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We propose an estimation method, named functional average vari- Received 21 July 2020
ance estimation (FAVE), for estimating the EDR space in functional Accepted 11 May 2021

semiparametric regression model, based on kernel estimates of dens-
ity and regression. Consistency results are then established for the
estimator of the interest operator, and for the directions of EDR
space. A simulation study that shows that the proposed approach
performs better than traditional ones is presented.
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1. Introduction

In recent years, much attention has been given to functional statistics, which can be
described as the set of statistical methods for processing data having the form of curves
considered as observations of functions belonging to given functional spaces. Among the
references in this field, there are the books by Ramsay and Silverman (1997) for the
applied aspects, Bosq (2000) for the theoretical aspects, Horvath and Kokoszka (2012) and
Ferraty and Vieu (2016) for recent developments. Many works in this field deal with prob-
lems that appear in the general framework of functional regression models which are usu-
ally used to find the best link between a real random variable Y and a random curve X
whose values belong to H = L*([0, 1]), the set of square integrable functions from [0, 1] to
R. An abundant literature has examined cases of parametric functional regression models
(e.g., Ramsay and Silverman (1997); Cardot, Ferraty, and Sarda (1999); Hall and Horowitz
(2007); Yao and Miiller (2010)) described by the relation Y = fy(X, ¢), where fj belongs to
a well-known family of functions parameterized by the unknow parameter 0 which is to
be estimated, and ¢ is an error term. In contrast to this, some works deal with a nonpara-
metric model Y = f(X) + ¢ where fis an unknown and arbitrary function to estimate, and
have introduced nonparametric estimation approaches, such as methods based on kernel
estimators (Ferraty and Vieu 2002, 2016). Alternatively, between these two different
approaches, a semiparametric regression model

Y=f(< P, X>1, <Py X >3, < Pro X >108) (1)
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was considered (Dauxois, Ferré, and Yao 2001; Ferré and Yao 2003, 2005; Lian and Li
2014). In the model (1), < -, - >4 denotes the inner product of H defined for all g; and
£ belonging to H by < g1,0 >x = jol g1()g(t)dt, and f, ..., fx are elements of H to
be estimated. This model just is an extension in the functional case of the model intro-
duced by Li (1991) in the multivariate context and which has been intensively studied
since then. It expresses the fact that the information in X about Y depends only on the
projection of X onto the subspace spanned by {f,,..., fx}, called effective dimension-
reduction (EDR) space. Li (1991) showed that the problem of estimating the EDR space
comes down, under a fairly general condition, to the spectral analysis of an operator
depending on the covariance operator of the conditional expectation E(X|Y) of X given
Y. Then, he proposed an estimation method, called sliced inverse regression (SIR), based
on an estimate of an approximation of this covariance operator obtained by slicing the
range of Y. Alternatively, Cook (2000) proposed another method, called sliced average
variance estimation (SAVE), for estimating the EDR by using an estimate of an approxi-
mation of an operator depending on the conditional covariance operator Var(X|Y) of X
given Y. SIR and SAVE are the most popular methods for dimension reduction in the
multivariate context, and smoothed estimation methods, based on kernel estimates, have
been proposed for them respectively by Zhu and Fang (1996) and Zhu and Zhu (2007).
In the functional context, SIR has been extended to functional SIR (FSIR) by Ferré and
Yao (2003) who also proposed later a smoothed estimation procedure based on kernel
estimates, so defining smoothed functional inverse regression (FIR). On the other hand,
more recently, Lian and Li (2014) extended SAVE to functional SAVE (FSAVE) and so,
they introduced an estimation method also based on slicing the range Y. A drawback of
such an approach is that the estimation procedure could be sensitive to the used slicing
approach and, in particular, to the number of slices which therefore becomes a param-
eter of the procedure. Furthermore, as it is well known, estimation based on smooth
procedures such as kernel methods is generally more accurate than one based on slicing.
There is therefore an interest in introducing a smoothed estimation of SAVE in the
functional context. To the best of our knowledge, such an approach have not been pro-
posed yet. Taking all this into consideration, we introduce in this paper a kernel func-
tional average variance estimation (FAVE) method for estimating the EDR space related
to model (1). The rest of the paper is organized as follows. In Section 2, we recall some
basic facts about FAVE in the functional context, and we specify the interest operator
to estimate. In Section 3, an estimator based on kernel estimates is proposed for this
estimating this operator. Section 4 is devoted to an asymptotic study of the introduced
estimator. A simulation study that permits to evaluate the performance of our proposal
is presented in Section 5. The proofs of theorems are postponed in Section 6.

