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ABSTRACT
We propose an estimation method, named functional average vari-
ance estimation (FAVE), for estimating the EDR space in functional
semiparametric regression model, based on kernel estimates of dens-
ity and regression. Consistency results are then established for the
estimator of the interest operator, and for the directions of EDR
space. A simulation study that shows that the proposed approach
performs better than traditional ones is presented.
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1. Introduction

In recent years, much attention has been given to functional statistics, which can be
described as the set of statistical methods for processing data having the form of curves
considered as observations of functions belonging to given functional spaces. Among the
references in this field, there are the books by Ramsay and Silverman (1997) for the
applied aspects, Bosq (2000) for the theoretical aspects, Horvath and Kokoszka (2012) and
Ferraty and Vieu (2016) for recent developments. Many works in this field deal with prob-
lems that appear in the general framework of functional regression models which are usu-
ally used to find the best link between a real random variable Y and a random curve X
whose values belong to H ¼ L2ð½0, 1�Þ, the set of square integrable functions from ½0, 1� to
R: An abundant literature has examined cases of parametric functional regression models
(e.g., Ramsay and Silverman (1997); Cardot, Ferraty, and Sarda (1999); Hall and Horowitz
(2007); Yao and M€uller (2010)) described by the relation Y ¼ fhðX, eÞ, where fh belongs to
a well-known family of functions parameterized by the unknow parameter h which is to
be estimated, and e is an error term. In contrast to this, some works deal with a nonpara-
metric model Y ¼ f ðXÞ þ e where f is an unknown and arbitrary function to estimate, and
have introduced nonparametric estimation approaches, such as methods based on kernel
estimators (Ferraty and Vieu 2002, 2016). Alternatively, between these two different
approaches, a semiparametric regression model

Y ¼ f ð< b1,X>H, < b2,X>H, :::, < bK ,X>H, eÞ (1)
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was considered (Dauxois, Ferr�e, and Yao 2001; Ferr�e and Yao 2003, 2005; Lian and Li
2014). In the model (1), < �, �>H denotes the inner product of H defined for all g1 and

g2 belonging to H by < g1, g2 >H ¼ Ð 10 g1ðtÞg2ðtÞdt, and b1, :::, bK are elements of H to
be estimated. This model just is an extension in the functional case of the model intro-
duced by Li (1991) in the multivariate context and which has been intensively studied
since then. It expresses the fact that the information in X about Y depends only on the
projection of X onto the subspace spanned by b1, :::, bKf g, called effective dimension-
reduction (EDR) space. Li (1991) showed that the problem of estimating the EDR space
comes down, under a fairly general condition, to the spectral analysis of an operator
depending on the covariance operator of the conditional expectation EðXjYÞ of X given
Y. Then, he proposed an estimation method, called sliced inverse regression (SIR), based
on an estimate of an approximation of this covariance operator obtained by slicing the
range of Y. Alternatively, Cook (2000) proposed another method, called sliced average
variance estimation (SAVE), for estimating the EDR by using an estimate of an approxi-
mation of an operator depending on the conditional covariance operator VarðXjYÞ of X
given Y. SIR and SAVE are the most popular methods for dimension reduction in the
multivariate context, and smoothed estimation methods, based on kernel estimates, have
been proposed for them respectively by Zhu and Fang (1996) and Zhu and Zhu (2007).
In the functional context, SIR has been extended to functional SIR (FSIR) by Ferr�e and
Yao (2003) who also proposed later a smoothed estimation procedure based on kernel
estimates, so defining smoothed functional inverse regression (FIR). On the other hand,
more recently, Lian and Li (2014) extended SAVE to functional SAVE (FSAVE) and so,
they introduced an estimation method also based on slicing the range Y. A drawback of
such an approach is that the estimation procedure could be sensitive to the used slicing
approach and, in particular, to the number of slices which therefore becomes a param-
eter of the procedure. Furthermore, as it is well known, estimation based on smooth
procedures such as kernel methods is generally more accurate than one based on slicing.
There is therefore an interest in introducing a smoothed estimation of SAVE in the
functional context. To the best of our knowledge, such an approach have not been pro-
posed yet. Taking all this into consideration, we introduce in this paper a kernel func-
tional average variance estimation (FAVE) method for estimating the EDR space related
to model (1). The rest of the paper is organized as follows. In Section 2, we recall some
basic facts about FAVE in the functional context, and we specify the interest operator
to estimate. In Section 3, an estimator based on kernel estimates is proposed for this
estimating this operator. Section 4 is devoted to an asymptotic study of the introduced
estimator. A simulation study that permits to evaluate the performance of our proposal
is presented in Section 5. The proofs of theorems are postponed in Section 6.

2. The FAVE method

Let us consider the random variables Y and X involved in the model (1); we assume,

without loss of generality, that EðXÞ ¼ 0, and that EðjjXjj2HÞ < þ1: Then, the covari-
ance operator of X is defined by C ¼ EðX � XÞ, where for any x, y 2 H, x� y denotes
the linear operator from H to itself such that ðx� yÞðhÞ ¼< x, h>H y for any h 2 H:

Throughout the paper, C will be assumed to be nonsingular and positive definite.
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Letting B ¼ ð< b1,X>H, < b2,X>H, :::, < bK ,X>HÞ and denoting by VarðXjBÞ the
conditional covariance operator of X given B, we consider the following assumptions:

ðA1Þ : for all b 2 H, one has Eð< b,X>H jBÞ ¼PK
k¼1 ck < bk,X>H, where c1, :::, cK

are real numbers;
ðA2Þ : VarðXjBÞ is nonrandom.
Lian and Li (2014) showed that under the assumptions ðA1Þ and ðA2Þ, one has the

inclusion
R C� VarðXjYÞð Þ � CI, (2)

where R(A) denotes the range of the operator A, VarðXjYÞ denotes the conditional
covariance operator of X given Y, and I is the EDR space, that is the space spanned by
b1, :::, bK : Therefore, RðCIÞ � I, where

CI :¼ C�1
EðC� 2VarðXjYÞ þ VarðXjYÞC�1VarðXjYÞÞ:

An important consequence is that CI is degenerate in any direction orthonormal to
the bk’s (k ¼ 1, 2, :::,K). Then CI is a finite rank operator whose range is contained into
the EDR space. This space can, therefore, be approached by the subspace spanned by
the eigenvectors of CI associated with the K largest non-null eigenvalues of CI in the
same way as in the multivariate case. In the following we suppose that rankðCIÞ ¼ K:
We see, therefore, that the eigenvectors associated with the K largest eigenvalues of CI

form a base to EDR space, which makes the EDR space identifiable. So CI is the interest
operator of the FAVE method. Since the domain of C�1 is not the whole H, CI may
not be well-defined. Conditions under which this operator is well defined are estab-
lished in Lian and Li (2014) and recalled below.
Let

X ¼
Xþ1

j¼1

nj/j,

be the well-known Karhunen-Lo�eve expansion of X, where E½n2j � ¼ aj are the eigenval-

ues and /j are the eigenfunctions. As usual in the functional data literature (e.g., Lian

and Li 2014; Ferr�e and Yao 2005), we assume that a1 > a2 > � � � > 0: We now intro-
duce the assumptions:

ðA3Þ : E jjXjj4H
� �

< þ1;

ðA4Þ : E
Xþ1

j¼1

a�2
j

Xþ1

i¼1

Cov2ðni , njjYÞ
0
@

1
A

2
2
64

3
75 < þ1:

It is known that if ðA3Þ and ðA3Þ hold, then CI is well-defined (see Proposition 1 in
Lian and Li 2014).

