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Abstract
In this paper, nonparametric estimation for a stationary strongly mixing and manifold-
valued process (X j ) is considered. In this non-Euclidean and not necessarily i.i.d
setting, we propose kernel density estimators of the joint probability density function,
of the conditional probability density functions and of the conditional expectations
of functionals of X j given the past behavior of the process. We prove the strong
consistency of these estimators under sufficient conditions, and we illustrate their
performance through simulation studies and real data analysis.
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1 Introduction

Nonparametric estimation is a basic approach in statistical inference and widely used
for Euclidean data when no assumption is made on the family to which the data gener-
ating process belongs. But in many situations, the data are in a Riemannian manifold
or are best modeled as points of a Riemannian manifold which is not an Euclidean
space [1,4]. A survey on data on manifolds and nonparametric tools for this kind
of data (medical images, meteorological data, directional data, similarity shape data,
digital camera images, etc.) can be found in [16]. Many efforts have been devoted to
investigating kernel density estimation on Riemannian manifold. Pelletier proposed
a kernel density estimator [18] and a nonparametric estimator of the regression func-
tion [17] on Riemannian manifolds. Henry et al. [9] gave the asymptotic distribution
and uniform consistency of Pelletier’s density estimator and proposed an illustration
based on real directional paleomagnetism data. Chevallier et al. [5] studied Pelletier’s
estimator on Siegel spaces (a type of Riemannian manifold) and gave an application
to radar observations.

All thoseworks considered i.i.d randomobjects for the nonparametric inference.But
non-i.i.d situations are commonly encountered in statistical applications. Masry [13]
established the strong consistency of nonparametric estimators of conditional prob-
ability density and conditional expectations for real-valued stationary and strongly
mixing processes.

In this paper, we are interested in density estimation for stationary and strongly
mixing processes on Riemannian manifolds. We propose strongly consistent estima-
tors of conditional density function and functional conditional expectations that take
account the geometric structure of sample space, extending the work of Masry [13] to
Riemannian manifolds.

The rest of the paper is organized as follows. In Sect. 2,we review the relevant results
related toRiemannianmanifold and stronglymixing stationary process onRiemannian
manifold. Section 3 is devoted to the new geometric nonparametric density estimator,
conditional density estimator and functional conditional expectations estimator and
their consistency properties along with the proofs.

The numerical studies on the finite sample performance of the proposed kernel
density estimator based on simulated data and real data are presented in Sect. 4. The
conclusion and some research perspectives are given in Sect. 5.

2 Preliminaries

2.1 Some notions from Riemannian Geometry

In this section, we introduce some fundamental definitions and properties of Rieman-
nian manifolds. For more details, see [3,20,24].

Definition 2.1 A Riemannian metric g on a differentiable manifold M is a smoothly
chosen inner product gp : �p M × �p M → R on each of the tangent spaces �p M
of M with p ∈ M . In other words, for each p ∈ M , g = gp, satisfies
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Nonparametric estimation for strongly mixing processes on manifold 601

1. g(u, v) = g(v, u) for all u, v ∈ �p M ;
2. g(u, u) ≥ 0 for all u ∈ �p M ;
3. g(u, u) = 0 if and only if u = 0.

We note 〈u, v〉 := g(u, v) for all u, v ∈ �p M .

Definition 2.2 A differentiable manifold M equipped with a Riemannian metric g is
called Riemannian manifold and is denoted by (M, g).

Definition 2.3 Let p ∈ M and (x1, . . . , xn) be a local system of coordinates of p.
We define the volume form of a Riemannian metric to be top-dimensional form dvg

which is given in local coordinates by

dvg(p) = √
detgdx1 ∧ · · · ∧ dxn,

where (∂x1, . . . , ∂xn ) is a positively oriented basis of �p M with ∂xi := ∂
∂xi for all

i ∈ {1, . . . , n}, detg is the determinant of the matrix (gi j )i, j=1,...,n , gi j = gp(∂xi , ∂x j )

and dxi is the linear form on �p M defined by

dxi (
∂x j

) =
{
1 if i = j

0 if not
.

We set the volume of (M, g) to be

vg(M) =
∫

M
dvg(x).

Definition 2.4 Let (M, g) be a Riemannian manifold of dimension d. A smooth curve
γ : R ⊃ I → M is called geodesic at t0 ∈ I , if D

dt (γ̇ ) = 0 at t0 ∈ I , where γ̇ is the
derivative of the function γ : I → R. If γ is geodesic at all points t ∈ I , it is said to
be geodesic.

D
dt is the covariant derivative (see [3]).

Theorem 2.5 [24] Let (M,g) be a Riemannian manifold, p ∈ M and v ∈ �p M.
There is a positive ε and a unique geodesic γv : [0,ε] → M such that γv(0) = p and
γ̇v(0) = v.

From the geodesics of a Riemannian manifold M , for all p ∈ M , the exponential
map at point p, a diffeomorphism (i.e., a differentiable, bijective map of differentiable
inverse) denoted by expp, which maps a tangent vector v of an open ball B(0, r) ⊂
�p M centered in 0 to the endpoint γ (1) =: expp(v) of the geodesic γ : [0, 1] → M
verifying γ (0) = p, γ̇ (0) = v. Intuitively, the exponential map moves the point p
along the geodesic starting from p at speed after covering the length ‖v‖. Conversely,
the inverse of the exponential map logp( p̃) := exp−1

p ( p̃) gives the vector that maps p
to p̃. The image by the exponential map of the open ball B(0, r) ⊂ �p M , with r less
than the injectivity radius at p, is called the geodesic ball of radius r > 0 centered in
p.

