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We use theoretical and numerical calculations in the framework of the effective-field
theory to examine the rigorous effects of the crystal field interactions of the mixed

spin-2 and spin- 3
2

Blume–Capel model on the honeycomb lattice in the presence of an
external magnetic field. The ground state phase diagram has been constructed. Thermal

changes of the order parameters and other thermodynamic quantities of interest and their

influence on the phase diagrams of the model have been thoroughly investigated. The
system shows very interesting critical properties including continuous and discontinuous

phase transitions, tricritical points and compensation temperatures which are revealed

in specific ranges of the parameters space. Our numerical findings are compared to those
obtained by other methods and reliable agreements are recovered.

Keywords: Critical phenomena; thermal changes; crystal fields interactions; mixed spin-2

and spin- 3
2

.

1. Introduction

Recently, in statistical and condensed matter physics, many extensive numerical

investigations of various mixed spins Ising systems have been performed.1–4 This

increasing interest is due to the revelation of new and very important critical prop-

erties which cannot be detected during the study of their single-spin counterparts.

The mixed spins Ising model has been one of the most used models to investigate

ferrimagnetic materials in which numerous properties useful in modern technologies

(ultra-high density magnetic storage and recording devices, biomedical applications

etc.) are singled out.5–10

‡Corresponding author.
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Theoretically, many authors used various numerical and computational meth-

ods to study these systems: effective-field theory,11–20 mean-field approxima-

tion,21–23 renormalization-group technique,24 numerical simulations based on

Monte Carlo25–32 and recursion relations technique.33–38 Albayrak,38 by means of

recursion relations technique, and Fathi21 using the mean-field theory based on

Bogoliubov inequality for the Gibbs free energy, studied the present model and

found similar results and very interesting thermodynamic properties. Also, Deriven

et al.16 used the framework of EFT to investigate the Blume–Capel version of this

model in the presence of a longitudinal magnetic field. More recently, Karimou

et al.34 studied the Blume–Emery–Griffiths version of the mixed spin-2 and spin- 32
with equal crystal field in the presence of an applied magnetic field on the Bethe

lattice by means of recursion relations technique and found very interesting results

concerning the effects of the crystal field strengths, the biquadratic interaction and

the magnetic field on the critical behaviors of the system.

In this work, we use the EFT to investigate the critical properties and finite

temperature phase diagrams of the mixed spin-2 and spin- 32 Blume–Capel system

with unequal crystal fields on the honeycomb lattice in the presence of an exter-

nal magnetic field. Our attention will be rigorously focused on the analysis of the

critical contributions of the crystal fields and also the external magnetic field on

the thermodynamic properties of the model. The present investigation is motivated

in the sense that the synthesis of new magnetic materials which need to be exten-

sively investigated for a good understanding of their ferrimagnetic properties is,

nowadays, an active field of research in molecular magnetism. Mixed spins Ising

models are an effective tool for such study.

The remaining part of this paper includes the following: in Sec. 2, the formula-

tion of the model on the honeycomb lattice, calculations and analysis of its ground

states phase diagram are covered. In Sec. 3, detailed numerical findings concerning

the thermal behaviors of the order parameters, other thermodynamic quantities are

deeply exposed and discussed. Finally in Sec. 4, we conclude.

2. Model and Its Ground States Calculations and Analysis

Let us consider the mixed spin-2 and spin- 32 system composed of two interpenetrat-

ing sublattices A and B on the honeycomb lattice on which the model is formulated

as shown in Fig. 1. The sites of sublattice A are covered by atoms of spins σi, where

σi = ±2,±1, 0. Those of the sublattice B are covered by atoms of spins Sj , where

Sj = ± 3
2 ,±

1
2 . So, the Hamiltonian of such model with bilinear interaction param-

eter J (J < 0) between the nearest neighbor, the crystal field interactions DA and

DB and the external magnetic field h acting on both sites of the system is given by

H = −J
∑
〈i,j〉

σiSj −DA

∑
i

σ2
i −DB

∑
j

S2
j − h

∑
j

Sj +
∑
i

σi

 . (1)

1850015-2



January 18, 2018 13:38 MPLB S021798491850015X page 3

EFT study of critical properties of the mixed spin-2 and spin- 3
2

Fig. 1. The studied model composing of two interpenetrating sublattices A and B with spin

variables σ = 2 and S = 3
2

, respectively, defined on the honeycomb lattice.

The first summation is carried out only over the nearest-neighbor pair of spins.

