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Abstract

In this paper, we investigate the large-time behavior for a slightly modified version of the standard

p = 2 soft spins dynamics model, including a quartic or higher potential. The equilibrium states of
such a model correspond to an effective field theory, which has been recently considered as a novel
paradigm for signal detection in data science based on the renormalization group argument. We
consider a Langevin-like equation, including a disorder term that leaves in the Wigner or Wishart
ensemble. Then we construct a nonperturbative renormalization group formalism valid in the large N
limit, where eigenvalues distributions for the disorder can be replaced by their analytic limits, namely
the Wigner and Marchenko-Pastur laws. One of the main advantages of this approach is that the
interactions remain local in time, avoiding the non-locality arising from the approaches that integrate
out the disorder at the partition function level.

1. Introduction

Dynamical aspects of glassy systems are essentially characterized by their out-of-equilibrium properties, and
especially regarding the so-called ‘aging’ phenomenon in the non-ergodic phase. In the vicinity of the glassy
transition temperature, the relaxation time increases until it diverges, and the correlation function fails to have
an exponential decay [1-5]. In the static limit, the glassy systems are essentially characterized by the existence of a
replica-symmetry breaking (RSB) for the overlap matrix Q,;, below the critical temperature T,. The RSB arises as
we consider 7 copies of the system and when we average over the disorder effect before taking the n — 0 limit for
replica number. At the critical temperature, the replica symmetric solution for the free energy exhibits
instabilities along some eigen-directions at the saddle point and predicts negative entropy states. This bad
behavior is generally improved by ansatz, which explicitly breaks the replica symmetry. The entries Q,;, quantify
the average correlation between spins, namely Q, := % N (S£SP), where S} denotes the spin of site 1 <i < N
for the replica number 0 < a < #[4, 6-10]. One of the most popular theoretical models for glassy systems is the
well-known p-spin model, whose disorder effect is quantified by a random tensor of rank p, J; ;,...;, that couple
spins with Hamiltonian Hj[S] := 3 _; Jii,-i,Si; -+ Si,- Depending on the model and the nature of the spins,
this Hamiltonian can be completed by a deterministic component V[S] regarding some symmetries. For soft
spins models, S; € R, and the Hamiltonian H;is usually constraint by the spherical condition 3, S?=N
defining the so-called spherical p-spin model. Alternatively, the glassy transition can be investigated from a
dynamic point of view regarding the apparition of metastable states with infinite lifetimes. Due to these
metastable states, ergodicity must be broken, and equilibrium can never be reached for a temperature small
enough. In the equilibrium dynamics setting, ergodicity is expected at first, and the phase transition looks like an
ergodicity breaking, where the large-time two-point correlation function fails to vanish. Formally, the dynamics
are described by a Langevin-like equation analogous to a coarse-grained Glauber dynamics for Ising spins, and
for the spherical model reads [11-14]:

© 2023 The Author(s). Published by IOP Publishing Ltd
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& _8_(11- , Z Jisiy---iy 4, () -+ qip(t)) — 2(t)g;(t) + n;(1), (1.1)

i

where £(f) is a Lagrange multiplier ensuring the spherical constraint and 1 some white noise. In this paper, we focus
on the p = 2 dynamical spin model. Still, with a non-trivial interacting potential instead of a Lagrange multiplier, that
suppresses configurations with large values of the soft spins g;. The p = 2 soft spin dynamics which has the
characteristic to be investigated and fully understood analytically [2, 3, 15], including the static limit, despite the
randomness of the disorder coupling J;. This is essentially a consequence of the large N properties of the random
matrix spectra, allowing to replacement of the randomness of the matrix J with deterministic density spectra as the
Wigner law. In particular, solving the static limit does not require a replica method, and using it may allow showing
that no replica symmetry breaking is expected. Hence, the model has no true spin-glass phase but is rather a
ferromagnet in disguise [ 16], exhibiting a second-order phase transition at finite temperature T, where the
component g, for the largest eigenvalue \, has a macroscopic occupation number g Az* o N. Surprisingly, however,
the dynamic aspects of the model have many interesting features close to what we expect for a true spin-glass and
capture some relevant experimental scenarios. In particular, it exhibits aging effect and weak ergodicity breaking that
almost characterize true glassy transitions. To put it in a nutshell, the spherical p = 2 spin dynamics never reaches
equilibrium, except for very particular initial conditions called ‘staggered states” [3, 11]. Interestingly, the behavior of
the system is reminiscent of the behavior of a ferromagnet in R?, described by the N-component field ¢, (X, ¢) which
obeys the Langevin equation,

¢, (%, t)
dt

where X € R%, a € [1, N], A is the standard Laplacian over R? and (E = (¢p-+»Py). This system exhibits for
large Na phenomenon called coarsening[11, 17, 18] and domains with positive and negative magnetization
increase their size without thermalization (the correlation length behaves as /% for the quartic model), except if
the initial condition is of staggered type, with a macroscopic occupation number in the ground state of the
potential. The correspondence between the two models is obvious for d = 3, where the energy states distribution
p(p?) ~ ( pz)dE2 of the ferromagnet behaves as the density states of the Wigner distribution for large eigenvalues.

The purpose of this paper is to address the issue of the p = 2 spin dynamics with the so-called functional
renormalization group (FRG) formalism [19-23], including especially the case of non-trivial confining potential. We
consider the Wetterich-Morris incarnation of the FRG that focus on the effective average action I'y, which smoothly
interpolates between ultraviolet scales (large k) and infrared scales (small k). The Wetterich-Morris approach has
many advantages, among them the ability to deal with theory having strong couplings, and will be of great interest to
address the issue of confining potentials with arbitrary shapes, not achievable with perturbative approaches of RG.
Furthermore, for polynomial potential, and especially for the quartic case, we recover the analytical statement that the
system fails to reach equilibrium for generic initial conditions, and the equilibrium flow diverges at a finite timescale
for all the RG trajectories. Moreover, for the ‘staggered-like’ initial vacuum, we recover that the system goes toward
equilibrium. This paper follows the previous work [24] of the authors, which investigated the frequency RG flow of
the bi-local Lagrangian obtained after averaging over a disorder of rank p. Our originality in this work is that we
perform a coarse-graining both in time and eigenvalues of the random disorder, whose spectra are assumed to
converge toward an analytic law for N'large enough. In this paper, we follow the efforts of [24] where FRG was
considered as a powerful tool to address with a great computational efficiency some issues in spin glass dynamics and
signal detection as for tensorial principal component analysis (PCA) [12, 25-27]. This article has indeed several
purposes. Indeed, this strategy of using the spectrum of disorder in the large N limit to construct a renormalization
group is not traditional and could prove to be a promising method in many problems at the margin of conventional
field theories. Thus, one of our objectives in this paper is to explore this strategy and to study its reliability with respect
to the approximations needed in the construction of a renormalization group. A similar strategy has already been
considered recently by the same authors, who addressed by renormalization group methods the difficult issue of
detecting a signal in quasi-continuous spectra [28—32]. These works focused on an ‘equilibrium’ field theory, and the
present paper could be seen as a step to generalize this construction to non-equilibrium dynamics, in continuation of
the works already cited. Another preoccupation of the authors, the opposite of this one, concerns the construction of
areliable renormalization group for random matrix models encountered in quantum gravity [33, 34]. The authors
have already noticed that the methods used in theliterature pose a serious problem of reliability regarding the
approximations considered solving the flow equations in this context. A different approach, exploiting the results of
this paper, is already under development [35]. In these respects, the main purpose of this paper is then: can we
construct a reliable exact renormalization group flow solution that can be used to investigate such a kind of issue?