3. A kernel estimator

For performing the FAVE method CI, has to be estimated. Lian and Li (2014) intro-
duced an estimator obtained by slicing the range of Y. In this section, we propose
another estimator of this operator based on kernel estimates of density and regression.
Since C ¼ E½VarðXjYÞ� þ Var½EðXjYÞ�, we have
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CI ¼ C�1ð2Ce þW� CÞ (3)

where Ce ¼ Var EðXjYÞ½ � is the covariance operator of the conditional expectation
EðXjYÞ and W ¼ EðVarðXjYÞC�1VarðXjYÞÞ: Ferr�e and Yao (2003) introduced a kernel
estimator of Ce and showed its consistency. Here, we will use this estimator, and also a
kernel estimator of W together with the empirical counterpart of C in order to define
an estimator of CI. Letting f be the density of Y and putting

mðyÞ ¼ Eð1fY¼yg XÞ, MðyÞ ¼ Eð1fY¼yg X � XÞ,

rðYÞ ¼ EðXjYÞ ¼ mðYÞ
f ðYÞ and RðYÞ ¼ EðX � XjYÞ ¼ MðYÞ

f ðYÞ ,

we have W ¼ EðCðYÞC�1CðYÞÞ where CðYÞ ¼ VarðXjYÞ ¼ RðYÞ � rðYÞ � rðYÞ: As it
was done in Zhu and Fang (1996), in order to avoid the effect of the small values in the
denominator, we consider fen ¼ maxðf , enÞ instead of f, where ðenÞn2N� is a sequence of
real numbers which tends to zero as n ! þ1: Then, we consider

renðYÞ ¼
mðYÞ
fenðYÞ

, RenðYÞ ¼
MðYÞ
fenðYÞ

and CenðYÞ ¼ RenðYÞ � renðYÞ � renðYÞ

instead of r(Y), R(Y) and C(Y). The definition of CI given in (3) requires to use the
inverse of C. But since C is an Hilbert-Schmidt operator, even though its inverse exists
it is not generally bounded. To avoid this difficulty, we consider instead the finite-rank
operator CD ¼ PDCPD, where D 2 N

� and PD is the projector onto the subspace SD
spanned by the system f/1, :::,/Dg consisting of the D first elements of an orthonormal
basis of H: This basis can, for example, be obtained either from principal component
analysis (PCA) of X or by using B-splines basis. This operator has a bounded (pseudo-)
inverse defined by C�1

D ¼ PDC�1PD:

Let fðXi,YiÞg1�i�n be an i.i.d. sample of (X, Y); the empirical counterpart of C is

given by Ĉn ¼ n�1Pn
i¼1 Xi � Xi: Considering the estimate P̂D of PD defined as the

projector onto an estimate ŜD of SD, we estimate CD by ĈD ¼ P̂DĈnP̂D: If we use PCA

(resp. B-splines basis) then ŜD consists of the eigenvectors associated with the D largest

eigenvalues of Ĉn (resp. ŜD ¼ SD). For a given kernel function K : R ! Rþ and a
given real h> 0, we consider the estimates

f̂ ðyÞ ¼ 1
nh

Xn
i¼1

K
Yi � y
h

� �
, m̂ðyÞ ¼ 1

nh

Xn
i¼1

K
Yi � y

h

� �
Xi

and

M̂ðyÞ ¼ 1
nh

Xn
i¼1

K
Yi � y
h

� �
Xi � Xi

of f, m and M respectively. Then, putting

f̂ enðyÞ ¼ maxfen, f̂ ðyÞg, r̂ enðyÞ ¼
m̂ðYÞ
f̂ enðyÞ

, R̂enðyÞ ¼
M̂ðyÞ
f̂ enðyÞ

and

ĈenðyÞ ¼ R̂enðyÞ � r̂ enðyÞ � r̂ enðyÞ
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we consider

Ĉe, n ¼ 1
n

Xn
i¼1

r̂ enðYiÞ � r̂ enðYiÞ, Ŵen,D ¼ 1
n

Xn
i¼1

ĈenðYiÞĈ�1
D ĈenðYiÞ

and we estimate CI by the random operator

ĈI, n ¼ Ĉ
�1
D ð2Ĉe, n þ Ŵen,D � CnÞ:

This random operator determines our kernel FAVE approach for estimating the EDR
space. This estimation procedure is achieved by considering the space spanned by the

eigenvectors b̂1, b̂2, :::, b̂K of ĈI, n, associated respectively with the K largest eigenval-

ues k̂1, :::, k̂K :

4. Asymptotic study

In this section, we deal with asymptotics for ĈI, n: More precisely, we first establish its

consistency as an estimator of CI. Then we show the b̂k’s are also consistent estimators
of the bk’s. We need the following assumptions:

ðA5Þ : C is positive definite.
ðA6Þ : f, r and R belong to Ck;
ðA7Þ : the kernel K is of order k> 2, has compact support ½a, b�, is symmetric about

zero and staisfies K � 1,
Ð b
a jujkKðuÞdu < þ1, ;

ðA8Þ : there exist real numbers d1, d2 and d3 such that supy2R jf ðkÞðyÞj �
d1, supy2R jjmðkÞðyÞjjH � d2 and supy2R jjmðkÞðyÞjjhs � d3, where jj � jjhs denotes the

Hilbert-Scmidt norm of operators;
ðA9Þ : h 	 n�c1 and en 	 n�c2 , where c1 and c2 are real numbers satisfying c1 > 0,

0 < c2 < k�2
4ðkþ1Þ and

c2
k þ 1

2k < c1 < 1
4 � c2;

ðA10Þ :
ffiffiffi
n

p
E jjRðYÞjj2hs1ff ðYÞ<eng
h i

,
ffiffiffi
n

p
E jjRðYÞjjhs jjrðYÞjj2H1ff ðYÞ<eng
h i

and
ffiffiffi
n

p
E

jjRðYÞjj4H1ff ðYÞ<eng
h i

tends to 0 as n ! þ1;

ðA11Þ : the function y 7!E jjXjj2HjY ¼ y
h i

is continuous.

Remark 1. Zhu and Fang (1996) introduced f̂ enðyÞ ¼ maxðf̂ ðyÞ, enÞ to overcome tech-
nical diffiulties due to small values in the denominator of r̂ðyÞ: But this approach does
not guarantee that we get a good estimator of f. Indeed, if we take for example en ¼
n�1=11, then until n¼ 2000 we still have en > 1=2 and, therefore, f̂ enðyÞ ¼ 1=2 for all

y 2 R: To overcome this later problem, Nkou and Nkiet (2019) proposed to take en ¼
minða; n�c2Þ, where a is a fixed strictly positive number. When a is sufficiently small

f̂ enðyÞ is a good estimator of f, because supx2R jf̂ enðyÞ � f̂ ðyÞj � a and we still

have en 	 n�c2 :

For D 2 N
�, we consider

WD ¼ E VarðXjYÞC�1
D VarðXjYÞ� �

,

and denoting by tD the minimum positive eigenvalue of CD, we have:
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Theorem 1. Under assumptions ðA1Þ to ðA3Þ and ðA7Þ to ðA11Þ, if we suppose that

when D ! þ1, we have jjĈD � CDjj1 ¼ opðtDÞ, then

jjWD � Ŵen,Djjhs ¼ Op
1ffiffiffi
n

p
� �

þ Op
1

tD
ffiffiffi
n

p
� �

þ Op
1

entD
hk þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
log ðnÞp
h
ffiffiffi
n

p
 ! !

