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Abstract

In this paper, nonparametric estimation for a stationary strongly mixing and manifold-
valued process (X ;) is considered. In this non-Euclidean and not necessarily i.i.d
setting, we propose kernel density estimators of the joint probability density function,
of the conditional probability density functions and of the conditional expectations
of functionals of X; given the past behavior of the process. We prove the strong
consistency of these estimators under sufficient conditions, and we illustrate their
performance through simulation studies and real data analysis.

Keywords Riemannian manifolds - Nonparametric estimation - Kernel density
estimation - Stationary and strongly mixing processes - Strong consistency

Mathematics Subject Classification 58C35 - 62G05 - 62G20 - 62M09

X Freedath Djibril Moussa
freedath.djibril @imsp-uac.org

Amour T. Gbaguidi Amoussou
amour.gbaguidi @imsp-uac.org

Carlos Ogouyandjou
ogouyandjou@imsp-uac.org

Mamadou Abdoul Diop
mamadou-abdoul.diop@ugb.edu.sn

1 IMSP, Université d’ Abomey-Calavi (UAC), Dangbo, Benin
FAST, Université d’ Abomey-Calavi, Abomey-Calavi, Benin

Université Gaston Berger, Dakar, Senegal

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s40304-020-00237-0&domain=pdf
http://orcid.org/0000-0001-7117-8381

600 A.T.G. Amoussou et al.

1 Introduction

Nonparametric estimation is a basic approach in statistical inference and widely used
for Euclidean data when no assumption is made on the family to which the data gener-
ating process belongs. But in many situations, the data are in a Riemannian manifold
or are best modeled as points of a Riemannian manifold which is not an Euclidean
space [1,4]. A survey on data on manifolds and nonparametric tools for this kind
of data (medical images, meteorological data, directional data, similarity shape data,
digital camera images, etc.) can be found in [16]. Many efforts have been devoted to
investigating kernel density estimation on Riemannian manifold. Pelletier proposed
a kernel density estimator [18] and a nonparametric estimator of the regression func-
tion [17] on Riemannian manifolds. Henry et al. [9] gave the asymptotic distribution
and uniform consistency of Pelletier’s density estimator and proposed an illustration
based on real directional paleomagnetism data. Chevallier et al. [5] studied Pelletier’s
estimator on Siegel spaces (a type of Riemannian manifold) and gave an application
to radar observations.

All those works considered i.i.d random objects for the nonparametric inference. But
non-i.i.d situations are commonly encountered in statistical applications. Masry [13]
established the strong consistency of nonparametric estimators of conditional prob-
ability density and conditional expectations for real-valued stationary and strongly
mixing processes.

In this paper, we are interested in density estimation for stationary and strongly
mixing processes on Riemannian manifolds. We propose strongly consistent estima-
tors of conditional density function and functional conditional expectations that take
account the geometric structure of sample space, extending the work of Masry [13] to
Riemannian manifolds.

The rest of the paper is organized as follows. In Sect. 2, we review the relevant results
related to Riemannian manifold and strongly mixing stationary process on Riemannian
manifold. Section 3 is devoted to the new geometric nonparametric density estimator,
conditional density estimator and functional conditional expectations estimator and
their consistency properties along with the proofs.

The numerical studies on the finite sample performance of the proposed kernel
density estimator based on simulated data and real data are presented in Sect. 4. The
conclusion and some research perspectives are given in Sect. 5.

2 Preliminaries
2.1 Some notions from Riemannian Geometry

In this section, we introduce some fundamental definitions and properties of Rieman-
nian manifolds. For more details, see [3,20,24].

Definition 2.1 A Riemannian metric g on a differentiable manifold M is a smoothly
chosen inner product g, : T,M x T,M — R on each of the tangent spaces T , M

of M with p € M. In other words, for each p € M, g = g, satisfies
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Nonparametric estimation for strongly mixing processes on manifold 601

1. g(u,v) =g, u) forallu,v e T,M;
2. g(u,u) >O0forallu € T,M;
3. g(u,u) =0ifand only if u = 0.

We note (u, v) := g(u,v) forallu,v e T,M.

Definition 2.2 A differentiable manifold M equipped with a Riemannian metric g is
called Riemannian manifold and is denoted by (M, g).

Definition 2.3 Let p € M and (xl, ..., x™") be a local system of coordinates of p.
We define the volume form of a Riemannian metric to be top-dimensional form dv,
which is given in local coordinates by

dvg(p) = Jdetgdx! A A dx",

where (0,1, ..., 0yn) is a positively oriented basis of T, M with 9,i := a;i’ for all
ie{l, cens n}, detg is the determinant of the matrix (g;;)i, j=1,....n» &ij = &p(0yi, 0yj)
and dx' is the linear form on T , M defined by

. | f i=
d’ (8“):{0 if not

We set the volume of (M, g) to be

vg(M) = /M dvg (x).