123



602 A. T. G. Amoussou et al.

Definition 2.6 A Riemannian manifold M is called geodesically complete if the map
expp is defined on �p M for all p ∈ M .

Theorem 2.7 (Hopf–Rinow [24]) Let M be a connected Riemannian manifold. The
following are equivalent:

– M is complete as a metric space.
– M is geodesically complete.
– There exists a point p ∈ M such that the map expp is defined on �p M.
– A subset of M is compact if and only if it is closed and bounded.

Let M be a complete d-dimensional Riemannian manifold. In this case, for all
p ∈ M the exponential map at p is defined on �p M , and for any value of t , we have
expp(tv) = γv(t).

2.2 Strongly mixing process on Riemannianmanifold

In this section, we recall some useful results on mixingales [12] and we introduce the
strong mixing condition for Riemannian manifold-valued processes.

Let {Fn, n ∈ Z} be a non-decreasing sequence of subsigma algebras of the proba-
bility triple (Ω,F,P) and {Zn}n∈Z a R-valued process. The sequence (Zn, Fn){n∈Z}
is called a simple mixingale if Zn is Fn-measurable, n ≥ 1, and for some sequences
of finite nonnegative constants cn , φl , l = 0, 1, . . ., where φl → 0 as l → ∞ we have

(a)
[
E|E(Zn|Fn−l)|2

]1/2 ≤ φl cn , for all n ≥ 1, l ≥ 0,
(b) E(Zn) = 0, n ≥ 1,
(c) Fn = {∅,Ω}, n ≤ 0

φl , l = 0, 1, 2, . . . are calledmixingale numbers. The following lemma gives sufficient
conditions on the sequences (φl) and (cn) for the almost sure convergence of Sn =∑n

j=1 Z j .

Lemma 2.8 [12] Let (Zn, Fn)n∈Z be a simple mixingale such that

∞∑

j=1

c2j < ∞ (2.1)

and for some δ > 0,

∞∑

n=1

(log n)(log2 n)1+δφ2
n

∞∑

j=n

c2j < ∞. (2.2)

Then Sn = ∑n
j=1 Z j converges almost surely to a finite limit.

Let (M, g) be a Riemannian manifold. A M-valued random variable X is a mea-
surable map on a probability space (Ω,F,P) into (M,B(M)), where B(M) is the
Borel σ -algebra generated by the open subsets of M .
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Nonparametric estimation for strongly mixing processes on manifold 603

To each M-valued random variable X , we associate a probability measure Q = PX

on B(M) given by Q(B) = P(X−1(B)) for all B ∈ B(M).

Generally, Riemannian manifolds do not have a linear structure. Thus, the study
of Riemannian manifold-valued random variables relies on the geometric structure
of this manifold involving most often the notions of metric, volume form, injectivity
radius, volume density, etc. For more details on probabilistic and statistic tools to work
on Riemannian manifolds, see [19].

In this paper, we study Riemannian manifold-valued processes. We extend the
strong mixing condition for real-valued stationary processes [12] to Riemannian
manifold-valued stationary processes as follows:

Definition 2.9 (Strongly mixing process) Let (X j ) be a M-valued process and Fk
i ,

(−∞ ≤ i, k ≤ ∞) be the σ -algebra of events generated by {X j , i ≤ j ≤ k}. (X j ) is
strongly mixing if

sup
s∈R

sup
A∈Fs−∞,B∈F∞

k+s

|P(A ∩ B) − P(A)P(B)| = α(k) → 0

as k → ∞.

α(k) is called the strong mixing coefficient.

Lower and upper bounds of the covariance of Fu−∞-measurable and F+∞
k+u-measurable

R-random variables are given below:

Theorem 2.10 [7]Let r ,s and t be positive reals numbers such that1/r+1/s+1/t = 1.
Let u ≥ 0, Y be a Fu−∞-measurable R-random variable and T a F∞

k+u-measurable
R-random variable such that E|T |t < ∞ and E|Y |s < ∞. Then, there exists c ∈ R

such that

|cov(Y , T )| ≤ c[α(k)]1/r [E|Y |s]1/s[E|T |t ]1/t .

2.3 Some useful analysis’ results

In this part, we recall some relevant results (Lebesgue’s dominated convergence the-
orem, Toeplitz lemma and Kronecker lemma) that will be used later on.

Theorem 2.11 (Lebesgue’s dominated convergence) [10] Let (X ,S,μ) be a measure
space and let ( fn)n∈N be a sequence of (complex-valued) integrable functions defined
on X , converging pointwise to a function f . Assume further that for all x ∈ X and
for all n ∈ N, we have | fn(x)| ≤ g(x), where g is a nonnegative integrable function
defined on X. Then, f is integrable. Further,

lim
n→∞

∫

X
| fn(x) − f (x)| dμ(x) = 0.

In particular, we have

lim
n→∞

∫

X
fn(x)dμ(x) =

∫

X
f (x)dμ(x).
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604 A. T. G. Amoussou et al.

Lemma 2.12 (Toeplitz) [11] Let {ank, 1 ≤ k ≤ kn, n ≥ 1} be a double array of real
numbers such that for any k ≥ 1, limn→∞ ank = 0 and supn≥1

∑kn
k=1 |ank | < ∞. Let

{xn, n ≥ 1} be a sequence of real numbers.