Now, let us evaluate the mean values of mA = 〈σi〉 and mB = 〈Sj〉. For this, we

make use of the exact Ising spin identities with the differential operator techniques

introduced by Honmura and Kaneyoshi.17,18 Thus, one can get the expressions of

the two sublattices magnetizations as

〈σli〉 =

〈∏
δ

[a0(a) + a1(a)Sj+δ + a2(a)(Sj+δ)
2 + a3(a)(Sj+δ)

3]

〉
fl(x)|x=0 , (2)

〈Slj〉 =

〈∏
δ

[b0(a)+b1(a)σi+δ+b2(a)(σi+δ)
2+b3(a)(σi+δ)

3+b4(a)(σi+δ)
4]

〉
gl(x)|x=0,

(3)

where δ and a = J∇ are, respectively, the coordination number and a new variable

of the model which depends on the differential operator ∇ = ∂
∂x . The function fl(x)

and gl(x) are defined by

f1(x) =
4 sinh[2β(x+ h)] + 2 sinh[β(x+ h)] exp(−3βDA)

2 cosh[2β(x+ h)] + 2 cosh[β(x+ h)] exp(−3βDA) + exp(−4βDA)
, (4)

f2(x) =
8 cosh[2β(x+ h)] + 2 cosh[β(x+ h)] exp(−3βDA)

2 cosh[2β(x+ h)] + 2 cosh[β(x+ h)] exp(−3βDA) + exp(−4βDA)
, (5)

g1(x) =
3 sinh[3β2 (x+ h)] + sinh[β2 (x+ h)] exp(−2βDB)

2 cosh[ 3β2 (x+ h)] + 2 cosh[β2 (x+ h)] exp(−2βDB)
, (6)

g2(x) =
9 cosh[ 3β2 (x+ h)] + cosh[β2 (x+ h)] exp(−2βDB)

2 cosh[ 3β2 (x+ h)] + 2 cosh[β2 (x+ h)] exp(−2βDB)
, (7)

where β = 1/kBT , kB is the Boltzmann constant and T is the absolute temperature.

1850015-3
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The coefficients ak(a) (k = 0, . . . , 3) for spin- 32 and bm(a) (m = 0, . . . , 4) for spin-

2 can be explicitly calculated by means of the exact van der Waerden identity as

a0(a) =
1

8

[
9 cosh

(
a

2

)
− cosh

(
3a

2

)]
,

a1(a) =
1

12

[
27 sinh

(
a

2

)
− sinh

(
3a

2

)]
,

a2(a) =
1

2

[
− cosh

(
a

2

)
+ cosh

(
3a

2

)]
,

a3(a) =
1

3

[
−3 sinh

(
a

2

)
+ sinh

(
3a

2

)]
.

(8)

b0(a) = 1 ,

b1(a) =
1

6
[8 sinh(a)− sinh(2a)] ,

b2(a) =
1

12
[16 cosh(a)− cosh(2a)− 15] ,

b3(a) =
1

6
[− sinh(a) + 2 sinh(2a)] ,

b4(a) =
1

12
[−4 cosh(a) + cosh(2a) + 3] .

(9)

It is very important to mention that Eqs. (2) and (3) are exact and valid for all

values of δ. If one tries to exactly treat all the spin–spin correlations for that set of

equations, the problem rapidly seems intractable. So, a first obvious attempt to deal

with is to neglect correlations and the decoupling approximations are expressed as

〈σi(σi′)2 · · · (σin)4〉 ∼= 〈σi〉〈(σi′)2〉 · · · 〈(σin)4〉 ,

〈Sj(Sj′)2(Sjn)3〉 ∼= 〈Sj〉〈(Sj′)2〉〈(Sjn)3〉 ,
(10)

where i 6= i′ 6= · · · 6= in and j 6= j′ 6= · · · 6= jn have been introduced within the

EFT with correlations.17,18

According to these approximations, one can reduce Eqs. (2) and (3) to

mA = [a0(a) + a1(a)〈Sj〉+ a2(a)〈(Sj)2〉+ a3(a)〈(Sj)3〉]δf1(x)|x=0 , (11)

qA = [a0(a) + a1(a)〈Sj〉+ a2(a)〈(Sj)2〉+ a3(a)〈(Sj)3〉]δf2(x)|x=0 , (12)

mB = [b0(a) + b1(a)〈σi〉+ b2(a)〈(σi)2〉+ b3(a)〈(σi)3〉

+ b4(a)〈(σi)4〉]δg1(x)|x=0 , (13)

qB = [b0(a) + b1(a)〈σi〉+ b2(a)〈(σi)2〉+ b3(a)〈(σi)3〉

+ b4(a)〈(σi)4〉]δg2(x)|x=0 . (14)

1850015-4
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In the spirit to examine the thermal behaviors of the order parameters and then

display different phase diagrams of interest, one can make use of Eqs. (11)–(14).