Definition 2.4 Let (M, g) be a Riemannian manifold of dimension d. A smooth curve
y :R D1 — M is called geodesic at fp € I, if% (y) =0atry € I, where y is the
derivative of the function y : I — R. If y is geodesic at all points ¢ € I, it is said to
be geodesic.

d% is the covariant derivative (see [3]).

Theorem 2.5 [24] Let (M,g) be a Riemannian manifold, p € M and v € T,M.
There is a positive € and a unique geodesic yy : [0,€] — M such that y,(0) = p and
w(0) = .

From the geodesics of a Riemannian manifold M, for all p € M, the exponential
map at point p, a diffeomorphism (i.e., a differentiable, bijective map of differentiable
inverse) denoted by exp,,, which maps a tangent vector v of an open ball B(0,r) C
TpM centered in O to the endpoint y (1) =: exp,,(v) of the geodesic y : [0, 1] — M
verifying y(0) = p, y(0) = v. Intuitively, the exponential map moves the point p
along the geodesic starting from p at speed after covering the length ||v||. Conversely,
the inverse of the exponential map log ,(p) := exp;1 (p) gives the vector that maps p
to p. The image by the exponential map of the open ball B(0,r) C T ,M, with r less
than the injectivity radius at p, is called the geodesic ball of radius » > 0 centered in

p-
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602 A.T.G. Amoussou et al.

Definition 2.6 A Riemannian manifold M is called geodesically complete if the map
exp,, is defined on T, M forall p € M.

Theorem 2.7 (Hopf-Rinow [24]) Let M be a connected Riemannian manifold. The
following are equivalent:

— M is complete as a metric space.

— M is geodesically complete.

— There exists a point p € M such that the map exp,, is defined on T , M.
— A subset of M is compact if and only if it is closed and bounded.

Let M be a complete d-dimensional Riemannian manifold. In this case, for all
p € M the exponential map at p is defined on T , M, and for any value of 7, we have

exp,, (1v) = 7, (1).
2.2 Strongly mixing process on Riemannian manifold

In this section, we recall some useful results on mixingales [12] and we introduce the
strong mixing condition for Riemannian manifold-valued processes.

Let {Fy,, n € Z} be a non-decreasing sequence of subsigma algebras of the proba-
bility triple (£2, 7, P) and {Z,},cz a R-valued process. The sequence (Z,, F,){ncz)
is called a simple mixingale if Z, is F},-measurable, n > 1, and for some sequences
of finite nonnegative constants ¢, ¢;,/ =0, 1, ..., where ¢; — 0 as/ — oo we have

@) [BIE(Zy|Fu-)I?]"? < ¢rcn, foralln > 1,1 >0,
(b) E(Zy) =0.n > 1,
) F, ={9,82},n <0

¢1,1 =0,1,2,...arecalled mixingale numbers. The following lemma gives sufficient
conditions on the sequences (¢;) and (c,) for the almost sure convergence of S, =

Z?:l Zj.

Lemma 2.8 [12] Let (Z,,, F)nez be a simple mixingale such that

o0
Y i< 2.1)
j=1
and for some § > 0,
o0 o0
Z(log n)(log, n)' 2 Z c? < 0. (2.2)
n=1 j=n

Then S, = Z?:l Z; converges almost surely to a finite limit.

Let (M, g) be a Riemannian manifold. A M-valued random variable X is a mea-
surable map on a probability space (§2, F, P) into (M, B(M)), where B(M) is the
Borel o-algebra generated by the open subsets of M.
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Nonparametric estimation for strongly mixing processes on manifold 603

To each M-valued random variable X, we associate a probability measure Q = Py
on B(M) given by Q(B) = P(X~1(B)) for all B € B(M).

Generally, Riemannian manifolds do not have a linear structure. Thus, the study
of Riemannian manifold-valued random variables relies on the geometric structure
of this manifold involving most often the notions of metric, volume form, injectivity
radius, volume density, etc. For more details on probabilistic and statistic tools to work
on Riemannian manifolds, see [19].

In this paper, we study Riemannian manifold-valued processes. We extend the
strong mixing condition for real-valued stationary processes [12] to Riemannian
manifold-valued stationary processes as follows:

Definition 2.9 (Strongly mixing process) Let (X;) be a M-valued process and Stl’.‘ ,
(=00 < i,k < 00) be the o-algebra of events generated by {X;,i < j < k}. (X;) is
strongly mixing if

sup sup P(AN B) —P(A)P(B)| = a(k) —> 0

s€R AeTF? ,BeT S,

as k — oo.
a (k) is called the strong mixing coefficient.

Lower and upper bounds of the covariance of 3% ,_-measurable and EF,:‘_’E -measurable
R-random variables are given below:

Theorem 2.10 [7]Letr,s andt be positive reals numbers suchthat 1 /r+1/s+1/t = 1.

Letu > 0, Y be a *  -measurable R-random variable and T a ?ﬁu-measurable

R-random variable such that E|T|" < oo and E|Y|* < oo. Then, there exists ¢ € R
such that

lcov(Y, T)| < cla(0)1 [E|Y 1V [EIT|']V".