(i) If limn→∞ xn = 0, then limn→∞
∑kn

k=1 ank xn = 0.

(ii) If limn→∞ xn = x ∈ R and limn→∞
∑kn

k=1 ank = 1 then limn→∞
∑kn

k=1 ank xn =
x.

The following Kronecker lemma is a corollary of Toeplitz lemma.

Lemma 2.13 (Kronecker) [11] Let {xn, n ≥ 1} and {bn, n ≥ 1} be a increasing
sequences of real numbers such that bn > 0 for all n ≥ 1. If the series

∑∞
k=1 xk/bk

converges, then limn→∞
∑n

k=1 xk = 0.

3 Main results

Let (M, g) be a complete d-dimensional Riemannian manifold and (Xi )i∈Z be a M-
valued stationary process on a probability space (Ω,F,P). The aim of this work is to
investigate the nonparametric estimation of the finite-dimensional density functions,
conditional density functions and conditional expectations of functionals given its past
behavior of (Xi )i∈Z. Let n ∈ N

∗. For each integer m ≥ 1 and integers 0 = i1 < i2 <

· · · < im < n, let

f (x, im) = f (x1, . . . , xm; i1, . . . , im)

be the density function of the randomvectorX1,m
0 = (Xi1 , . . . , Xim ), which is assumed

to exist.
For any integer s, 1 ≤ s < m, set

f (x1; i′s) = f (x j+i1 , . . . , x j+is ; i1, . . . , is)

be the probability density function of X1,s
j = (X j+i1, . . . , X j+is ) and

f (x2|x1) := f (x2; i′′m−s |x1; i′s)

be the conditional probability density function of Xs+1,m
j = (X j+is+1, . . . , X j+im )

given X1,s
j = (X j+i1, . . . , X j+is ) where i′′m−s = (is+1, . . . , im). Then

f (x2|x1) = f (x; im)

f (x1; i′s)
,

where x1 ∈ Ms , x2 ∈ Mm−s . Let E = BR(0, 1)d = {(x1, . . . , xd) ∈ R
d : 0 ≤ xi ≤

1, i ∈ {1, . . . , d}} and Kl be a real nonnegative function onRl+ for all l ∈ {1, . . . , m}.
We make the following assumptions:
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H1 (i) For all l ∈ {1, 2, . . . , m}, suppKl = [0, 1]l and
∫

El
Kl(‖u1‖, . . . ,

‖ul‖)du1 . . . dul = 1,
(ii) There exists r ∈ (2,∞) such that

∫
El K r

l (‖u1‖, . . . , ‖ul‖)du1 . . . dul <

∞,∀l,
H2 f (·; im) and f (·; i′s) are continuous functions, respectively, on Mm and Ms ( with

Mm = M × · · · × M , m factors),
H3 The function R(r)(·) = E[|q(Xs+1,m

j )|r |X1,s
j = ·] is continuous on Ms ,

H4 For all p in M , the volume density function θp is continuous on M and
inf p̃∈M θp( p̃) = A > 0.

Remark 3.1 Assumption H4 was used by Henry [9] without the continuity of the
volume density function.

Let
(
h j

)
j∈N∗ be a sequence of positive numbers such that h j −→ 0 as j −→ ∞ and

put

Kl, j (x) = 1

hdl
j

Kl

(
x

h j

)
.

We suppose that the bandwidth satisfies the following condition:

h j ≤ h0 (3.1)

for some fixed h0 such that 0 < h0 < injg(M), where injg(M) denotes the injectivity
radius of the Riemannian manifold (M, g) (see [2]).

3.1 The proposed Kernel density estimator

On the basis of a single realization (Xi )
n
i=1, we estimate f (x; im) by

f̂n(x; im) = 1

n − im

n−im∑

j=1

Km, j
(
d(x1, X j+i1), . . . , d(xm, X j+im )

)

θx1(X j+i1) × · · · × θxm (X j+im )
. (3.2)

Remark 3.2 – Our density estimator defined by (3.2) is an extension of Masry’s (see
[13]) density estimator to Riemannian manifold case.

– In Euclidian spaceRd , θp( p̃) = 1 for all p and p̃ in M . Then our density estimator
function takes the form:

f̂ ∗
n (x; im) = 1

n − im

n−im∑

j=1

Km, j
(‖x1 − X j+i1‖, . . . , ‖xm − X j+im ‖)

for x ∈ Em .
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606 A. T. G. Amoussou et al.

The function f̂n(·; im) is a probability density function as stated in the following
lemma.

Lemma 3.3 The estimator f̂n defined by (3.2) is a probability density on Mm.