¼ Op
1ffiffiffi
n

p
� �

þ Op
1

nctD

� �
,

where c is a constant satisfying 0 < c < 1=4:

Remark 2. This theorem gives an idea on the convergence rate of each component of

ĈI, n as we know the one of Ĉe, n from Ferr�e and Yao (2005). We cannot reach theffiffiffi
n

p
-convergence, because the rate of convergence will be penalized by the one of tD.The

assumption jjĈD � CDjj1 ¼ opðtDÞ was also used in Lian and Li (2014) for obtaining a
similar result for the case of Functional SAVE. A justification of this asumption can be
found in this paper.

In the following theorem consistency of ĈI, n is established under some conditions.

Theorem 2. Under the assumptions ðA1Þ to ðA11Þ, if we suppose that for some 0 < c <

1=4, when D ! þ1, jjĈD � CDjj1 ¼ opðtDÞ, 1= tD
ffiffiffi
n

p	 
! 0, 1=ðnct2DÞ ! 0, then ĈI, n

�CI ¼ opð1Þ:

Remark 3. This result only gives the convergence in probability of ĈI, n to CI without
specifying the rate. For the functional SAVE, Lian and Li (2014) did not show the con-
vergence of their estimator of CI.

Now, we deal with the b̂k’s. For doing that, we assume that b1, b2, :::, bK are the K
eigenvectors of CI associated with the K eigenvalues k1, :::, kK respectiveley, and
that k1 > k2 > � � � > kK > 0:

Theorem 3. Under the assumptions ðA1Þ to ðA11Þ, if we suppose that for some 0 < c <

1=4, when D ! þ1, jjĈD � CDjj1 ¼ opðtDÞ, 1= tD
ffiffiffi
n

p	 
! 0, 1=ðnct5=2D Þ ! 0, then

jjb̂j � bjjjH ¼ opð1Þ for j ¼ 1, 2, :::,K:

Remark 4. This result is similar to that of FSIR obtained by Ferr�e and Yao (2003). It is
an extension to the functional case of a property of the kernel method for sliced average
variance estimation developped by Zhu and Zhu (2007) in the multivariate context.

5. Simulations

In order to observe the performance of the introduced FAVE method, and to compare
it with existing methods, we made simulations within a framework corresponding to
the model:

Y ¼ 20 < b1,X >2
H þ10 < b2,X >2

H þe,

where X is a standard brownian motion on ½0, 1�, observed on a grid of p¼ 100 equally
spaced points, b1ðtÞ ¼ 4t2, b2ðtÞ ¼ sin ð5pt=2Þ and e 	 Nð0, 0:12Þ:
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We generated m¼ 100 independent samples of size n¼ 100 from the above model;

for each of these samples we computed estimates b̂1 and b̂2 of b1 and b2, and then the

distance between the true EDR space and its estimation is computed via E ¼ jjP �
P̂jjhs, where P (resp. P̂) denotes the projector onto the space spanned by b1 and b2
(resp. b̂1 and b̂2). These computations were made by using the following methods: (1)
FAVE; (2) the FIR method of Ferr�e and Yao (2005); (3) the FSAVE method of Lian
and Li (2014); (4) the hybrid method of FSIR and FSAVE (see Wang et al. 2015) with
a ¼ 0:2; (5) the hybrid method of FSIR and FSAVE with a ¼ 0:8; (6) the hybrid
method of FSIR and FSAVE with a ¼ 0:5:

For computing P̂D, we used quadratic B-spline basis based on knots that are equally spaced
on ½0, 1�; this was done by using the function “create.bspline.basis” from the R package “fda”.
Various dimensionsD were used, D¼ 5, 10, 15. For FAVE and FIR methods, we used the gauss-
ian kernel and the bandwidth h was selected by cross-validation approach. FSAVE was per-
formed with number of slicesH¼ 10, 15, 20.

Figure 1. Boxplots showing jjP� P̂jjhs from various methods. 1: FAVE; 2: FIR; 3: FSAVE with H¼ 10,
15, 20; 4: Hybrid (a ¼ 0:2); 5: Hybrid (a ¼ 0:8); 6: Hybrid (a ¼ 0:5). Dimension D¼ 5.
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Figures 1–3 show the boxplots of jjP � P̂jjhs for all methods using different values of
D and H. It is seen that the FAVE method outperforms all the other methods. In par-
ticular, these results show that FAVE brings an improvement to FSAVE and gives
much better results than the FIR method. However, the gap between FAVE and FSAVE
is smaller than that between FAVE and FIR.

6. Proofs

6.1. Preliminary results

In this section we will give some lemmas necessary to get the proofs of the previ-
ous theorems.

Lemma 1. Under assumption ðA6Þ to ðA9Þ, we have:
sup
y2R

jjM̂ðyÞ �MðyÞjjhs ¼ Op hk þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
log ðnÞp
h
ffiffiffi
n

p
 !

:

Figure 2. Boxplots showing jjP� P̂jjhs from various methods. 1: FAVE; 2: FIR; 3: FSAVE with H¼ 10,
15, 20; 4: Hybrid (a ¼ 0:2); 5: Hybrid (a ¼ 0:8); 6: Hybrid (a ¼ 0:5). Dimension D¼ 10.
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Proof. It is easy to check that for all y 2 R, one has

E M̂ðyÞ
� �

¼ M � KhðyÞ
h

:Then
E M̂ðyÞ
� �

�MðyÞ ¼ 1
h

ð
R

RðvÞKhðv� yÞf ðvÞdv�MðyÞ

¼ 1
h

ð
R

MðvÞ �MðyÞ� �
Khðv� yÞdv

¼
ð
R

Mðy þ hwÞ �MðyÞ� �
KðwÞdw

¼
ð
R

Xk�1

j¼1

ðwhÞj
j!

MðjÞðyÞ þ ðwhÞk
k!

MðkÞðy þ hhwÞ
2
4

3
5KðwÞdw

¼ hk

k!

ðb
a
wkMðkÞðy þ hhwÞKðwÞdw:

Figure 3. Boxplots showing jjP� P̂jjhs from various methods. 1: FAVE; 2: FIR; 3: FSAVE with H¼ 10,
15, 20; 4: Hybrid (a ¼ 0:2); 5: Hybrid (a ¼ 0:8); 6: Hybrid (a ¼ 0:5). Dimension D¼ 15.
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Hence

jjE M̂ðyÞ
� �

�MðyÞjjhs �
hk

k!
sup
y2I

jjMðkÞðyÞjjhs
ðb
a
jwjkKðwÞdw ¼ Chk,

that is supy2I jjM�KhðyÞ
h �MðyÞjjhs ¼ OðhkÞ: We deduce that

sup
y2R

jjM̂ðyÞ �MðyÞjjhs � sup
y2R

jjM̂ðyÞ � E M̂ðyÞ
� �

jjhs þ sup
y2R

jjE M̂ðyÞ
� �

�MðyÞjjhs
¼ D1 þ D2:

Let e > 0 and ðanÞn2N, a sequence of non-negative reals numbers converging to þ1:

We have:

P D1 > eð Þ ¼ P sup
y2R

jjM̂ðyÞ � E M̂ðyÞ
� �

jjhs > e
� �

� P
�
sup
y2R

jjM̂ðyÞ � E½M̂ðyÞ�jjhs > e; jjX � Xjjhs � an
�

þ P sup
y2R

jjM̂ðyÞ � E M̂ðyÞ
� �

jjhs > e; jjX � Xjjhs > an
� �

� P
�
sup
y2R

jjM̂ðyÞ � E M̂ðyÞ
� �

jjhs > e; jjX � Xjjhs � an
�

þP jjX � Xjjhs > an
	 


:

Since K � 1, we have for all y 2 R,

jjM̂ðyÞ � E M̂ðyÞ
� �

jjhs¼
����
���� 1nh

Xn
i¼1

Xi � XiK
Yi � y

h

� �
� E Xi � XiK

Yi � y
h

� �� 
� 
����
����
hs

� 1
nh

Xn
i¼1

fjjXi � Xijjhs þ E jjXi � Xijjhs
� �g:

Thus

sup
y2R

jjM̂ðyÞ � E M̂ðyÞ
� �

jjhs �
1
nh

Xn
i¼1

fjjXi � Xijjhs þ E jjXi � Xijjhs
� �g

and

P sup
y2R

jjM̂ðyÞ � E M̂ðyÞ
� �

jjhs > e; jjX � Xjjhs � an
� �

� P
1
nh

Xn
i¼1

jjXi � Xijjhs þ E jjXi � Xijjhs
� �	 


> e; jjX � Xjjhs � an

 !