2. The FAVE method

Let us consider the random variables Y and X involved in the model (1); we assume,
without loss of generality, that E(X) = 0, and that E(||X ||i{) < 400. Then, the covari-
ance operator of X is defined by I' = E(X ® X), where for any x,y € H,x ® y denotes
the linear operator from H to itself such that (x ® y)(h) =< x,h >y y for any h € H.
Throughout the paper, I' will be assumed to be nonsingular and positive definite.
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Letting B = (< f,X >3, < B2, X >3, ..., < Pfx,X >3) and denoting by Var(X|B) the
conditional covariance operator of X given B, we consider the following assumptions:

(o) : for all b € H, one has E(< b,X >y |B) = Zle ¢k < P X >3, where ¢y, ..., ck
are real numbers;

(o7,) : Var(X|B) is nonrandom.

Lian and Li (2014) showed that under the assumptions (.o7;) and (.</,), one has the
inclusion

R(I' — var(X]Y)) C TS, (2)

where R(A) denotes the range of the operator A, Var(X|Y) denotes the conditional
covariance operator of X given Y, and J is the EDR space, that is the space spanned by
B> - Px- Therefore, R(T'}) C 3, where

I} := B = 2Var(X|Y) + Var(X|Y)T ™' Var(X|Y)).

An important consequence is that I'; is degenerate in any direction orthonormal to
the Bi’s (k =1,2,...,K). Then I'y is a finite rank operator whose range is contained into
the EDR space. This space can, therefore, be approached by the subspace spanned by
the eigenvectors of I'; associated with the K largest non-null eigenvalues of I'; in the
same way as in the multivariate case. In the following we suppose that rank(I';) = K.
We see, therefore, that the eigenvectors associated with the K largest eigenvalues of I';
form a base to EDR space, which makes the EDR space identifiable. So I'; is the interest
operator of the FAVE method. Since the domain of I'! is not the whole H, T may
not be well-defined. Conditions under which this operator is well defined are estab-
lished in Lian and Li (2014) and recalled below.

Let
+00
X=> &b
=1

be the well-known Karhunen-Loeve expansion of X, where E[éf] = o; are the eigenval-
ues and ¢; are the eigenfunctions. As usual in the functional data literature (e.g., Lian
and Li 2014; Ferré and Yao 2005), we assume that o; > oz > --- > 0. We now intro-
duce the assumptions:
4
(/) - E(|IX[l3) < +oc:
2

+00 +00
(a) B[ D 02D Cov?(&.4]Y) | | < +oo.
j=1 i=1

It is known that if (.«73) and (.«73) hold, then I'; is well-defined (see Proposition 1 in
Lian and Li 2014).

3. A kernel estimator

For performing the FAVE method I';, has to be estimated. Lian and Li (2014) intro-
duced an estimator obtained by slicing the range of Y. In this section, we propose
another estimator of this operator based on kernel estimates of density and regression.
Since I = E[Var(X|Y)] + Var[E(X]Y)], we have
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I =T'Q2r.+¥-n) (3)

where I', = Var[E(X|Y)] is the covariance operator of the conditional expectation
E(X|Y) and ¥ = E(Var(X|Y)I'"'Var(X|Y)). Ferré and Yao (2003) introduced a kernel
estimator of I', and showed its consistency. Here, we will use this estimator, and also a
kernel estimator of W together with the empirical counterpart of I' in order to define
an estimator of I';. Letting f be the density of Y and putting

m(y) = E(Lyy—yy X),  M(y) = E(1jy— X ®©X),
m(Y) M()
(Y) f(r)’

we have ¥ = E(C(Y)I'C(Y)) where C(Y) = Var(X|Y) = R(Y) — r(Y) @ r(Y). As it
was done in Zhu and Fang (1996), in order to avoid the effect of the small values in the
denominator, we consider f,, = max(f,e,) instead of f, where (e,), . is a sequence of
real numbers which tends to zero as n — +o00. Then, we consider

ren(Y) = (1) > Ren(Y) = M(Y)

fe(Y) e (Y)
instead of 7(Y), R(Y) and C(Y). The definition of I'; given in (3) requires to use the
inverse of I'. But since I' is an Hilbert-Schmidt operator, even though its inverse exists
it is not generally bounded. To avoid this difficulty, we consider instead the finite-rank
operator I'p = IIpI'Tlp, where D € N* and I is the projector onto the subspace Sp
spanned by the system {¢;, ..., pp} consisting of the D first elements of an orthonormal
basis of H. This basis can, for example, be obtained either from principal component
analysis (PCA) of X or by using B-splines basis. This operator has a bounded (pseudo-)
inverse defined by FBI =pI .

