ISSN: 2320-5407 Int. J. Adv. Res. 11(01), 157-173

,/./ N\

/ , Journal Homepage: -Www.journalijar.com INTRAN4TRO ol NCRNAL P
l 1ja |

_ INTERNATIONAL JOURNAL OF |
- | ADVANCED RESEARCH (IJAR) 3

Article DOI:10.21474/1JAR01/16003 _?f !
ISSN N(S 2;2u 5407 DOI URL: http://dx.doi.org/10.21474/IJAR01/16003 " ¢
RESEARCH ARTICLE

SOLITON OF SELF-CONSISTENT SYSTEM OF NONLINEAR SPINOR AND GRAVITATIONAL
FIELDS WITH THE ARBI- TRARY FUNCTION DEPENDING ON THE BILINEAR PAULI- FIERZ
INVARIANT IS = S2 IN GENERAL RELATIVITY

Miton Abel Konnon?, Adebayo Louis Essoun®, Marius S, B. Koube®, Jonas Edou’, A. Adomou? and Siaka
Massou

1. Laboratory of Theoretical Physics and Physics Mathematics, University of Abomey-Calavi, Abomey- Calavi,
Benin.

2. National Higher Institute of Industrial Technology, National University of Sciences, Technology, Engi- neering
and Mathematics of Abomey, Abomey, Benin.

3. National Higher School of Public Works, National University of Sciences, Technology, Engineering and
Mathematics of Abomey, Abomey, Benin.

Manuscript History A self-consistent system of nonlinear spinor and gravitational fields,
Received: 10 November 2022 modeled by static spherical symmetric metric, is considered and
Final Accepted: 14 December 2022 studied. Exact spherical symmetric solutions of nonlinear spinor field
Published: January 2023 equations in the Gravitational Theory are obtained. The nonlinearity in

) the spinor lagrangian is given by an arbitrary function which depends
Key words:- . . . A .
Lagrangian, ~ Spherical  Symmetric on the invariant generated from the Flgrz-Pqull blllngar spinor form
Metric, Soliton-Like ~Solution, Flat IS=S2. Itis shown that a soliton-like configuration has a
Space-Time, Numerical Solutions localized energy density and a finite total energy. In addition, The

total charge and total spin are also finite. Let us emphasize that the
effect of gravitational field on the properties of regular localized
solutions significantly depends on the symmetry of the system. The
nonlin- ear terms, the gravitational field of elementary particles and the
geometrical properties of the metric of the space-time play an important
role in the obtaining of analytical solutions having the soliton-like
configuration. Let us emphasize that the numerical solutions of the
solutions obtained here are presented in graphical form.

Copy Right, 1JAR, 2023,. All rights reserved.

------------------------------------------------------------------------------------------------------------------- eoe

Introduction:-

The description of elementary particles by soliton model in elementary particles physics considering
thenonlinearphenomenaandtakingintoaccountthepropergravitationalfieldhasbeenoneofthemostcenturypopulartop
ics.Notethatthedevelopmentofgeneralrelativity(GR)andquantumfieldtheory(QFT)leads to the increasing
interest to study the role of gravitational field in elementary particles physics. This
Indeed,thetheorywhichconsiderselementaryparticlesasmaterialpointshasshortcomings. Itisthereasonthatthestudyo
fanonlinearspinorfieldisveryimportantinordertoovercomethedifficultiesofatheorythatconsiderselementarypart
iclesasmathematicalpointsbecausewiththistheoryitisnotpossibletoobtaina finite value of mass, charge and spin
of elementary particles. In this approach, elementary particles aremodeled by soliton-like solutions of
corresponding to nonlinear equations. In 1995, G.N. Shikin elaboratedthe theory of soliton in General Relativity
[1]. The elaboration of this theory leads to flowering of publicationsof articles on the soliton in General
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relativity. Thus, the soliton-like solutions have been obtained in a seriesof remarkable papers [2, 3, 4, 5, 6, 7].
In the same perspective, Arnaud E. Y. and al. determined the exactstatic symmetric soliton-like solutions to
nonlinear interacting electromagnetic and scalar field equationstaking into account the own gravitational field
of the elementary particles in the plane metric and in thesphericalmetric[8,9,10,11,12].