After expanding the right-hand sides of Eqs. (11) and (13), one obtains the following

set of coupled equations for the sublattice magnetizations:

mA = C0 + C1mB + C2m
2
B + C3m

3
B + C4m

4
B + C5m

5
B + C6m

6
B

+C7m
7
B + C8m

8
B + C9m

9
B , (15)

mB = E0 + E1mA + E2m
2
A + E3m

3
A + E4m

4
A + E5m

5
A + E6m

6
A

+E7m
7
A + E8m

8
A + E9m

9
A + E10m

10
A + E11m

11
A + E12m

12
A , (16)

where the coefficients Ck (k = 0, 1, . . . , 9) and Em (m = 0, 1, 2, . . . , 12) can

be analytically calculated by applying the following mathematical relations:

exp(α∇)f(x)|x=0 = f(x+ α)|x=0 and exp(α∇)g(x)|x=0 = g(x+ α)|x=0.

During our investigations, we also look for the compensation temperature which

is located at the crossing point between the absolute values of the sublattice mag-

netizations mA and mB . For this, we thermally study the variations of the net or

global magnetization mT given by

mT =
mA +mB

2
. (17)

Also, for the investigation of the influences of the external magnetic field, we make

use of the total susceptibility χT defined by

χT =
∂mA

∂h

∣∣∣∣
h=0

+
∂mB

∂h

∣∣∣∣
h=0

. (18)

Let us make a deep analysis of the ground state of the model in the absence of the

external magnetic field. To determine the ground states, we need to express first

from the Hamiltonian of Eq. (1) the contribution Ep of a pair of spins (σ, S) which

is given by

Ep(σ, S) =
J

|J |
σS − DA

δ|J |
σ2 − DB

δ|J |
S2 . (19)

An interesting ground state phase diagram is obtained and illustrated in Fig. 2 after

computing and comparing values of Ep for all possible configurations of the model. It

follows from this figure that there are six stable phases denoted respectively by O1 ≡
(±2,∓ 3

2 , 4, 9
4 ), O2 ≡ (±2,∓ 1

2 , 4,
1
4 ), O3 ≡ (±1,∓ 3

2 , 1,
9
4 ), O4 ≡ (±1,∓ 1

2 , 1,
1
4 ), D1 ≡

(0, 0, 0, 94 ) and D2 ≡ (0, 0, 0, 14 ). The two last ones are two particular disordered

phases where for example in the phase D1 (respectively in the phase D2), the

sublattice magnetization mB = 0 and the quadrupolar moment qB 6= 0 because

one-half of the sublattice is occupied by spin in state 3
2 (respectively in state 1

2 )

whereas the other half is occupied by spin in state − 3
2 (respectively in state − 1

2 ).

Also, from this ground state phase diagram, other interesting and key features of

the model can be identified. Among them, we have three multicritical points B1, B2

and B3 where at least three phases coexist with eight coexistence lines. On some

1850015-5
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A
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O

D  =-3  |J|/4-D  /2

D  =-5  |J|/4-3D  /2

Fig. 2. Ground state phase diagram of the studied model in the (DA/δ|J |, DB/δ|J |) plane (for

more detailed description, see the text).

coexistence lines, we have some hybrid phases. For example, on the coexistence

line between phases O1 and O2, one has the hybrid phase (±2,∓1, 4, 1). For large

negative values of the two crystal fields, the dominant phase is the disordered phase

D1, whereas for large positive values of the two crystal fields, the dominant phase

is the ordered phase O1. Our ground state phase diagram is similar to the one

displayed in Fig. 1 in Refs. 21, 22 and 38.

3. Numerical Findings and Discussions

In this section, we proceed to the exposition and the in-depth discussion of most

results concerning the temperature dependence changes of the sublattice magneti-

zations, the global magnetization, the total susceptibility and the finite temperature

phase diagrams.