Let {(Xi.Yi)},<;, be an iid. sample of (X, Y); the empirical counterpart of I' is
given by T, =n 13" X; ® X;. Considering the estimate I1j, of ITj, defined as the
projector onto an estimate Sp of Sp, we estimate I'p by fD =11 Dfnf[D. If we use PCA

—

r(Y) = E(X]Y) = and R(Y) = E(X®X|Y) =

= =

and  C,,(Y) =R, (Y) —1.,(Y) @1, (Y)

(resp. B-splines basis) then S), consists of the eigenvectors associated with the D largest

eigenvalues of r a (resp. Sp = Sp). For a given kernel function K : R — R, and a
given real & >0, we consider the estimates

01 =5k (B2, o=y k(M52) x

and

~ 1 1 Yi -y
M(y) = — K Xi ®X;
0)=h ( I ) ©
of f, m and M respectively. Then, putting

jen ) = max{en,f(y)}, Fe, () =

and
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we consider
. 1 . PR
e n = Z re ® Ten 1) LIJEmD = ;Z Cen(Yi)rD Cen(Yi)
and we estimate I'; by the random operator
~ A—1, =~ a
rI,n = FD (ng,n + \Pe,l,D — Fn)
This random operator determines our kernel FAVE approach for estimating the EDR
space. This estimation procedure is achieved by considering the space spanned by the

eigenvectors 31,32,...,3 « of Iy, associated respectively with the K largest eigenval-

ues ;Ll, ...,/1](.

4. Asymptotic study

In this section, we deal with asymptotics for I';,. More precisely, we first establish its
consistency as an estimator of I';. Then we show the B « s are also consistent estimators
of the fi’s. We need the following assumptions:

(ofs) : T is positive definite.

(/) : f, r and R belong to C*

(.o/7) : the kernel K is of order k> 2, has compact support [a, b], is symmetric about
zero and staisfies K < 1, J": \u|kK(u)du < +00,;

(/s) : there exist real numbers di, d, and d; such that sup, If®(y)| <

1, sup, g |1 ()l < ds and sup, g [[m® ()|, < ds, where |||, denotes the
Hilbert-Scmidt norm of operators;
() : h ~n“ and e, ~ n“z, where ¢; and ¢, are real numbers satisfying ¢; > 0,

0<c<jy (k+1 andcl+ <cl< — C;

wm«fﬂWﬂwwmﬁﬁﬂwmmwm@mmﬂmdﬁE
[||R(Y)||H1{f<y><en}} tends to 0 as 1 — -+00;
(«711) : the function yHE[||X||§1|Y :y} is continuous.

Remark 1. Zhu and Fang (1996) introduced j(e,, (y) = max(f (y), e,) to overcome tech-
nical diffiulties due to small values in the denominator of #(y). But this approach does
not guarantee that we get a good estimator of f. Indeed, if we take for example e, =
n~Y/11, then until n=2000 we still have e, > 1/2 and, therefore, fe,, (y) =1/2 for all
y € R. To overcome this later problem, Nkou and Nkiet (2019) proposed to take e, =
min(a;n~®), where a is a fixed strictly positive number. When a is sufficiently small
fe,, (y) is a good estimator of f, because sup,_p U?e,, (3)) —=f(»)| <a and we still
have e, ~ n=<.

For D € N*, we consider

¥p = E[Var(X|Y)Tp! Var(X|Y)],

and denoting by 5 the minimum positive eigenvalue of I'p, we have:
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Theorem 1. Under assumptions (.</1) to (.</5) and (</7) to (</11), if we suppose that
when D — 400, we have ||Up — Tp||, = 0,(tp), then

90~ Wenll = O 72) + 0 (-7 + 0 (e:tD (m + ;7}“))

1 1
~0/(1) (i)

where y is a constant satisfying 0 <y < 1/4.

Remark 2. This theorem gives an idea on the convergence rate of each component of
f;),, as we know the one of [’ en from Ferré and Yao (2005). We cannot reach the
V/n-convergence, because the rate of convergence will be penalized by the one of 5. The
assumption |[I'p — [pl|,, = 0,(tp) was also used in Lian and Li (2014) for obtaining a
similar result for the case of Functional SAVE. A justification of this asumption can be
found in this paper.

In the following theorem consistency of r 1. is established under some conditions.

Theorem 2. Under the assumptions (</1) to (.</11), if we suppose that for some 0 <y <
1/4, when D — 400,||T'p — Ip||l, = 0,(tp), 1/ (tpy/n) — 0, 1/(n'td) — 0, then Ty,
—F] = Op(l).

Remark 3. This result only gives the convergence in probability of I';, to I'; without
specifying the rate. For the functional SAVE, Lian and Li (2014) did not show the con-
vergence of their estimator of I';.

Now, we deal with the Bk’s. For doing that, we assume that f3,,f,, ..., fx are the K
eigenvectors of I'; associated with the K eigenvalues A;,...,Ax respectiveley, and
that 4; > 4, > - > Jg > 0.

Theorem 3. Under the assumptions (/1) to (.</11), if we suppose that for some 0 <y <

1/4, when D — +oo,|[[p—Tpll, = o0y(tp), 1/(tpy/n) — 0, 1/(n't;/*) — 0, then

1B; = Bllz, = 0p(1) for j = 1,2,...,K.

Remark 4. This result is similar to that of FSIR obtained by Ferré and Yao (2003). It is
an extension to the functional case of a property of the kernel method for sliced average
variance estimation developped by Zhu and Zhu (2007) in the multivariate context.