Let us conclude this introduction with a general comment. We focus essentially on the equilibrium dynamics in
this paper, hence we expect to reach the out-of-equilibrium transition from above, as T — T'. This restriction to
equilibrium implies the validity of a number of relations, such as the fluctuation-dissipation theorem, which are
consequences of time reversal invariance. Note that, the renormalization group has a certain ability to ‘see’ beyond the

= Ag,F b) + o, t)((TC —T) — %% 2) + 1,00, (1.2)

2



10P Publishing

J. Phys. Commun. 7 (2023) 055005 V Lahocheetal

limits imposed by the assumptions of its derivation. An example is provided by the ordinary d < 4 theory, where the
vertex development, which assumes that we are in the symmetric phase, reveals however the presence of a fixed point
of negative mass as well as a region of the phase space where the zero vacuum is unstable [36]. Another non-trivial
example is given in the context of two-dimensional quantum gravity. The renormalization group has indeed been
considered to study phase transitions in discrete models of random geometry, such as matrices and random tensors
[33, 34, 37—40]. In the case of matrices, for instance, it has been shown that, in the large N limit, the flow equations
predict a fixed point whose critical exponents match the predictions of the well known double scaling limit [41],
although the direct construction of this limit requires not only the leading sector but also all the sub-leading sectors in
the neighborhood of the critical point. Note that we also addressed the general issue of p = 2 soft spin dynamics for
arbitrary confining potential in low temperature (i.e., below the critical temperature T,) analytically, see [42].

Outline. The paper is organized as follows. In section 2 we present the model as well as useful definitions and the
construction of the equilibrium path integral using Martin-Siggia-Rose (MSR) formalism, and we conclude with a short
review of some basics about the dynamics of the spherical p = 2 spin dynamics (more details should be found in
Appendix A and references therein). We furthermore investigate the large N behavior of the solutions using Schwinger-
Dyson equations, In section 3 we present the FRG formalism, and in sections 4 and 5 we consider vertex expansion and
local potential approximation to solve the exact RG equation, and numerically investigate them. We conclude with a
presentation of the two-particle irreducible (2PI) RG equations in section 6, whose hierarchy closes in the large Nlimit,
and which will allow us to discuss ergodicity breaking from the point of view of the 2-point correlation function.
Section 7 summarizes the results of the paper and provides some open issues that can be addressed in a future works.
Furthermore, additional material, including analytical insights, should be found in the Appendices A-F.

2. Preliminaries

2.1. The model

2.1.1. From Langevin equation to field theory

We consider the p = 2 soft spin model whose dynamics are described by a Langevin-like equation where the
disorder is materialized by a random matrix J;; with eigenvalues { A} and eigenvectors {u i(’\)}. In the diagonal
basis for a given sample, the Langevin dynamics equation reads:

dq, (t)
dt

= —Ag, (1) — V'(Q¥q,(t) + n, (1), 2.1)

where:

1. Therandom field n,(¢) is Gaussian, centered, with Dirac delta correlations:
(@O @) = 2Do\y6(t — t'), (2.2)

2. For J of Wigner or Wishart type, A is assumed to be distributed accordingly with the semi-circle or
Marchenko-Pastur laws respectively, in the large N limit.

3. Thepotential V(Q?) depending on the Euclidean norm Q? := ¥, qf avoids configurations with large |q,|-

Physically, D is the temperature of the system at equilibrium, and we will occasionally note this coefficient by T.
One of the simplest potentials one can think of is the quartic one, V/(Q?) = &; + %Qz, and we expect this
model to be equivalent to the spherical one in the large Nlimit, provided that k, — 00 , kK, — — oo but
ki/ky = —O(1). Indeed, quantities like Q* self averages in the large N limit, and the relaxation time is larger for
V'({Q?) = 0, where Q> fluctuates shortly around the average (Q*) = — N, /#, [16]. Finally, note that the non-
linear effects due to the local potential could induce interesting non-Gaussian effects, see for instance [43—45].
The equation (2.1) can be rewritten as a path integral, following the Martin-Siggia-Rose strategy [11, 46, 47].
Explicitly, introducing the so-called response field , the generating functional Z[ j, j ] reads for equilibrium
dynamics:

Z15, 71 = f dbdp e S0P [ G600, 2.3)

Note that this implicitly assumes that the minimum of the action is unique, and this is why we explicitly refer as the ‘equilibrium solution
for this model.
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where the dot is the standard inner product j(f) - ¢(£) := Y. jx()x(?) and:

-2
- % | oW,
b= o -0 o 28

the fields ¢, and the Hamiltonian W being defined as:

q, = 2D ¢,, H, =: 2DW,,. (2.5)
such that:
oW,
== = Ay + U' ()4, (2.6)
09,

Note that we use the Ito prescription for the computation of path integral, imposing 6(0) = 0 for the Heaviside
function and det M = 1, where M has entries:

0°Hy
9q;(1)dg;(t")’

Finally, due to the equilibrium dynamics assumption, the action (2.4) should be invariant under time reversal,
which corresponds to the field transformation:

P\ (1) = g\ (—1), (1) = py(—1) + 2igy (—1). (2.8)

Mt t) = %6@-60 —t) + (2.7)

Remark 1. In contrast with [24], there is no integration of the disorder here. The disorder is now materialized by
the additional kinetic contribution A@, ¢y, where in the large N'limit the values for A are distributed accordingly
with a deterministic spectrum (see below). As a consequence, the potential U (¢) is local in time! Furthermore, to
derive the expression (2.3) we assumed that the vacuum of the action is non-degenerate. Hence, if an ergodicity
breaking occurs, itis reached ‘from above’ as for instance in [48].

2.1.2. Equilibrium state
If we denote as P[¢()] the probability to obtain the configuration ¢;(¢) to the time t > 0 from some initial
condition ¢(t = 0) =: ¢; Vi, one can show that the functional ¥[¢ (¢)] = e™[?IP[(¢)] obeys the Schrodinger

like equation ¥ = — HW, where H is the positive definite operator:
=iy D)0 oW 2.9)
25\ 00 99 )\ 0o ¢y

The ground state W, solving H Uy = 0is formal of the form ¥y ~ e~"%I[?] and corresponds to the equilibrium
configuration of the system, namely:

f dp e 219 < oo, (2.10)

Hence, the partition function of the equilibrium states reads explicitly:

—Seql P+ jy &)
X

Z1jl = fd¢e , 2.11)

where:

Seql@] = 2Wol0] = (Z A3 + U(¢2))- (2.12)
A

2.1.3. Large-N limit distributions
In many cases, in the large N limit, discrete sums over eigenvalues of a random matrix converge toward an
integral over abounded domain D [49-51]:

%me I axueoron, 2.13)
A

where the shape of the distribution depends on the statistical ensemble that we consider for Jj;. Assuming J to be
centered random matrices with independent and identically distributed (i.i.d) Gaussian entries with variance
o> /N, namely the Gaussian orthogonal ensemble (GOE), the distribution j(\) converges weakly toward the
Wigner semi-circle law piyy
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1
Py (%) = Vao? — x* I{_2520), (2.14)

2mo?

where I;_,,,, vanishes outside the real interval D = [—20, 20].
In this paper, we also consider the Wishart ensemble. We recall that a Wishart matrix is a random matrix
taking the following form:
)Q(T

, 2.15
J== (2.15)

where X "is the transpose of the matrix X. The matrix X is furthermore assumed to be a random matrix with i.i.d
entries having standard deviation /o and finite higher momenta. Up to these assumptions, the eigenvalue
distribution converges toward the Marchenko-Pastur (MP) distribution jiyp, provided that N — oo,

P — 00 such that N/P = cremains finite. For ¢ < 1, jsp reads:

J&— 20 — 0

1
2mo cx

L (%) = , (2.16)

where: A\, = o(1 + J©)2
2.1.4. Time scales and relaxation toward equilibrium

In the quartic regime, for a potential written as V(Q?) = x,Q?, the system relaxes toward equilibrium with the
typical relaxation time 7(\) = (X + x;)”! for the mode \. This relaxation time, however, may diverge up to a

critical value /{T = —min(D). For the Wigner ensemble, for instance, /<;T = 20,and themode A = 2o reach
equilibrium for an arbitrarily long time. We thus introduce a new quantity p called the momentum, such that:
p == A — min(D), (2.17)

such that p is defined positive as N — oo . We furthermore denote as p(p) the corresponding distribution for p.
Interestingly, for p small enough, both Wigner and MP distributions behave as ,/p, provided that A_ = 0. For

A_=0,pu(p) ~1/p.

