ˜ )( )G + R1 k k

2 , the supertrace
reduces to a trace over the bosonic sector. Straightforwardly, we get:

∣ ( ) ( ) ( ) ( )( ) ( ) ¯ ( )
( )

( ) ( )
d d d d dG = ¢ -  ¢ - ¢¢¢ + + +¢¢¢f f j¢  = i t t t t

u

N

u

N
6

3
, 92k t t t ij ik jk,

3
0

3
1

2
3

2

i j k


⎡
⎣⎢

⎤
⎦⎥

and denoting asGk,αβ(t) the (symmetric) inverse of thematrix ( ˜ )( )G + abRk k
2 evaluated for = 0 , we thus

obtain:

( )

( ( ) ( ) ( ) ( )) ( )

( )
¯

( )
¯

( )

ò ò= -

´ - - + - -

jf

fj ff

-¥

+¥
dt u dtdt dt G t t

R t t G t t iR t t G t t

1

2
tr

2 , 93

k

k k k k

1 1 2
3

, 1

2
2 1 , 2

1
2 1 , 2



 

⎛
⎝

⎞
⎠

the remaining trace tr running over the internal Latin indices, and ( )3 denotes the ‘vertexmatrices’with
elements:

( ) ≔ ( ) ( )( )
( ) ( )

d+ +
u

N

u

N
N6

3
2 . 94ij ij

3 3
1

2
3

2

2
 ⎡

⎣⎢
⎤
⎦⎥

To go beyond, we have to specify the choice of the regulator. Note that the undefined integral over all times ∫dt in
(93)must be formally identifiedwith δ(ω= 0); δ(ω) being the standardDirac function. Such an undefined factor
appears generally on both sides of the flow equations, and are formally canceled as an artifact of themomentum
conservation. Thus, accordingly with the definitions (59) and (62), thefirst integral on the right-hand side of
equation (93) reads as follows:

( ) ( ) ( ) ( ) ( )( )
¯

( )
¯

( )
( )

ò
pd

- - - = + +jf fjdtdt dt G t t R t t G t t
NZ

u
u

N Itr
6 0

3
2 ,k k k

k
1 2

3
, 1

2
2 1 , 2 3

1 3
2

2  ⎡
⎣⎢

⎤
⎦⎥

where:

≔
( ) ( )

∣ ( )∣
( )

( ) ( )

( )ò
w
p

h r w r w

w r w
-

+

- + +
I

d

i h2
, 95k k k

k

2

2 2

1 2



and following its standard definitionwe introduced the running anomalous dimension ηk as:

≔ ( ) ( )h k
d

dk
Zln . 96k k

The derivative of ( )rk
1 and ( )rk

2 with respect to theflowparameter ( )kln can be easily computed and leads to:

( ) ( )( )r w
a

w w
=

-
-

-
k

k i

k

k i
2 , 97k

1
2

 ⎛
⎝

⎞
⎠

and:

( )
( )

( )( )r w a
w
w

=
+

k

k
2 98k

2
2 2

2 2 2


Fromdimensional analysis, it is suitable to introduce a dimensionless version of I2, say Ī2, such that ¯=I I k2 2 ,
with:

¯ ≔
( ) ( )

∣ ( )∣
( )

( ) ( )

( )ò p
h r r

r
-

+
- + +

I
dx x x

ix h x2
, 99k

2

2 2

1 2



wherewe introduced the notation ( ) ≔ ( )( ) ( )r r =x xi
k
i

1 . In the sameway the explicit expression forGk,ff(ω) can
be straightforwardly computed, and it reads as:

( ( )) ( ) ( ) ( ) ( ) ( )( ) ( ) ( ) ( )w w d w p d d w= + + +ff ff ff ff ffG g
N

g l
N

l
1

2
1

, 100k ij k ij k k ij k, ,
1

,
2

,
1

,
2

with:

( ) ≔
∣ ( )∣ ∣ ∣

( )( )
( )

( )
( )

w
w r w a

+

- + +
=

D
+ff

a
w

ff
+g

Z i h
l

Z h k

1 1
,

1
, 101

k
k

k

k

k
k

k
,
1

1 2 ,
1

2

2

2

2 2
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and

( ) ≔
∣ ( )∣ ∣ ∣

( )( )
( )

( )
( )

( )
w

w r w a
D

- + +
=

D
+ff ffg

Z i h
l

Z h k

1
,

1
. 102

k
k k

k
k

,
2

1

1 2 ,
2

3

2

The second integral on the right-hand side of the equation (93) reads as ( )( ) ¯pd -Z kN L4 0 k
1

2, with:

¯ ≕ ¯ ¯ ( ) ¯ [ ¯ ¯ ] ¯ ( )( )
( )

( ) ( ) ( ) ( )+ + + +L u
u

N J u u J
3

2 , 1032 3
1 3

2

2
1

3
1

3
2

2
2⎡

⎣⎢
⎤
⎦⎥

the kernels ¯( )J2
1 and ¯( )J2

2 being defined as follows:

¯ ≔ ( ( ) ( )) ( )( ( ) ¯ ( )) ( )( ) ( ) ( )
¯

( ) ( )ò p
h r r p d+ - +jf ff ffJ Z

dx
x x iG x g x l x

2
2 , 104k k2

1 2 1 1
1, 1,

1
1,

1

and:

¯ ≔ ( ( ) ( )) ( )( ( ) ¯ ( )) ( )( ) ( ) ( )
¯

( ) ( )ò p
h r r p d+ - +jf ff ffJ Z

dx
x x iG x g x l x

2
2 . 105k k2

2 2 1 1
1, 1,

2
1,

2

Note that ¯ ( )( )dffl xk,
1,2

express in terms of the dimensionless couplings ¯ ( ) ( )D = D k;2,3 2,3 because fromdimensional

analysis [ ¯ ]j = 1 2, [f]=− 1/2 and [ ] [ ¯ ]y y= = 0, the bracket being defined such that [ω]= 1. As a result we
must have [h]= 1, [Δ(1)]= 0, [Δ(2,3)]= 1, [u1]= 1/2 and [u3]= 3/2. For this reason, we introduced the
dimensionless couplings ū1 and ū3 in (103) as:

¯ ¯ ( )= =u Z k u u Z k u, . 106k k1 1 3 3
1
2

1
2

3
2

3
2

In terms of these dimensionless couplings, theflow equation for ū1 reads as follows:

¯ ( ) ¯ ¯ ¯ ( ) ( ¯ ¯ ) [ ¯ ¯ ] ¯ ( )( )
( )

( ) ( ) ( ) ( )h= - + - + + + - +u u
N

u
u

N I J
N

u u J
1

2
1

3

3
2 2

6
. 107k1 1 3

1 3
2

2 2
1

3
1

3
2

2
2 ⎡

⎣⎢
⎤
⎦⎥

In the sameway, we get for u0:

( ) ( ) ( )

( ( ) ( ) ( ) ( ))]

¯ ¯
( )