5. Simulations

In order to observe the performance of the introduced FAVE method, and to compare
it with existing methods, we made simulations within a framework corresponding to
the model:

Y =20 < B,X >3 +10 < B, X >3, +,

where X is a standard brownian motion on [0, 1], observed on a grid of p =100 equally
spaced points, f,(t) = 4%, B,(t) = sin (57¢/2) and ¢ ~ N(0,0.1?).
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Figure 1. Boxplots showing ||P — ,E’||hs from various methods. 1: FAVE; 2: FIR; 3: FSAVE with H=10,
15, 20; 4: Hybrid (« = 0.2); 5: Hybrid (o = 0.8); 6: Hybrid (¢ = 0.5). Dimension D =>5.

We generated m =100 independent samples of size =100 from the above model;
for each of these samples we computed estimates B , and Bz of f; and f,, and then the
distance between the true EDR space and its estimation is computed via & = ||P —
P||,,, where P (resp. P) denotes the projector onto the space spanned by f; and f,

(resp. i , and Bz). These computations were made by using the following methods: (1)
FAVE; (2) the FIR method of Ferré and Yao (2005); (3) the FSAVE method of Lian
and Li (2014); (4) the hybrid method of FSIR and FSAVE (see Wang et al. 2015) with
o =0.2; (5) the hybrid method of FSIR and FSAVE with o =0.8; (6) the hybrid
method of FSIR and FSAVE with o« = 0.5.

For computing I1p, we used quadratic B-spline basis based on knots that are equally spaced
on [0, 1]; this was done by using the function “create.bspline.basis” from the R package “fda”.
Various dimensions D were used, D =5, 10, 15. For FAVE and FIR methods, we used the gauss-
ian kernel and the bandwidth h was selected by cross-validation approach. FSAVE was per-
formed with number of slices H= 10, 15, 20.
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Figure 2. Boxplots showing ||P — f’Hhs from various methods. 1: FAVE; 2: FIR; 3: FSAVE with H=10,
15, 20; 4: Hybrid (¢ = 0.2); 5: Hybrid (o« = 0.8); 6: Hybrid (o = 0.5). Dimension D= 10.

Figures 1-3 show the boxplots of ||P — P||,, for all methods using different values of
D and H. It is seen that the FAVE method outperforms all the other methods. In par-
ticular, these results show that FAVE brings an improvement to FSAVE and gives
much better results than the FIR method. However, the gap between FAVE and FSAVE
is smaller than that between FAVE and FIR.

6. Proofs
6.1. Preliminary results

In this section we will give some lemmas necessary to get the proofs of the previ-
ous theorems.

Lemma 1. Under assumption (Z¢) to (o), we have:

. log (n)
sup 1) = M) 1 = Oy (hk +W>-
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Figure 3. Boxplots showing ||P — I3\|hs from various methods. 1: FAVE; 2: FIR; 3: FSAVE with H=10,
15, 20; 4: Hybrid (¢ = 0.2); 5: Hybrid (o« = 0.8); 6: Hybrid (« = 0.5). Dimension D =15.

Proof. Tt is easy to check that for all y € R, one has
~ _ M * Kh ()/)
Then E[M(y)] = n

E[M(y)] = M(y) =7 | RWKw(v —y)f (v)dv — M(y)

S = S
e
= =

[M(v) = M(y) | Kn(v — y)dv

[M(y + hw) — M(y)| K (w)dw

I
=

k-1 ' k
hyY . h
_ JR [ (”;' ) MU ()’) + (M;C') M(k)(y + Qhw) K(W)dw
=t '
hk b
_ FJ WEM®) (y + Ohw)K (w)dw
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Hence

R hk b
EL80)] = MO, < 5500 (MO0, | ol KO = s
Yy

a

that is sup, ||M*I;"(y) — M()|,c = O(K*). We deduce that
sup |M(y) — M(y)||y, < sup ||M(y) — E[M()] ||y, + sup [E[M ()] — M)l
yeR yeR y€R
= D; + D2.

Let ¢ > 0 and (a,),.y, a sequence of non-negative reals numbers converging to +oc.
We have:

P(D, > &) = P(suﬁg 1M (y) = E[M()]],, > )
ye

< P((sup 191(y) ~ EH0) s > o:]1X @ X1}, < )
ye

+P<su§ 1M (y) = E[MO)] |l > & |1X @ X, > )
ye

< P(sup 18(y) — E[M()] 1. > 51X © Xl < o)
y€eR

+P(|IX © Xl > an).