In this paper we present some regular particle-like solutions in general relativity for describing the con-
figurationofelementaryparticlesinastaticsymmetricmetricdefinedinpseudo-riemannianvarieties.

The paper is organized as follows. In section 2, we write equations for nonlinear spinor fields, the systemof
Einstein equations and concepts using the variational principle and usual algebraic manipulations. Section3
addresses the general analytical fundamental solutions. In section 4, we analyzed and discussed in
detailthemainresults.Finally,someconclusionsoftheworkareoutlinedinsection5.

Lagrangian,metricandbasicsequations
This section is devoted to the lagrangian, the metric of the space-time and to estabish the fundamental
fieldsequations . We shall investigate a self-consistent system of nonlinear spinor and Einstein gravitational
fields. Thelagrangianofthetwofieldsisgivenbythefollowingexpression[2]:
R
L= +L5p 7 (1)
2%
wherethespinorlagragiandensityL spis

_i= Ho =V yyMy)-my y+ Ly
Lsp (v H H ] 2)
LnisthenonlineartermofL s, Thenonlinearterminthecorrespondinglagrangianmainlydescribestheself-

interactionofaspinorfield. Ly, =F(S?)isanarbitraryfunctiondependingonthei nvariantszz(\;\y)z.
R=R,,g""isthe scalar curvature or the traceof Ricci’s tensor.Then,x="""is Einstein’s gravitational
constant,GisNewton’sgravitationalconstantandcisthespeedoflightinvacuum.yisthe4-

componentsDirac’sspinorwithy itsconjugate. Inthesequel,weshalldealwiththemetric.

Inthispaper,weconsiderthestaticsphericalsymmetricmetricin[4]:

ds’=e?dt*—e?*d&*—e®[d6+sin?(0)d¢ 2.
(3)Forsimplicity,thevelocityoflightistakentobeunity.
Wedefinespatialvariableasin[13],&=",where T
rstandsfortheradialcomponentofthesphericalsymmetricmetric. Themetricfunctionsa,andyare
stationnary and are functions of & only.Thus, they verify the harmonic coordinate condition given by
thefollowingexpressionintroducedbyBronnikovK.Ain[13]:

U(E)=2P(E)+Y(E). )
4)

Thefieldequationsforthespi norandgravitationaIfieIdscanbeobtai_nedfromthevariational principle. Thus,applyin
gthevariationalprinciplewithrespecttothefunctionyanditsconjugatey ,wegetthe
nonlinearspinorfieldequationsunderthefollowingform:

Vo dF(S?)
08 Yy m\IH_ —

iy =0, (5)
ds
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| - dF(S%)—
iV oy tmy— 3’8:0’ (6)

Then,varying the lagrangian (1) with respect to the metric tensor g,we obtain the general form of
Einstein’sequations:
1
GV:RV_ SVR:_XTV,
(
7)
whereGVistheEinstein’stensor,R"istheRicci’stensor,8"istheKronecker’ssymboland T " isthemetric
H H H H
energy-momentumtensorofthespinorfield. Then,takingintoaccount(7),wefindthecomponentsofthe
tensorgvinthemetric(3)underthecoordinatecondition(4)asfo|Ipows[4,6]:

0 G, = e 2"(2B "2y BB e P=xT,
(8)
1 G = ] e 2By +p%)—e FP=—yT,
©)
2 G = 2 e (B +y 2By -B7)=—xT?,
G’=G® ‘o T2=T°%
(11)

2 3 2 3
whereprimeinpreviousequationsdenotesdifferentiationwithrespecttovariable&.
Themetricenergy-momentumtensorofthematerialfieldhastheform:

J— —_ — —_ o VL
TV='g"(yy Vy+yyVv L}II‘V JIV\VV—VW ) J") o ) (12)
Bytakingintoaccount'(S),(6)and(2)l,1thespinorfieldlagrangianLsptakestheform:
Lsp 1 in 1 yyH+my )y+F(S?) (13)
= ) ) A% Vv :
v (i u‘l’_m\l’)_z(l vu
—_g OF(S?) %, (14)
=—S +F(S—
oS 2. (15)
OF(S?)
+F(S—
oS
As the function y=y(&), substituting (15) into (12), we define the nontrivial components of T":
OF(S%) 2 M
0 2 3
To =T2 =T3 =—Ls, =S s —F(S ), (16)
1 i1 -1 OF(S?) 2
T1;2(WY Viw—Viyy y) +S oS —F(S )- 17)

Intheprecedentequationsy"representDirac’smatricesincurvedspace-
time[13]. TheyarelinkedwithDirac’smatricesinMinkowskispace-timey ;asfollows:

9@ = (e Ena
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LoV _
Yu(®) = . () a
1
8)
whereng,=diag(1,—1,—1,—1)isMinkowski’smetricande®(&)aretetradic4-vectors.
Therelation(18)leads " B
. v° (19
YO(&)=e"7", Y=y, Y2 (&)=ePy?, PEO=""r3 =
sin®
Thematricesy Harechosen 0 0
asin[14] 10 0 0 00 01
9 1 0 o0 ! -0 00 10
Too-1 0 0_3 OOOOD
—o 00 0 -1 . =
0 00 —i 0 0
0 01 0
O O
72= 0 0 i 0 3= 000 1q
Y H 0 i 0 0 Y E 100 O
-i00 0 010 O
O O
0 0 -1 o0
O O
5_—5__ 00 0 -1
=y'= O
vy H -10 0 0
0 -1 0 0

In(2),(5)-(6)and(12), V ,hasthecovariantderivativeofthespinormeaning[14,15].Itislinkedto
the spinor affine connection matrices I',,() by:

—Ty — 0
y or V,—_0y _
oy ”g—u =+ (20)
¥
AsforT', ittakesthefollowinggeneralform:
1 o Wy°, (21)
= u P e
where areChristoffel’ssymbols.From(21),wefind
I’ uo
1 ,5_0—1 - 1 5.5 q. 1, a1, —3—
=1y, =0 ="e Py yB, ="(e Py Y p'sino-+y v “cosh).(22)
I I
r 2 3
Einstein’sconventionleads
H 1 — —
v (e oy +y%e Peotd). (23)2
Bysubstituting(20)and(23)into(5)and(6),wehave
ie —o 1 1 i
7(65+2a)w+279 yeoth— m-S§ w=0,
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2-P dF(S?)
d 2
1 - iz_B— dF(5%) —
. —_ oté+ — =0.
—o 1 ie V(a%"’kza)"” ye ve d m=3 v
Consideringw(é):VS(i)withvs(g):fglIowing dystemrof equations from (24)
V1(8)
Ve© forth fspinorfield h H H
,forthecomponentsofspinorfield,wegetthe
V3(9) P P J
V() _
ro1 io—p o dF(S?)
V4+20C V4_29
Vicgpt+ie~  m-S V,;=0, (26)
ro1 io—p o dF(s?
V3 +206 V3+2e
Vgc%rﬁﬁsr m-S V,=0, 27)
ro1 i0—p o dF(s?
Vot alz— e V,coth—ie m—S V5=0, (28)
d
ro1 i0—p o dF(s?
Vl +20LV1+2€
Vicg=te—  m-S V,=0. (29)

ThefunctionsV,,V,,VzandV areconnectedbytherelation
V2-V2-V24+Vi=cste.
1 2 3 4 3
0)
Inthesection3,weshallresolvethefundamentalfieldsequations.

SOLUTIONSOFFIELDSEQUATIONS

In the preceding section we derived the fundamental equations for nonlinear spinor fields and
metricfunctions. Thissectionaimstocarryouttheresolutionofthefundamentalfieldsequationsestablishedinthepreviou
ssection.