Remark 2. The asymptotic behavior of the distributions has to be compared with the state distribution of an
ordinary field theory in dimension d. Indeed, for the ordinary ¢* theory in dimension d with Laplacian
propagator for instance, whose action reads:

_1 _ g
St91 = 2 [dr 6@(-A + m)o + £ [ar o', 2.18)

or for the domain coarsening model considered in the introduction (see (1.2)), the distribution for the
eigenvalues of the Laplace propagator p(p?) behavesas p(p?) ~ ( pz)‘%z. Hence, for A\_ > 0 (c = 1), the
behavior of Wigner and Marchenko-Pastur distribution agrees with a field theory in dimension d = 3, and with a
theoryin dimensiond = 1for A_ = 0 (c = 1).

2.2.Large Nlimits from Feynman graphs

In this section, we discuss the large N limit from the viewpoint of Feynman diagrams. In the first time, we sketch
the existence of the 1/N expansion for the quartic model. In a second time, we consider the large N limit of
standard Schwinger-Dyson equations and show that they look like closed equations which are easy to solve in the
equilibrium high-temperature regime.

2.2.1. 1/N expansion

Usually, O(N) vector models, that are, quantum or statistical field theories for random vectors of size N with O
(V) invariant interactions, enjoy power counting and 1/N expansion. Standard reviews exist on this topic, and
we refer the reader to them, for instance, [52, 53] and references therein. In [24] the authors proposed a
derivation for a model in the equilibrium limit similar to (2.12), where the propagator enjoys a Wigner or MP
distribution. Let us provide here a sketched discussion to make this section as self-consistent as possible. For
such kind of models, the power counting is generally easier to construct using intermediate field formalism and
loop-vertex representation (LVR) [54, 55]. To begin, let us focus on the equilibrium model given by (2.12).

For the quartic model that we consider in this section, we have a single kind of vertex that, accordingly to the
conventions of the previous section, can be pictured as in Figure 1. A typical Feynman graph is then pictured on
Figure 2, dotted edges materializing the Gaussian propagator G,y = C(\) 8,y with diagonal entries:

1

CN =
A —minD + p,

(2.19)

A Feynman graph like the one pictured in Figure 2 involves some closed loops, i.e., closed cycles made of an
alternating sequence of dashed and solid edges. The power counting can be established as follows. Each vertex

5
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~_*
He3)? — 5
o e

Figure 1. Graphical convention used to materialize the quartic interaction for the equilibrium theory.

Figure 2. A typical Feynman graph involving three vertices and contributing to the expansion of the 2-point function. Open dashed
edges materialize half external edges.

shares a factor 1/N. Moreover, each loop involves a discrete sum that should be counted as a factor N, a
convention which is more transparent from the integral approximation (2.13). If we denote as Vand L the
number of vertices and loops, the global scaling with Nis, therefore: N L=V — N'=(V=I+D In the intermediate
field representation, vertices look like intermediate field edges and loops are contracted as loops vertices. The
correspondence is illustrated in Figure 3 for the Feynman diagram of Figure 2.

Let us consider a vacuum diagram in the original representation, and let £ and V respectively the number of
intermediate field edges and loop vertices. Hence, the scaling reads N~ *" with:

v=V-E+13>0. (2.20)

vis the number of loops in the intermediate field graph, and it vanishes only if the graph is a tree. Hence, the
leading order graphs are trees in the intermediate field representation. Leading order non-vacuum 1PI diagrams
can be obtained from a vacuum tree by cutting some loops on the leaves of the tree. Finally, it is not hard to
convince ourselves that this power counting holds for the dynamical field theory given by (2.3). Formally, the
only change is the introduction of square nodes at the vertex level, and of two kinds of propagator edges linking
@ with ¢ and ¢ with themselves respectively. We call off shell, such a diagram formally obtained from an
equilibrium graph. Nevertheless, some of these off shell diagrams vanish on shell because of causality. Indeed, it
can be proved that the response field @ does not propagate to all orders of the perturbative expansion, ensuring

C— =0

that G,,—the component ‘@@’ of the full propagatoris identically zero (see Appendix C).

2.2.2. High temperature closed equations
In this section, we focus on the quartic theory in the large temperature T > T, equilibrium phase, with:

U(¢?) = rmp? + %(¢z)2_ (2.21)

In thelarge Nlimit, we will show that the self-energy >4 reduces to a global translation of mass and obeys a
closed ‘gap’ equation that can be solved analytically. Furthermore, we show that the perturbative series for the
4-point function can be formally resumed, and the effective quartic coupling analytically solved.

6
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g

Figure 3. [llustration of the correspondence between original and intermediate field representation. Loop vertices are gray discs and
intermediate field propagators are solid edges. The ‘cilium’ on the loop vertex on the right-hand side represents the external edges in
the original representation.

‘ @

7 \ 7 \

/ \ / \

\ / \ /
/ /

\/ \/
N - ~ e

Figure 4. The two kinds of leaves whose deletion gives a 1PI 2-point function (off shell).

2.2.3. Gap equation for the quartic theory

In the previous section, we recalled that leading order graphs are trees in the intermediate field representation.
Starting from a vacuum diagram, we obtain a 1PI 2-point diagram by deleting one loop from a leaf on and off
shell tree. Let us denote as v the vertex (in the original representation) sharing this leaf. In fact, there are two
kinds of leaves, both pictured in Figure 4.

In this figure, we formally resumed the remaining contributions of the diagrams, and it is easy to check that
they correspond to the effective 2-point functions G4 and G4 4,—see [56—58]. The diagram on the right
contributes to the component ¥4, while the diagram on the left contributes to the component ¥ . But the
condition G, = 0should require, on shell:

Yoo = 0, (2.22)
and hence:

f dt f PNAA Ga(A, 1) = 0. (2.23)

This condition is also true at the leading order of the perturbative expansion, and roughly speaking, the vacuum
diagram on the left of Figure 4 has to vanish.
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Figure 5. Graphical solutions of the closed equation for Wigner distribution for temperatures varying from T = 3 (dotted blue curve)
to T=0.2 (dashed purple curve). F(x) := (x — Jx(x + 4) + 2) — 2(x/K; — K1/ K2)-

To summarize, we have the formula:

oo S B(w — w') = —(m2 f X 16 Goo (A, 0))6,\,\/5(w — W, (2.24)

The self-energy is diagonal both in frequency and in eigenvalue spaces. Therefore, in the leading order, only the
mass is shifted by the quantum effects. Note that we assumed the translation invariance of the effective
propagator. The left-hand side of the equation (2.24) can be computed explicitly, because:

1

Gos(\s w) = '
60 ( ) |—iw + (A — minD) + K — Tyl

(2.25)

Therefore,

dw 1
21 |—iw + p + K — Dpgl

Yoo = 202 [dpup) [ (2.26)

can be computed analytically. For the Wigner distribution, and setting o = 1, we get two branches of solutions,
respectively for 3 > 0and 3 < — 4, where 3 = x; — X is the effective mass. In the positive branch, we get:

1
E+ = K + EH2(2+ - \[24’,(24, + 4) + 2). (2.27)

Moreover, the negative solution changes the sign of the pole of the 2-point function and breaks causality. Hence,
only the positive branch ¥, has a physical meaning. The equation can be solved exactly in terms of x; and «,.
However, it is convenient to recall that, with the rescaling (2.5), k, o T, the temperature (T = D, see (2.2)), and
we normalize such that x, = T. We furthermore define k;, = T — T, and set Ty = 1. Solving equation (2.27), we
get two branches of solutions, but only one is positive for high temperature. This solution however breaks down
as the discriminant becomes negative. This arises for the temperature:

T. =23 — 3 ~ 0.46, (2.28)

which should be compared with the analytical value T, & 0.62 computed in Appendix (B). For T < T,
equation (2.27) has no real solution, meaning that the equilibrium assumption does not hold. In Figure 5 we
illustrate what happens graphically. For high temperatures (blue dotted curve with T'= 3) the curve crosses the
positive abscissa axis one time. This holds for higher and smaller temperatures, as soonas T > T, where the
solution for X | vanishes, and no solution exists for T < T.. This is reminiscent of a second-order phase
transition, where X, plays the role of an order parameter.