Proof We have f̂n(x; im) ≥ 0 for all x ∈ Mm . Therefore,

∫

Mm
f̂n(x1, . . . , xm; i1, . . . , im)dvg(x1) · · · dvg(xm) = 1

n − im

n−im∑

j=1
(∫

∏m
k=1 B

(
X j+ik ,h j

)
Km, j

(
d(x1, X j+i1), . . . , d(xm, X j+im )

)

θx1(X j+i1) · · · θxm (X j+im )
dvg(x1) · · · dvg(xm)

)

where vg is the Riemannian measure on M . Let
(

UX j+ik
, exp−1

X j+ik

)
be the exponential

chart at X j+ik for all k, with normal coordinates x1, . . . , xd . Under the condition (3.1)
on the bandwidths,

∏m
k=1 B

(
X j+ik , h j

) ⊂ ∏m
k=1 UX j+ik

. Let B(h j ) be the ball of

radius h j in UX j+ik
, i.e., B(h j ) = exp−1

X j+ik

(
B

(
X j+ik , h j

))
. Then by (3.2) we get

∫

Mm
f̂n(x1, . . . , xm; i1, . . . , im)dvg(x1) · · · dvg(xm)

= 1

n − im

n−im∑

j=1

∫

Em
Km (‖u1‖, . . . , ‖um‖)

×
√
detg(u1) × · · · × √

detg(um)

θexpX j+i1
(u1)(X j+i1) × · · · × θexpX j+im

(um )(X j+im )
du

= 1

n − im

n−im∑

j=1

∫

Em
Km (‖u1‖, . . . , ‖um‖) du1 · · · dum

=
∫

Em
Km (‖u1‖, . . . , ‖um‖) du1 . . . dum . (3.3)

Using H1 and (3.3), we obtain

∫

Mm
f̂n(x1, . . . , xm; i1, . . . , im)dvg(x1) · · · dvg(xm) = 1.

��

3.2 Strong consistency of the density estimator

Now, we investigate the asymptotic behavior of the nonparametric estimator of the
finite-dimensional density functions and conditional density functions of (Xi )i∈Z. We
start by the two following results that are useful to establish the strong consistency of
the considered estimators.
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Theorem 3.4 Let (X j ) j∈Z be a M-valued stationary and strongly mixing process,

X1,m
j = (X j+i1, . . . , X j+im ), 0 = i1 < i2 < · · · < im,

and (φ j ) a sequence of R-valued Borel measurable functions on Mm. Set

Y j = φ j

(
X1,m

j

)
− E

[
φ j

(
X1,m

j

)]
and Sn =

n∑

j=1

Y j .

If

∞∑

j=1

{E|Y j |r }2/r < ∞, (3.4)

and, for some δ > 0,

∞∑

k=1

[log(k + im)][log2(k + im)]1+δ[α(k)]1−2/r

×
∞∑

j=k+im

{E|Y j |r }2/r < ∞, (3.5)

then Sn converges almost surely to a finite limit as n → ∞.

Proof Let Fn =
{
F

n+im
1 , if n ≥ 1

{∅,Ω}, if n ≤ 0
.

We shall show that (Yn, Fn) is a mixingale. Yn is Fn-measurable for n ≥ 1. Let l ∈ N.

– If n − l ≤ 0, E(Yn|Fn−l) = 0 because E(Yn) = 0 and Fn−l = {∅,Ω}. Then
E|E(Yn|Fn−l)|2 = 0.

– If l = 0, E|E(Yn|Fn−l)|2 = E|E(Yn|Fn)|2 = E|Yn|2.
– If 1 ≤ l ≤ im , we have n − im ≤ n − l ≤ n − 1. By the Cauchy–Schwartz
inequality, we have

(
E|E(Yn|Fn−l)|2

)1/2 ≤
(
E|Yn|2

)1/2
.

– If im < l < n, we have 0 < n − l < n − im and

(
E|E(Yn|Fn−l)|2

)
= cov

[
Yn,E(Yn|Fn−l)

]
.

Since Yn is F∞
n -measurable and E(Yn|Fn−l) is F

n+im−1
−∞ -measurable, it follows by

Theorem 2.10

(
E|E(Yn|Fn−l)|2

)1/2 ≤ c[α(l − im)]1/2−1/r [E|Yn|r ]1/r .
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608 A. T. G. Amoussou et al.

Thus, (Yn, Fn) is a simple mixingale with cn = 12[E|Yn|r ]1/r and

φl =

⎧
⎪⎨

⎪⎩

1, 1 ≤ l ≤ im,

[α(l − im)]1/2−1/r , im < l < n,

0, n ≤ l,

and, by (3.4) and (3.5), conditions (2.1) and (2.2) of Lemma 2.8 are satisfied. Hence
the result. ��
Lemma 3.5 Let H1, H2 and H4 hold. Then,

lim
n→∞ hmd(r−1)

n

×
∫

Mm

∣∣∣∣
Km,n (d(x1, y1), . . . , d(xm, ym))

θx1(y1) × · · · × θxm (ym)

∣∣∣∣

r

f (y1, . . . , ym)dvg(y)

= f (x1, . . . , xm)

θr−1
x1 (x1) × · · · × θr−1

xm (xm)

×
∫

Em
|Km (‖u1‖, . . . , ‖um‖)|r du1 · · · dum < ∞. (3.6)

Proof For k = 1, . . . , m, set yk = expxk
(uk) and vk = uk/hk . ByH1-(ii), there exists

r > 2 such that
∫

Em
|Km (‖u1‖, . . . , ‖um‖)|r du1 · · · dum < ∞.

We have

hmd(r−1)
n

∫

Mm

∣∣∣∣
Km,n (d(x1, y1), . . . , d(xm, ym))

θx1(y1) × · · · × θxm (ym)

∣∣∣∣

r

× f (y1, . . . , ym)dvg(y1) · · · dvg(ym)

=
∫

Em

|Km (‖v1‖, . . . , ‖vm‖)|r
∣∣θx1(expx1(h1v1)) × · · · × θxm (expxm

(hnvm))
∣∣r−1

× f (expx1(hnv1), . . . , expxm
(hnvm))dv1 · · · dvm .