Summing the set of equations (26)-(29),we obtain the first-order differential equation for the
invariantfunctionSasfollows:

diua'(a)s=0. (31)

dg

Theequation(31)hastheevidentsolution

S(&)=Coexp[—a(&)], Cy=const.
(32)
Therelation(32)reflectsthenaturallinkbetweenthenonlinearspinorfieldofelementaryparticlesandtheirpropergrav
itationalfield.
UsingthespinorfieIdequations(24)and(25),thecomponentTlofthemetricgnergy—mo mentumtensor
mayberewrittenintheform:
T'=mS-F(S?). (33)
Inthefollowingparagraph,weshallresolveEinstein’sequations. Tothisend,since T°=T? wehave
0 2
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G"—G?=0.Thereforeweobtainthefollowingequation

0 2
B”_,Y":ezmzy.
4)
Thetransformationoftheequation(34)leadstoaLiouvilleequationtypehavingthesolutions[1]:
A, 2 A 2
= (1+ )In =1+ , 35
BE= (1+) G GT 5+5¥)(§) G (35)
A A
v(©)= 1In :
36
T2 8k
AandGareintegrationconstantsandT isafunction.
ThefunctionThasthefollowingform: h
T(h,&+
O Ysinh[h(&
] © +£)],h>0(&+8:),h=0

_ _ 'sin[h(&+&;)],h<0
& )=wherehand&; areintegrationconstants.
The general solutions (42) depend on the arbitrary function Ly=F(S?). Thus, setting an analytical
concreteformofthefunctionF(S?),from(42)wecandetermineexplicitlyS(E). Then,knowingS(€),we

3

(37)

canfindoutthemetricfunctiong;;(€)from(31).Finally,wecangetthefunctionsgoo(&),g22(§)andgss(§)fromthee

quality(39).

ConsideringtheinvariantS(£)=Cqe >, wecanestablishtheregularitypropertiesoftheobtainedsolutions.Study

ingthedistributionoftheenergyperunitinvariantvolumeT® o —3gwecanestablishthe

localizationpropertiesofthesolutions.
ThefollowingparagraphadressestothedeterminationofthefunctionsV(&). Inthisoptic,wemust

[0 4
solvethesetofequations(26)-(29)inmorecompactformifwepasstothefunctionsW;y(&)=e2 V;(&),with
6=1,2,3,4[18,19].Wehave:

¢ iap a dF(s?)

W,— 2e W,coto+ie
d m_S Wl=01
R P o dF(s?
W3+2e Wscoto+ie
d m_S WZZOI
¢ ig—p . dF(s?)
W,— 2e W,cotf—ie

v g o dF(S?)

Wi+, e Wjcotb—ie m-S W,=0,
whe 2 ds

re

, Y 1, -

Wp=(Vp+,aV,)e?

(43)

(44)

(45)

(46)
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Bysubstituting the expressions (35) and(36) into (4), we getthe metric function a(&) as follows:
A

A3 2
a&)= "+ In .
( ipallywedefinetherelationsbetweenth
emetricfunctionsa(§),B(&)andy(&): G GTZ(h,%?!)ng
2+G G
B&)= a(®); v(©)= a(&). (39)
4+ 4+
3G 3G

Equation(9)lookslikethefirstintegraloftheequatons(8)and(10).Itisalsoafirstorderdifferentialequation. Then,intro
ducing(33)and(39)into(9),wehave

, (4+3G) _ h —x(mS-F(S 2
(a)?= 2 e20 : ) . (40)
3 4
2G
ed+
+8G+4 2G
Takingintoaccounta =195 ands(&)=Cye @, from(40)weobtain
Sdé& H#
=" 4+2G i
ds Co(4 +. g (mS-F(S2)) (41)
=+ —  —36)362+8- 4+3G
dg —
G+4 C
o]
Weobtainthegeneralsolutionsoftheequation(41)asfollows:
ds Co(4+3G)
5 T (mS-F(s?)
s =+ (E+E) (42)
4+2G 0
3G2+8G+4

(47)
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Withthesetofequations(43)-(46)whereW=W3(&)letuspasstothesystemofequations dependingon functions

of the argument S, i.eWs(S) = W;E), SE) = Cee “9.We obtain for Wy(S) the set
ofequationsasfollows:
dw,
—iE(S — HW,+iK( HW,=0, (48)
ds S
H 2 —
dws .o (SHW +iK(S®)W =0, (49)
dS 32
dW, JW,—iK(S ?)W,=0, (50)
ds —iE(S S
i whe dwi HESHW —|K(SZ)W4 =0, (51)
ds !
4+3G (19
E(S)= S ;
(52)
2 ds
d 2
S , Cogy— SUF(S) (53)
K(S9)=
ds
d
dg