( )
¯

( )
¯

ò ò= ¢ - ¢ ¢ -

+ ¢ - - ¢ + ¢ - - ¢

jj

jf yy

dt Nu dtdt G t t R t t

iR t t G t t R t t G t t

tr
1

2

.

k k

k k k
f

k

0 ,
2

1
, ,

 

 

⎡
⎣

The effective f̄-loop vanishes because ¯ ¯ =jjG 0k, . However, the stability of supersymmetry ensured byW-T
identities requires u0= 0, andwe expect that the two remaining contributions cancel exactly.Wewill check
briefly this point. First, the bosonic contributionwrites explicitly as:

≔ ( ( ) ( )) ( ( ))
( )

( )( )
¯

( )
( )ò ò

w
p

w w
w
p

w
w r w

- =
- + +

jfL
d

iR G
Z

d
R

i h2
tr

1

2
tr

1
. 108k k

k
k

k

B
1

,
1

1
 

In the sameway, because of ( ) ( )¯ ¯- ¢ = - ¢ -yy yyG t t G t tk k, , and taking into account that from (88)
( ) ( )( ) ( )w w= -R iRk

f
k

1 , we get for the fermionic loop:

≔ ( ( ) ( )) ( ( ))
( )

( )( )
¯

( )
( )ò ò

w
p

w w
w
p

w
w r w

- = - -
+ + -

yyL
d

iR G
Z

d
R

i h2
tr

1

2
tr

1
. 109k

f
k

k
k

k

F ,
1

1
 

thus, up to the change of variableω→− ω into the last integral, we explicitly showed that LB+ LF= 0,
ensuring =u 00 .

Finally, note that we can easilymake contact with the choice of the regulator done by some authors who
studied stochastic equations fromnonperturbative RG, for instance, [51]. The apparent contradiction seems to
come from the fermionic regulator, but the relation between our choice and the choice done in the literature can
be stressed from the relation (61) coming from time-reversal symmetry:

( ) ( ) ( ) ( )( ) ( ) ( )w w w w= -R R i R2 . 110f 1 2
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4.3. ‘ ¯ ¯jj’ 2-points couplings
Taking the second derivative on both sides of equation (42)with respect to the classical superfield, we get:

( ) ( ) ( ) ( )( ) ( ) ( ) ( ) ( )G = G + Gab ab ab , 111k k k
2 2 4 2 3,3  

with:

( ) ≔ ˜ ( )( ) ( ) ( )G - Gab abR G G
1

2
STr 112k k k k k

2 4
,
4 


( ) ≔ ˜ ( )( ) ( ) ( ) ( )G G Gab a bR G G GSTr , 113k k k k k k k
2 3,3

,
3

,
3 

 

and

≔ ˜ ( )( )G +
G

R

1
. 114k

k k
2

Because of the constraints coming from relations (69), it is suitable to set ¯a b j= = . The relevant component
for the 4-point function is ( ) ( ) ¯ ( ) ¯ ( )

( )G ¢¢¢f f j j¢ k t t t t,
4

i j k l
, which can be explicitly computed from the truncation (75) as:

( ) ( ( ) ( )) ( )( ) ( ) ¯ ( ) ¯ ( )
( )

( )
d d d d d d d d dG = - + + ´  - + ¢¢¢ - ¢ -¢¢¢f f j j¢ 

u

N
t t t t t t

2
.k t t t t ik jl jk il ij kl,

4 4
2

i j k l

From this expression, we deduce that ( )( )
¯ ¯
( )G j jk

2 4
k l

 must have the following structure:

ð115Þ

where the solid edgesmaterialize theKronecker deltas, and the dotted edges weightedwith a grey bubble
materialize the effective propagator ˜G R Gk k k

 . Because of the 1/N arising from ( )u ;4
2 it is not hard to convince that

only the third term,which create a closed trace in the Latin indices, survives in the largeN limit. Computing it,
we get:

( ) ( ) ( ) ( ) ( ) ( )( )
¯ ¯
( )

( )
( ) ( ) ( )d d

p
dG = W W¢ + + + +j j

u

Z N
I J

N
J

N
J

2 2
1

2
2

2 4
116k

k
kl

2 4
2

4
2

2 2
1

2
2

2 2
2

k l
 ⎧

⎨⎩
⎡
⎣

⎛
⎝

⎞
⎠

⎤
⎦

⎫
⎬⎭

In the sameway, we can represent the contribution ( )( )
¯ ¯
( )G j jk

2 3,3
k l

 as:

ð117Þ

where thewhite circlematerializes the propagatorGk, the black dots and square correspond respectively to the
fieldsf• and j̄• and the solid edgematerialize the scalar product betweenfields. In such away, groups of three
isolated dotsmust correspond to interactionwith coupling ( )u3

1 and groupswith an edge to interactionwith
coupling ( )u3

2 . Because of theway the internal indices are contracted between the remaining free fields j̄•, thefirst
five diagramsmust contribute to theflowofΔ(3)whereas the last diagrammust contribute to the flowof thefield
strengthZk. Let us consider thefirst diagram. Explicitly we get:

ð118Þ
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where the traces ‘tr’ run over internal indices andΩ denotes to the externalmomenta. However, becausewe
truncate around local couplings, we have to keep only the first term in the ‘local’ expansion in power ofΩ:

( ) ( ) ( ) ( ) ( )( )ò p
d

W
W = - ¢ +- W - ¢d

f e f t t
2

0 derivative interactions , 119i t t

where derivative interactions includes derivatives of theDirac delta. Our truncation scheme (75) focuses on
products of local terms; however, we have to be careful with the componentGk,ff of the effective propagator
(84). Indeed, omitting the internal index structure, this component reads schematically as:

( ) ( ) ( ) ( ) ( )w w d w w d w d w¢ = + ¢ + ¢ffG A B, . 120k,

Two local contributions linked by the component denoted asA provide an effective local contribution; when the
same local contributions linked together by the componentB provides uswith a product of local contributions
again.

Focusing on the local approximation, from the explicit expressions for the components of the propagator,
we get for instance in Fourier variables:

ð121Þ

the numerical coefficients ( )I i
3 and ( )J ij

3 (for (i, j) ä {1, 2}) arising from loop integrals being defined as:

¯ ≔ ¯ ≔ ( ) ¯ ( )( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )h h h+ + ¢ + + ¢ = ¢ + ¢¢ ¢I a b J a a b b K a b, , 122i
k

i i ij
k

ij ij ij ij ij
k

ij ij
3 3 3 3 3 3 3 3 3 3 3

where:

≔ ( ) ( ) ( ) ( )( ( ) ¯ ( )) ( )( ) ( )
¯ ¯

( ) ( )ò p
r p d- +jf jf ff ffa Z

dx
x G x G x g x l x

2
2 , 123i

k
i i

3
3 2

1, 1, 1, 1,

≔ ( ) ( ) ( ) ( )( ( ) ¯ ( )) ( )( ) ( )
¯ ¯

( ) ( )ò p
r p d- +jf jf ff ffb Z

dx
x G x G x g x l x

2
2 , 124i

k
i i

3
3 2

1, 1, 1, 1,

and:

≔ ( )( ) ( ) ( ) ( ) ( ) ( )( ) ( )
¯

( ) ( )òd d d
p
r+ - ´jf ff ffa i Z

dx
x G x g x g x2

2
, 125ij

ij i j k
i j

3 1 2
3 1

1, 1, 1,

≔ ( )( ) ( ) ( ) ( ) ( ) ( )( ) ( )
¯

( ) ( )òd d d
p
r+ - ´jf ff ffb i Z

dx
x G x g x g x2

2
, 126ij

ij i j k
i j

3 1 2
3 1

1, 1, 1,

≔ ( ) ( ) ( ) ( )(¯ ( )) ( ) ¯ ) ( )( ) ( )
¯

( ) ( ) ( ) ( )d d d r¢ + +jf ff ff ff ffa i Z G l g g l2 0 0 0 0 , 127ij
k ij i j

i j i j
3

3
1 2

1
1, 1, 1, 1, 1,

≔ ( ) ( ) ( ) ( )(¯ ( )) ( ) ¯ ) ( )( ) ( )
¯

( ) ( ) ( ) ( )d d d r¢ + +jf ff ff ff ffb i Z G l g g l2 0 0 0 0 , 128ij
k ij i j

i j i j
3

3
1 2

1
1, 1, 1, 1, 1,

≔ ( ) ( ) ( ) ( ) ¯ ¯ ( )( ) ( )
¯

( ) ( )d d d r¢ + jf ff ff
¢a i Z G l l2 0 0 , 129ij

k ij i j
i j

3
3

1 2
1

1, 1, 1,

≔ ( ) ( ) ( ) ( ) ¯ ¯ ( )( ) ( )
¯

( ) ( )d d d r¢ + jf ff ff
¢b i Z G l l2 0 0 . 130ij

k ij i j
i j

3
3

1 2
1

1, 1, 1,

Following the same strategy for the remaining diagrams, we obtain:

ð131Þ

ð132Þ
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andfinally:

ð133Þ

Note that we have to be careful with the positions of gray andwhites bubbles, which are for instance responsible
for a factor 2 in the first contribution to the left-hand side of equation (131) concerning the second contribution.

On the other hand, computing the left-hand side of (93) ( )( )
¯ ¯G jjk

2 , we get for vanishing fields:

( ) ( ) ( )

( ) ( ) ( )

( )
¯ ¯

( ) ( )

( ) ( ) ( ) ( )

d h d

h d h

G = + D + D - ¢

+ D + D + D + D

j j Z
Z

N
t t

Z
Z

N
. 134

k k kl
k

k

k k kl
k

k

2 1 1

2 2 3 3

k l
  

 

⎡
⎣

⎤
⎦

Thus, the projection into the subspace parametrizedwith the supersymmetric truncation (75) requires:

( ¯ ) ¯ ¯ ( ¯ ) [ ¯ ¯ ( ¯ ¯

¯ )] ( ¯ ) [ ¯ ¯ ¯ ( ¯ ¯ )] ( )

( ) ( )
( ) ( ) ( ) ( )

( ) ( ) ( ) ( )

( )
( )

( ) ( ) ( ) ( ) ( )

hD =- D -
+ +

+ + +

+ - + + + +

u u u u

N
I I J J

J
u

N
NI I NJ J J

36 72 4
2

8
2 3 , 135

k
1 1 3

1 2
3

1
3

2
3

2 2

3
1

3
2

3
11

3
12

3
22 3

2 2

2 3
1

3
2

3
11

3
12

3
22



( ) ¯ ( ) ( ¯ ) ( ¯ ¯ ) ( )( ) ( ) ( ) ( ) ( )
( )

( ) ( )hD = - + D - + + + - +u
N

I J
N

J
u

N
K K1 2 1

2
2

2 8
2 , 136k

2 2
4

2
2 2

1
2
2 3

2 2

3
11

3
12 ⎡

⎣
⎛
⎝

⎞
⎠

⎤
⎦

( ) ¯ ¯ ( ¯ ) ¯ ¯ ( ¯ ¯ ¯ )

( ¯ ) [( ) ¯ ( ¯ ¯ )] ( )

( ) ( )
( )

( )
( ) ( ) ( )

( ) ( ) ( )

( )
( ) ( ) ( )

hD =- + D - -
+

+ +

- + + +

u

N
J

u u u

N
K K K

u

N
N K K K

1
8

72
2

8
1 2 4 5 , 137

k
3 3 4

2
2 3

1 2
3

1
3

2

3
11

3
12

3
22

3
2 2

3
11

3
12

3
22



and imposesfinally the following closed relation for the anomalous dimension:

( ¯ ) [ ¯ ¯ ( ¯ ¯ )] ( )
( )

( ) ( ) ( ) ( )h º - + + +
u

N
I J I J

8
2 , 138k

3
2 2

3
1

3
11

3
2

3
12

fromwhichwe can easily extract ηk:

( ¯ ) ( ) ( )

( ( ) ( ))
( )

( ) ( ) ( ) ( ) ( ) ( ) ( )

( ¯ ) ( ) ( ) ( ) ( ) ( ) ( )
( )h º -

+ + ¢ + + + ¢

+ + + ¢ + + + ¢

u

N

b b b b b b

a a a a a a

8 2

1 2
. 139k u

N

3
2 2 1 11 11 2 12 12

8 1 11 11 2 12 123
2 2

Theflow equations for higher order interactions can be obtained in the sameway. The detail being unnecessarily
technical, we have placed it in the appendix (appendix).We introduce for this purpose a diagrammaticmethod,
which could easily be automated by a numerical routine for further investigations (i.e. for higher truncation).

5. First numerical investigations forN→∞

In this sectionwe provide afirst look at numerical investigations of the formalism thatwe introduced in the
previous sections, andwe plan to devote a companion paper for a deeper numerical analysis. For this first look
we focus on the largeN limit, and set J0= 0. The last condition discard fromour analysis all the odd couplings

( ) ( )u u,3
1

3
2 and so on. The remaining flow equations split in two sets. Thefirst set, which reduces to ( )( )h u, 4

1  is
such that, even if initially ( ) ( )( ) =h u, 0, 04

1 , the corresponding flow equations does not vanish due to u6. The
second set on the contrary includes the remaining couplingswhose flow equations remain zero if we set
vanishing initial conditions. For our analysis, we discard this last class of couplings.Moreover we setα= 1,
which simplifies evenmore the original complicated set offlow equations that we previously derived andwhich
reduces now to:

¯ ¯ ¯ ( ¯ ¯ ) ( )( )= - - +h h u I J4 2 , 1404
1

2 2

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¯ ¯ ¯
( ¯)

( ) ( ) ( )( ) ( ) ( ) ( )= - -
+

+ ¢ + ¢u u
u

h
u I J2

3

2 1
8 2 , 1414

1
4

1 6
2 4

1 2
3 3

1

¯ ¯ ( )= -u u3 . 1426 6

Note that the last equations implies that in the largeN limit u6 remains constant. First, let us investigate the fixed
point structure of the coupled system ( ¯ ¯ )( )h u, 4

1  , by considering u6 as an external adjustable parameter. This

system can be easily triangulated, the condition ¯ =h 0 defining ¯ ( ¯)( )u h4
1 along thefixed point solutions, which are

given by the zeros of the function ( ¯ ) ≔ ¯ ( ¯ ¯ ( ¯) ¯ )( ) ( )F h u u h u h u, , ,6 4
1

4
1

6 . Figure 1 illustrates the behavior of the fixed
point solution for several values of ū6. Note that we focused on the region h< 0, aiming to describe the spherical
regime; and ¯ ( ) >u 04

1 as required by stability. On the left, the figure 1 shows the behavior of ( ¯ )F h u, 6 for some
values of ū6, which has to be negative to be interpreted as a disorder effect, see (72).