By the continuity of expp on M for all p ∈ M , Assumptions H1-(ii), H2, H4 and
Lebesgue’s dominated convergence theorem we get the result. ��
The results of strong consistency of the proposed estimators are given below.

Theorem 3.6 Let H1, H2 and H4 hold. Let (X j ) j∈Z be a M-valued strongly mixing
process. If the strong mixing coefficient α(k) satisfies, for some δ > 0,

∞∑

k=1

[log(k + im)][log2(k + im)]1+δ[α(k)]1−2/r
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Nonparametric estimation for strongly mixing processes on manifold 609

×
∞∑

j=k+im

1

j2h2md(1−1/r)
j

< ∞ (3.7)

and the sequence (h j ) satisfies

∞∑

j=1

1

j2h2md(1−1/r)
j

< ∞, (3.8)

then for almost all x ∈ Mm we have

f̂n(x; im) − f (x; im) → 0, n → ∞

almost surely.

Proof We show the consistency result in two steps as follows:
Step 1: We first prove that for almost all x ∈ Mm we have

f̂n(x; im) − E

(
f̂n(x; im)

)
→ 0, n → ∞

almost surely. Using Lemma 3.5, we have

hmd(r−1)
j E

∣∣∣∣∣
Km, j

(
d(x1, X j+i1), . . . , d(xm, X j+im )

)

θx1(X j+i1) × · · · × θxm (X j+im )

∣∣∣∣∣

r

→ f (x1, . . . , xm)

θr−1
x1 (x1) × · · · × θr−1

xm (xm)

×
∫

Em
|Km (‖u1‖, . . . , ‖um‖)|r du1 · · · dum (3.9)

for almost all x as j → ∞. Fix x and put

ψ j (y) = 1

j

Km, j (d(x1, y1), . . . , d(xm, ym))

θx1(y1) × · · · × θxm (ym)
, y ∈ Mm

Y j = ψ j (X
1,n
j ) − E

[
ψ j (X

1,n
j )

]
.

By (3.9), there exists a constant β, independent of j , such that

[E|Y j |r ]1/r ≤ 1

jhmd(1−1/r)
j

β.

Hence, by (3.8), we have
∑∞

j=1[E|Y j |r ]2/r < ∞ and (3.7), (3.8) implying that con-
ditions (3.4) and (3.5) of Theorem 3.4 are satisfied. It follows by Theorem 3.4 that
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Sn = ∑n
j=1 Y j converges almost surely to a finite limit. Now set n′ = n − im . Then

f̂n(x; im) − E

(
f̂n(x; im)

)
= 1

n′
n′∑

j=1

jY j

which tends to zero by the Kronecker lemma and the almost sure convergence of Sn .
Step 2: We show in this second part that for almost all x ∈ Mm we have

lim
n→∞E

(
f̂n(x; im)

)
= f (x; im).

By computing the expectation of f̂n(x; im), we have

E

(
f̂n(x; im)

)
= 1

n − im

n−im∑

j=1

∫

Mm

Km, j (d(x1, y1), . . . , d(xm, ym))

θx1(y1) × · · · × θxm (ym)

× f (y1, . . . , ym)dvg(y)

= 1

n − im

n−im∑

j=1

ϕ j (x1, . . . , xm),

where

ϕ j (x1, . . . , xm) =
∫

Mm

Km, j (d(x1, y1), . . . , d(xm, ym))

θx1(y1) × · · · × θxm (ym)

× f (y1, . . . , ym)dvg(y1) · · · dvg(ym).

Similarly to the proof of Lemma 3.5, we can show that ϕ j (x1, . . . , xm) →
f (x1, . . . , xm) for almost all (x1, . . . , xm) ∈ Mm . Moreover, by Toeplitz lemma we
have

lim
n→∞E

(
f̂n(x; im)

)
= f (x; im).

Using Steps 1–2, the strong consistency result of f̂n(x; im) is obtained. ��
Theorem 3.7 Let H1, H2 and H4 hold. Let (X j ) be a M-valued strongly mixing
process. If the strong mixing coefficient α(k) satisfies, for some δ > 0,

∞∑

k=1

log(k + im)[log2(k + im)]1+δ[α(k)]1−2/r

×
∞∑

j=k+im

1

j2h2md(1−1/r)
j

< ∞ (3.10)
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and the sequence (h j ) satisfies

∞∑

j=1

1

j2h2md(1−1/r)
j

< ∞, (3.11)

then for almost all x1 ∈ Ms and x2 ∈ Mm−s with f (x1; i′s) > 0 we have

f̂n(x2|x1) − f (x2|x1) → 0, n → ∞ (3.12)

almost surely.

Proof Under (3.10) and (3.11), we have Theorem 3.6 so that for almost all x:

f̂n(x; im) → f (x; im), n → ∞

almost surely. (3.10) and (3.11) also imply that

∞∑

k=1

[log(k + is)][log2(k + is)]1+δ[α(k)]1−2/r
∞∑

j=k+is

1

j2h2sd(1−1/r)
j

< ∞

and

∞∑

j=1

1

j2h2sd(1−1/r)
j

< ∞. (3.13)

By Theorem 3.6, for almost all x1 ∈ Ms

f̂n(x1; is) → f (x1; is), n → ∞

almost surely. The result follows by using the following identity

â

b̂
− a

b
= 1

b̂

[
(â − a) − a

b
(b̂ − b)

]
(3.14)

with a = f (x; is), â = f̂n(x; is), b = f (x1; i′s), b̂ = f̂n(x1; i′s). ��

3.3 Strong consistency of conditional expectations of functionals

We now focus on the nonparametric estimation of functional conditional expecta-
tions. Let q be a R−valued Borel measurable function on Mm−s . The conditional
expectations of q(Xs+1,m

j ) given (X1,s
j = u) is denoted by

Q(u) = E

[
q(Xs+1,m

j )|(X1,s
j = u)

]
.
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612 A. T. G. Amoussou et al.