� P
1
nh

Xn
i¼1

jjXi � Xijjhs þ E jjXi � Xijjhs
� �	 


1fjjX�Xjjhs�ang > e

 !
:
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However, for any i 2 f1, :::, ng, one has

1
h

jjXi � Xijjhs þ E jjXi � Xijjhs
� �	 


1fjjX�Xjjhs�ang �
2an
h

:

Then using Bernstein inequality, we get

P sup
y2R

jjM̂ðyÞ � E M̂ðyÞ
� �

jjhs > e; jjX � Xjjhs � an
� �

� 2 exp � ne2h2

16a2n

 !
,

from what we deduce

P D2 > eð Þ � P jjX � Xjjhs > an
	 
þ 2 exp � ne2h2

16a2n

 !

�
E jjX � Xjj2hs
� �

a2n
þ 2 exp � ne2h2

16a2n

 !

¼
E jjXjj4H
� �
a2n

þ 2 exp � ne2h2

16a2n

 !
:

Taking e ¼ e0
h

ffiffiffiffiffiffiffiffiffiffi
log ðnÞ

n

q
, where e > 0, and an ¼ ð log ðnÞÞ1=4, we have:

P D2 >
e0
h

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
log ðnÞ
n

r !
�

E jjXjj4H
� �
log ðnÞ	 
1=2 þ 2 exp � e0ð log ðnÞÞ1=2

16

� �
,

and since

lim
n!þ1

E jjXjj4H
� �
log ðnÞ	 
1=2 þ 2 exp � e0ð log ðnÞÞ1=2

16

� �0
@

1
A ¼ 0,

we conclude that D2 ¼ Opðh�1n�1=2ð log ðnÞÞ1=2Þ and, consequently, that

sup
y2R

jjM̂ðyÞ �MðyÞjjhs ¼ Op hk þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
log ðnÞp
h
ffiffiffi
n

p
 !

:

w

Lemma 2. We have:

f̂ enðYjÞ � f̂ ðYjÞ
fenðYjÞ

�����
����� � 2 1ff ðYjÞ<2eng þ

supy2R jf̂ ðyÞ � f ðyÞj
� �2

e2n

2
4

3
5
:
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Proof. Since

jf̂ enðYjÞ � f̂ ðYjÞj ¼ jen1ff̂ ðYjÞ<eng þ f̂ ðYjÞ1ff̂ ðYjÞ
eng � f̂ ðYjÞj
¼ jen1ff̂ ðYjÞ<eng � f̂ ðYjÞ1ff̂ ðYjÞ<engj

� en þ f̂ ðYjÞ
� �

1ff̂ ðYjÞ<eng,

we obtain

f̂ enðYjÞ � f̂ ðYjÞ
fenðYjÞ

�����
����� � en

fenðYjÞ þ
f̂ ðYjÞ
fenðYjÞ

 !
1ff̂ ðYjÞ<eng � 2 1ff̂ ðYjÞ<eng:

It is easy to check that

1ff̂ en ðYjÞ<eng � 1ff ðYjÞ<2eng þ
supy2R jf̂ ðyÞ � f ðyÞj
� �2

e2n
:

Thus

f̂ enðYjÞ � f̂ ðYjÞ
fenðYjÞ

�����
����� � 2 1ff ðYjÞ<2eng þ

supy2R jf̂ ðyÞ � f ðyÞj
� �2

e2n

2
4

3
5
:

w

Lemma 3. Under the assumption (A3Þ, if we suppose jjĈD � CDjj1 ¼ opðtDÞ, we have:

A2n ¼ 1
n

Xn
j¼1

CðYjÞC�1
D CðYjÞ � 1

n

Xn
j¼1

CðYjÞĈ�1
D CðYjÞ ¼ Op

1
tD

ffiffiffi
n

p
� �

:

Proof.

jjA2njjhs ¼
����
���� 1n
Xn
j¼1

CðYjÞ C�1
D � Ĉ

�1
D

h i
CðYjÞ

����
����
hs

¼
����
���� 1n
Xn
j¼1

CðYjÞ Ĉ
�1
D ðĈD � CDÞC�1

D

h i
CðYjÞ

����
����
hs

� jj 1
n

Xn
j¼1

CðYjÞ Ĉ
�1
D ðĈD � CDÞC�1

h i
CðYjÞjjhs

� jjĈ�1
D ðĈD � CDÞjj1

1
n

Xn
j¼1

jjCðYjÞjjhs jjC�1CðYjÞjjhs:

Since jjĈD � CDjj1 ¼ opðtDÞ and jjĈ�1
D jj1 ¼ Op

1
tD

� �
, we deduce from the preceding

inequality that jjA2njjhs ¼ op 1
tD
ffiffi
n

p
� �

: w

Lemma 4. Under assumptions ðA3Þ and ðA10Þ, if we suppose jjĈD � CDjj1 ¼ opðtDÞ,
we have:
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A3n ¼ 1
n

Xn
j¼1

CðYjÞĈ�1
D CðYjÞ � 1

n

Xn
j¼1

CenðYjÞĈ�1
D CenðYjÞ ¼ Op

1
tD

ffiffiffi
n

p
� �

:

Proof. We can write

A3n ¼ 1
n

Xn
j¼1

CðYjÞ � CenðYjÞ
� �

Ĉ
�1
D CðYjÞ � 1

n

Xn
j¼1

CenðYjÞĈ�1
D CenðYjÞ � CðYjÞ
� �

¼ A31n � A32n:

First, we deal with A31n: We have

A31n ¼ 1
n

Xn
j¼1

RðYjÞ � RenðYjÞ
� �

Ĉ
�1
D CðYjÞ

þ 1
n

Xn
j¼1

renðYjÞ � renðYjÞ � rðYjÞ � rðYjÞ
� �

Ĉ
�1
D CðYjÞ

¼ A311n þ A312n:

Further,

ffiffiffi
n

p jjA311njjhs ¼
ffiffiffi
n

p ����
���� 1n
Xn
j¼1

RðYjÞ � RenðYjÞ
� �

Ĉ
�1
D CðYjÞ

����
����
hs

� jjĈ�1
D jj1

ffiffiffi
n

p
n

Xn
j¼1

jjMðYjÞjjhs jjCðYjÞjjhs
1

f ðYjÞ �
1

fenðYjÞ
����

����,
and since

1
f ðYjÞ �

1
fenðYjÞ

����
���� � 1

f ðYjÞ 1ff ðYjÞ<eng,

it follows

ffiffiffi
n

p jjA311njjhs �
jjĈ�1

D jj1
ffiffiffi
n

p
n

Xn
j¼1

jjMðYjÞjjhs jjCðYjÞjjhs
1

f ðYjÞ 1ff ðYjÞ<eng

¼ jjĈ�1
D jj1

ffiffiffi
n

p
n

Xn
j¼1

jjRðYjÞjjhs jjCðYjÞjjhs1ff ðYjÞ<eng

� jjĈ�1
D jj1

ffiffiffi
n

p
n

Xn
j¼1

jjRðYjÞjjhs jjRðYjÞ � rðYjÞ � rðYjÞjjhs1ff ðYjÞ<eng

� jjĈ�1
D jj1

ffiffiffi
n

p
n

Xn
j¼1

jjRðYjÞjj2hs þ jjRðYjÞjjhs jjrðYjÞjj2hs
h i

1ff ðYjÞ<eng:
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Thus

E

ffiffiffi
n

p jjA311njjhs
jjĈ�1

D jj1

" #
� ffiffiffi

n
p

E jjRðYÞjj2hs1ff ðYÞ<eng
h i

þ ffiffiffi
n

p
E jjRðYÞjjhs jjrðYÞjj2hs1ff ðYÞ<eng
h i

,

and since jjĈ�1
D � C�1

D jj1 ¼ opðtDÞ, jjĈ�1
D jj1 ¼ Op

1
tD

� �
, we deduce from the preceding

inequality, assumption ðA10Þ and Markov inequality that A311n ¼ op 1
tD
ffiffi
n

p
� �

: On the other hand,

ffiffiffi
n

p jjA312njjhs �
jjĈ�1

D jj1
ffiffiffi
n

p
n

Xn
j¼1

jjmðYjÞ �mðYjÞ 1
f 2ðYjÞ �

1
f 2enðYjÞ

" #
jjhs jjCðYjÞjjhs

� jjĈ�1
D jj1

ffiffiffi
n

p
n

Xn
j¼1

jjmðYjÞ �mðYjÞjjhs jjCðYjÞjjhs
1

f 2ðYjÞ �
1

f 2enðYjÞ

�����
�����

� jjĈ�1
D jj1

ffiffiffi
n

p
n

Xn
j¼1

jjmðYjÞ �mðYjÞjjhs jjCðYjÞjjhs
1

f 2ðYjÞ 1ff ðYjÞ<eng

� jjĈ�1
D jj1

ffiffiffi
n

p
n

Xn
j¼1

jjrðYjÞ � rðYjÞjjhs jjCðYjÞjjhs1ff ðYjÞ<eng

� jjĈ�1
D jj1

ffiffiffi
n

p
n

Xn
j¼1

jjrðYjÞjj2H jjRðYjÞjjhs þ jjrðYjÞjj4H
h i

1ff ðYjÞ<eng:

Thus

E

ffiffiffi
n

p jjA312njjhs
jjĈ�1

D jj1

" #
� ffiffiffi

n
p

E jjrðYÞjj2H jjRðYÞjjhs1ff ðYÞ<eng
h i

þ ffiffiffi
n

p
E jjrðYÞjj4H1ff ðYÞ<eng
h i

,

and since jjĈ�1
D jj1 ¼ Op

1
tD

� �
, we deduce from the preceding inequality, assumption

ðA10Þ and Markov inequality that A312n ¼ op 1
tD
ffiffi
n

p
� �

: This permits to conclude that

A31n ¼ A311n þ A312n ¼ op 1
tD
ffiffi
n

p
� �

: Now, we deal with A32n; we have

A32n¼1
n

Xn
j¼1

CenðYjÞĈ�1
D RenðYjÞ�RðYjÞ
� ��1

n

Xn
j¼1

CenðYjÞĈ�1
D renðYjÞ�renðYjÞ�rðYjÞ�rðYjÞ
� �

¼A321n�A322n

and

A321n¼1
n

Xn
j¼1

CenðYjÞĈ�1
D RenðYjÞ�RðYjÞ
� �

¼1
n

Xn
j¼1

RenðYjÞĈ�1
D RenðYjÞ�RðYjÞ
� ��1

n

Xn
j¼1

renðYjÞ�renðYjÞĈ�1
D RenðYjÞ�RðYjÞ
� �

¼A3211n�A3212n:
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Moreover

ffiffiffi
n

p jjA3211njjhs �
jjĈ�1

D jj1
ffiffiffi
n

p
n

Xn
j¼1

jjRenðYjÞjjhs jj RenðYjÞ � RðYjÞ
� �jjhs

� jjĈ�1
D jj1

ffiffiffi
n

p
n

Xn
j¼1

jjRenðYjÞjjhs jjmðYjÞjjhs
1

fenðYjÞ �
1

f ðYjÞ
����

����
� jjĈ�1

D jj1
ffiffiffi
n

p
n

Xn
j¼1

jjRenðYjÞjjhs jjRðYjÞjjhs1ff ðYjÞ<eng

� jjĈ�1
D jj1

ffiffiffi
n

p
n

Xn
j¼1

jjRðYjÞjj2hs1ff ðYjÞ<eng:

Hence

E

ffiffiffi
n

p jjA3211njjhs
jjĈ�1

D jj1

" #
� ffiffiffi

n
p

E jjRðYÞjj2hs1ff ðYÞ<eng
h i

;

then using jjĈ�1
D jj1 ¼ Op

1
tD

� �
, assumption ðA10Þ and Markov inequality, we conclude

that A3211n ¼ op 1
tD
ffiffi
n

p
� �

: Furthermore, we have

ffiffiffi
n

p jjA3212njjhs �
jjĈ�1

D jj1
ffiffiffi
n

p
n

Xn
j¼1

jjrðYjÞ � rðYjÞjjhs jjMðYjÞjjhs
1

fenðYjÞ �
1

f ðYjÞ
����

����
� jjĈ�1

D jj1
ffiffiffi
n

p
n

Xn
j¼1

jjrðYjÞjj2H jjRðYjÞjjhs1ff ðYjÞ<eng,

what implies

E

ffiffiffi
n

p jjA3212njjhs
jjĈ�1

D jj1

" #
� ffiffiffi

n
p

E jjrðYÞjj2H jjRðYÞjjhs1ff ðYÞ<eng
h i

¼ opð1Þ:

Thus, A3212n ¼ op 1
tD
ffiffi
n

p
� �

and we can then conclude that A321n ¼ op 1
tD
ffiffi
n

p
� �

: It remains

to treat A322n: We have:

A322n ¼ 1
n

Xn
j¼1

RenðYjÞĈ�1
D renðYjÞ � renðYjÞ � rðYjÞ � rðYjÞ
� �

� 1
n

Xn
j¼1

renðYjÞ � renðYjÞĈ�1
D renðYjÞ � renðYjÞ � rðYjÞ � rðYjÞ
� �

¼ A3221n � A3222n,

and since ffiffiffi
n

p jjA3221njjhs � jjĈ�1
D jj1

ffiffiffi
n

p
E jjrðYÞjj2H jjRðYÞjjhs1ff ðYÞ<eng
h i

,

we obtain from assumption ðA10Þ that A3221n ¼ op 1
tD
ffiffi
n

p
� �

: Further,
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ffiffiffi
n

p
E jjA3222n½ �jjhs � jjĈ�1

D jj1
ffiffiffi
n

p
E jjrðYÞjj4H1ff ðYÞ<eng
h i

,

and from assumtion ðA8Þ and Markov inequality we deduce that A3222n ¼ op 1
tD
ffiffi
n

p
� �

:

Consequently, A322n ¼ op 1
tD
ffiffi
n

p
� �

and A32n ¼ op 1
tD
ffiffi
n

p
� �

: All of the above permit to con-

clude that A3n ¼ op 1
tD
ffiffi
n

p
� �

: w

Lemma 5. Under assumptions ðA3Þ, ðA6Þ to ðA9Þ if we suppose that

jjĈD � CDjj1 ¼ opðtDÞ, we have:

A4n ¼ 1
n

Xn
j¼1

CenðYjÞĈ�1
D CenðYjÞ � 1

n

Xn
j¼1

ĈenðYjÞĈ�1
D ĈenðYjÞ

¼ Op
1

tDen
hk þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
log ðnÞp
h
ffiffiffi
n

p
 ! !