In sequel, we shall transform the equation (48)-(51) to the second order differential equations.In
thisperspective, differentiating the equation (48) and substituting the expression of the function W4(S) and
theexpressionofitsderivativeintotheresult,weobtain:

” K'(S% K(SHE(S) - K(SHE(SH
! 2 2 2
W4_K(SZ)W4+ E ( 5 .,) ( )k(SZ W,=0. 54

Similarlydifferentiatingtheequation(51)andintroducingintotheresulttheexpressionofW,(S)andtheexpressionofi

tsderivative,weobtainthesecond-orderdifferentialequationforthefunctionW,(S):

” K'(S% K(SHE'(S?) - K(S)E(SH

Wt 2 2 2

K(s?) 't E(2 ) ( K(S? W,=0. (55)

W,

Doingthesameoperatingontheequations(49)-(50),wefindthesecond-
orderdifferentialequationsobeyedbythefunctionsW,(S)andW;(S)asfollows:

K'(S9 K(SHE(SH) - K(SHE(SH
W3_K(SZ)W3+ ’ E ( 5 ) 2( K (s2 W,5=0. (56)

K'(S?) K(SH)E(S?) - K(SHE(S?)
— Mk 2 g 2 xe& W,=0. (57)

Bysumming(54)—(55)andsettingu:W1+\'/\'/4,WeobtainthefolIowingsecond—
O(QerdifferentialequationsofthefunctionU(Is):l
u'(S)- K'(S? U(S)+ 2 E3(S%)-K*(S?)U(S)=0. (58)
)

K(S2

Theequation(58)maybetransform : —
|| eequation(S8)may K82 20ds
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undertheconditionE?(S%)=(1-&)K*(S*)withO<e<1[4].

Theequation(59)possessesthefirstintegral

U'(S)=t UZ(S)+C;K(S?) 2e, — —  C,=const.
(60)
ItmaybeclearlyseenthatthegeneralsolutionsofEq.(60)dependonthesignoftheconstantC,.
IfC1:a2>0,Ihentheequati0n(60)hastheso|ution

U(S)=a;SsinhN(S).

(6
1)
IfC,=—b?<0, thesolutionoftheequationof(57)isgivenby:
U(S)=b;coshNj(S).
(6
2)
wi N} )
th N.(S)= 2e K(SH)AS+R;, Ri,=const. (63)
Thedifferenceofequations(48)and(51),takingintoaccountof(61)and(62),gives:
7W4 =7ial
X(s )= 871—:/
or W, L
2¢ coshN(S). (64)
\/
T=e=1
X(S)=W;1—-W,=—ib, N sinhN(S), (65)
wherea;andb; areintegrationconstants. 2¢
Solvinganalogouslytheequations(56)and(57),weobtainthefollowingexpressionsforY (S)=W,+Wasfollows:
Y (S)=a,sinhN,(S), for C,=a’*> 0
(66) 2
or
Y (S)=b,coshN,(S), for C,=—b’50.
(67)
Intheseconditions,itthenfollowsfromtheexpressions(66)and(67)that:
—W; -
v(?)z:v\/2 =ia, 21 € 17/
2¢ coshN(S). (68)
\/
V(S):WZ_W3:ib2 =1
v ) sinhN,(S),
[

N,(S)= 2e K(S?)dS+R;, —
7
0)
wherea,,b,andRareintegrationconstants.
Considering the cases whereC,= a2>Qand C,= —b?<0,let s determine the expressions ofthe
functionsW;(S).WegetforthefunctionsW;(S)thefollowingexpressions:
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W(S)=a J 1 0
SinhN(S)-i ¥ TcoshN(S), (71)
2¢e
\/1 1.,

W(h=b 2 s ccoshN(Sz)+\} Qﬁ_siﬂhr%s), 2 (72)
W(S)=b coshN(S)-i ¥ LsinhN(S), (73)
3 0 2 T 2

v -
W(S)=asinhN(S)+i ¥ LcoshN(S), (74)
4 0 1 1
2¢

witha,="a;andb,=1b,.