Define

R(u) = Q(u) f (u; i′s)

and

R̂n(u) = 1

n − im

n−im∑

j=1

q(Xs+1,m
j )

Ks, j
(
d(x1, X j+i1), . . . , d(xs, X j+is )

)

θx1(X j+i1) × · · · × θxs (X j+is )
.

Then we consider the following estimator of Q:

Q̂n(u) = R̂n(u)/ f̂n(u; i′s).

We shall first establish the strong consistency of R̂n(u) and then deduce the asymptotic
result on the conditional expectations estimator Q̂n(u).

Theorem 3.8 Let H1–H4 hold. Let (X j ) be a M-valued strongly mixing process. If
the strong mixing coefficient α(k) satisfies, for some δ > 0,

∞∑

k=1

[log(k + is)][log2(k + is)]1+δ[α(k)]1−2/r

×
∞∑

j=k+is

1

j2h2sd(1−1/r)
j

< ∞ (3.15)

and the sequence (h j ) satisfies

∞∑

j=1

1

j2h2sd(1−1/r)
j

< ∞; (3.16)

then, for almost all u ∈ Ms with f (u; i′s) > 0 we have

Q̂n(u) → Q(u) (3.17)

as n → ∞ almost surely.

Proof We prove this theorem by two steps.
Step 1: We show that for almost all u ∈ Ms we have R̂n(u) − E[R̂n(u)] → 0.
By H2 and H3, the function u �→ R(r)(u) f (u; i′s) is a bounded and continuous
function on Ms . By Lebesgue’s dominated convergence theorem, we have for almost
all u ∈ Ms ,

hdh(r−1)
j E

∣∣∣∣∣
q(Xs+1,m

j )
Ks, j

(
d(u1, X j+i1), . . . , d(us, X j+is )

)

θu1(X j+i1) × · · · × θus (X j+is )

∣∣∣∣∣

r
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= hdh(r−1)
j E

{

R(r)(X1,s
j )

∣∣∣∣∣
Ks, j

(
d(u1, X j+i1), . . . , d(us, X j+is )

)

θu1(X j+i1) × · · · × θus (X j+is )

∣∣∣∣∣

r}

→ R(r)(u) f (u; i′s)
θr−1

u1 (u1) · · · θr−1
um (um)

∫ s

E
K r (‖v1‖, . . . , ‖vs‖)dvg(v1) · · · dvg(vs)

as j → ∞. Put

ψ j (y1, y2) = 1

j
q(y2)

Ks, j (d(u1, y11), . . . , d(us, y1s))

θu1(y11) × · · · × θus (y1s)
,

Y j = ψ j (X
1,s
j ,Xs+1,m

j ) − E

[
ψ j (X

1,s
j ,Xs+1,m

j )
]
, Sn =

n∑

j=1

Y j .(3.18)

Nowwe proceed as in the first part of the proof of Theorem 3.6 and we have for almost
all u ∈ Ms we have R̂n(u) − E[R̂n(u)] → 0.
Step 2: We show in this second step that for almost all u ∈ Ms we have
limn→∞ E[R̂n(u)] = R(u). Put

φ j (u1, . . . , us) =
∫

Ms
Q(x1, . . . , xs) f (x1, . . . , xs)

× Ks, j (d(u1, x1), . . . , d(us, xs))

θx1(x1) · · · θus (xs)
dvg(x),

we have

E[R̂n(u)] = 1

n − im

n−im∑

k=1

φ j (u1, . . . , us).

Using Assumption H3 and Lebesgue’s dominated convergence theorem, we have
φ j (u1, . . . , us) → q(u1, . . . , us) f (u1, . . . , us; i′s) = R(u). Moreover, by Toeplitz
lemma we have

lim
n→∞E[R̂n(u)] = R(u).

Put a = R(u), â = R̂n(u), b = f (u; i′s), b̂ = f̂n(u; i′s). By the two previous
steps, â − a → 0 a.s. and b̂ − b → 0 a.s. from Theorem 3.6. Using identity (3.14),
we get the result. ��

4 Numerical studies

In this section, we report simulations carried out to demonstrate the applicability
of our geometric kernel density estimator (3.2) and to investigate its finite sample
performance under the statistical software R [22]. Let us consider the unit disk D2 =
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614 A. T. G. Amoussou et al.

{(x, y) ∈ R
2, x2 + y2 < 1} of the Euclidean plane, which is not an Euclidean space.