2.3 Some useful analysis’ results

In this part, we recall some relevant results (Lebesgue’s dominated convergence the-
orem, Toeplitz lemma and Kronecker lemma) that will be used later on.

Theorem 2.11 (Lebesgue’s dominated convergence) [10] Let (X,S, ) be a measure
space and let ( f,,),cn be a sequence of (complex-valued) integrable functions defined
on X, converging pointwise to a function f. Assume further that for all x € X and
foralln € N, we have | f,(x)| < g(x), where g is a nonnegative integrable function
defined on X. Then, f is integrable. Further,

lim /X o) — )] du(x) = 0.

In particular, we have

lim / fn(X)dM(x)=/ J)dp(x).
n—oo X X
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604 A.T.G. Amoussou et al.

Lemma 2.12 (Toeplitz) [11] Let {auk, | < k < k,,n > 1} be a double array of real
numbers such that for any k > 1, limy,— oo apy = 0 and sup,, 211?:1 |anr| < oo. Let
{x,,n > 1} be a sequence of real numbers.

(i) If1imy—s 00 X, = O, then lim,, o0 YN | dppxy, = 0.
(i) Iflim,— oo x;, = x € Rand lim,_, o Zi"zl aui = 1 then lim,,_, o Zi"zl ApkXp =
X.

The following Kronecker lemma is a corollary of Toeplitz lemma.

Lemma 2.13 (Kronecker) [11] Let {x,,n > 1} and {b,,n > 1} be a increasing

sequences of real numbers such that b, > 0 for all n > 1. If the series Y o Xk /bk
converges, then lim, o0 Y _; x; = 0.

3 Main results

Let (M, g) be a complete d-dimensional Riemannian manifold and (X;);c7 be a M-
valued stationary process on a probability space (£2, F, P). The aim of this work is to
investigate the nonparametric estimation of the finite-dimensional density functions,
conditional density functions and conditional expectations of functionals given its past

behavior of (X;);c7. Let n € N*. For each integer m > 1 and integers 0 = ij < iy <
- <iy <n,let

f(x’im) = f(xlvn-,xm;ilv"-»im)
be the density function of the random vector X(l)’m = (X;,, ..., X, ), whichis assumed
to exist.
For any integer s, | <s < m, set
F& ) = FXjqiys oo oy Xjgiys 01y o e ey is)

be the probability density function of X}’S =Xjtiy».--» Xj4i,) and

R .2l Lo/
f(X2|Xl) M f(X27 lm_S|X1, ls)

be the conditional probability density function of X‘;H’m = Kjtigirs > Xjtin)
given X = (X 1iy, ..., X1i,) where i, = (ig41,...,in). Then
J (X5 i)
fxalx)) = ===,
S (xi; i)
where x| € M*,xo € M" 5. Let E = Br(0, D)? = {(x1,...,x5) e RT : 0 < x; <
1,i € {1,...,d}} and K; be a real nonnegative function on Rﬁr foralll € {1,...,m}.

We make the following assumptions:
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Nonparametric estimation for strongly mixing processes on manifold 605

H1 (i) For all I e {1,2,...,m}, suppK; = [0, 17" and / Ki(uyll, ...,
E!
lu;Dduy ...du; =1,
(i) There exists » € (2, 00) such that fE, K/ (lutll, ..., llwlDduy ...du; <
00, Vi,

H2 f(-iy)and f(-;1i,) are continuous functions, respectively, on M and M* ( with
M™ =M x --- x M, m factors),

H3 The function R")(-) = E[|q(Xj+l’m)|’ |Xj = .]is continuous on M*,

H4 For all p in M, the volume density function 6, is continuous on M and
inf5¢p 0p(p) = A > 0.

Remark 3.1 Assumption H4 was used by Henry [9] without the continuity of the
volume density function.

Let (hj)
put

jenr be a sequence of positive numbers such that h; — 0 as j —> oo and

K )= 2k (F
(X)) = — — .
Ly il ! hj

J

We suppose that the bandwidth satisfies the following condition:
h j = hg 3.1

for some fixed A such that 0 < g < inj ¢ (M), where inj ¢ (M) denotes the injectivity
radius of the Riemannian manifold (M, g) (see [2]).

3.1 The proposed Kernel density estimator

On the basis of a single realization (X;)!_,, we estimate f(x; i,) by

\ 1" Ko (At Xjiy)s ooy d o, X
Fa i) = > my (@01 Xi) G X 410)) (3.2)
—1

im =1 Qxl (Xj+i1) X oo X exm (Xj+im)

Remark 3.2 - Our density estimator defined by (3.2) is an extension of Masry’s (see
[13]) density estimator to Riemannian manifold case.
— InEuclidian space R?, 0,(p) = lforall p and p in M. Then our density estimator
function takes the form:

n—ipy

D Knj (161 = Xl -l — X, 1)
Jj=1

Im
forx € E™.
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606 A.T.G. Amoussou et al.