For ¯ =u 06 , we have a singlefixed point solution, reached for ¯ ~ -h 0.2744 ( ¯ ( ) ~u 0.0164
1 ). It corresponds

to aWilson-Fisher fixed point, having one repulsive and one attractive direction, the corresponding critical
exponents9 being (− 3.3, 1.1). Figure 2 (on left) illustrates the behavior of the RG flow around this point.

It is instructive to follow the behavior of someRG trajectories in the spherical sector (i.e. for ¯ <h 0). Figure 3
(on the top) show the behavior of two trajectories starting in the vicinity of theWilson-Fisher fixed point. The
mass h reaches a plateau at afinite timewhereas ( )u4

1 goes to zero. Asymptotically, and exploiting the global
invariance reparametrization forfields, it is suitable tofix the asymptotic value of the effective non-zero vacuum
as 〈q2〉=N. Figure 1 on the right shows that theWilson-Fisher fixed point does not exist for any values of ū6.

Figure 1.On the left: ( ¯ )F h u, 6 for ¯ =u 06 (purple curve), ¯ = -u 0.00056 (red curve), ¯ = -u 0.0016 (green curve), ¯ = -u 0.0056

(yellow curve) and ¯ = -u 0.016 (blue curve). The brown curve, corresponding to ¯ ( ¯)( )u h4
1 , the solution at the fixed point. On the right,

¯ ¯ ( ¯)ºu u h6 6 , given by the condition ( ¯ ) =F h u, 06 .

Figure 2.On the left: Behavior of the RGflowwithout disorder (u6 = 0) in the vicinity of theWilson-Fisherfixed point. The red and
green lines (labeled respectively with S andA) are respectively the separation and attachment directions. On the right: Projection of the
behavior of the RGflow for nonzero disorder ¯ <u 0.016 .

9
This represents the opposite values of the stabilitymatrix eigenvalues.
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Indeed, recalling that ¯ <u 06 , we show the existence of aminimum ¯ ~ -u 0.00926* . Below this value, thefixed
point disappears, which is illustrated on the left offigure 1. Because ∣ ¯ ∣u6 increases exponentially with ( )Lkln ,
thefixed point is expected to eventually disappear in the deep IR, and the phase transitionswill befirst-order
[14]. The behavior of the RG flowbelow this limit is illustrated infigure 2 (on right), wherewe show that
trajectories are not bounded frombelow. The nature of the transition can be inferred by studying the behavior of
such a trajectory, for the nonzero disorder. Figure 3 (on the bottom) shows the typical evolution ofmass and
quartic coupling starting in the vicinity of theWilson-Fisher fixed point with very small disorder
( ¯ ( ) )L ~ -u 106

5 . It shows that, while the behavior of themass h remains quite similar with its behavior without
the disorder, the behavior of the coupling, in contrast, diverges atfinite RGparameter ( )= Lt kln . The origin
of the divergences can be traced back to the behavior of the integrals ¯ ¯ ¯ ¯¢ ¢I J I J, , ,2 2 3 3 involved into the flow
equations. Figure 4 (on the right) shows the behavior of ( ¯ ) ≔ ¯ ( ¯ ) ¯ ( ¯ )+u I u J u22 2 2 2 2 for different values of
¯ ( )= Lu k6 , and on the left we superpose the behavior of ( ) ( )( )h t u t, 4

1 and ( )t , for ≔ ( )Lt kln . As the disorder
decreases, the singularity comes later and ends up disappearingwhen the disorder is canceled out. Note that this
kind of divergence already occurs when the disorder is canceled out, along the attractive direction (in green in
thefigure 2) pointing towards the negativemasses. Theflowdiverges because it reaches the singularity of the
integrals, as illustrated infigure 5 (on left). As the disorder ∣ ¯ ∣u6 remains smaller than the critical value ∣ ¯ ∣u6* , some
trajectories have time to escape the divergence (figure 5 (on right)). However, as soon as ∣ ¯ ∣ ∣ ¯ ∣>u u ;6 6* trajectories

Figure 3.On the top: Evolution of themass h (on left) and of quartic coupling (on right) for starting points in the vicinity of the
Wilson-Fisher fixed point with vanishing disorder. On the bottom: Evolution of themass h (on left) and of quartic coupling (on right)
for starting points in the vicinity of theWilson-Fisherfixed pointwith non-vanishing disorder.

Figure 4.On the left: The behavior of h (green curve), ( )u4
1 (yellow curve) and  (blue curve), for ¯ ( )L = - -u 106

5. The pinch of the
yellow curve corresponds to a change of sign for ( )u4

1 . On the right: The behavior of  for ¯ ( )L = - -u 106
2 (blue curve),

¯ ( )L = - -u 106
3 (yellow curve) and ¯ ( )L = - -u 106

4 (green curve) and ¯ ( )L =u 06 (red curve).
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fail to converge. Note that this happens atfinite scale ( )¯ ( )
¯

= Lt ln u

u
6

6* *
.Moreover, it diverges earlier and earlier as

the disorder increases, and the supersymmetric RG flow fails to provide a suitable description (i.e.Ward
identities (57) cannot be integrated alongwith the flowbeyond a finite time interval, which collapses to zero).
Because of the relation between time reversal symmetry and supersymmetry, we expect that such a divergent
behavior signals the end of the equilibrium regime10, and a dynamical breaking of ergodicity, which is not
controlled by afixed point and thus have to be of thefirst order. Note that because theflow for coupling is
unbounded frombelow, the ground state fails to be normalizable (at least for the quartic truncation). Note also
that the pinch onfigure 4 happens earlier than for the zero disorder case onfigure 5 (on the left), before the
singularity of the integrals. This is due to the disorder term in the flow equation, and for u6= 0 (and as soon as no
singularities are encountered)we cannot reach the region ( ) <u 04

1 from the region ( ) >u 04
1 .