þ Op
1

tD
ffiffiffi
n

p
� �

¼ Op
1

tDnc

� �
,

where c is a real constant satisfying 0 < c < 1=4:

Proof.

A4n¼1
n

Xn
j¼1

CenðYjÞ�ĈenðYjÞ
h i

Ĉ
�1
D CenðYjÞ�1

n

Xn
j¼1

ĈenðYjÞ�CenðYjÞ
h i

Ĉ
�1
D ĈenðYjÞ�CenðYjÞ
h i

þ1
n

Xn
j¼1

CenðYjÞĈ�1
D CenðYjÞ�ĈenðYjÞ
h i

¼A41n�A42nþA43n:

First, we deal with A41n; we have:

A41n ¼ 1
n

Xn
j¼1

RenðYjÞ � R̂enðYjÞ
h i

Ĉ
�1
D CenðYjÞ

þ r̂ enðYjÞ � r̂ enðYjÞ � renðYjÞ � renðYjÞ
� �

Ĉ
�1
D CenðYjÞ

¼ 1
n

Xn
j¼1

RenðYjÞ � R̂enðYjÞ
h i

Ĉ
�1
D CenðYjÞ

þ 1
n

Xn
j¼1

r̂ enðYjÞ � renðYjÞ
	 
� r̂ enðYjÞ � renðYjÞ

	 

Ĉ

�1
D CenðYjÞ

þ 1
n

Xn
j¼1

r̂ enðYjÞ � renðYjÞ
	 
� renðYjÞĈ�1

D CenðYjÞ

þ 1
n

Xn
j¼1

renðYjÞ � r̂ enðYjÞ � renðYjÞ
	 


Ĉ
�1
D CenðYjÞ

¼ A411n þ A412n þ A413n þ A414n
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and

jjA411njjhs�jjĈ�1
D jj1

1
n

Xn
j¼1

jjRenðYjÞ�R̂enðYjÞjjhs jjCðYjÞjjhs

�jjĈ�1
D jj1

1
n

Xn
j¼1

jjRenðYjÞ�R̂enðYjÞjjhs jjCðYjÞjjhs

�jjĈ�1
D jj1

1
n

Xn
j¼1

jjRenðYjÞ
f̂ enðYjÞ

f ðYjÞ� f̂ ðYjÞ
h i

þ 1

f̂ enðYjÞ
M̂ðYjÞ�MðYjÞ
h i

jjhs jjCðYjÞjjhs

�jjĈ�1
D jj1
en

1
n

Xn
j¼1

jjRðYjÞjjhs jjCðYjÞjjhs sup
y2R

jf ðyÞ� f̂ ðyÞj

þjjĈ�1
D jj1
en

1
n

Xn
j¼1

jjCðYjÞjjhs sup
y2R

jjMðyÞ�M̂ðyÞjjhs:

It is known from Prakasa Rao (1983) that

sup
y2R

jf̂ ðyÞ � f ðyÞj ¼ Op hk þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
log ðnÞp
h
ffiffiffi
n

p
 !

; (4)

then, this property together with Lemma 1, assumption ðA9Þ and the preceding
inequality imply

A411n ¼ Op
1

tDen
hk þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
log ðnÞp
h
ffiffiffi
n

p
 ! !

¼ Op
1

tDnc

� �
:

A similar reasoning, but by using instead of Lemma 1 the following result from Yao
and M€uller (2010):

sup
y2R

jjm̂ðyÞ �mðyÞjjH ¼ Op hk þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
log ðnÞp
h
ffiffiffi
n

p
 !

permits to obtain

A413n ¼ Op
1

tDen
hk þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
log ðnÞp
h
ffiffiffi
n

p
 ! !

¼ Op
1

tDnc

� �
and

A414n ¼ Op
1

tDen
hk þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
log ðnÞp
h
ffiffiffi
n

p
 ! !

¼ Op
1

tDnc

� �
:

On the other hand,

jjA412njjhs ¼
1
n

Xn
j¼1

jj r̂ enðYjÞ � renðYjÞ
	 
� r̂ enðYjÞ � renðYjÞ

	 

Ĉ

�1
D CenðYjÞjjhs

� jjĈ�1
D jj1

1
n

Xn
j¼1

jĵrenðYjÞ � renðYjÞjj2hsjjCðYjÞjjhs:
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Similar developpements as previously done for jjA411njjhs permit to obtain
1
n

Pn
j¼1 jĵrenðYjÞ � renðYjÞjj2hsjjCðYjÞjjhs ¼ Opð 1ffiffi

n
p Þ, and since jjĈ�1

D jj1 ¼ Opð 1tD Þ, we con-

clude that A412n ¼ Opð 1
tD
ffiffi
n

p Þ: Therefore,

A41n ¼ Op
1

tDen
hk þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
log ðnÞp
h
ffiffiffi
n

p
 ! !

þ Op
1

tD
ffiffiffi
n

p
� �

¼ Op
1

tDnc

� �
:

Further,

A42n ¼ 1
n

Xn
j¼1

R̂enðYjÞ � RenðYjÞ
h i

Ĉ
�1
D R̂enðYjÞ � RenðYjÞ
h i

� 1
n

Xn
j¼1

R̂enðYjÞ � RenðYjÞ
h i

Ĉ
�1
D r̂enðYjÞ � r̂ enðYjÞ � renðYjÞ � renðYjÞ
� �

� 1
n

Xn
j¼1

r̂ enðYjÞ � r̂ enðYjÞ � renðYjÞ � renðYjÞ
� �

Ĉ
�1
D R̂enðYjÞ � RenðYjÞ
h i

þ 1
n

Xn
j¼1

r̂ enðYjÞ � r̂ enðYjÞ � renðYjÞ � renðYjÞ
� �

Ĉ
�1
D r̂enðYjÞ � r̂ enðYjÞ � renðYjÞ � renðYjÞ
� �

¼ A421n � A422n � A423n þ A424n

and

ffiffiffi
n

p jjA421njjhs �
jjĈ�1

D jj1
ffiffiffi
n

p
n

Xn
j¼1

jjR̂enðYjÞ � RenðYjÞjj2hs

� jjĈ�1
D jj1

ffiffiffi
n

p
n

Xn
j¼1

����
����RenðYjÞ
f̂ enðYjÞ

fenðYjÞ � f̂ enðYjÞ
h i

� 1

f̂ enðYjÞ
M̂ðYjÞ �MðYjÞ
h i����

����
2

hs

¼ jjĈ�1
D jj1

ffiffiffi
n

p
n

Xn
j¼1

����
����RenðYjÞ
f̂ enðYjÞ

fenðYjÞ � f̂ enðYjÞ
h i����

����
2

hs

þ jjĈ�1
D jj1

ffiffiffi
n

p
n

Xn
j¼1

����
���� 1

f̂ enðYjÞ
M̂ðYjÞ �MðYjÞ
h i����

����
2

hs

� 2jjĈ�1
D jj1

ffiffiffi
n

p
n

Xn
j¼1

�
RenðYjÞ
f̂ enðYjÞ

fenðYjÞ � f̂ enðYjÞ
h i

,
1

f̂ enðYjÞ
M̂ðYjÞ �MðYjÞ
h i�

hs

� jjĈ�1
D jj1

ffiffiffi
n

p
ne2n

Xn
j¼1

jjRenðYjÞjj2hs fenðYjÞ � f̂ enðYjÞ
��� ���2

þ jjĈ�1
D jj1

ffiffiffi
n

p
ne2n

Xn
j¼1

jjM̂ðYjÞ �MðYjÞjj2hs

þ 2jjĈ�1
D jj1

ffiffiffi
n

p
ne2n

Xn
j¼1

jjRenðYjÞjjhs jjM̂ðYjÞ �MðYjÞjjhs fenðYjÞ � f̂ enðYjÞ
��� ���

� jjĈ�1
D jj1

ffiffiffi
n

p
ne2n

Xn
j¼1

jjRðYjÞjj2hs sup
y2R

f̂ ðyÞ � f ðyÞ
��� ���� �2

þ jjĈ�1
D jj1

ffiffiffi
n

p
ne2n

Xn
j¼1

sup
y2R

jjM̂ðyÞ �MðyÞjjhs
� �2

þ 2jjĈ�1
D jj1

ffiffiffi
n

p
ne2n

Xn
j¼1

jjRðYjÞjjhs sup
y2R

jjM̂ðyÞ �MðyÞjjhs sup
y2R

f̂ ðyÞ � f ðyÞ
��� ���:
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From the weak law of large numbers we obtain 1
n

Pn
j¼1 jjRðYjÞjjhs ¼ Opð1Þ and

1
n

Pn
j¼1 jjRðYjÞjj2hs ¼ Opð1Þ: Then using (4), Lemma 1, the assumption ðA9Þ and the fact

that jjĈ�1
D jj1 ¼ Op

1
tD

� �
, we obtain

ffiffiffi
n

p jjA421njjhs ¼ Op
1
tD

n1=2þ2c2 hk þ 1
h

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
log ðnÞ
n

r !2
2
4

3
5

¼ Op
1
tD

nc2�kc1þ1=4 þ nc1þc2�1=4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
log ðnÞ

p� �2� 


¼ Op
1
tD

� �

from what we deduce that A421n ¼ Op
1

tD
ffiffi
n

p
� �

: In the same way, we show that A422n ¼
Op

1
tD
ffiffi
n

p
� �

, A423n ¼ Op
1

tD
ffiffi
n

p
� �

, A424n ¼ Op
1

tD
ffiffi
n

p
� �

: Thus, A42n ¼ Op
1

tD
ffiffi
n

p
� �

: Now, we deal

with A43n; since A43n ¼ ðA41nÞ�, we also have

A43n ¼ Op
1

tDen
hk þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
log ðnÞp
h
ffiffiffi
n

p
 ! !

þ Op
1

tD
ffiffiffi
n

p
� �

¼ Op
1

tDnc

� �
:

Finally, we obtain

A4n ¼ 1
n

Xn
j¼1

CenðYjÞĈ�1
D CenðYjÞ � 1

n

Xn
j¼1

ĈenðYjÞĈ�1
D ĈenðYjÞ

¼ Op
1

tDen
hk þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
log ðnÞp
h
ffiffiffi
n

p
 ! !

þ Op
1

tD
ffiffiffi
n

p
� �

¼ Op
1

tDnc

� �
:

6.2. Proof of Theorem 1

Since

E VarðXjYÞC�1
D VarðXjYÞ� �� 1

n

Xn
j¼1

ĈenðYjÞĈ�1
D ĈenðYjÞ

¼ E VarðXjYÞC�1
D VarðXjYÞ� �� 1

n

Xn
j¼1

CðYjÞC�1
D CðYjÞ

 !

þ 1
n

Xn
j¼1

CðYjÞC�1
D CðYjÞ � 1

n

Xn
j¼1

CðYjÞĈ�1
D CðYjÞ

 !

þ 1
n

Xn
j¼1

CðYjÞĈ�1
D CðYjÞ � 1

n

Xn
j¼1

CenðYjÞĈ�1
D CenðYjÞ

 !

þ 1
n

Xn
j¼1

CenðYjÞĈ�1
D CenðYjÞ � 1

n

Xn
j¼1

ĈenðYjÞĈ�1
D ĈenðYjÞ

 !

¼ A1n þ A2n þ A3n þ A4n:
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From the central limit theorem we have A1n ¼ Op
1ffiffi
n

p
� �

; then the required result is

obtained by applying lemmas 2 to 4.

6.3. Proof of Theorem 2

Putting

G ¼ 2Ce þW� C, GD ¼ 2Ce þ E VarðXjYÞC�1
D VarðXjYÞ� �� C (5)

and

Ĝ ¼ 2Ĉe, n þ 1
n

Xn
j¼1

ĈenðYjÞĈ�1
D ĈenðYjÞ � Cn ¼ 2Ĉe, n þ Ŵen,D � Cn, (6)

we have:

jjĈI, n � CIjjhs � jjC�1G� C�1GDjjhs þ jjC�1GD � C�1
D GDjjhs þ jjC�1

D GD � Ĉ
�1
D GDjjhs

þ jjĈ�1
D GD � Ĉ

�1
D Ĝjjhs

¼ K1n þ K2n þ K3n þ K4n:

(7)

First,

lim
D!þ1

K1n ¼ lim
D!þ1

jjE C�1VarðXjYÞðC�1 � C�1
D ÞVarðXjYÞ� �jjhs ¼ 0,

and since K2n ¼ jjC�1GD � C�1
D GDjjhs � jjðC�1 � C�1

D ÞGjjhs, we also have
limD!þ1 K2n ¼ 0: Further,

K3n ¼ jjC�1
D GD � Ĉ

�1
D GDjjhs � jjðC�1

D � Ĉ
�1
D ÞGjjhs

� jjĈ�1
D ðĈD � CDÞC�1

D Gjjhs � jjĈ�1
D jjhs jjĈD � CDjjhs jjC�1Gjjhs,

then since jjĈ�1
D jjhs ¼ Opð1=tDÞ and jjĈD � CDjjhs ¼ opðtDÞ, we deduce that K3n ¼

opð1Þ: On the other hand

K4n ¼ jjĈ�1
D GD � Ĉ

�1
D Ĝjjhs

� jjĈ�1
D Ĉe, n � Ce

	 

jhs þ jjĈ�1

D E VarðXjYÞC�1
D VarðXjYÞ� ��We, n

� ���� ���jhs
þ jjĈ�1

D ðCn � CÞjjhs:

Since jjĈe, n � Cejjhs ¼ Op 1=
ffiffiffi
n

p	 

(see Ferr�e and Yao 2003), we deduce from the pre-

ceding inequality that

K4n ¼ Op
1

tD
ffiffiffi
n

p
� �

þ Op
1

t2Dnc

� �
¼ opð1Þ:

Then using (7) and the previous results we obtain: ĈI, n � CI ¼ opð1Þ:
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6.4. Proof of Theorem 3