The function fn(-; i,) is a probability density function as stated in the following
lemma.

Lemma 3.3 The estimator fn defined by (3.2) is a probability density on M™.
Proof We have f,, (x; i) > O for all x € M™. Therefore,

; o LW
FaCrrs o X i) dug (o) - dvg () = ——
mMm n—ipy j*l

K, j (d(xl, Xjti)s-o-s d(xy, X,i-‘rim))
(fn'" B(Xjny) O Kjwi) 05, (X, A (1) dvgim)
k=1 ]+1k.llj 1 J+i Xm J+tim
where v, is the Riemannian measure on M. Let (U Xjiy exp)_(jh, ) be the exponential
. i

chartat X ; ;, for all k, with normal coordinates x!, ..., x?. Under the condition 3.1
on the bandwidths, [T}, B (Xj4i., hj) C [Tz, Ux,,;, - Let B(hj) be the ball of

radius hj in Ux,,, ,ie., B(hj) = exp%}ﬂ_k (B(Xj4i. hj)). Then by (3.2) we get

fn()C1,...,xm;i1,...,im)dvg()C1)"'dUg(xm)
Mm
1 n—ipy
=— Z/ Ko (lurll - )
n—1in i=1 E™

Jdetg(uy) x -+ x /detg(uy,,)

) du
Oexpy ;) Xjrin) X oo X Oexpy ) (X i)
1 n—ipy
- i Z/ Ko (lurlly ..o luml) duy - - - duy,
n—im ~ Em
j=1
:/ Koo (Nt Nt ) day .. dit. (3.3)

Using H1 and (3.3), we obtain

Faety o Xms ity ooy i) dug(x1) - - - dvg () = 1.
M"l

3.2 Strong consistency of the density estimator

Now, we investigate the asymptotic behavior of the nonparametric estimator of the
finite-dimensional density functions and conditional density functions of (X;);z. We
start by the two following results that are useful to establish the strong consistency of
the considered estimators.
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Nonparametric estimation for strongly mixing processes on manifold 607

Theorem 3.4 Let (X ) jez be a M-valued stationary and strongly mixing process,
1 . . .
Xj’mZ(Xj+,'l,...,Xj+,‘m), O=i1<ir < -+ <ip,

and (¢ ;) a sequence of R-valued Borel measurable functions on M™. Set

vi=a; (X)) —E[¢; (X;™)] and s, = Xn:Yj.
j=1

If

> {EIY;MT < oo, (34)
j=1

and, for some § > 0,

]

[og(k + im)1llogy (k + in) ] ol (k)] =2/
k=1

o
x Y EIYITP < oo, 3.5)
j=ktim

then Sy, converges almost surely to a finite limit as n — oo.
Firin i n>1
(9,82}, if n<0
We shall show that (Y, F},) is a mixingale. Y, is F;-measurable forn > 1. Let/ € N.
- Ifn—-1 <0, E(Y,|F,—;) = 0 because E(Y,,) = 0 and F,_; = {{, 2}. Then
E[E(Y,| Fy-n)|* = 0.
— If1 = 0, E[E(Yy| Fy—p)|* = E[E(Y, | Fy) > = E[Y, .
-If1 <1 <iy,, wehaven —i, <n—1 < n— 1. By the Cauchy—Schwartz
inequality, we have

Proof Let F,, =

172 172
(BIEW 1 Fn ) < (EIvP)
- Ifi,, <l <n,wehave 0 <n—1[ <n—1i, and

(EIE(aIFa-n ) = cov [Ya, EYal Fap)]

Since Y, is J;,°-measurable and E(Y,, | F,,—;) is S"fiém_l—measurable, it follows by
Theorem 2.10

1/2
(BIEWIFu-n) " < clal — i) 27 B, 117
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608 A.T.G. Amoussou et al.

Thus, (Y;, F,) is a simple mixingale with ¢, = 12[]E|Y,,|’]1/’ and
1, 1 E l E im:
¢ = {lal —ig)V/27Vr 0y <1 <,

0, n<lI,

and, by (3.4) and (3.5), conditions (2.1) and (2.2) of Lemma 2.8 are satisfied. Hence
the result. O

Lemma 3.5 Let HI, H2 and H4 hold. Then,

llm hmd(r l)

n—00
X/ Kinn dx1, y1)s - dXps Yim)) "
m Qxl ()’1) X oo X exm (ym)

SO ym)dug ()

B FCer, .o, xm)
05 () x - x 05 (o)
xf Kon (Mo D1 s -~ ity < 00 (3.6)
Proof Fork =1,...,m,set y;, = expy, (uk) and vy = uy/hy. By H1-(ii), there exists
r > 2 such that
/ |Km (lurll, ... N D" duy -+ - duyy < 00.