3.1. Thermal behaviors of the order parameters

and the response function

In order to characterize the nature of different transitions, identify the compensation

phenomenon of the studied model and then illustrate different finite temperature

phase diagrams of interest, we first study and analyze the thermal behaviors of the

sublattice magnetizations mA and mB , the global magnetization mT and the total

susceptibility χT as depicted in Figs. 3 and 4. Figure 3(a) illustrates temperature

1850015-6
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(b)

(c)

χ
T

h=0.0
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EFT
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δ = 3

1.5

0.5

1.0

0.5 1.51.0

m
A
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D  /|J|=D  /|J| = 3.0

D  /|J|=D  /|J| = 3.0

D  /|J|=D  /|J| = 3.0B

B

B

Fig. 3. Order parameters and response function as functions of the temperature when fixing

DA/|J | = DB/|J | = 3. Panel (a): thermal variations of the sublattice magnetizations mA and
mB for two different methods. Panels (b–c): thermal variations of the sublattice magnetizations
mA, mB and the total susceptibility χT for four values of the magnetic field as indicated in the
figure.

dependences of the sublattice magnetizations for two different methods: the Bethe

Peierls approach (BP) and the EFT. From this figure, it emerges that the two sub-

lattice magnetizations continuously decrease from their saturation values mA = 2

and mB = − 3
2 at T = 0 to zero at Tc as the temperature increases. Numerical cal-

culations indicate that the second-order phase transition occurs at Tc/|J | = 6.923

for (EFT) and Tc/|J | = 4.773 for (BP). The phase transition is from the ordered

1850015-7
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(a)
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B

B
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2

3

c1

1

2
c

mT

D  /|J|=3.0

D  /|J|= -1.44

D  /|J|= -1.35

Fig. 4. Total magnetization mT as a function of the temperature for several selected values of
crystal fields DA/|J | and DB/|J | as indicated in different panels of the figure. The model shows
one, two or three compensation temperatures which strongly depend on values of the two crystal
fields, especially for the negative ones.

ferrimagnetic phase O1 to the paramagnetic phase (P ). One can remark that the

phase transition temperatures Tc are not the same for both methods and this ap-

pears normal. Also, the (EFT) seems to more overestimate the phase transition

temperature of the model. Figures 3(b) and 3(c) show thermal behaviors of sub-

1850015-8
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lattice magnetizations and the total susceptibility as functions of the temperature

for four values of the magnetic field h/|J | when DA/|J | = DB/|J | = 3. From panel

(b) to panel (c), one notes what follows. First, the sublattice magnetizations after

their decrease do not go to zero for h/|J | 6= 0. This means that the model does not

show transition for h/|J | 6= 0. Also, the absolute remaining values of the sublattice

magnetizations increase as the magnetic field strength increases. Second, it is clear

that the global susceptibility χT diverges at Tc for h/|J | = 0, but for h/|J | 6= 0, it

shows a maximum and by increasing the magnetic field value, the height of the max-

imum decreases, whereas the temperature value at which this maximum appears

increases. So, one can conclude that the magnetic field really affects the magnetic

properties of the model.

Now, let us pay some attention to the compensation phenomenon in the model.

For this, we plotted in Fig. 4 thermal variations of the global magnetization mT as

a function of the temperature for selected values of the two crystal fields. From this

figure, it follows that the model exhibits the compensation phenomenon. Indeed,

one can observe from different panels of the figure that the system presents one,

two and three compensation temperatures which strongly depend on the values of

the two different crystal fields. It is important to mention that the selected negative

values of the two applied crystal fields favor more the appearance of two or three

compensation points. Figure 4 shows same topologies as Fig. 5 of Ref. 21.

3.2. Phase diagrams of the model

In order to provide a deeper insight into how the two different crystal fields affect the

overall critical phenomena of the studied model, we plotted in Figs. 5–7 different

phase diagrams in the form of critical temperature as a function of both crystal

field strengths in zero magnetic field. In these figures, solid, dashed, dotted lines

and black triangles, respectively, indicate the second-, first-order phase transitions,

compensation lines and tricritical points. In the following, first-order transitions are

obtained when jump discontinuities appear in the thermal variations of calculated

order parameters and magnetic susceptibilities.