Endowed with the Riemannian metric:

ds2
D

= 4
dx2 + dy2

(1 − x2 − y2)2
,

where x and y are the Cartesian coordinates andD2 is a model of the two-dimensional
hyperbolic geometry D

2 which is a complete manifold called the Poincaré disk. The
exponential map exp0 : �0D

2 → D
2 and the logarithmic map log0 : D2 → �0D

2

(see [8]) are given for v �= 0 and y �= 0 by:

exp0(v) = tanh (‖v‖) v

‖v‖ ,

log0(y) = tanh−1 (‖y‖) y

‖y‖ ,

and exp0(0) = 0 where 0 = (0, 0). On the hyperbolic space D2, the volume density
function θp, p ∈ D

2 is given by

θp(q) = sinh(r)

r
, (4.1)

where r = d(p, q) = 2 tanh−1
∣∣∣ p−q

pq̄−1

∣∣∣ (see [15]). Using the relations (3.2) and (4.1),

our density function estimator on D
2 is defined by:

f̂n(x; im) = 1

n − im

×
n−im∑

j=1

d
(
x1, X j+i1

) × · · · × d
(
xm, X j+im

)
Km, j

(
d(x1, X j+i1), . . . , d(xm, X j+im )

)

sinh
(
d

(
x1, X j+i1

)) × · · · × sinh
(
d

(
xm, X j+im

))

for x ∈ Mm . We assume in this section that h j = h not depend on j . Then

∞∑

j=1

1

j2h2md(1−1/r)
j

= h−2md(1−1/r)
∞∑

j=1

1

j2
< ∞.

The Gaussian probability distribution function (p.d.f) on the complete Riemannian
manifold D2 is not exactly the p.d.f in the Euclidean space. The main difference is the
use of the hyperbolic distance in the exponent and a specific normalization constant
which accounts for the underlying geometry (see [23]). The Gaussian probability
distribution on Poincaré disk D2 is defined by

h(x|μ, σ) = 1

Z(σ )
exp

{
−d2(x, μ)

2σ 2

}
, x ∈ D

2 (4.2)
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Fig. 1 Sample from Riemannian Gaussian distribution with μ = 0 and σ = 0.2

where

Z(σ ) = 2π

√
π

2
σ exp

(
σ 2

2

)
erf

(
σ√
2

)

and erf is the Gaussian error function defined by er f (x) = 1√
π

x∫

−x
e−t2dt . For more

details of the construction of Gaussian sample on D
2, see [15]. Figure 1 provides a

plot of a Gaussian random variable sample on the complete Riemannian manifoldD2.

4.1 Simulation 1

Let X be a Gaussian random variable with density probability function h(·|0, 0.2)
defined by (4.2) on Poincaré disk D

2. For fixed x = (−0.03, 0.2) or (0.3, 0.1), we
compute h(x |0, 0.2). To study the finite sample behavior of the geometric kernel
density estimator f̂n , we consider (Xi )

n
i=1 i.i.d. sample of X for n = 20, 50, 100, 200,

500 and 1000. Since (Xi )
n
i=1 are i.i.d., the assumptions of Theorem 3.6 are satisfied.

For each sample size, we generate 2000 replications and compute θ̂i = f̂n(x; i1) for
each sample using the standard kernel K (x) = 3

π

(
1 − x2

)2 1x<1. Next, we evaluate
the mean value obtained over the 2000 replications and the estimated MSE

MSE
(
θ̂
)

= 1

2000

2000∑

i=1

(
θ̂i − θ0

)2
, (4.3)
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Table 1 Values of f̂n(x) and
M SE for x = (−0.03, 0.2),
h(x|μ = 0, 0.2) = 0.4795429

f̂n(x) M SE
(

f̂n(x)
)

n = 20 0.4725268 0.001331011

n = 50 0.4769959 0.000473344

n = 100 0.4783286 0.0002252459

n = 200 0.4789286 0.0001136168

n = 500 0.4793103 0.00004327218

n = 1000 0.4794222 0.00002252942

Table 2 Values of f̂n(x) and
M SE for x = (0.3, 0.1),
h(x|μ = 0, 0.2) = 0.018434481

f̂n(x) M SE
(

f̂n(x)
)

n = 20 0.040968047 0.009645911

n = 50 0.036159158 0.004181026

n = 100 0.031332491 0.001987973

n = 300 0.0244459821 0.0009588741

n = 500 0.0227981802 0.0004209544

n = 1000 0.0189908596 0.00002017425

where θ0 = h(x|μ = 0, 0.2) and θ̂i = f̂n(x; i1) for fixed x = (−0.03, 0.2) or
(0.3, 0.1). For x = (−0.03, 0.2), the true value of the density function is h(x|μ =
0, 0.2) = 0.4795429 and for x = (0.3, 0.1), h(x|μ = 0, 0.2) = 0.018434481.
Tables 1 and 2 show the mean value of f̂n(x) and the MSE value for each sample
size, respectively, when x = (−0.03, 0.2) and (0.3, 0.1). From the results in Tables 1
and 2, we can observe that as the size of the sample increases, f̂n(x) takes values that
are closer and closer to the true value h(x|0, 0.2) and the MSE decreases. Hence, our
density estimator converges to the true value.

In order to compare the geometric and Euclidean approach for density estimation,
we represent the contour of the geometric kernel density function estimate on Rieman-
nianmanifoldD2 (with standard kernel K ) (Fig. 2) and that of the classical (Euclidean)
kernel density estimates onR2 (with standardR2-Gaussian kernel) (Fig. 3), evaluated
from the same data. The contour plot of the classical kernel density estimate is not
symmetric, while the proposed kernel density estimate has the characteristic sym-
metric shape of Gaussian density (see Fig. 4). Hence, the geometric approach for
kernel density estimation yields better results when the data belong to the Riemaniann
manifold D

2.