Such a conclusion obviously has to be confirmedwithmore sophisticated approaches. For instance, ourfield
expansion around zero classicalfield does not seem truly suitable to describe the sphericalmodel. Indeed, one
could envisage a development around the vacuumof the local part of the effective potential. This, essentially,
corresponds toV[Φ] in equation (72). In terms of thefieldf, it corresponds to a linear interaction for the
responsefield ˜ [ ] ( ¯ ) [ ]j f yy f~ ¢ + V V . Let us focus on the quartic potential (72). It has twominima, forf2= 0
andf2=− 2Dh1N/h1, bothmaking the linear coupling vanish in the responsefield. The solutionf= 0
moreover extremizes the second derivativeV″[f],V‴[f= 0]= 0. Becausewe cannot useO(N) symmetry to
choose the non-zero vacuumalong a single axis, we imposef2= r2N and få ~= 0i

N
i1 .With this respect, for

h< 0, the vanishing solution becomes aminimumofV″[f], becauseV″[f≠ 0]= 0whileV″[f= 0]= h. Thus,
the zero vacuum is expected to bewell convergent with this respect (see [51, 56, 57]). Let us briefly consider the
non-zero vacuumf2= r2N for the following truncation:

[ ] ≔ [ ] [ ] ( )G G + G , 143k k k,kin ,int  

whereΓk,kin is again given by (67) and

[ ] [ ( )] ( ) ( ( ) · ( )) ( )ò òG = - ¢ ¢i dzV z
u k

N
dzdz z z , 144k,int 1

6
2

3   

with:

( ) ( ) · ( ) ( · ) ( )f f f f f= +V
h k u k

N2 4
. 1451

4 2

Taking the second derivative with respect to classical (super-)field of theWetterich equation (42), we get
schematically:

( )( ) ( ) ( ) ( )G = - G + G GR G G R G G G
1

2
STr STr . 146k k k

2 4 3 3

From the truncation thatwe consider, odd functions can be discarded in the largeN limit. The computation of

j̄f
-Gk,

1 follows the strategy explained in the previous section, except that we have to keep into account the
contribution of the quartic interaction evaluated forf2= r2(k)N. In replacement of (81) and (82), we get for the
diagonal parts ofA andB:

( ) ( ( ) ( ) ( )) ( )¯
( )w r w p d w d= + -j fA Z u r1 2 , 147k k k ij,

diag 2
6

2 2
i j

Figure 5.On the left: Divergences of trajectories toward negativemass for zero disorder. On the right: Convergence ofmass (yellow
curve) and quartic coupling (blue curve)with disorder.

10
Note that such a singular behavior atfinite scale is generally encountered for disorder systems [72, 74, 91].
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and

( ) ( ( )) ( )¯
( )w w r w d= + + +j fB Z ih ir u i , 148k k k ij,

diag 2
4

1
i j

which, evaluated for r2=− h/u4 reduce to:

( ) ( ( ) ( ) ( )) ( )¯
( )w r w p d w d= + -j fA Z u h u1 2 . 149k k k ij,

diag 2
6 4

2
i j

and

( ) ( ( )) ( )¯
( )w w r w d= +j fB Z i . 150k k k ij,

diag 1
i j

The off-diagonal terms behaving like~
f f

N

i j , with ( )f ~ 1i  . The resultingflow equations can be derived
following the diagrammatic expressions given in appendix and numerically investigated.Once again, finite time
scale divergences appear, as figure 6 shows explicitly for some initial conditions in the spherical region. Our
methods remain highly tricky, as wementioned before, and should be improved tomake useful physical
predictions beyond this finite scale divergence effect, which is however a general feature for disordered systems
[72, 74, 91].

6. RG for the p= 2models

In this sectionwe briefly consider the case p= 2 forwhich equation (1) reduces to:

( ) ( ) ( ) ( ) ( )å h= - - ¢ +
dq

dt
J q t V Q q t t , 151i

j
ij j i i

for ( )d d d d= +lJ Jij kl N ik jl jk il2

2

, =J 0ij and delta-correlated noise (see (2)).We especially focus on the quartic
case,

( ) ( )k
k

¢ = +V Q
N

Q , 1521
2 2

which goes toward the sphericalmodel in the largeN limit forκ1< 0 andκ2> 0, ( )k k = - 11 2  . Integrating
out the disorder, we get the following effective potential, in replacement of (72):

[ ] ≔ ( ( ) · ( )) ( ) ( ) ( ) ( )ò
l k k

- ¢ F F ¢ + F + FW i
N

dz z z z
D N

z
8 2

1

2 4
. 1530

2 1 2 2 2 2

The truncation that we consider is as soon as given by formula (71), but with the effective potential:

[ ( )] ( ( ) · ( )) ( ) ( ) ( ( ) · ( ))ò= + + ¢ ¢U z
u

z z
u

N
z i

u

N
dz z z

2
.k

2 41 2 2 42 2     

Theflow equations can be easily derived following themethod detailed in the previous section (section 4). Note
that because the distribution of the disorder is centered, all the odd functions vanish and ηk= 0. For the other
functions, we get from the strategy detailed in appendix:

¯ ¯ ¯ [( )[ ¯ ¯ ] ¯ ] ¯
( ¯ )

¯ ( ¯ ¯ ) ( )( ) ( ) a
a

= - - + + + -
+

+ + ¢u u
u

N
N I J J

u

u

u

N
K K

4
2 2 2 2 , 1542 2

41
2 2

1
2

2 42

2
2

42
2 2

¯ ¯ ¯ ( )[ ¯ ¯ ¯ ] ¯ ¯
( ¯ )

( )( ) ( ) a
a

= - + + ¢ + ¢ + ¢ +
+
+

u u
u

N
N I J J

u u

N

N

u
2

8
4 2 2

24 2
, 15541 41

41
2

3 3
1

3
2 42 41

2
3



Figure 6. Finite time scale singularities for some initial conditions in the spherical region, using non-zero classicalfield expansion.
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¯ ¯ ¯
( ¯ )

¯ ¯ [ ¯ ¯ ] ( )( )a
a

= - +
+
+

+ ¢ + ¢u u
u

N

N

u

u u

N
I J2

6 1 4 48
2 , 15642 42

42
2

2
3

41 42
3 3

1

where ( )J2
1 , ( )J2

2 , ¢I3,
( )¢J3
1 and ( )¢J3

2 have been defined in section 4, equations (104), (105), (176), (177) and (182),
up to the replacements h→u2 andΔ

(1)=Δ(2)=Δ(3)= 0.Moreover:

¯ ≔ ( ( ) ( )) ( ) ( ) ( )( ) ( )
¯ ¯ò p

h r r+ -jf jfK Z
dx

x x G x G x
2

, 157k k2
2 1 1

1, 1,

and

¯ ≔ ( ( ) ( )) ( )( ( ) ¯ ( )) ( )( ) ( )
¯

( ) ( )ò p
h r r p d¢ - + - +jf ff ffK iZ

dx
x x G x g x l x

2
2 . 158k k2

2 2 2
1, 1,

1
1,

1

Remark 2. It is instructive to compare the equations (200) and (156), corresponding to tensor andmatrixmodels
respectively. In the first case, in the largeN limit, u 06 , and u6 can be viewed as a constant parameter along the
flow. By contrast, ( )=u u42 42

2 in the largeN limit, and the behavior of u42 remains non-trivial. Amoment of
reflection helps seeing that this difference can be traced back to the fact that, for n 5 theflow equation for ( )Gk

n

becomes linear in ( )Gk
n .