Since K < 1, we have for all y € R,
10) — EF0) = || 5 3 % e xx (22) — 8% @ xx (22
hs nh - i i h i i h

1 n
< n—hZ{HXi ® Xillps + E[[1X: @ Xill),l] }-
i=1

hs

Thus
. . 1 &
sup 1M (y) — E[M(y)]]];, < EZ{IIXi ® Xillps + E[[1X © Xill,) }
ye i=1

and

p<su£ 1M(y) = E[MO)] |l > & [1X @ X||, < )
)/E
1 n
< P> (1% © Xl + E[[1X; @ Xill,]) > &5]1X @ X]|y, < a,
i=1

1 n
i=1
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However, for any i € {1,...,n}, one has

2a,

h

1
;A (11X @ Xil | + E[11X @ Xillps]) L{jixexi, <an <

Then using Bernstein inequality, we get

. . neth?
P(sup|M<y>—E[Mcv>]||hs>e;||X®X||hSSan>gzexp = ,

2
yeR 16(1”

from what we deduce

ne*h?
P(D; > &) < P(||X ® X||),, > an) +2exp | —

1642
<E(||X®X||Zs) o ne*h?
<——5—%>+2exp | —

az 1642
B(IXIE) (e
= € — .
a? *P 1642

and since

[ EUIXIT zo(log ()"
A, (W“exp <—%>) =0

we conclude that D, = O,(h~'n"'/?(log (n))"/?) and, consequently, that

. B log (n)
sup 1) = M) s = Oy (hk +W>'

Lemma 2. We have:

fo (V) —f(Y)
for ()

(sup,cx 1) —f(y))2]

<2 llekzen} + 2
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Proof. Since
Fo, (%) = F OO = leal ) ey +F L3020 —F ()]
= lend ey =S () Li71 0|
< (en+F%)) L) oy

we obtain

Aey,(Y]') _]A((YJ)
Je,(Y))

It is easy to check that

en | f(Y)
= <eﬂ( )Jrfeﬂ(])>1 Fp<e =2 Vi) <ey

(supye ) ~£0)1)°

L (v)<en = Lv<2e) + -

en

fo, (V) —F(Y))
o, (Y))
Lemma 3. Under the assumption (</3), if we suppose ||Up — I'p||.. = 0,(tp), we have:

Iy ey LN ey —o (L
A= S CONIO) =S ety ) (o)

Thus

(supycx /) —f<y>|)2]

<2 ll{f( v)<ze,} + i
n

|

Proof.

sl = H%icm) 5 - 5] ey

hs

Zc [ (Ip—Tp)Tg ]C(y;-)

hs

A—1 A~ -~
<111 e [1, 0 - T e,
j=1
A—1 ~
< 1T (Fp — o)l Zuc e 107 CC)

Since ||[T'p — I'pl|,, = 0,(tp) and ||1A",;1||DC =0, (%), we deduce from the preceding

inequality that [|Az,||,, = o) (m) O

Lemma 4. Under assumptions (.«/3) and (o/19), if we suppose ||[[p — Ip||,, = 0p(tp)s
we have:
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Proof. We can write

1 <& 1< 1
Ag = _[C(Y) = Co (V)] T CY)) = > Ce, ()T [Ce, (¥;) = C(Y;)]
=1 =1
= Az1n — Az
First, we deal with A3;,,. We have

1 n

Asiw =3 [R(Y) = Ry (¥)] T C(Y)
j=1
FES ) © () — (%) @ ()] (1)
j=1

= Asi1n + Azin-

Further,

1 n
V|| Asialls = Vi

=3 [R(Y) = R, ()] T, C(¥)

j=1

< Wiwm)nhs 1Y) Ins b%y]) fe (IYJ->

hs

>

and since

1
Sf(yj) Lip(v)<eus

L‘l 1
(Y;)  fe(Y))

it follows

A -1
I e 1
VallAsll, < 2L S N, €O s ey L e
j=1 j
A1
I oo
= 2 VS RO e 1O e Lis<en
=1
A1
ITp Vi
< D VS N R(Y;) e (IR(Y) = (1) © ()L <e)
=1

A1
I v

< 2 oS RO+ 1RO e )1 0 <y
j=1
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Thus

\/-A nllhs
ol Asinlbe| < [IROV) L] + VAE[I RO D) L]

T a1,

1T [l

and since ||1A"];1 =I5 = 0p(tp), ||1A";1||OO =0, (%), we deduce from the preceding
inequality, assumption (.27 19) and Markov inequality that A3, = o, < ™ %) On the other hand,

f ]Hhs ||C ||hs

1 v/ <
V|| Asian| [ < =P ” > lim(Y;) @ m(Y;)
=1

< Mo V5™ (3) & mEv), >||hsbz(y)—m
j=1 J ep "]

sWiumm) 08 s 1005 s Ve

P v/ &
”D" ZII (Yl ICD s L0y <en)

£ v/
BN Z[H OB IR s+ ] Ly
Thus

\/—A nilhs
H! e it < = [lIF () 1RO 1] + VAE[ I L1
D

and since ||f1; oo = Op (%), we deduce from the preceding inequality, assumption
(«719) and Markov inequality that Asj,, = o, (ﬁ) This permits to conclude that