The first phase diagram is obtained in the (DB/|J |, kTc/|J |) plane for several

selected values of DA/|J | as shown in Fig. 5. From this figure for DA/|J | > − 3
2 ,

the phase transition lines are all of second-order separating the order ferrimagnetic

phase (F ) from the paramagnetic phase (P ). All of them present different constant

critical temperatures as DB/|J | → −∞. Especially for DA/|J | ≥ 6, the second-

order transition lines show the same critical temperature kTc/|J | = 3.079 for large

negative values of DB/|J |. Also, for DA/|J | = − 3
2 , the phase transition line is of

the second-order. For −4 < DA/|J | < − 3
2 , the transition line behaviors drastically

change and the model exhibits a tricritical behavior, i.e. the occurrence of tricrit-

ical points where second-order phase transition lines and the first-order ones are

connected. In this domain, as DA/|J | decreases, the portion of the first-order transi-

tion line increases. For DA/|J | ≤ −4, all the phase transition lines are of first-order

1850015-9
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Fig. 5. Phase diagram in the (DB/|J |, kBT/|J |) plane for several values of DA/|J |. The lines are

labeled with the values of DA/|J |. Solid, dashed lines and black triangles, respectively, indicate

the second-order, first-order transition lines and the tricritical points. It is important to mention
that the same representation is also valid for the rest phase diagrams. For DA/|J | > − 3

2
, the

system shows constant temperature values at large negative values of DB/|J | and all the phase

transition lines are of second-order.

kind. So, as the second-order phase transition disappears, only the first-order phase

transition dominates. This phase diagram shows some similarities with Fig. 2(a) of

Ref. 22, Fig. 3 of Ref. 38 and Fig. 2 of Ref. 21.

The second phase diagram is calculated in (DA/|J |, kTc/|J |) plane for various

selected values of DB/|J | as it is seen in Fig. 6. This figure also expresses interesting

properties of the model. Indeed, for all values of DB/|J |, the second-order phase

transition line is connected to the first-order phase transition line which is obtained

at low temperature at a tricritical point. So, for DB/|J | ≤ − 3
2 , a unique tricritical

point at which all the second-order phase transition lines are connected to the

corresponding first-order transition ones is given by (DA/|J | = −1.444, kTc/|J | =

0.501). A same result is obtained for DB/|J | ≥ 3 and the tricritical point here is

given by (DA/|J | = −4.211, kTc/|J | = 1.244). Figure 6 bears some resemblances

with Figs. 4(a) and 4(c) of Ref. 38, and also with Fig. 2 of Ref. 22 and Fig. 3 of

Ref. 21.

In the same way as it is done for the second phase diagram, we displayed in Fig. 7

the compensation lines of the model. Indeed, one remarks that for DB/|J | ≥ −1.26,

1850015-10
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Fig. 6. Phase diagram in the (DA/|J |, kBT/|J |) plane for various values of DB/|J |. The lines

are labeled with the values of DB/|J |. The system presents a tricritical behavior for all values of
DB/|J |. Especially for DB/|J | ≥ 3 (respectively for DB/|J | ≤ − 3

2
), the system exhibits a unique

tricritical point, respectively.

the model only exhibits one compensation temperature, whereas for DB/|J | <
−1.26 and in a specific range of negative values of DA/|J |, the system shows two or

three compensation temperatures. All these findings are in perfect agreement with

Fig. 4 of Ref. 21 and Fig. 4(b) of Ref. 38.

4. Conclusion

In this paper, via the framework of the effective-field theory, we single out the effects

of the interaction parameters on the critical behaviors and phase diagrams of the

mixed spin-2 and spin- 32 Blume–Capel system with unequal single-ion anisotropies

on the honeycomb lattice in the presence of an external magnetic field.

First, we have investigated as shown in Fig. 2 the ground state phase diagram

which is very useful for a good classification of regions of different stable states and

for a reliable checking in the construction of the finite temperature phase diagrams

at very low temperatures. Also, in Figs. 3 and 4, the thermal variations of the

sublattice magnetizations, the total magnetization and the total susceptibility are

rigorously investigated in order to find the nature (continuous or discontinuous)

of the phase transitions, as well as calculate the compensation points. Then as

it is seen in Figs. 5–7, different finite temperature phase diagrams are displayed

1850015-11
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Fig. 7. Compensation temperatures (dotted lines) as functions of DA/|J | for various values of

DB/|J |. The lines are labeled with the values of DB/|J |. The system presents one, two or three
compensation temperatures in specific ranges of values of the crystal fields interactions, especially
the negative ones.

in all planes of interest in zero external magnetic field. We have found that the

model revealed interesting ferrimagnetic properties such as the first- and second-

order phase transitions, tricritical points and compensation temperatures which are

all strongly dependant on the competition between interaction parameters of the

model, especially the two different crystal fields interactions.

By comparing our findings with those of Refs. 21, 22 and 38, reliable agreements

are found. It is very important to indicate that our results are more interesting than

those found in Ref. 16 where authors used the same method to study the present

model but with equal crystal field strength in the presence of a magnetic field.
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