For numerical investigations, we use the same strategy as for tensors, but in this case wewill consider also
solutions forfiniteN. Thefixed point solution can be investigated by triangulation; using the first equation, and
assuming u41≠ 0, wemay extract ¯ ¯ ( ¯ ¯ )ºu u u u,42 42 2 41 , solving the second solutionwe getfinally: ¯ ¯ ( ¯ )ºu u u41 41 2 ,
¯ ¯ ( ¯ )ºu u u ;42 42 2 and thefixed point solutions can be found by investigating the zero of the function

( ¯ ) ¯ ( ¯ ¯ ( ¯ ) ¯ ( ¯ ))=F u u u u u u u, ,2 42 2 41 2 42 2 . Figure 7 shows zeros of F for differentN. ForN large enough, we get two
zeros, labeled respectively as FP1 and FP2 on the figure. The value reached for ū42 at FP2 is positive, and thus has
thewrong sign to be nicely interpreted as a disorder effect.Moreover, the flow equations show that ¯ ¯µu u ;42 42
and theflow cannot reach the region u42< 0 from the region u42> 0. Critical exponents at FP1 areΘ1≔ (− 3.1,
2.0, 0.9). It has thus one irrelevant and two relevant directions; eigenvectors (v1, v2, v3) being essentially parallel
to the original axis (u2, u41, u42) aroundGaussianfixed point:

( ) ( )~ -v 0.07, 0.97, 0.21 1591

( ) ( )~v 0, 0, 1.0 1602

( ) ( )~v 0.14, 0.84, 0.53 . 1613

Interestingly, u42 is one of the unstable direction. Figure 8 (on left) shows the behavior of the RG flow in the plan
passing through FP1, FP2 and theGaussian fixed point (on left). Thefigure on the right shows the behavior of the
RGflow in the plan spanned by the two relevant directions of FP1, the eigencouplings (X,Y) being defined by
projection along the directions v2 and v3 (suitably orthogonalized by standard Schmidt procedure):

( )» +X u u0.99 0.06 , 1622 41

( )» - +Y u u u0.01 0.21 0.97 , 1632 41 42

the remaining coordinateZ along the irrelevant direction v1 being set to its value at the fixed point. Figure 9
shows the behavior of the RGflow in that plan forN= 4 (on left) andN= 10 (on right).

Figure 7.On the left: Fixed point solutions in the region u2 < 0 forN = 1 (blue curve),N = 3 (yellow curve),N = 10 (green curve),
N = 15 (red curve) andN = ∞ (purple curve). ForN large enough, twofixed points appears, labeled as FP1 and FP2.On the right,
fixed point solutions forN = 1, 2, 3, respectively in blue, yellow and green. The caseN = 5 being special from the fact that it
corresponds to the limit case where only onefixed point (FP1) appears.
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Tounderstand the role played by thefixed point FP1, it is instructive to investigate the behavior of the
couplings along a typical trajectory, as we did for p= 3. Figure 8 shows the behavior of the eigencouplings Y and
X on the plan offigure 8 along the red trajectory. As for p= 2, we show in Figures 10 and 11 that the trajectory
exhibit a singularity at afinite time scale. This behavior, typical of disordered systems [72, 74, 91] is, as for the
tensor cases interpreted as the signal that supersymmetry and equilibrium conditions cannot survive for
arbitrary large time scale, the lack of analyticity ensuring thatWard identities fail to be integrated alongRG
trajectories. In order to connect this singularity to the concrete behavior of a vector obeying the Langevin
dynamics in equation (1), we plotted infigure 12 the two-point correlation in function of the time forN= 200
(considered as largeN) and τ= 50.We observe the existence of two phases, a phase of convergence where the
two point correlation is almost equal to 1, that is followed by a phasewhere the trajectory becomes divergent.We
see in thefigure 12 that the divergent phase appears later forD=0.01 (left) than forD=0.1 (right), which is in
accordancewith the previous insight that a smallerD leads to a later divergence. Such a behaviormoreover
seems to be a consequence of the largeN limit, numerical integration of the flow for smallN showing, on the
contrary, good convergence properties, as we can see onfigures 10 and 11.

Figure 8.Behavior of the largeNRGflow.On the left: Projection of the flow into the plane passing through FP1 (red dot), FP2 (blue
dot) and theGaussian fixed point (black dot). On the right: Dynamical projection of the flow into the plane spanned by the two
relevant directions of FP1 (black dot).

Figure 9.Behavior of the RGflow atfiniteN.On the left: Dynamical projection of theflow into the plane spanned by the two relevant
directions of FP1 (black dot) forN = 4 (X ≈ − 0.98u2 − 0.06u41 andY ≈ 0.01u2 − 0.23u41 + 0.97u42). On the right: Dynamical
projection of theflow forN = 10 (X ≈ 0.99u2 − 0.02u41 + 0.09u42 andY ≈ 0.08u2 + 0.26u41 − 0.96u42). In both cases the black dot
materializes thefixed point FP1.
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7. Conclusions and outlooks

In this work, we provided a nonperturbative functional renormalization group framework based on a coarse-
graining in time for a special kind of dynamical systems described by disordered Langevin equations. These
results aim to bring new insights and expand our knowledge on the dynamics of gradient descent (in particular
Langevin dynamics)within high dimensional non convex landscapes similar to glassy systems. The
understanding of these dynamics in these landscapes is central and essential formultiple physical and concrete
applications, such as biological [92] and neuroscience systems [93], material physical [94], optimization in data
science [95], machine learning algorithms [96], etc.We focused on the equilibrium regime and constructed
explicit supersymmetric approximate solutionswithin a self-consistent framework based on amulti-local
expansion. Keeping interactions up to order two in that expansion, wewere able to construct flow equations
describing the evolution of effective couplings. Planning to provide a deeper numerical investigation of the

Figure 10.On left: Finite scale singularity at largeNof the eigencoupling Ȳ along a trajectories starting in the vicinity of thefixed point
FP1 (the red trajectories onfigure 8). On right, the behavaior of the eigencouplingX along the same trajectory.

Figure 11.On the left: the behavior of the disorder coupling ū42 in the largeN limit; which becomes singular atfinite time scale. On the
right: the behavior of the disorder coupling forN = 10 for three different initial conditions for u42(Λ) (the remaining couplings being
initialized in the vicinity of the nonGaussianfixed point FP1).