Azin = Aziin + Azizn = 0 <ﬁ> Now, we deal with As,,; we have

Aazn——ZCen(Y Y[R, (1Y) - ——Zcen (V) @re, (Y) —r(Y)) ©r(Y})]
=AQM—AQM

and

Am,,:—Zcen [Re, () ~R(Y;)]

=—ZR (V)0 [Re(5) ~ RO 2 e (1) 0, (9) 5 [Re (1)~ R(Y)]
=1

:A3211n - A3212n .
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Moreover

A1
1T v
Vil Azl < 7= > IRe, (Y))lls [1[Re, (Y;) = R(Y;)] Il
=1

115 [aov/7 N IS S O
<L S R 0l )5~ 77

R
[ Hoc\/ﬁzn
< D n ||Ren(Yj)||hs ||R(Yj>||hsl{f(Yj)<en}
j=1

A1
ITp [V
= DTZHR(Y])wal{f(Y))<en}
=1

Hence

f| |A3211n||hs
||FD I

] < WE[HR( )Ilﬁsl{f<Y><en}}

then using ||T ;lHoo =0, (i), assumption (.2/;9) and Markov inequality, we conclude

that Az, = 0, <t \/—) Furthermore, we have

1

[ [ooy/7 || Vi S
V1| Asz12a] | < ZH il M 75 . (Y)  f(Y))

||r || Vi
P le i IROD L7 <en)-

what implies

[Vl Al
||f‘312|1|2 bl < Il (V)1 1RO L r)e | = 0p(1).
D

Thus, A1z = 0p (m) and we can then conclude that A3, = o) (ﬁ) It remains

to treat Asj,,. We have:

Aoy = %iRemf; 1 (1) @ 7, (1) = (%) @ ()

——Zfen ) ® 1y (V) [re, (V) @ 10, (Y;) — r(Y) @ r(Y;)]

= A3221n - A3222m

and since
L1
VallAsmalle < 155 o VAE 17Ny RO T gr01e ]

we obtain from assumption (.oy) that A3, = 0p (ﬁ) Further,
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1
VA 452220 1 < 11T 1o VAE IV 0
and from assumtion (Ag) and Markov inequality we deduce that Az, = 0, (ﬁ)
Consequently, Asx, = 0p (ﬁ) and Az, = 0, (ﬁ) All of the above permit to con-

clude that A;, = o, <t \/—> O

Lemma 5. Under assumptions (</3),(efs) to (ofy) if we suppose that
ITp — Ip||, = 0p(tp), we have:

1< A1 A1
~2%C, (v)F ——§ v)I,
nj:1cn< ]) DC ) Cen C )

log (n
=0, (tDlen (hk +_h§h§ ))> + 0, (tpi/ﬁ>

where y is a real constant satisfying 0 < y < 1/4.

j=1 j=1

1< -1

3 Co () [ Co (1) = Co (1)) = At — Asan+ Agsy
j=1

+ [fe, (V) @ 30, (V) = 10, (Y}) @ 12, (V)] T Coy (V)

=I5 R (1) - o ()] 15 €0 ()

= Agiin + Agizn + Asizn + Asian
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and

A —1
Asnl s <IITp [l ZHRen (Yl 1) 1ns

A1
<IITp [l ZHRen (Y)las 1CCY) s

L R, R 1 .
<[t [ (Y) M(Y) = M) | [ 1€
15 1l Z\ ])[ -7 }fm)[ )= M(Y)] [, 1CK),

s%iZHRmmhs 160 suplf )~ )
n =1 yER

L1
FYIFSES -
2= N [ C(Y) [ 5up | [M () — M ()|
e?’l nj:1 yER
It is known from Prakasa Rao (1983) that

sup [F(5) — F()] = Oy <hk +;—}”> @

yeR

then, this property together with Lemma 1, assumption (./9) and the preceding

inequality imply
1 log (n) 1
Apin =0, — |+ X" | =0 .
4l p(tDen ( + hy/n P\ tpn

A similar reasoning, but by using instead of Lemma 1 the following result from Yao
and Miiller (2010):

sup| |1 (y) — m(y)|ly; = O, (h"+}llo—j_n(")>

yeR

1 log (n) 1
Asisn = Op <t (h" *T)) =< <t)

1 log (n) 1
Anin =0y <t— (h" +T>> =0 ()

On the other hand,

. -1
[ Adrznllps = ZII (e (Y)) = 76, (Y})) @ (Fe, (Y) = 1, (7)) T Ce, (Yl

permits to obtain

and

.|
<Ip o= — 1e,(

D C)
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Similar developpements as previously done for |[[Aa|l,, permit to obtain

. -1
2 e, (V) = 1o, (O [CY) Il = Op(J5), and since [[F ||, = O,(%), we con-
clude that Ag12, = O, (m) Therefore,

=0z (4 50) ) o) - o)