The nature of the phase transition can be investigated from the 2-point correlation functions. Let us define:

C(t) = [dp 1(p)Gzo(p + min(D), 1), (2.29)
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D(t) C()

Figure 6. Plots of functions D(t) (on left) and C(t) (on right). The blue curve is for T > T,, and the red curve is for T = T,. The dotted
purple curve gives the asymptotic behavior.
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Figure 7. Plots of functions D(¢) (on left) and C(#) (on right) for large time using a logarithmic scale. The red curve materializes the
asymptotic behavior.

and
D(t) = f dp 11(p) Goo(p + min(D), 1). (2.30)

The typical behavior of these functions with ¢is pictured in Figure 6. The solid blue curve materializes the
behavior of D(#) (on left) and C(¢) (on right) for T > T.. They exhibit an exponential decay in both cases, D(#),
C(#) ~ e~ 'for tlarge enough. The red curves show the same function for T = T,, and exhibit a power law
relaxation with infinite relaxation time for ¢large enough:

1 1 1 1

C() ~
This asymptotic behavior is materialized by the dotted purple curves in Figure 6. Note that a similar behavior is
expected for correlation functions in the spherical or quartic models, which goes to zero as a power law after a
‘plateau’ having a macroscopic time for T < T, (see Appendix A—B and references [2, 4, 11]). We expect the
curves lack the plateau but not the power law behavior because they reach the transition from high temperatures
T>T.

Finally, let us add a comment about the very large time behavior of the numerical solutions for the critical
curves of C(t) and D(£). They are plotted in Figure 7, using a logarithm timescale. For very large t~¢°, one can see
that the functions D(f) and C(¢) vanish abruptly after a short period of oscillation. This is not a true effect but a
numerical artifact, a consequence of the finite machine precision.

2.2.4. on shell, 4-point function

From the construction given in the previous section, it follows that a typical Feynman graph contributing to the
4-point function can be obtained from an off shell vacuum tree by deleting two loops on two different leaves. To
obtain a contribution for I‘%{ so—the 4-points effective vertex function, we have to cancel one propagator of
type G and a second of type G44. A typical Feynman graph has therefore the structure of a chain whose links
are made of loops of length two:
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Ol = |} + b

,,,,,,, (2.32)

------- o (2.32)

As discussed in [24, 59, 60], Fg‘@? " (and in fact any component that does not involve the response field) has to
vanish on the shell, this requires in particular that:

@.
O = } + b

,,,,,,, (2.33)

.............. + ... (2.32)

Hence, on the shell, the expansion (2.32) involves only one kind of loop, made on one G, and one G4. The
geometric progression can be resumed, and a straightforward calculation leads to the effective 4-points function:
K2

P ———) (2.34)
1+ 4/432 Az

Roeff =
with:
dw
Ay = f = f LA G, w)Gao(N, w). (2.35)
Once again, this relation has to be valid on shell.

3. Functional renormalization group for a stochastic process

In this section, we give the basics of the Wetterich-Morris FRG formalism for a stochastic system [59, 61-69]. We
consider a coarse-graining in both frequency and eigenvalue, choosing a regulator that respects the causality and
the time-reversal symmetry of the action (2.18).

Tobe more formal, let us define ® = (¢, ®) the doublet with 2N component built from the pair ¢ and @. In
the same way, we define the source doublet J = (j, f ). The components of these fields are ®,, , and ], , for
a=1,2and X\ = [0, NJ], with for instance:

10
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ha=jy =i (.1
We modify the classical action (2.4) as S — Si.:= S + AS, adding to it the regulator ASy defined asin [70]:
. 1
ASy = f drdt’y" rk(p)(%(t)p?})(t — () + E@A(t)pf)(t — 1) @A(t’)). (3.2)
A

We denote as Z;[]] the corresponding generating functional. We furthermore introduce the classical field = with
components =, , such that:

_ 0
Zar = InZ[J1, (3.3)

and we define [';[=], the effective average action as:

LUE]+ 5 [l S ZnO®Dash £ = OZant) = =Wl + [dr Zosor (G
Ao

Aa, B

where Wi [J] := In Z[J]. The matrix (Ry), 5 is called regulator, and has to be chosen carefully, in agreement with
some physical conditions, especially in regard to causality and time-reversal symmetry (which holds the ergodic
phase). Furthermore, it has to be designed such that I';[ =] interpolates smoothly between classical action
['i—A[E] — Sforsome UV cut-off A and the effective action I'y_¢[=] = I'. The fundamental equation describing
the RG flow is the first-order differential equation:

T4E] = % f dtdt' 3™ (RDs O £ — ) Grag(, £ — 1), (3.5)
Ao,

where Gy, 5 the entry a5 of the propagator matrix Gy, explicitly:

GragO\, t — 1) = (20 x(DZp (1)) = TP + Rgag\ t — 1), (3.6)
1"53) denoting the second derivative’s matrix of I'y with respect to classical fields. Finally, the ‘prime’ is defined as
X = d—X = kd—X. 3.7)
ds dk
We assume that:
Ri)a,s(As & — 1) = py o 58 = ) ri(p)s (3.8)

with p defined by equation (2.17). Furthermore, the scale function defined in (3.2) may help to derive the
elements p; , 5(t — t'). It canbe shows (see [71]) that time reversal symmetry given by the field transformation
(2.8) imposes the relation:

A0 = AP0 + 570 = pP0 =0 9

Causality furthermore imposes: pg) (t) < 6(t). There are many functions that match all these requirements. In
this paper we follow the references [71] and we choose:

Zik
PPW) = a——— (3.10)
k —iZ; Y fw
which corresponds to the Fourier transform of pg) (t). From (3.9) we get:
Yik
Pw) = —a ks (3.11)

K+ Z Y B
The role played by parameters Z; and Y} will be clarified in the next subsections. The parameters v and G allow us
to investigate the dependency of the results on the choice of the regulator and to address the reliability issue of
our results from the minimal sensitivity principle (MSP). In particular, for 5 = 0, we have no coarse-graining in
frequency.

3.0.5. Regulator along eigenvalues
The regulator ri(p) on the eigenvalues must be chosen with more care. We impose that, in the large Nlimit, a
sum like:

SIfT = =S n(p)f (), (3.12)
N p

11
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converges on the interval x;, := [0, max(D) — min(D)]:

SUF1 = [ dp n()R(p)f (p), (3.13)
Xp
where 7 (p) is a continuous function, which vanishes outside y,,. We assume the following scaling relations:
p = kx, o = ko, (3.14)
and: A = k) such that both for Wigner and Wishart matrices:
pNdX = p(Nd, (3.15)

where the distribution fi expresses only in terms of X and &. Explicitly, the regulator r(p) can be constructed
from any ‘good’ regulator g, considered in the literature, as follows. Let i(x) be a smooth enough interpolation
between y;, and [0, oo [. We are aiming to define ry as the composition function # oc g, oh. In this paper, we
mainly focus on the Litim’s regulator [72], and we define 7 (p) = k7 (x), with p := kxand:

r(x) = ——(1 — h(x))0( — h(x)). (3.16)
h(x)

Many explicit choices of functions h should be considered. In this paper we will especially consider the function:

X

ho) = ——— (3.17)
| Xp |
but other functions can be considered, for instance:
Il
h(x) = %ol tan( 7r_x ), (3.18)
™ 2|xpl

where in both cases: | Yp| = max(D) — min(D). In both cases, for x < 1, h(x) ~ x. With the first regulator, the
upper boundary fixedby 1 — h(x) = 01is:

Xmax = ——————. (3.19)

For the second choice:

)_ (3.20)
Hence:

1. Fork — 00, Xmax — |Xp|inboth cases, as required.

2. Fork — 0,wehave x,,, — 1for the two functions.

Finally, let us note that the scaling (3.14) implies the trivial flow equation:

do
ds

- (3.21)

The flow equation (3.5) is exact but hard to solve in practice, and approximations are required to understand
the nonperturbative behavior of the RG. Approximations generally look like truncation of the infinite-
dimensional functional space where the flow for I'; takes place, and we consider only projection along the
subspace spanned by the parameters of the truncation. In this paper, we mainly focus on the so-called local
potential approximation (LPA), and we assume the following ansatz for I';:

=2
LE] = f dtZ(Yk% + i (%M + Zi(A — min(D) M, + U,ﬁ(MZ)MA)), (3.22)
A

where = =: (c, M) and the function U} (M) is assumed to be an O(N)-invariant. The potential Ux(M)
characterizes the equilibrium distribution, Pq~ e~ kea, with:

Tieq[M] = %[Z Zy(\ — min(D)) M} + NUk(MZ)], (3.23)
A

and we have again: M? ==}, M. Note that the truncation (3.22) ensures that time reversal symmetry (2.8)
holds. In particular, the truncation imposes that the response field o does not propagate:

12
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Gk,@ﬁ; = 0, (324)

where Gy, 5 is the ‘@@’ of the propagator Gy. This result can be established nonperturbatively for the partition
function (2.3), see Appendix C and reference [73].

4. Vertex and effective vertex expansion

4.1. Vertex expansion
The vertex expansion assumes that U} (M?) looks like a series in power of M with finite radius of convergence,
namely:

U{M?) = (M2 + F22 ZA(]k)

(k)
(M2 + (M (1)
and the projection of the RG flow corresponds to be -functions for each coupling 1,,. For the computation, we
introduce the graphical notation summarized in Figure 8.
The vertex has two kinds of nodes, black circles and black squares, corresponding respectively to fields M and
@, the solid edges materializing the sums over A. Using this graphical convention, the flow equation for I'{*) (the
component ‘@M’ of the matrix of second derivatives I'{*)) reads:

d
_Fl(fz)zlw()‘aw)&)\/\’ =73 + (4.2)

where dotted edges materialize the effective propagator and the crossed disc materializes the regulator.
Accordingly, with the large N expansion discussed in section 2.2, only the first term is relevant in the large N limit
because it creates one closed face, whereas the second contribution involves only an open cycle. Thus, the first
contribution scales as N’ and the second one as 1 /N. Furthermore, because the relevant contribution does not
depend on the external momenta p := A — min(D), the derivative with respect to it vanishes. This has to be true
also for the derivative with respect to the external frequency w since we have no dependency on it on the left-
hand side, hence:

iz

dk dk

There are two contributions to the effective loops, explicitly:

& R R
// \\ // (1) \\ // (2) )
M Ry, M M R M
0\/‘ 0\"/‘ Q/‘ 4.4)
= +

We introduce the dimensionless variables x := p/kand y = Z; ' Yiw/k = w/k, as well as the dimensionless
couplings fi, as:

(4.3)

Mn = Zl’:knﬂn) (45)

such that the flow equation for [i, reads:

d _ _
B, = Eﬂl = —fy — 4ii,( L + 2)), (4.6)

dimensionless integrals I, :== kI, and ], := kJ, being defined as:

1 (dy _ Ay (x, y)
: kf27rf x'u(x)l—iy—kx—i—,B1+/')(1)()/)T(x)|2 @7

13
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Figure 8. Graphical rules for interaction vertices.
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Figure 9. Relevant diagrams for the flow equation for /s,.

and
1 pdy _ 1+ p?P()T(x)
2 [2 (4 A(x, , — s 4.8
I3 kj;ﬂ[xmmluymu M ot At ) P (4.8)
with:
1
X, y) = , 4.9
&0 7) iy +x+ oy + pP (=) 71x) @9
(1) SOy — B 4.10
P ) T o) T 5 (4.10)
Furthermore, A;(x, y) and A,(x, y) are given by:
Ai(x, y) = 7@ P () — T)y0,p V() — pD(y)x0eT (), (4.11)
and:
DAy(x, y) = =7 (x)yd,pP(y) — pD(y)x0pT (x). (4.12)

Flow equations for higher couplings can be derived with the same strategy, relevant diagrams involved in the
flow equations for 11, in Figure 9, and we get:

d_ T T = -
P = % = =201, = 3f15 (b + 2) — 8(7p)* (b + 3J3), (4.13)
where:
- d
L= f% fdx (%) Ap(x, )/)glz(x, 1) (x =), (4.14)

14+ pP()7(x)
iy + x4+ i, + PP TP

b= =2 [ pwdes nlgx P (4.15)
The resulting equations can be investigated numerically, and we mainly focus on the Wigner distribution.
Figure 10 shows the behavior of the RG flow keeping & fixed, for Wigner and MP distributions and for a quartic
truncation. Note that in the absence of a global fixed point, we have no fix structure to address the issue of the
convergence of the vertex expansion in that case. We however provide an argument in the second section. The
figures show the existence of a fixed point of Wilson-Fisher type, reminiscent of a second order phase transition.
We have however to keep in mind that & has its own flow equation, and change for each scale. Hence, the
Figure 10 provides an instantaneous view of the RG stream, and the position of the fixed point changes for each s.

14
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Figure 10. Flow diagrams for fixed 7. On the left for Wigner distribution and on the middle for MP with ¢ = 4 and on the right for
c=1.

Figure 11. The value of the mass (1, at the fixed point for different values of the parameter o. The figure shows that the spacing between
two fixed point solution decreases as o increases.

The dependence of this fixed point on & is shows on Figure 11 for the Wigner distribution, where the value for £
at the fixed point is given by the zero of the function (3, where we replaced the solution y(x;) given by the
condition 3, = 0. Note that numerically, we find the same kind of diagram as on Figure 10 for the MP
distribution with ¢ = 1, suggesting a phase transition scenario as well in that case. However, from remark 2, for
¢ = 1, the large scale distributions for momenta corresponds to a one dimensional field theory, for which no
continuous phase transition is expected. This observation illustrates the failure of the vertex expansion, and the
effective potential formalism discussed in the next section shows that symmetry is restored for MP law with
¢ =1, as expected.

The global behavior of the flow, taking into account the dependency of & on the scale s can be investigated as
well, and the result are show on Figures 12, 13 and 14 for the Wigner law and for a quartic truncation. On
Figure 12 one can show the evolution of yi; and y, in the equilibrium phase, for a positive initial value for yi;. The
results show a typical convergent behavior toward a purely scaling regime, where mass and couplings are
essentially constants. Figure 13 on the left shows the behavior of 1 for different initial conditions for 15, taking
11 = O1initially, showing that the end value for y, is all the greater as the initial value of 1, is large. On the right,
the Figure shows that the convergence phenomena holds for negatives initial conditions for y¢;, aslongas 1, is
large enough. But as the end value equal zero, equilibrium is dynamically broken, and the RG flow becomes
singular, as Figure 14 shows. These observations agree with the conclusions of analytical results of Appendix B

15
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Figure 12. Evolution of mass and quartic coupling for several positive initial conditions for the mass.
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Figure 13. On left, the evolution of 1, for different initial conditions for y,, taking 1, = 0 as initial condition. On the right, evolution
of y; for a negative initial conditions and different values of the quartic coupling.

and qualitative discussion of the section 2.2.2. We will recover in fact the same phenomena for all the approaches
discussed in this paper. Regarding higher truncation, their conclusions are essentially the same qualitatively, but
asrecalled before, it is difficult to investigate the convergence of the vertex expansion in the absence of a global
invariant structure as a nonperturbative fixed point.
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Figure 14. Finite time singularity for mass and coupling below the critical tenperature.