2 2
LetusnotethatwecanalsoobtaintheexpressionsofthefunstionsWS(S)bychoosingC1:b2<OandC2: q2>0. In

addition,,in the expressions (63) and (70), we can use the minus sign before the integral.By doing so, we

don’t loss of generality [17]. We pass to the functions Vs&) by multiplying the

functionsW;(&)obtainedintheexpressions(71)-(74) byle_ZO‘(&J)anol lows:

V(E)= . ll A3 2 A
©=2 sihNE) coshiN{Sexp= =+ n G GTAh&+E) 9
VO coshNES+i S Lsinhige)exp- o+ G GT2(f¥+&) (76)
V(E)=h moshN(é)z—i 1:F_1sinhN(§)exp—A3+2%n G GT2(H&+&) (77)

_ . 11 A3 2 A
V(©)=a GinhN(E)+i Qosm;le(é)exp— +In o GT2(h e+ (78)

Thefollowingsectiondealswiththeanalysisofthegeneralresultsobtainedpreviouslybyconsideringtheconcretenon
lineartermsofthearbitraryfunctionF(S%)inthelagrangiandensity.

DiscussiOoN

In the prsent section we derived the fundamental equations for nonlinear spinor fields and metric
functions.This section is devolted to analyze and discuss the main results.Beside this, we have ploted the
metricfunctions, the energy density, the energy density per unit invariant volume. By doing so, we have chosen
theconcreteformofthearbitraryfunctionundertheform:

F(S?)=AS?
(7
9)
wherelisnonlinearityparameter.From(24),wehavethefollowingequation:
1 ' dF(S?)
—al ie 2-p
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d

into(42)andassumingthat**2$21[4],withoutlossofgenerality,weobtain:
1

?(6¢+2a) y+ 2?9 weotd— m-S§ w=0.
InordertosoIvethisaboveequationweneedtogobacktotherelation(42).Bys,ubs,titutingF(SZ)=kS2

1 my . YM4+3G) —
S()= ~°— —1+coshv . (&+&)
2),)( 3G2+8G+4
From(32),wededucetheexpressionofthemetricfunctiong;; a(&). Then,from(39)wededucetheexpressionsofthefun
ctionsp(&)andy(&):
O
- _@ 1:
my
S Co
22x
Co H
i
2
\/Xk(4+3G) (82)
~1+cosh ¥ (E+E) TS
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0

U
Co
g = =C0—" " . (83)
22 S 0 clo—m)( Tt LXA(4+SG)
—1+coshv_ .~ (F+EA) 0
0
- sinezcosinez m co 0.
g =9 3B op S B e - i sin®
e Y aracy ]
—1+coshv__. __ (F+ERN)
0 ol
T G
4+3G
v #G
S ag—mx " X(4+3G) £+
—1+coshv. . ( 0 -
Joo— — 24+ =1_0 h CO 00 (85)
Co 3G i
Introducing(82)into(16),theenergydensityisdefinedasfollows
1 P
Ly 2 . AMA+3G) 2
TO=2 > —1+cosh\7%té+
22x o "0 3 G246 440

Letusnotethattheenergydensityisboundedwheng

(84)

[0,&]- Invirtueof(86),theenergydensityperunitinv
ariantvolumef(&)=T°(&)e** smé}lsdeﬁnedmthefollowmgway

1
Ly 2 YMA4+3G) 2
f =1 Co _ \7%@4_'_ i
2 © L+e0sh V) - o ea <0 {(&sing 87)
wherethefunction{(&)hastheform:
4+3G O +5G
L&=" h ©O
& —my ! xi((zgsc?) (88)
o —(&+
- —1+coshv °

From(88)theenergydensityperunitinvariantvolumeofHeisenberg-lvanenkotypeequationofanon-

[
linearspinorfieldislocalizedwhen&€[0,&]. Therefore, thetotalenergyE= éCf(&)d&isﬁniteﬁ

Thefigues1to7below,shownumericallythepropertiesoftheinvariantfunctionS(&),non-zerocom-

ponentsofthemetricgoo(£),211(E),222(E), ga3(E)andtheenergydensity TC. o
Theirformsdependonthevalueoftheintegrationconstants.