Further,
Aun = ljil[& (%) = R, (%) T [Re, (1) = R, ()]
;jil[m"m)&(m}r;[ (%) ©70(4) = 0 (1) © ()]
;jnl [, (V) ® Fe, (¥)) — 1o, () ® 1, (¥p)] 1) [Re (Y) — R, (Y])]
+,11jnl[fe(%)®re(mre( ) © 1o, (V)] T [fe, () @ 7o, (¥)) — 12, (Y;) © 7, (V)]

- A421Yl - A422ﬂ - A423n + A424n
and

a1
ITp [l VA 15
V| Al < Di%ZHRen(Yj) = Re, (%))l

HF Re,(Y) Y) 1. (v)] — —— [3r(v) - m(y :
e(})[ £ (%) =, (V)] f%m[ ) =M
S R, (Y)) NI
E(Y])[ W5 =F, 0] ||
||FD\|f R P I
lej B (Y)[M(YJ) M|

AN S T B O,
Z< 7 (Y)[ 5)-F 0] 5 ) M)

“FDnﬂz S IR DI 7) .0

I, fZHM W

L2 IZHR V)l 192(Y)) = My [fen(X5) = £, (%)

nex

"anﬂz WZHR Dl (sl -s00] )

||an!2 VAN Z(supuM@ M(y)nhs)

j=1 y€R

2H1"p [NV

ne

D\R(Y s sup 180 = MOl suplf ) 0]
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From the weak law of large numbers we obtain ;>0 [[R(Y))[|, = Op(1) and
O IR(Y;)|[7; = Op(1). Then using (4), Lemma 1, the assumption (.«/y) and the fact
A1 .
that [T ||, = O, (i), we obtain

2
\/E”A‘Ql"Hhs = Op |:1 n1/2+252 (hk +l log (n)) ]
tp h n

1

_ OP |:g (ncszq+1/4 + ncl+c2—1/4 lOg (n))2:|

~o()

from what we deduce that Ap;, = O, (ﬁ) In the same way, we show that Ay, =

0, (#) Agzn =0, (#) Agan = O, (#) Thus, Ag, = O, (#) Now, we deal

with Ags,; since Ags, = (Ag1,)", we also have

) 0 ) -l)

Finally, we obtain

1 o I L1
Ay = ;ZCEH(Yj)FD Cen(Yj) - ;Zcen(}/})rD Cen(Yj)

=0, (tDlen (hk + ;‘\’%@)) +0, (tui/ﬁ)
—o, (tDLn)

6.2. Proof of Theorem 1

Since
E[Var(X|Y)Tp' Var(X|Y)] —

- (E[Vamxw)rDIVar(xw)} ifjamr;cm))

= A1+ Ayy + Az + Agpe
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From the central limit theorem we have A;, = O, (ﬁ), then the required result is

obtained by applying lemmas 2 to 4.

6.3. Proof of Theorem 2

Putting
G=2I+¥-T, Gp=2I,+E[Var(X|Y)[,'Var(X|Y)] - T (5)
and
R . 1< - A 1A . R
G= 2Fe,n + ;Z Cen(Yj)rchen(Yj) - 1—‘n = zre,n + \Pe,,,D - Fm (6)
=1
we have:

. N B _ _ _ A1
s = Tl < IT7'G = TGl + [IT7'Gp — T Gl |y + [T Gp — Ty G|,
A1 P N
+||FD GD—FD G||hs
:Kln+K2n+K3n +K4n-
(7)

First,
lim Ky, = lim |[E[T ! Var(X|Y)(T™ = TpY) Var(X|Y)] ||, = 0,

and since Ky, =|['Gp —I';'Gpll, < [T —=Tp")Gl|,e we also have
limp_, o K3, = 0. Further,

_ L1 o el
K3y = ||Tp'Gp — T'py Gplly < [I(Tp' = T'p )Gl
. N _ -1 . _

<|ITp (Tp = Tp)I5 Gl < [T [l [1Tp = Tollys TGl
then since ||f;1||hS:Op(1/tD) and [|I'p — Ip|ly = 0p(tp), we deduce that Ks, =
0,(1). On the other hand

A1 P

Ky = ||FD Gp — 1—‘D G||hs

< ||f‘;1 (fe,n - re) s + ||f;1{E[VQT(XW)FBIVC‘T(X‘YH - lI]e,n}
— 1—‘)

|hs
L -1
+[Tp (T = T)llp-

Since ||T,,n — Tel| = 0p(1/4/n) (see Ferré and Yao 2003), we deduce from the pre-
ceding inequality that

1 1
Ky =0, ——= O,[— ) = 1).
-0{gts) o) o0

Then using (7) and the previous results we obtain: f;,n —I'1=0,(1).
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6.4. Proof of Theorem 3