We have

hmd(r_1)/ K n dx1, y1), - d(Xps Ym)) "
" Mm exl (y1) x--- x exm(ym)
X5+ e s Ym)dvg(y1) - - - dvg (Ym)

_/ | Kim ([v1l llvm DI
- -1
E |0y, (expy, (h1v1)) X -+ X Oy, (exp, (hnvm))|"

X f(expy, (hpv1), ..., expy (hpvm))doy -« - doy

By the continuity of exp, on M for all p € M, Assumptions H1-(ii), H2, H4 and
Lebesgue’s dominated convergence theorem we get the result. O

The results of strong consistency of the proposed estimators are given below.
Theorem 3.6 Let HI, H2 and H4 hold. Let (X ;) jez, be a M-valued strongly mixing
process. If the strong mixing coefficient « (k) satisfies, for some § > 0,

> “log(k + in)1[log, (k + i)]' (k)] /"
k=1
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Nonparametric estimation for strongly mixing processes on manifold 609

X Z 2md(1 7y = G.7)
j=ketim T

and the sequence (h ) satisfies

o0

1
<, (3.8)
jX_; jzhimd(l—l/r)

then for almost all x € M™ we have
Fa@3im) = fO6in) = 0, n — 00

almost surely.

Proof We show the consistency result in two steps as follows:
Step 1: We first prove that for almost all x € M™ we have

fasin) =B (fuiin)) = 0, 5= oo

almost surely. Using Lemma 3.5, we have

r

K, j (d(xl,X.,‘Hl),...,d(xm,Xj_Hm))
Ox; (Xjtiy) X -+ X Ox, (X jtiy,)
f(xl"'°7xm)

057 (x1) X - X 05 (o)

x/ Ko (s s Nt DI ity - - ity (3.9)
E"l

hljﬁd(rfl)E

for almost all x as j — oo. Fix x and put

le,j (d('x15 y])a"vd(-xms ym))
J exl(}’l)x"'xexm()’m)

vj =X — B [y

Yi(y) = , yeM"

By (3.9), there exists a constant 8, independent of j, such that

1
l/r -
[E|Y | - hmd(l—l/r)ﬂ'
Jh;

Hence, by (3.8), we have Z?oz] []EIler]z/’ < oo and (3.7), (3.8) implying that con-
ditions (3.4) and (3.5) of Theorem 3.4 are satisfied. It follows by Theorem 3.4 that
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610 A.T.G. Amoussou et al.

Sy = "= Y converges almost surely to a finite limit. Now set n’ = n — i,,. Then
1<
Faciin) = E (fucin)) = — 37 ¥
j=1

which tends to zero by the Kronecker lemma and the almost sure convergence of Sj,.
Step 2: We show in this second part that for almost all x € M"" we have

Tim E (fu ) = £ ).

By computing the expectation of fn (x; i), we have

n—ipy

Ao, i Ky, j (d(x1, y1), ..., d(xXm, ym))
E(fn(X7 lm)) Cn— im Z /M'" exl (y1) x ---x exm(ym)

><f(y1, oo Ym)dug ()

n—ipy

= Z(pj(x]5"-a )7
I’l—lm

where
Km,j (d(XI, )’1), ceey d(xn’h )’m))
QX1 X)) =
M Ox, (1) X -+ X O, (Ym)
XfV1s e ey ym)dvg (1) - - - dvg (V).
Similarly to the proof of Lemma 3.5, we can show that ¢;(x1,...,x,) —
f(x1,...,xy) for almost all (xq, ..., x,) € M™. Moreover, by Toeplitz lemma we
have
Tim B (fuxsin)) = £ 5.
Using Steps 1-2, the strong consistency result of fn (x; i) is obtained. O

Theorem 3.7 Let HI, H2 and H4 hold. Let (X ;) be a M-valued strongly mixing
process. If the strong mixing coefficient o.(k) satisfies, for some § > 0,

> log(k + im)[logy (k + i)] e ()] 2"
k=1

x Z h 2md(1 7y = (.10)
j=ktim J
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Nonparametric estimation for strongly mixing processes on manifold 611

and the sequence (h ;) satisfies

> 1

—_— < 00, (3.1
; jzhimd(l—l/r)
then for almost all x| € M* and x, € M™~* with f(xy;i;) > 0 we have

fa2lx1) — f(x2lx1) = 0, n— oo (3.12)

almost surely.

Proof Under (3.10) and (3.11), we have Theorem 3.6 so that for almost all x:
fn(X; i) —> f(xi,), n— o0

almost surely. (3.10) and (3.11) also imply that

o oo
1
- 1+ 1-2/
> “log(k + in)llog, (k + i) P lak)) 27 > 2T < %
k=1 j=k—+ig JT
and
> 1
Z 220170 < 0. (3.13)
j=1 J

By Theorem 3.6, for almost all x; € M*
Faxisiy) = f&x1idg), n— o0

almost surely. The result follows by using the following identity

4t a-a-26-b)] (3.14)
5 - b = 5 a—a)— b - .
witha = (i), a= fu(xiio). b= fxi). b= futxiii). 0

3.3 Strong consistency of conditional expectations of functionals
We now focus on the nonparametric estimation of functional conditional expecta-

tions. Let ¢ be a R—valued Borel measurable function on M™%, The conditional
expectations of q(Xj.H’m) given (X}.’S = u) is denoted by

0w =E [qX}" X} =w)].
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612 A.T.G. Amoussou et al.