Denoting by ðb̂kÞ1�k�K the orthonormal eigenvectors associated with the K largest

eigenvalues k̂1 > k̂2 > � � � > k̂K > 0 of Ĉ
�1
D Ĝ and by ðbkÞ1�k�K the orthonormal eigen-

vectors associated with the K largest eigenvalues k1 > k2 > � � � > kK > 0 of C�1G,

where G and Ĝ are defined in (5) and (6), we will only show the convergence of the

vector b̂1 as the proof for the others are the same. Clearly, b1 ¼ k�1
1 C2g and b̂1 ¼

k̂
�1
1 Ĉ2ĝ where C2 ¼ C�1f2Ce þW� CgC�1=2, g ¼ C1=2b1 and ĝ ¼ Ĉ

1=2
D b̂1 with

Ĉ2
1

k̂1
Ĉ

�1
D 2Ĉe, n þ Ŵen � Cn

h i
Ĉ

�1=2
D :

Hence

jjb̂1 � b1jjH � jj 1
k̂1

ðĈ2 � C2ÞĝjjH þ jj 1
k1

C2ðĝ � gÞjjH þ jj 1

k̂1
� 1
k1

� �
C2ĝjjH

� jjĝjjH
jk̂1j

jjĈ2 � C2jj1 þ jjC2jj1
jk1j jjĝ � gjjH þ jk̂1 � k1j

jk1k̂1j
jjC2ĝjjH:

Then from Lemma 1 in Ferr�e and Yao (2003) we obtain the inequalities

jk̂1 � k1j � jjĈ1=2
D Ĉ2 � C1=2C2jj1 and jjĝ � gjjH � C9jjĈ1=2

D Ĉ2 � C1=2C2jj1, (8)

where C9 is an appropriate positive constant. Then, putting Ln ¼ jjĈ2 � C2jj1 and

Mn ¼ jjC1=2
n Ĉ2 � C1=2C2jj1, we have

jjb̂1 � b1jjH � jjĝjjH
jk̂1j

Ln þ C10 þ C11jjĝjjH
jk̂1j

 !
Mn: (9)

Let us verify that Ln ¼ opð1Þ and Mn ¼ opð1Þ: First,
Ln¼jjC�1GC�1=2�Ĉ

�1
D ĜĈ

�1=2
D jj1

�jjC�1GC�1=2�C�1
D GC�1=2

D jj1þjjC�1
D GC�1=2

D �Ĉ
�1
D GĈ

�1=2
D jj1þjjĈ�1

D ðG�ĜÞĈ�1=2
D jj1

¼L1nþL2nþL3n:

We know that C�1
D GC�1=2

D ¼ PDC
�1GC�1=2PD and putting P?

D ¼ I �PD we have

C�1
D GC�1=2

D � C�1GC�1=2 ¼ PDC
�1GC�1=2PD � C�1GC�1=2

¼ PDC
�1GC�1=2PD �P?

DC
�1GC�1=2 �PDC

�1GC�1=2

¼ PDC
�1GC�1=2 �PDC

�1GC�1=2P?
D �P?

DC
�1GC�1=2

�PDC
�1GC�1=2

¼ �PDC
�1GC�1=2P?

D �P?
DC

�1GC�1=2:
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Thus

L1n � jjPDC
�1GC�1=2P?

D jj1 þ jjP?
DC

�1GC�1=2jj1
� jjC�1GC�1=2P?

D jj1 þ jjP?
DC

�1GC�1=2jj1

and, consequently, limD!þ1 L1n ¼ 0 because limD!þ1P?
D ¼ 0: On the other hand,

L2n � jjðC�1
D � Ĉ

�1
D ÞGC�1=2

D jj1 þ jjC�1
D GðC�1=2

D � Ĉ
�1=2
D Þjj1

þ jjðC�1
D � Ĉ

�1
D ÞGðC�1=2

D � Ĉ
�1=2
D Þjj1

and

jjðC�1
D � Ĉ

�1
D ÞGC�1=2

D jj1 ¼ jjĈ�1
D ðĈD � CDÞC�1

D GC�1=2
D jj1

� jjĈ�1
D ðĈD � CDÞC�1GC�1=2jj1

� jjĈ�1
D jj1 jjĈD � CDjj1 jjC�1GC�1=2jj1

¼ Op
1

tD
ffiffiffi
n

p
� �

¼ opð1Þ:

Using the following properties of operators (see, e.g., Fukumizu, Bach, and
Gretton 2007):

A�1=2 � B�1=2 ¼ A�1=2ðB3=2 � A3=2ÞB�3=2 þ ðA� BÞB�3=2 and jjA3=2 � B3=2jj1
� C12jjA� Bjj1

we obtain:

jjC�1
D GðC�1=2

D � Ĉ
�1=2
D Þjj1 ¼ Op

1

t3=2D

ffiffiffi
n

p
 !

and

jjðC�1
D � Ĉ

�1
D ÞGðC�1=2

D � Ĉ
�1=2
D Þjj1 ¼ Op

1

t5=2D n

 !
:

Therefore, L2n ¼ opð1Þ: For dealing with the last term L3n we consider the operator

GD ¼ 2Ce þ E½VarðXjYÞC�1
D VarðXjYÞ� � C and we have
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jjĈ�1
D ðG� GDÞĈ�1=2

D jjhs � jjðĈ�1
D � C�1

D ÞðG� GDÞðĈ�1=2
D � C�1=2

D Þjjhs
þ jjðĈ�1

D � C�1
D ÞðG� GDÞC�1=2

D jjhs
þ jjC�1

D ðG� GDÞðĈ�1=2
D � C�1=2

D Þjjhs þ jjC�1
D ðG� GDÞC�1=2

D jjhs
� jjĈ�1

D � C�1
D jjhs jjG� GDjjhs jjĈ�1=2

D � C�1=2
D jjhs

þ jjĈ�1
D � C�1

D jjhs jjðG� GDÞC�1=2jjhs
þ jjC�1ðG� GDÞjjhs jjĈ

�1=2
D � C�1=2

D jjhs þ jjC�1ðG� GDÞC�1=2jjhs
� jjĈ�1

D � C�1
D jjhs jjGjjhs jjĈ

�1=2
D � C�1=2

D jjhs þ jjĈ�1
D � C�1

D jjhs jjGC�1=2jjhs
þ jjC�1Gjjhs jjĈ

�1=2
D � C�1=2

D jjhs þ jjC�1ðG� GDÞC�1=2jjhs
¼ Op

1
tD

ffiffiffi
n

p
� �

þ Op
1

t3=2D

ffiffiffi
n

p
 !

þ Op
1

t5=2D n

 !
þ opð1Þ

¼ opð1Þ:

Thus

L3n � jjĈ�1
D ðG� GDÞĈ�1=2

D jjhs þ jjĈ�1
D ðGD � ĜÞĈ�1=2

D jjhs
� jjĈ�1

D ðC� CnÞĈ�1=2
D jj1 þ 2jjĈ�1

D Ce � Ĉe, n

	 

Ĉ

�1=2
D jj1

þ jjĈ�1
D E VarðXjYÞC�1

D VarðXjYÞ� �� 1
n

Xn
j¼1

ĈenðYjÞĈ�1
D ĈenðYjÞ

 !
Ĉ

�1=2
D jj1 þ opð1Þ

¼ Op
1

t3=2D

ffiffiffi
n

p
 !

þ Op
1

t5=2D nc

 !
þ opð1Þ

¼ opð1Þ

From all what precedes we deduce that Ln ¼ opð1Þ: From similar reasoning we also

obtain Mn ¼ opð1Þ: Then from (8) and what precedes, we deduce that k̂
�1
1 ¼ Opð1Þ and

jjĝjjH ¼ Opð1Þ: Therefore, (9) allows to conclude that jjb̂1 � b1jjH ¼ opð1Þ:
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