/ \

oy

Figure 15. The effective vertex, I‘}(ﬁ) expressed in terms of Fg” and G;.

4.2. Effective vertex expansion

For 1D systems, the vertex expansion could be of limited interest because all the couplings { 11,,} are relevant
regarding the canonical dimension. This failure of the vertex expansion for low dimensional field theories has
been pointed out by many authors [34, 36, 39, 74, 75]. Our aim in this section is to investigate the reliability of the
vertex expansion exploiting the structure of leading order Schwinger-Dyson equations, a method called effective
vertex expansion (EVE) in a recent series of papers in [56, 76] in the context of quantum gravity. In this section,
we focus on the quartic theory, even if the method can be extended for higher interactions [77]. We consider two
different approximation schemes. In the first one, we exploit the relations between sixtic and quartic
interactions to close the hierarchy. In the second one, we use the closed equation (2.24) for the 2-point, as
considered in section 2.2. The reader might find it surprising or confusing that we consider two different
approaches when the second one already offers a priori the complete solution. But we have seen in the section 2.2
that the closed equation has no solution below the critical temperature.

4.2.1. Closing hierarchy around local 4-point function

The leading order resumed series for I'{®) takes the form pictured on Figure 15 where we materialized the
effective 4-point vertex accordingly with (2.32)—details about the derivation could be found in Appendix D. We
furthermore pictured the effective 2-point function as dotted edges, with a gray disc materializing the formal
sum of the perturbation series as well. The effective 6-point coupling express therefore as follows:

fis(k) = 3/, K, (4.16)
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where the loop integral K; involves exact propagators and approximations are required to compute it. Because
leading order contributions come from the mass shift in the large N limit (see equation (2.24)), the simpler
approximation replaces the effective propagator by their truncated expressions given by vertex expansion. We
thus define:

- dy _ 1+ pP()7(x)
K~—| =% (x)dxlg (x, y)|?— . (4.17)
I P et P
Hence, the flow equation for fi, (equation (4.13)) becomes:
di _ _
=2 = i — 8+ 3))
_ dy _ 1+ pP()7H) .
+9n]| | = d Solk L+ 2)). 4.18
I [f Py fﬂ(x) xg (x, p) iyt xt 7+ ) rmP (L + 2J2) (4.18)

Numerical investigations lead essentially to the same conclusions as for the quartic truncation discussed in
the previous subsection. Hence, we mainly focus on the numerical results on the second approach, closing the
hierarchy around 2-point function, which provides a preliminary to our 2PI investigations of section 6.
However, the EVE shows explicitly that vertex expansion provides reliable results and converges and converges
rapidly, if we disregard the bad conclusions about the case ¢ = 1 for MP law, for which EVE seems to predict false
results as well regarding the existence of a continuous phase transition. We will return to this aspect in the next
section.

4.2.2. Closing hierarchy around local 2-point function
Let us denote as X the self-energy, the index k referring to the presence of the regulator in the classical action.
From section 2.2, the component 3} ;, 4 is fixed by a self-consistent equation (see (2.26)):

dw 1+ re(p) PP (w)

Yhos = —2K dp pu(p) | —— . (4.19)
keo 2 f PP f27r |—iw + p + ki — ko + re(p)p (W)
We define R,gl)(p, w) = rk(p)pgcl)(w), R,fz)(p, w) = rk(p)pf)(w) and we introduced the effective mass:
py (k) = K1 — Sgpo (4.20)
such that, computing the derivative of the closed equation with respect to k leads to:
Ti(k) — 3To(k)
dy _ P ki (4.21)
ds 1+ 4H2I3(k, A)
where:
d dR(l)
Lik) = f dp p(p) f =k (p, w)lg (P WGy + RO (py )1 + R (p, ), (4.22)
2w ds
3 dw dRY 5
Tk = [dp uip) [ T2 =p o P, (4.23)
A d
Tok, A) = [dp p(p) [ Sl )G + RO (py )1+ R (py ), (4.24)
—A 2w

and we introduced some UV cut-off A and we assume A > k. In that limit, we expect that A contributions
should be discarded, and the leading scaling relation with respect to k should be simple enough. It is not hard to
find the global scaling for each integral:

Tk = %Z(lo, Tyk) = %Z(k), Tk, o0) = %Z(k), (4.25)

where overlined quantities are dimensionless. Furthermore, the bare coupling x, has dimension 2, and we can
define the dimensionless coupling at scale A as: k, =: &,A%. We have to distinguish two cases:

1. If &, is such that &, A? = (1), for k small enough, the left-hand side of (4.21) is essentially independent of
bare coupling.

2. If kA2 = O(k?), R, remains an adjustable quantity in the equation.
Because x, ox T—the temperature, it follows that the first item corresponds to a large scale state with finite

temperature as, k — 0 whereas the second one has zero temperature in the same limit. We expect the second item
assumption out from our equilibrium treatment, valid for T'larger than the critical temperature (expected to be
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Figure 16. Evolution of 1,(s) in the IR regime for Wigner distribution. On left for i, > f,°). Onright for f; < 7.

non-zero), and we only retain the first case. In that way, the flow equation for fi, := 1,/k is, for k small enough:

L - Tk

@ ~ _‘LL
! Zs(k)

4.2
ds (4.26)

Remark 3. Equation (2.34) implies that the effective quartic coupling is essentially independent as well of the
initial bare coupling , for k small enough.The equation (4.26) can be investigated numerically, but we have to
remember that it is not valid in thelarge, ki.e., in the deep UV regime. In that way, the initial condition fi, (sp) is
for e < 1, and blind integrated out UV effects. The results for the Wigner distribution are summarized in
Figure 16. For [i, (so) large enough, 1, (s) decreases exponentially toward a finite value. As [, (so) decreases, a
plateau arises at a finite timescale, but ultimately the coupling goes to a finite value p;( — 0o ) for —sg large
enough. But it exists in a finite value ﬂl(f) such that for i, (so) < /?LI(C) the flow becomes singular at a finite
timescale. The asymptotic value p1;( — 0o ) decreases as fi, (so) decreases, and the critical value /11(5) is such that
1 (— 00 ) = 0, in agreement with our analytical statement of the section 2.2.2, where we showed that ¥, =0 at
the transition.

5. Effective local potential in the broken phase

In this section, we outperform the previous vertex expansions and consider a truncation scheme called the
effective potential method, which considers the shape of the effective potential at equilibrium as global data. We
thus assume again the validity of the truncation (3.22), that defines the so-called Local Potential Approximation
(LPA) [70] where wave functions normalization Z; and Y} are assumed to be pure numbers, independent of the
classical field configuration . More precisely, the approximation corresponding to the truncation

scheme (3.22), including the field strength Y, and Z; is called LPA in the literature. But in Appendix E, we show
that flow equations for Y, and Z vanish in the large Nlimit, and LPA’ reduces to LPA.