168



ISSN: 2320-5407 Int. J. Adv. Res. 11(01), 157-173

[ TSy y—) Figure 2: Compomem g, (£] funcion of mtric tersor

,  Figwe 3 Companent g, (L) of metric tensor Figure 4 Component g ((} of metric tensor

0,01
Figrars & Companant g, (¢) of matrie tensor - Figure & Enargy Sensity fncticn T04()

Figurelto5:-PlotsoftheinvariantfunctionS(&)andthenon-zerocomponentsofthemetrictensor
G00(£),211(8),€22(5),g33(&) forg [0,0,5],=87m,G=1,A=2,m=1,C(=0,05,&,=5and
ng.From these graphice-lli.ll.ustrations,wenote _ thatS(é),_ 200(§), g11(8), g22(8) and 233(§)
areregularandlocalizedfunctions. Thisisingoodagreementwiththeanalyticalresults.
Figure6:P|otoftheenergydenSityTO(&,)withthe§amevalueofconstantsaspreviously.Let usemphasizethat  the
energydensityTO(é)isanasymptoticglandlocalizedfunction.
LetusfindanexplicitformofthefunctionV;(£),6=1,2,3,4. Tothisend,wededucefrom(63)and

(70)theexpressionsofthefunctionsN (&)andN, (& )knowingthat F(S?) =AS2andset** 2 =1 wjthout
lossofgenerality:
N " #
N (=22 26(E+E)+\itanh V MxCo(4*3C)  (ripy R, 12 (89)
1+ Cp)(3G2+8G+4)
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whe N 3\/ 2
re

_2 2e(1+MxCo)2  3G+8G+4_

M =const.

my2Co(4+3G)
Then,theexpressionsofN(&)andNy(&)aresubstitutedinto(71)-

(74)toproducetheexp|icitformofthefunctiolnsW;,(c:)thatwemultiplybye’Z“(‘g)togetexpI icitelyV;(&)asfollows:

-1 ) Co AM(4+3G) 2
Vi(E)=ap sinhNy(&)—i V coshN 22y%C —1+coshV +
1(&)=ao 1§) ’ 1(8) xCo COSN, 2, 6 46 €o)
(90)
I-e-1 ) YM(A+3G) 2
Co
Va(E)=by  COShN,(&)+ 3 sinhN 22C —1+coshV +
2(&)=bo 2O+ 2 2(8) xCo cos SGZ+8G+4(§ €o)
(91)
1 —my, !;. 1
1-¢-1 : . YAM(4+3G) 2
V3(E)=by  coshN,(&)—i v sinhN 20%C —1+coshV +
3(&)=bo 2(6)-1 e 2(8) X“o cos 362+8G+4(§ €o)
(92)
1 —my ! %L 1
I=e-1 - XAM(A+3G) 2
Co
Vi(E)=a, sinhNy(&)+i \ coshN 22 C ~1+coshV +
a(&)=ao 1(&)+1 26 1(8) xCo 362+8G+4(§ €o)
(93)

Letusemphasizethattheequation(80)hassoliton-likesolutions.Here,theexistenceofthesoliton-like configurations
with localized energy density, finite total energy in Heisenberg-lvanenko type
nonlinearequationisaninterestingresult.

Usingthesolutions(90)-(93)wecandterminethecomponentsofthespinorcurrentvectorj “:\47 vHy
[16]underthegeneralform

i=(V1" Vi+V2*' V, +V3" V; +V4* Ve ),
(9
4)
I'=(V1" Va+V2* Va+V3® Vo+Vyg® Ve ™,
(9
5)
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=-i(V1" V~V2" VatVg' Vo-Vg' Ve @ P,