Denoting by (Bk)lngK the orthonormal eigenvectors associated with the K largest

eigenvalues dy >l > > g >0 of f;f} and by (fi), <<k the orthonormal eigen-
vectors associated with the K largest eigenvalues A > A, > --- > Ag > 0 of I'G,
where G and G are defined in (5) and (6), we will only show the convergence of the
vector ﬁl as the proof for the others are the same. Clearly, f; = 4, 'T,n and ﬁl =
J'Tai where T = T2l + ¥ — T}TY2, 5y = TV/26, and jj = f,lf[zl with
A~ 1 A . o -
[y 1 |20, + ¥, - 1| T,
Al
Hence
. 1 - . 1 . 1 1 .
By = Billgy < Il== (T2 = D)l + | =T = m)l| + | N Dai|ly
1 A1 Al ‘1
I A — A

| A1

=> o

[ IDalls
| |H||r2—r2||oc+ | 71— nlly +
L1 v

Then from Lemma 1 in Ferré and Yao (2003) we obtain the inequalities

< T2 | -

>

N \ A 1/2 A N A 1/2 A
iy — ] < IER°T =T and [l = glly < GlITL T = T20[ L, (8)

where C, is an appropriate positive constant. Then, putting L, = ||, — I',]|,, and
M, = ||T2T, — TV21,||., we have

~ ” C -~
By = Bl < |||’;IAL||HLn + <C10 +%) M,. )

1 1]

Let us verify that L, = 0,(1) and M, = 0,(1). First,

L,=|[0'Gr2 =1, 61,

<TG 2T G 2+ (ITp 6 2 T 6Ty L+ (1T, (6= G) T

=Lip+Lyy+La,.

/2
|

o

We know that FBIGFBI/Z = I, 'GI Y211}, and putting IT5 = I — ITp, we have
I, G, = 'Gr 2 =!G, — r-'Gr-'?
= pI G Y2, — DA IGT Y2 — T iGr—1/2
=pI'Gr 2 — Ipr G Y21 — myr-'er12
—MpriGr1/2
= MG 21y — Mrter—2.
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Thus

Lin < [[0pl G 2TH ||, + [T GE 12
< [T || + ([T TG 2|

oo

and, consequently, limp_, 1~ L1, = 0 because limp_, Hé = 0. On the other hand,

1/2

_ A —1 _ _ _ .
Ly < |(Tp' = TG, |l + 105 G, = T )l

.

_ A —1/2
+]I(Ip' =Ty

)G =T )l
and
_ ~—1 ~1/2 ~—1 =~ _ —-1/2
(Mt = TG, || = (1T (b = Tp)T5 G 2|
< ||f, (Fp—Tp)I'Gr 72|
A—1 A~ _ _
<|ITp Il €0 = Toll [IT7'GT 2|
1
O -
(o)

= 0p(1).

Using the following properties of operators (see, e.g., Fukumizu, Bach, and
Gretton 2007):

A—1/2 _ B—I/Z — A—I/Z(B3/2 _ A3/2)B—3/2 + (A _ B)B—3/2 and ||A3/2 _ B3/2||Oo
< CpllA - Bl

we obtain:

_ _ A —1/2 1
105G =T )l = Oy [ 55—
D D D P t?)/z\/ﬁ

and
_ o1 -1/2 12 1
||(FD1 -Ip )G(FDI/ -Ip )HOO - Op( 5/2 )
th'n

Therefore, L,, = 0,(1). For dealing with the last term L;, we consider the operator
Gp = 2T, + E[Var(X|Y)['5! Var(X|Y)] — T and we have
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o _ L 12
15 (G~ Go)Ep Il < I(Fp = TG — Go)(F " —T5 ),

(T = TpH(G = Gp)Tp I

+ 115G = Go)(F " = T )l + 1IT5(G = Go)T5 2l
<|[F) = Tl 11G = Golly, 11572

115 = ol (G = Go)T ],

+ TG = Go)llye 11E5 = T5 2l + [IT74(G — Go) T2,
<UD = Tl N1GI 15" = T5 2+ 155" = o 4 16T,

F TGl 1157 = T5 2 + 1IT71(G = Go)T 2,

1 1 1
—0)(—=)+0,[=—| +0,[ =] +0,1
‘”(mﬁ) "(ﬁfﬁ) “’(r,i/zn) )

= 0,(1).

—1/2
— Tl

Thus

A1 A71/2 A1 Ana—1/2
Lsy <|[|T'p (G—=Gp)I'p [l +[IT'p (Gp = G)T'p [
r

~ ~—1/2 A 1/2
< |IF (0= T, Pl + 20 (T = T )T

oo

+]I5p) (E[Var(XY)FDlVar(XW)] - ;Zéen(yj)f; cen(yj)> 5l + 0p(1)
=1

=Op<ﬁ> 10, <5/1 ) +0,(1)

= Op(l)

From all what precedes we deduce that L, = 0,(1). From similar reasoning we also

obtain M, = 0,(1). Then from (8) and what precedes, we deduce that ;11_1 = 0,(1) and
|71]|z = Op(1). Therefore, (9) allows to conclude that 1B, = Bully = 0,(1).
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