Define

R(u) = Q(u) f (u; iy)

and

R = 1 ni" (XH_lm) s,j(d(xl,XjJril),~-~,d(xs»Xj+i5))'

n—1inp =1 le (Xj+i1) X e X st (Xj+ix)

Then we consider the following estimator of Q:
On() = Ru(w)/ fulu: iy)

We shall first establish the strong consistency of R, (1) and then deduce the asymptotic
result on the conditional expectations estimator Q,, ().

Theorem 3.8 Let HI-H4 hold. Let (X ;) be a M-valued strongly mixing process. If
the strong mixing coefficient a (k) satisfies, for some § > 0,

> “llog(k + is)1llogy (k + is)] e (k)] /"
k=1

X Z 2h2sd(1 7 = (.15
—k+zs

and the sequence (h ) satisfies

e8]

1
Y e <o (3.16)
g 2sd(1—1/r)
pr

then, for almost all u € M* with f(u; ié) > 0 we have

On(u) = Q(u) (3.17)
as n — oo almost surely.

Proof We prove this theorem by two steps.

Step 1: We show that for almost all u € M*® we have Ién (u) — IE[I%,, ()] — 0.

By H2 and H3, the function u +— R (u)f(u; ii) is a bounded and continuous
function on M*. By Lebesgue’s dominated convergence theorem, we have for almost
allu € M5,

Ko j (di, Xjgi)s - dug, X 1)) |
Ouy (Xjaiy) X oo X Oy (X jay)

h?h(rfl)IE q(X;+l,m)
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| }

K" (JJorll, ..., lvslDdvg (vr) - - - dvg (vs)

K j (dur, Xjyiy), ... dus, Xj1i)))
Ouy (X jtiy) X - X Oy (Xjyiy)
RO (u) f (u; i) N

Oy ) -+ 00 () /

=h{"""VE {R(’)(X}"Y)

E

as j — oo. Put

KS,j (d(ul’ y11)7°"1d(u5'9 yl_&))
Qul(yll) X X Qus(yls)

s

1
Vi(y, y2) = ;q(yz)
n
Yi =X X — R [W,(X}’S, Xj.“””)] . Sp=)_Yj(3.18)
j=1

Now we proceed as in the first part of the proof of Theorem 3.6 and we have for almost
all u € M* we have R, (u) — E[R, ()] — O.

Step 2: We show in this second step that for almost all # € M°® we have
limy— o0 E[Ry ()] = R(u). Put

Ojuy, ..., us) = . Oty vy xg) f(X1, ey Xs)

« Ks,j (d(ul’ xl)v e d(”h -xs))
exl (x1)--- 9143 (xs)

dvg (x),

we have

1 n—ipy

E[Ry(0)] = —— > §j(ur, ..., uy).
" k=1

Using Assumption H3 and Lebesgue’s dominated convergence theorem, we have
Qjuy, ... us) = quy, ..., ug) fQur, ..., ug ig,) = R(u). Moreover, by Toeplitz
lemma we have

lim E[R, ()] = R(u).

Puta = R(u), a = Ry(w), b= f(u; i), b = fulu; ii). By the two previous
steps, @ —a — 0 a.s. and b — b — 0 a.s. from Theorem 3.6. Using identity (3.14),
we get the result. O

4 Numerical studies
In this section, we report simulations carried out to demonstrate the applicability

of our geometric kernel density estimator (3.2) and to investigate its finite sample
performance under the statistical software R [22]. Let us consider the unit disk D? =
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{(x,y) € R?, x? + y2 < 1} of the Euclidean plane, which is not an Euclidean space.
Endowed with the Riemannian metric:

dx? + dy?

(1 _x2 _y2)2’

dsﬂz) =
where x and y are the Cartesian coordinates and D? is a model of the two-dimensional
hyperbolic geometry D*> which is a complete manifold called the Poincaré disk. The
exponential map expg : ToD? — D? and the logarithmic map log, : D* — ToD?
(see [8]) are given for v # 0 and y # 0 by:

expy(v) = tanh (J|v[|) — ” ”

logy(y) = tanh ™" (|| y[]) ﬂ

and expy(0) = 0 where 0 = (0, 0). On the hyperbolic space D?, the volume density
function 6,, p € D? is given by

_sinh(r)
Op(q) = Pt 4.1)

where r = d(p, g) = 2tanh™ ‘ ‘ (see [15]). Using the relations (3.2) and (4.1),

our density function estimator on ]D)2 is defined by:

1

n—1i,
n—in
d(x1, Xjgiy) % - xd (Xmy Xjging) K j (dx1, Xjgi))s o d o, Xjgiy))

X
sinh (d (xl, Xj+i1)) X -+ x sinh (d (xm, Xj+im))

for x € M"™. We assume in this section that #; = h not depend on j. Then

o0

Z 1 _ j2md(-1/r) i i
.y 2md(1=1/r) — 2
j=1 7] =1

The Gaussian probability distribution function (p.d.f) on the complete Riemannian
manifold D? is not exactly the p.d.f in the Euclidean space. The main difference is the
use of the hyperbolic distance in the exponent and a specific normalization constant
which accounts for the underlying geometry (see [23]). The Gaussian probability
distribution on Poincaré disk D? is defined by

2
exp{—w}, x € D? “4.2)

h(x|lu, o) = 252

Z(o)
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0.1

0.0
|

-0.3 -0.2 -0.1 0.0 0.1 0.2 0.3

Fig.1 Sample from Riemannian Gaussian distribution with © = 0 and 0 = 0.2

where

2
Z(o) =21 za exp (G—)erf <i>
V2 2 J2

l X
and erf is the Gaussian error function defined by erf(x) = — f ¢~"*dr. For more
—X

JT
details of the construction of Gaussian sample on D?, see [15]. Figure 1 provides a
plot of a Gaussian random variable sample on the complete Riemannian manifold D%,

4.1 Simulation 1

Let X be a Gaussian random variable with density probability function A (|0, 0.2)
defined by (4.2) on Poincaré disk D2. For fixed x = (—0.03,0.2) or (0.3,0.1), we
compute 2(x]0,0.2). To study the finite sample behavior of the geometric kernel
density estimator fn, we consider (X; ;’:1 i.i.d. sample of X for n = 20, 50, 100, 200,
500 and 1000. Since (X;)_, are i.i.d., the assumptions of Theorem 3.6 are satisfied.

For each sample size, we generate 2000 replications and compute éi = fn (x; ;) for

each sample using the standard kernel K (x) = % (1 — x2)2 1,-1. Next, we evaluate
the mean value obtained over the 2000 replications and the estimated MSE

2000 P
MSE (é) = oo (é,- _ 90) , (4.3)
l'_
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Table 1 Values of f,, (x) and

MSE forx = (—0.03,0.2), fn(X) MSE (fu)
h(x|p = 0,0.2) = 0.4795429
n=20 04725268 0.001331011
n=50 0.4769959 0.000473344
n =100 0.4783286 0.0002252459
n = 200 0.4789286 0.0001136168
n = 500 04793103 000004327218
n = 1000 04794222 000002252942
Table 2 Values of f'n (x) and X~ N
MSE for x = (0.3,0.1), Jn®) MSE (fn(x>>
h(x|p = 0,0.2) = 0.018434481
n=20 0.040968047 0009645911
n=50 0.036159158 0.004181026
n =100 0.031332491 0.001987973
n =300 00244459821 0.0009588741
n = 500 00227981802 0.0004209544
n = 1000 00189908596 0.00002017425

where 6y = h(xju = 0,0.2) and 0, = f,,(x; i;) for fixed x = (—0.03,0.2) or
(0.3,0.1). For x = (—0.03, 0.2), the true value of the density function is A(x|u =
0,0.2) = 0.4795429 and for x = (0.3,0.1), k(x| = 0,0.2) = 0.01843448]1.
Tables 1 and 2 show the mean value of fn (x) and the MSE value for each sample
size, respectively, when x = (—0.03, 0.2) and (0.3, 0.1). From the results in Tables 1
and 2, we can observe that as the size of the sample increases, fn (x) takes values that
are closer and closer to the true value 4(x|0, 0.2) and the MSE decreases. Hence, our
density estimator converges to the true value.

In order to compare the geometric and Euclidean approach for density estimation,
we represent the contour of the geometric kernel density function estimate on Rieman-
nian manifold D? (with standard kernel K) (Fig. 2) and that of the classical (Euclidean)
kernel density estimates on R? (with standard R2-Gaussian kernel) (Fig. 3), evaluated
from the same data. The contour plot of the classical kernel density estimate is not
symmetric, while the proposed kernel density estimate has the characteristic sym-
metric shape of Gaussian density (see Fig. 4). Hence, the geometric approach for
kernel density estimation yields better results when the data belong to the Riemaniann
manifold D2

4.2 Simulation 2

We consider the D?-valued process (exp0 (Y,)) sz Where (Y1),cz is the R2-valued
vector autoregressive (VAR) stationary and strongly mixing process defined by

Y, =AY, | +¢ 4.4
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Fig.2 Geometric density o ]
. . o
estimation

Fig.3 Euclidean density pi
estimation

0.1

0.0

-0.3 -0.2 -0.1

-0.3 -0.1 0.1 0.3

Fig.4 True probability density el
h(-lp=0,02)