(9
6)
PP=(V1" VaV2' Va+V3' V-Vt Ve P
9
7)
InthecaseofHeisenberg-
Ivanenkotypenonlinearequation,thecomponentsofthespinorcurrentvectormayberewritteninthefollowingway:
( V2 # " L2 "
26i M2 -1+ 1-¢ 2 -1+ 1-¢
jO=2e707v @ SiNh"Ny(E)+ cosh®N, (&) o cosh? sinh?N,(&)
2¢ v N2(E)+ 2¢ v (98)
( Vo2 # " VL2 ")
. -1+ 1-e 2 -1+ 1-¢°
jl=oe 20 & sinh?Ny(&)- cosh?Ny (&) ' cosh?N(&) sinh?N,(&)
2e N - 2¢ v (99)
2 P 1 1+ 1
— € — —& .
j =4e ag ? \/2 coshNy(&)sinhNy (&) —by \/2 coshN,(&)sinhNy( (
j°=0
(10
1)

As in this study the configuration is static, the components j*, j° and j* are evident. But only the
componentj’is nonzero. With this assumption, we get ag= bo= a, R1= R,= R, N1(£) = Nx(&) = N (§) and €
= 1.From the component j°, we define the charge density or the chronometric invariant of the spinor field
asfollows:

ol 2 Q)= jo 7 =4ad (Hcosh2N() (102)
whereN(&)isdefinedbytheexpression(89)and J
!
1 —my X4+3G)
9 (H=e*V=  ©Co —A+cos____ (&+&) . (103)
3G?+8G+4

The charge density is localized when & [0,&]. ThetotalchargeofthespinorfieldintheHeisenberg-
Ivanenkotypenonlinearequationis:

Ec —3yde=4a’®  g¢
Q= p - cosh2N(&)e* 'sin0d&E< , (104)
0 0
Ecbeingthecenterofthefieldconfigurationand
Co
a—y
e =1 N (105)
my —L+coshV3 2K E3G(E+E0)
Co
22xCo
From(104)thetotalchargeisfinitewhen§ [0,E]

Letusdealwiththespintensorofthenonlinearspinorfield.ltsgeneralformis:
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Spv,hzl\?,y}»cuv_kcuvyk\v. }
(106
A 4
Using(106), thespatialdensityofthespintensors™?® i k=1;2;3is:
Sik,o:lw 05 4 ik 0 }'//:_'//Voffik'//- (107)
4 2
Thus,wehave
St#0=g130=q, (108)
$239=2a%cosh2N(E)e ™
(10
9)
Therelation(109)leadstothedefinitionofthechronometricinvariantofthespatialdensityasfollows:
23,0
23,0 S S230 1  “cosh2N(&)e ™ . (110)
chl S =2a
Thus,theprojectionofthespinvectorontheradialaxishastheform:
Ec
S, = 2 g2 Ec Ysinfde. (111)
chli cosh2N(&)e*”

Notethatthespintensorofthespinorfieldhasafinitevalueandpositivebecausetheintegrandispositive.

We can conclude that the equation (80) possesses soliton-like configuration with finite value of the totalcharge
and the total spin.In addition, the metrics functions are stationnary and regular.Therefore,
thesesolutionsmustbeusedtodescribetheconfigurationofelementaryparticleswithmass.

Conclusions:-

In this manuscript,taking into account the proper gravitational field of elementary particles, we ob-
tainedthegeneralsolutionsofEinsteinandnonlinearspinorfieldequations.Weanalyzedinparticularthe ~ Heisenberg-
Ivanenko type nonlinear spinor field equations.We note that the solutions of Heisenberg-lvanenko equation are
regular and possess a bounded energy density and limited total energy. Similarly, themetric functions are
stationary. The total charge and the total spin are finite quantities as well. We demon-stratedthatthesoliton-
likesolutionsexistinflatspace-timeandabsentinlinearcase. Thenonlinearityofthe spinor field vanishes in the space-
time without gravitation. Therefore, we note that, the gravitationalfield is nonlinear by nature and its
nonlinearity induces the nonlinearity of the spinor field.The numerical solutions of the solutions obtained here are
presented in graphical form. We noted that the numerical solutionsare
ingoodagreementwiththeanalyticalresults.Solitons
ofnonlinearinteractingspinorandscalarfieldsincylindricallysymmetricconfigurationwillbeinthecoreofthe
forthcomingpaper.
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