4.2 Simulation 2

We consider the D
2-valued process

(
exp0 (Yt )

)
t∈Z where (Yt )t∈Z is the R

2-valued
vector autoregressive (VAR) stationary and strongly mixing process defined by

Yt = AYt−1 + εt (4.4)
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Fig. 2 Geometric density
estimation
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Fig. 3 Euclidean density
estimation
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Fig. 4 True probability density
h(·|μ = 0, 0.2)
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with A =
(
0.2 0
0 0.2

)
and εt ∼ N2(0,Σ) are i id, Σ =

(
0.1 0
0 0.1

)
. We set

Xt = exp0 (Yt ) . (4.5)
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Table 3 Values of f̂n(x) and
MSE for x = (0.5, 0.6),
f (x) = 0.004369456

f̂n(x) M SE
(

f̂n(x)
)

n = 20 0.005951399 0.00002926904

n = 50 0.005279744 0.00001278535

n = 100 0.004866229 0.000006562884

n = 200 0.004679187 0.000003545061

n = 500 0.004506732 0.000001444091

n = 1000 0.00437981 0.0000007181330

Table 4 Values of f̂n(x) and
M SE for x = (−0.4, 0.7),
f (x) = 0.001921427

f̂n(x) MSE
(

f̂n(x)
)

n = 20 0.002535025 0.00001714449

n = 50 0.00249859 0.000008301609

n = 100 0.002317932 0.000004328159

n = 200 0.002150694 0.000002291990

n = 500 0.002010352 0.0000008698475

n = 1000 0.001974886 0.0000004716210

The true density probability function of Xt on the manifold D
2 is defined by

f (x) =
{

d(x,0)g(log0(x))
sinh(d(x,0)) if x ∈ D

2\{0},
0 if x = 0,

(4.6)

where g is density probability function of theR2-process defined by (4.4).We estimate
the density probability function of the random variable X1 which belongs to manifold
D
2. Then m = 1 and im = 1. It is well known that (Yt ) is geometrically completely

regular (see [14]); then, the mixing coefficients of (Xt ) satisfy the assumptions of
Theorem 3.6. For the numerical tests, 2000 independent samples (Xi )

n
i=1 on Poincaré

disk are generated under the model (4.5) for n = 20, 50, 100, 200, 500 and 1000. For
fixed x = (0.5, 0.6) or (−0.4, 0.7), we compute the mean value of f̂n(x; i1) and the
MSE. The same kernel function as in the previous simulation is used. The obtained
results are presented below:

Tables 3 and 4 show that for x = (0.5, 0.6) and x = (−0.4, 0.7), the geometric
kernel density estimator f̂n(x; i1) converges to, respectively, the true value f (x) =
0.004369456 and f (x) = 0.001921427 as the sample size increases. Hence, this
simulation illustrates the consistency result in the case of stationary and strongly
mixing non-i.i.d process.

4.3 Real data analysis: an application to Canadamacroeconomic labor data

In order to illustrate the kernel density estimator for strongly mixing process on Rie-
mannianmanifold, we consider the Canada labor data available in the R package vars.
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Fig. 5 Residuals diagnostic plots from fitting a VAR(1) to labor data

Fig. 6 Contour density
estimation from labor data via
diffeomorphism transformation
on D2
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The data were deduced from the original time series published by the OECD and was
modelled as a VAR in [21]. We used the 84 observations on the vector formed by
the variables employment (“e”) and real wage (“rw”). A preliminary analysis is first
performed on the data following the methodology in [21]. To get a stationary time
series data, we apply the first difference filter to the observations. Then a VAR(1)
process (Yt )t∈Z defined by Yt = AYt−1 + εt with i.i.d. Gaussian errors is fitted
to the differenced data by ordinary least squares method and the estimate of A is(
0.80623004 0.01808065
0.21385420 0.67853030

)
. The histogram and empirical density function of the

residuals are plotted in Fig. 5.
From this preliminary analysis, we can model the differenced data as observations

of stationary, strongly mixing and geometrically completely regular VAR(1) process
(Yt ) onR2. Then, considering the same bandwidth and kernel function as in Sect. 4.1,
the mixing coefficients of

(
Xt = exp0 (Yt )

)
satisfy the assumptions of Theorem 3.6.

The geometric kernel density estimate function computed from the sample on D
2 is

plotted in Figs. 6 and 7.

5 Conclusion and perspectives

We have discussed the problem of nonparametric density estimator on Riemannian
manifold. We have constructed a joint density estimator of a finite-dimensional vector
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x

y

z

Fig. 7 Density estimation from labor data via diffeomorphism transformation on D
2

of a stationary and strongly mixing process on manifold and have shown that this
estimator is strongly consistent. Moreover, a similar result is obtained for conditional
density functions and conditional expectations of functionals given its past behavior.
Our simulation studies show that the density estimator converges to true density and is
more effective than Euclidean kernel density estimator when both methods are appli-
cable. This provides relevant evidence that geometric structure of the sample space
has to be taken into account for accurate statistical inference. However, the dimension
of the manifold may be high and further investigations would be useful to assess the
behavior of the proposed estimator in this setting. One may use a dimension reduc-
tion technique like Riemannian principal components analysis [6]. For our estimators
of joint density, conditional density and conditional expectations for strongly mixing
processes, the almost sure convergence rates remain to be established. Sincemanifold-
valued data and objects are increasingly used in statistics, it would be interesting to
study strong mixing processes on other manifolds.
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