5.1. Field configurations, stability, and flow equation
In this section, we assume, M> ~ N i.e., we work in the broken phase of the effective spherical model. The shape
of U(M?) can be fixed by a specific expansion around some non-zero (running) vacuum x(k), for instance as:

2 3
U(M?) = —sz(k)(MWz - m) + #37(10(%2 - Hs) + - .1

but this assumption is not required for nowadays powerful numerical methods, and arbitrary shapes for U(M?)
can be considered. We furthermore assume that M), is a uniform field in time, i.e., that M, does not depend on
time. However, we have to be careful regarding the A dependency. Indeed, if we assume that the field M,
describes the large timescale regime of the system, that is, for k < 1, such that the typical frequencies are small
i.e., time derivatives are negligible. In this regime, A must be small as well, and one expects that only the
component M _,,, contributes significantly. Such an approximation however blinds the non-local structure of
the effective potential due to the O(N) invariance. In this paper, we will consider essentially two different
approximation schemes for uniform field solutions, which we call respectively scheme 1, scheme 2.
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+ Inthe scheme 1, we assume to project the flow along a uniform field configuration in the eigenspace, namely:

M, = JX| (5.2)

+ Inthe scheme 2, that we call staggered field configuration, we project the flow along:

M = XM- (5.3)
p(20)
Note that both of them assume that:
1SN >
—>y M d\ u( MMy = v, 5.4
NA;l Y — fD pNM; = x (5.4)

Itis easy to check that for the equilibrium dynamics, @, = (@,) must vanish atlarge scale, for k ~ 0 (see
Appendix C). In that limit, the quantum equation of motion reads:

[y

0= — = i@y + iU ()M, (5.5)
oy,
8T, . M, My
0= —~iy @x(uzwm + 22 Au’k/(x)), (5.6)
6M)\ )\/

where Uy(x) = Uy(M? = NY). The first equation (5.5) shows that, for M, = 0, @ oc U;(x). Hence, the
equilibrium constraint &, = 0 must hold only for Z/}() = 0, that solves again the second equation (5.6).
Hence, equilibrium requires the existence of a stable vacuum.

The flow equation for the effective potential Uj can be derived from the Wetterich equation (3.5), imposing
scheme 1 or scheme 2 on both sides of the equation. Formally, it reads:

(5.7)

/
d ., x . 1 d ory 1/e
ZAYNail &0 A _ = __ (3)
NV Ui[S] z/dt%: — o~ =-3( T

where the gray disc materializes the 3-point vertex I'{’), the solid self-loop materializes the sum and time integral
over the variable of w(#), and we regularized time integrals as f dt = V. To compute the left-hand side, we used
the Wetterich equation, namely:

o d 1
dt —Ty = = | dedt’dt”
f ; Owy(t) ds g 2 f Z

RDasOn t— ) —2GrasOh 1 — 1. (5.8)
Aa, [ 8

(")

The 3-points vertex can be computed exactly assuming that M, does not depends on time, and we get
straightforwardly in terms of the potential Zy:

8Ty . L
6@ (1) OM)y (1) M), (1) N

QUM + 0, M), + 633, M)

Ot — 1)o(t — o). (5.9

The computation of the flow equation requires moreover the knowledge of the propagator. For the two
approximation schemes considered in this paper, I'?) = A; + By, with:

v
A\ = by, (Bdrar, = Vibxn, + EZE,\IE,\Z, (5.10)
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where ey := M,/./x and the u, v, and v, can be computed from the truncation (3.22):

u=Y+ RPN\ w), v=Yw+iZi)+ il + RO\ w), vy=2ixU]. (5.11)
The inverse of the matrix B can be straightforwardly computed by perturbation theory” , assuming v, /v, small
enough and using 3", ef = N. We get:

V) €xen

_ 5.13
vitvp +v2)) N 619

_ 1
(Bk))\ll,\2 = _5>\1)\2 -
V1

The inverse matrix Gy is written as:

_1o B l(—w)
o= (Bl(w) —Bl(w)ABl(—w))' (5.14)

We introduce the following graphical convention:
Gp= e Mo , (5.15)

the dotted edge materializing the connected part of the propagator (xdyy) and the dotted edge, with a cross,
corresponds to the disconnected part (cxey ex). Hence, the right-hand side of the flow equation (5.7) becomes:

R, X & XK.

' ‘ : : : : : : (5.16)

[ J [ [ [}
3 3 3
koMM - Fgc;)wMM +2 X Fl(c,)wlwlw + Fl(c;)wM]W

8 8 B @

In the large N'limit, only a few contractions will survive, depending on the approximation scheme that we
consider. Let us consider the connected contribution, for instance. In the expansion (5.9), only the contributions
that maximize the number of faces (i.e., closed cycles) will be relevant in the large N limit. For the first three
termsin (5.9), only the third one will generate a closed cycle, and the corresponding contribution in (5.16) scale
globally as N. The three last ones in contrast scale as N’ and should be discarded.

5.2.RG for staggered classical field
Because it is simpler, we first consider the staggering classical field configuration. In that way, the vector e, reads:

ex o< VN 8355 (5.17)
leading to
(A, = UON A B, x, = 1032, + V202200, 0-25, 1, (5.18)
There are both diagonal matrices, and the inverse of B computes straightforwardly:

O

—1

B, = .
172

Vi 4 v20-20,0,0-20, 0

(5.19)

Because the propagator is diagonal, only the connected contribution in (5.26) has to be retained. Furthermore,
because we are aiming to write the flow equation for dimensionless quantities and keeping ¥ fixed, we define the
dimensionless derivatives I ;c") as:

U = kel (5.20)
and:
d,, d i _ Al e
Euk(X) = k[Euk(X) + U0 + Xuk(X))]’ (5.21)
the dimensionless field y being:
X = kx. (5.22)

Note that it is easy to check that in the large N limit, the LPA enforces that flow equations for Z; and Y vanish
identically (see Appendix E). Hence, defining:

3 . ..
It organizes explicitly as

2
V2 ex€éNn + Vi enlrn

1
Bk, = —Oyn — — 5.12
By x " N2 2N WON (5.12)
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x|

Figure 17. Evolution of the quartic potential for staggering initial condition and Wigner distribution. On the right for a positive initial
mass. On the left for a negative initial mass.

Figure 18. Evolution of the sixtic potential for staggering initial condition and Wigner distribution. On the top for a positive initial
mass. On the left for a negative initial mass. In both cases, the quartic coupling has a negative value.

o1 |
II==1, =7, 5.23
2= 7k 1 k]z (5.23)

where I, and J; are obtained from I, and J, given by equations (4.7) and (4.8), replacing the dimensionless mass
fi, by ,al’ defined as:

1
il = m U (5.24)

Hence with these definitions, the flow equation reduces to:

%Hi(x) = —UR) — XU — UL+ 21D (5.25)

As for the vertex expansion, the previous flow equation can be investigated numerically. Figures 17 and 18 shows
the behavior of the potential for quartic and sixtic initial conditions for Uy, for some arbitrary UV scale A. Let us
describes each of them separately. Note that we focus on the Wigner distribution to begin, and extend the
discussion for MP law at the end of the section.
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Figure 19. On the right, evolution of the quartic potential in the ‘deep IR” for ¢ = 0.1 with a negative initial mass. On the left, the
evolution of the vacuum p(k) for large and small o = 0.1, 1 and 2 (above and below the critical surface).
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Figure 20. On the right, evolution of the sixtic potential in the ‘deep IR” for o = 2 with a negative initial mass. On the left, the
evolution of the nonzero vacuum p(k) for large and small o = 0.01, 0.1 (above the critical surface) and o = 2 (below the critical
surface).
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Figure 21. On the right: Evolution of the derivative of the quartic potential U} in the ‘deep IR” for o = 2 with a negative initial mass for
the ¢ = 1 MP distribution. On the left: The evolution of the nonzero vacuum p(k) for o = 0.1, 1,2, 3 and 10.

5.2.1. Quartic potential with Wigner distribution

If the initial potential is in the high-temperature phase in the UV, it remains in the high-temperature phase in the
IR, and the symmetry is unbroken (Figure 17 on left). What happens for a potential in the broken phase at scale A
depends essentially on the value of the variance o. On the right of Figure 17 we show the behavior of the potential
for o = 1 using a logarithmic scale for the flow. One can show that the spacing between two dimensionless
vacuum decreases toward IR scales. If it decreases faster than k, the dimensional vacuum p(k) goes to 0, as soon as
k — 0, meaning that the symmetry is restored. If it goes to zero for a finite value of k = ky, the theory is above the
critical point and has finite correlation time 7 := k, '. As ky — 0, the correlation time diverges, and the theory
reaches the critical region, where p(k)/k reaches a finite value as k — 0. Finally, in the broken regime, for o strong
enough, the vacuum p(k) remains finite in the deep IR. The critical value o depends on the values for «, and x,
in the initial potential, indeed, accordingly to the analytical insights of Appendix B.
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Figure 22. On the right: Evolution of the derivative of the quartic potential Uy, in the ‘deep IR” for o = 2 with a negative initial mass for
the ¢ = 0.25 MP distribution. On the left: The evolution of the nonzero vacuum p(k) for o = 0.1, 1,2 and 10.