-0.3 -0.1 0.1 0.3

020
0 0.2

010

w1thA:< 0 0.1

) and ¢, ~ N>(0, X) are iid, X = (

). We set

X, = expy () . 4.5)
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Table 3 Values of f,, (x) and . A
MSE for x = (0.5, 0.6), In(x) MSE (fn (x))
f(x) = 0.004369456

n =20 0.005951399 0.00002926904

n =50 0.005279744 0.00001278535

n =100 0.004866229 0.000006562884
n =200 0.004679187 0.000003545061
n =500 0.004506732 0.000001444091
n = 1000 0.00437981 0.0000007181330

Table 4 Values of f'n (x) and R N
MSE for x = (—0.4,0.7), Jn®) MSE (fn (X)>
F(x) = 0.001921427

n =20 0.002535025 0.00001714449

n =50 0.00249859 0.000008301609
n =100 0.002317932 0.000004328159
n =200 0.002150694 0.000002291990
n =500 0.002010352 0.0000008698475
n = 1000 0.001974886 0.0000004716210

The true density probability function of X, on the manifold D? is defined by

dx.0s(logo®) 1 o o D2\{0}

fo=1 SRAx.0) (4.6)

if x=0,

where g is density probability function of the R2-process defined by (4.4). We estimate
the density probability function of the random variable X; which belongs to manifold
D?. Then m = 1 and i,, = 1. It is well known that (Y;) is geometrically completely
regular (see [14]); then, the mixing coefficients of (X;) satisfy the assumptions of
Theorem 3.6. For the numerical tests, 2000 independent samples (X;)?_; on Poincaré
disk are generated under the model (4.5) for n = 20, 50, 100, 200, 500 and 1000. For
fixed x = (0.5, 0.6) or (—0.4, 0.7), we compute the mean value of fn (x; 1) and the
MSE. The same kernel function as in the previous simulation is used. The obtained
results are presented below:

Tables 3 and 4 show that for x = (0.5,0.6) and x = (—0.4, 0.7), the geometric
kernel density estimator fn (x; i) converges to, respectively, the true value f(x) =
0.004369456 and f(x) = 0.001921427 as the sample size increases. Hence, this
simulation illustrates the consistency result in the case of stationary and strongly
mixing non-i.i.d process.

4.3 Real data analysis: an application to Canada macroeconomic labor data

In order to illustrate the kernel density estimator for strongly mixing process on Rie-
mannian manifold, we consider the Canada labor data available in the R package vars.
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Fig.5 Residuals diagnostic plots from fitting a VAR(1) to labor data

Fig.6 Contour density
estimation from labor data via
diffeomorphism transformation
on D?

-0.6-0.4-0.2 0.0 0.2 04 0.6

-06 -04 -02 0.0 0.2 0.4 0.6

The data were deduced from the original time series published by the OECD and was
modelled as a VAR in [21]. We used the 84 observations on the vector formed by
the variables employment (“‘¢”) and real wage (“rw”). A preliminary analysis is first
performed on the data following the methodology in [21]. To get a stationary time
series data, we apply the first difference filter to the observations. Then a VAR(1)
process (Y;);cz defined by Y; = AY,_1 + ¢ with ii.d. Gaussian errors is fitted
to the differenced data by ordinary least squares method and the estimate of A is
<0.80623004 0.01808065

0.21385420 0.67853030
residuals are plotted in Fig. 5.

From this preliminary analysis, we can model the differenced data as observations
of stationary, strongly mixing and geometrically completely regular VAR(1) process
(Y;) on R2. Then, considering the same bandwidth and kernel function as in Sect. 4.1,
the mixing coefficients of (X 1 = €xXpy (Yt)) satisfy the assumptions of Theorem 3.6.
The geometric kernel density estimate function computed from the sample on D? is
plotted in Figs. 6 and 7.

) . The histogram and empirical density function of the

5 Conclusion and perspectives

We have discussed the problem of nonparametric density estimator on Riemannian
manifold. We have constructed a joint density estimator of a finite-dimensional vector
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Fig.7 Density estimation from labor data via diffeomorphism transformation on D2

of a stationary and strongly mixing process on manifold and have shown that this
estimator is strongly consistent. Moreover, a similar result is obtained for conditional
density functions and conditional expectations of functionals given its past behavior.
Our simulation studies show that the density estimator converges to true density and is
more effective than Euclidean kernel density estimator when both methods are appli-
cable. This provides relevant evidence that geometric structure of the sample space
has to be taken into account for accurate statistical inference. However, the dimension
of the manifold may be high and further investigations would be useful to assess the
behavior of the proposed estimator in this setting. One may use a dimension reduc-
tion technique like Riemannian principal components analysis [6]. For our estimators
of joint density, conditional density and conditional expectations for strongly mixing
processes, the almost sure convergence rates remain to be established. Since manifold-
valued data and objects are increasingly used in statistics, it would be interesting to
study strong mixing processes on other manifolds.
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