Figure 12. Simulation of the two-point correlation function 〈q(t), q(t − τ)〉 in function of the time forN = 200 and τ = 50.On the
left:D=0.01 and on the rightD=0.1.Weobserve a divergence of the twopoint correlation of qwhich seems to be related to the
singularity identified theoretically.
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resulting equation in a companionwork, wemainly studied the case of a centered disorder distribution and for a
minimal truncation in the largeN limit.Wemoreover essentially studied the symmetric phase expansion on the
p= 3 and p= 2models, where the disorder is respectively incarnated as a rank 3 random tensor and as a random
matrix. In both cases, we showed that effective potential becomes nonanalytic at a finite time scale. This singular
behavior implies thatWard-Takahashi identities fail to be continued beyond this point, and supersymmetry
breaks down. Because of the close relation between supersymmetry and time reversal symmetry, we interpret
this singular behavior as the signal of breaking of ergodicity, where the equilibriumdescription fails to be
suitable for the system. Besides these similarities, the p= 2 and p= 3 distinguish from the nature of the
transition. In the p= 2 case, we showed that the transition is controlled by a non-Gaussian fixed point whose
disorder coupling is one direction of instability. In contrast, thisfixed point disappears at afinite time scale for
p= 3, and the transitionmust be of the first order. These observationsmoreover seem to be in accordancewith
literature [97–99] that used othermethods.However, our conclusions at this stage remain very dependent on the
approximations that we have used, andwe have already planned several follow-ups to go further. For example,
computations that we considered could be quite easily automatized, i.e. performed by a computer program;
allowing to investigate largermulti-locals truncations. Another interesting avenue for the case p= 2would be to
work in the space of the eigenvalues of the disorder, the distribution of which at this limit is described by the
distribution ofWigner [26, 27]. In action, the disorder termwill then behave like an effectivemoment term, for a
1+ 1 dimensional (super-)field theory withfinite volume.One could thus consider a division into scale at the
same time in frequencies and eigenvalues. All these questions andmorewill be addressed in our next work.Note
that the case of non-equilibriumprocess and taking into account the case whereN isfinite will be considered in
forthcoming investigation.
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Appendix.Higher orderflow equations: diagrammaticmethod

In this sectionwe present the diagrammaticmethod discussed in the paper to obtain higher orderflow
equations.

A.1. Naive power counting
Let us consider an interactionwith coupling g, made as a product of n fieldsf,mfields j̄ and l time integrals. To
be dimensionless, the dimension of the coupling gmust be equals to:

[ ] ( )= - +g n m l
1

2

1

2
. 164

Note that if each time integral is the remaining part of an integral over the supercoordinate z, lmust be equal to
m,

[ ] ( ) ( )= + >g n m
1

2
0. 165

In the language offield theory, thismeans that all the interactions are relevant.

A.2. Graphical representation for higherflow equations
For the derivation of the higher flow equations, it is suitable to use of a graphical representation, like the one used
for equations (115) and (117). To this end, we introduce the following rules:

• To eachfieldψ, ȳ,f and f̄we associate respectively the symbols!,#, • and+.

• To each sumas ≔å a ai i •  we associate an isolated vertex of type corresponding to the indexα.

• To each scalar product of type ·a b  we associate a solid edge bounded by vertices corresponding to the
indicesα andβ.
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• The vertex corresponding tofields sharing the same superpath coordinate z are surroundedwith a closed
dotted pathmaterializing the integral ∫dz.We call bubbles these closed paths.

We call local bubble graph such a construction andfigure 13 provides an example of such a bubble graph. As
an illustration, let us consider the coupling ( )( ( ) · ( )) ( )ò= ¢ ¢ ¢J dzdz z z z z•

2
•    involved in the

truncation (75).We havefive vertices, two of them linkedwith a solid edge and the others being isolated. These
verticesmoreover leave in the interior of two distinct bubbles, corresponding to the integrals ∫dt and ò ¢dt .
Using this graphical representation, J decomposes as:

ð166Þ

where the numerical coefficient in front of each diagram’s counts the number of equivalent configurations. In
the rest of this paper, we use this graphical notation to represent aswell as the effective interactions and the
corresponding effective vertices ( )Gk

n , the context avoiding ambiguities. Using this graphical notation, flow
equationswill take the formof an equality between sums of graphs. On the left-hand side the bubble graphs
involved in the truncation, weightedwithβ-functions, and on the right-hand side a series of graphs built as
bubble graphs contractedwith effective propagators.Wewill denote as effective edges the effective propagators,
and to simplify the notationswematerialize them as a solid thick edge. Following these rules, the first termon the
right-hand side of equation (117)must we read as:

ð167Þ

By contrast, we call such a diagram an effective bubble graph. Note that we have to keep inmind that into a loop,
one of the solid thick edges corresponds to the propagator G R Gk k k when the others correspond only toGk. The
next step is to define a rule allowing to identify on both sides the contributions corresponding to the sameβ-
function. To this end, we notice that the components of the effective propagators are of two kinds (see (120)),
either local, proportional to ( )d w w+ ¢ ornon-local, proportional to ( ) ( )d w d w¢ . Now, let us consider an effective
bubble graph involving a single loop of length n: ℓ ℓ{ }= , ,n n1  . Each of these edgesℓi can be local or non-
local. If all of them are local, the resulting effective bubble graph is local as well (i.e. all externalmomenta are

Figure 13.A typical example of bubble graph, corresponding to an interaction involving 11fields. Note that a bubble cannot contain
more than one black square or a pair of triangles.

29

J. Phys. Commun. 6 (2022) 055002 VLahoche et al



constrained by a single global Dirac delta). From connectivity, if one of these edges is non-local, the chain of local
edges build a spanning tree, and the resulting diagram remains local. If at least two effective edges become non-
local however, the resulting effective bubble graph becomes a product of local effective bubble graphs (i.e. the
externalmomenta splits into two disjoint sets, both of them constrained by aDirac delta). See figure 14.We
denote as local components each sub-local bubble graph. Finally, each of these local components can be expanded
in powers of externalmomenta, thefirst termof this expansion corresponding to the ultra-local approximation.

As an example, let us consider the effective loop (167). In this equation, the loop depends on the external
momentaΩ (see equation (118)), shared by the black squares, and do not correspondwith a local bubble graph.
From the previous discussion, wemust have, formally:

ð168Þ

whereK1 denotes the local component built with local edges. Expanding the effective loop around vanishing
externalmomentaΩ to obtain the ultra-local approximation, we get:

( ) ( ) ( ) ( ) ( )W = + W ¢ + WK K K0 0 , 1691 1 1
2

and the ultra-local approximation of the effective bubble graph follows:

ð170Þ

Note that as soon aswe projected into the superfield components, the bubblesmaterialize time rather than
supercoordinate integrations. In general, we introduce the definition:

Definition 1. Let us consider a graph ℓ{ }= a, a  built as a set of bubble graphs a and effective edgesℓa. The
boundary graph ¶ of  is the bubble graph obtained from  by:

1. Deleting all the effective edges ℓ{ }a aswell as their boundary vertices.

2. Wemerge all the bubbles linked by at least one effective line.

Within this definition, it is clear that the boundary bubble graph of  is nothing but the local approximation
of  .We thus define the following projection rule: From a given flow equation involving a few numbers of
effective bubble graphs on the right-hand side, wemust have to:

1. Identify on both sides coefficients in front of graphs having the same boundary bubble graph.

2. Expands the loops in the power of the external momenta and keeping only the zero-order term of the
expansion.

As afirst application of the graphicalmethod thatwe propose, we consider the flow equation for the coupling h,
which behaves like amass term in the field theory vocabulary. From equation (113), considering the pair j̄f for
externalfields; we get:

Figure 14. Local structure of a typical effective bubble graph build of four vertices and four effective edges, the local ones being
materializedwith a solid blue edgewhereas the non-local ones are labeledwith a dashed blue edge. Each vertex is labeledwith the total
externalmomentaΩi. For effective bubble graphs a and b, all the externalmomenta satifies a global conservation:
Ω1 + Ω2 + Ω3 + Ω4 = 0. For effective bubble graphs c and dhowever, externalmomenta partition in two disjoint conserved sets.
Then,Ω1 = 0 andΩ2 + Ω3 + Ω4 = 0 for graph c,Ω1 + Ω2 = 0 andΩ3 + Ω4 = 0 for graph d.
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( ) ( ) ( ) ( )( )
¯ d d w w wG = + ¢ +j f ih , , 171k ij

2

i j
  

Thus, keeping only diagrams having the same boundary graphs on both sides, we arrive to the equation:

ð172Þ
where on the left-hand sidewe assume to keep only diagrams having the same boundaries as the bubble graph on
the right-hand side. Notemoreover that we discarded the combinatorial coefficients in front of each bubble
graphs for convenience. Thefirst two diagrams have been computed previously, we get:

ð173Þ

ð174Þ

andfinally:

ð175Þ

where:

¯ ( ( ) ( ))( ( )) ( ) ( )( ) ( )
¯ ¯ò p

h r r¢ = + -jf jfI iZ
dx

x x G x G x
2

, 176k k3
3 2 2

1,
2

1,

and:

¯ ( ( ) ( ))∣ ( ))∣ ( ( ) ¯ ( )) ( )( ) ( ) ( )
¯

( ) ( )ò p
h r r p d¢ = + +jf ff ffJ Z

dx
x x G x g x l x

2
2 . 177k k3

1 3 1 1
1,

2
1,

1
1,

1

For the dimensionless coupling ¯ ≔h h k , we thus obtain:

¯ ( ) ¯ ¯ [( )( ¯ ¯ ) ¯ ]

¯ ( )
( ¯ )

( ¯ ) ( ¯ ¯ ) ( )

( )
( ) ( )

( ) ( )
( )

h

a h
a

= - + - + + +

- +
+
+

+ ¢ + ¢

h h
u

N
N I J J

u

N
N

h

u

N
I J

1
4

2 2 2

1
1 8

2 . 178

k

k

4
1

2 2
1

2
2

4
2

2
3

2 2

3 3
1



As another explicit example of the use of this diagrammatic technique, let us consider the flow equations for
3-point functions. From the exactflow equation, we easily deduce:

˜ ( )( ) ( ) ( ) ( ) ( ) ( ) ( )G = - G + G G - G G GR G G G G GSTr
1

2
3 3 . 179k k k k k k k k k k k k k

3 5 4 3 3 3 3  ⎛
⎝

⎞
⎠

Using truncation (75) and focusing on the component ¯
( )G ffjk,
3 , we get essentially two kinds of contributions,

whose boundary graphs correspond respectively to couplings ( )u3
1 and ( )u3

2 . Note that bosonic and fermionic
loops cancelsmust cancel exactly, like LB and LF in equations (108) and (109). For this reasonwemust have the
diagrammatic equality:

ð180Þ
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Translating equation (186), we get theflow equation of the coupling ¯ ( )u3
2 :

¯ ( ) ¯ ¯
( ¯ )

¯ [ ¯ ¯ ]

¯ [ ¯ ¯ ¯ ] ( ¯ ) [ ¯ ¯ ¯ ]

¯ ¯ [ ¯ ¯ ¯ ] ( ) ¯ ¯
( ¯ )

¯ ¯ [( )( ¯ ¯ ) ¯ ] ¯ ¯
( ¯ )

( )

( ) ( )
( ) ( )

( ) ( )

( )
( ) ( )

( )
( ) ( )

( ) ( )
( ) ( )

( ) ( )

( ) ( )
( ) ( )

( ) ( )

h
h
a

a h
a

a h
a

=- + -
+
+

- + +

- + + + + +

+ ¢ + ¢ + ¢ +
+ +

+

+ + ¢ + ¢ + ¢ +
+
+

u u
u

N h

u

N
I J J

u

N
I J J

u

N
I J J

u u

N
I J J

N u u

N h

u u

N
N I J J

u u

N h
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1 3
2 2

4
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36
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72
2 2

12 3 1
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2 2 2

36 1
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2
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where:

( ( ) ( ))∣ ( )∣ ( ( ) ¯ ( )) ( )( ) ( ) ( )
¯

( ) ( )ò p
h r r p d¢ = - + +jf ff ffJ Z

dx
x x G x g x l x

2
2 , 182k k3

2 3 1 1
1,

2
1,

2
1,

2

¯ ( ) ∣ ( )∣ ( ( ) ( )) ( )¯
( ) ( )ò p

h r r= +jfI Z
dx

G x x x
2

, 183k k4
4

1,
4 2 2

and:

¯ ( ) ( ( ) ( ))∣ ( )∣ ( )( ( ) ¯ ( )) ( )( ) ( ) ( )
¯ ¯

( ) ( )ò p
h r r p d= - + ´ +jf jf ff ffJ Z

dx
x x G x G x g x l x

2
2 , 184k k4

1 4 1 1
1,

2
1, 1,

1
1,

1

¯ ( ) ( ( ) ( ))∣ ( )∣ ( )( ( ) ¯ ( )) ( )( ) ( ) ( )
¯ ¯

( ( )ò p
h r r p d= - + ´ +jf jf ff ffJ Z

dx
x x G x G x g x l x

2
2 . 185k k4

2 4 1 1
1,

2
1, 1,

2
1,

2

Remark 3.One can suspect that imaginary contributions occur due to the presence of factors i. However, it is not
hard to check that purely imaginary contributions cancel for each loop. This comes from the observation that
denominators can be always rewritten as even functions ofω. Because eachω share a factor i, imaginary
contributions are even inω in the numerator and cancels by symmetry.

For the remaining couplings, we get the diagrammatic expansions:

ð186Þ
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In the samemanner the diagrammatic representation of the flow from ( )u3
1 to u6 are given by

ð187Þ

ð188Þ
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ð189Þ

ð190Þ
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ð191Þ

ð192Þ

ð193Þ
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Translating them in formula following the same strategy as for ( )u3
2 , we obtain:

¯ ( ) ¯ ¯ ( )
( ¯ )
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