5.2.2. Sixtic potential with Wigner distribution

Assuming the initial quartic coupling &, is negative, what the IR potential becomes depends on the sign of the
mass 1. Typical evolution in both cases is pictured in Figure 18. For positive mass, the shape of the potential
exhibits a phase coexistence at scale A. This coexistence survives up to a finite frequency scale k; corresponding
to the timescale 77 == (k;)~!, above which the solution p(k) = 0 becomes unstable. For , negative, however, the
solution p(k) = 0 is unstable at the beginning, and the stable (non-zero) vacuum moves toward the origin as k
decreases. Figure 20 shows the evolution of the vacuum p(k). As for the quartic cases, for large time scales, the
vacuum field is a macroscopic occupation number for the component My, corresponding to the smallest
eigenvalue.

5.2.3. Marchenko-Pastur distribution

For MP distribution, the large-scale behavior of the RG flow depends on the parameter ¢ defined in (2.16). For

¢ = lie Xin(2.15) is a square matrix, the MP distribution behaves as 1/, /p for small p. As discussed in remark
(2), this behavior is reminiscent of the momenta distribution for a one dimensional field theory. We know from
the Mermin-Wagner theorem [78, 79] that there is no phase transition with spontaneous symmetry breaking in
dimension smaller than 2. However, the analytic arguments given in Appendix B show that the critical
temperature does not vanish. Nerveless, as we show in Figure 21, even if the macroscopic vacuum p(k) can
survive for large timescale, breaking the O(IN) symmetry, it reaches zero ultimately for timescale large enough, in
agreement with Mermin-Wagner theorem. Finally, for ¢ < 1, the momentum distribution behaves as ,/p, and
the results are similar to what we obtained for the Wigner distribution. Figure 22 summarizes the results for
¢=0.25MP law.

5.3.RG for uniform classical field

In this section, we investigate the first approximation scheme, namely the uniform field configuration. We
voluntarily separated the numerical study from the theoretical derivation because of the volume of the
numerical insights.

5.3.1. Derivation of the flow equations
Let us consider the uniform classical field My = ./x . The connected contribution of the decomposition (5.16)
reads:

® 0 ) = 4B (0)NUL (%) /X (I + 273)

8

Let us address the contribution of the disconnected pieces. It is easy to check that only the last term in the
expansion (5.9) have to be retained in the large N'limit, and:

(5.26)
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Q. K.

X X X

- "- -' : (5.27)
2% (St ) + (T

B 0

the integrals I{’ and J{’ being defined as:

= 870(0)N (x)> U (15 + 2J3)

1 d — -
1= ——— [ Z [ a@dx, ylg/ e pPREE, ») + 265 )P (5.28)
Zk k 2
and:
V= [ [ s g/t —nEe g )
Zik2J orm ! 2
+ 28/ (x, =1)& (% MYx, y1 + g/ (x, =p)g, (6 N TIx, y1ZE(x, —p)] (5.29)
where:
Tlx, yl = Z(x, y) + E(x, —p) + 2@, )P, (5.30)
and:
- 2X
2(x, y) == —- . (5.31)
7 iy + x + p + pV(—y)7(x)
Finally, the flow equation for the effective potential reads:
d ,
—U00 = —ULCOUs + 213) = 2XUL (15 + 21, (5.32)
As in the previous section, we define the dimensionless integrals as:
- 1 - 1
L= PIZN’ ) = e iR (5.33)
and the flow equation for the dimensionless potential, keeping the dimensionless variable Y fixed is:
dir o 0 il LN =1 — " En 12
Zuk(X) = —UX) — XU — U3 + 2]5) — 2xU (I + 2)5). (5.34)

5.3.2. Numerical investigations and reliability
The equation (5.34) can be investigated numerically, without assumption on the power field expansion of
(). This is especially relevant where local interactions have increasing divergence degrees and where crude
truncation are illegals because of their bad convergence properties (as the vertex expansion showed). For this
reason, our numerical investigations follow the potential evolution on its own globally. Because we are
essentially aiming to investigate the reliability of the RG flow, we mainly focus on the case of a quartic potential,
for which we have analytic insights.

Let us begin with the Wigner distribution, and consider a quartic potential initially in the broken phase in the
UV regime i.e., having a negative mass:

UL(O) = ho + hix, (5.35)

with hiy < 0, for some UV scale A. The typical evolution for Z/;() is shown on the top of Figure 23. If we remain
close to the UV regime, the shape of the potential does not change significantly. However, the flow becomes
singular after some steps, and very large variations of arbitrary size appear, with numerous zeros. The diagrams
in the middle of Figure 23 illustrate the behavior of I/ ;()2) for a given value of Y, and show that a sharp
singularity occurs at finite scale k ~ A /exp(0.9). Analytic computations as given in Appendix A—B show that
the system indeed never reaches equilibrium accordingly with an exponential low, and has rather a power law
decay. Hence, under the critical temperature, the system is not in equilibrium dynamics, and our assumptions
leading to the effective field theory (2.3) break down. One expects that these finite scale singularities and the
rapid and large oscillations of the potential for the uniform field configurations are a consequence of this
breakdown of the equilibrium dynamics assumption. Indeed, this statement agrees with the analytical result that
the system remains in an equilibrium dynamics for staggered initial conditions (see Appendix A), explaining
why no singularities have been observed in the previous section for the staggered classical field configuration.
The analytic critical temperature T,, given by (B.10) is defined for hy < 0,1.e T, ~ — hy/h;. Nerveless, it
happens that for some choices of regulator Ry, singularities happens also for by > 0, meaning that RG flow can
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Figure 23. Summary of numerical investigation for Wigner distribution with quartic potential. On the top, one can see the evolution
of the derivative of the potential I/ ;(( %). In the middle, the evolution of a specific value I/ 2()‘(0). On the bottom, we can show the
dependency of h. on the parameters a and 3 defining the regulator family. On the left for 7(y) = 1 and on the right for 7(y) = 1.

become singular even if the system is in the equilibrium dynamics, accordingly with the analytical results. This
suggests a reliability criterion based on the ability of the RG flow to agree with the analytical statement that the
system relax toward equilibrium for h, > 0. We thus define as h_ the critical values for A, such that the
equilibrium assumption breaks down and singularities occur for by < .. Itis difficult to investigate the
dependency of h, on the regulator, which leaves in a functional space of infinite dimension. Plots on the bottom
of the Figures 23 show the dependency of h. on the parameters o and 3 defined by equation (3.10). On the left,
we imposed 7(y) = 1 i.e., with no coarse graining in eigenvalues is performed, while on the left 7(y) is given by
equations (3.16)—(3.17). In both case, we observe the existence of a region where h,vanishes and which is larger
in the case where we perform the coarse-graining both in frequencies and eigenvalues. Furthermore, the
variations of /i outside this region seem to be smaller in the last case as in the case where 7(y) = 1. This shows
that, not only a reliable RG can be constructed, accordingly with the criterion considered before, but this
illustrates the superiority of a coarse graining in both eigenvalues and frequencies. Note that other diagrams like
Figure 23 are obtained for 7(y) = 1.

The latter observations regarding the Wigner distribution are also valid for the MP distribution, as shown in
24 and 25, respectively, for c = 0.25 and ¢ = 1. In both cases, the flow exhibits singularities and the potential has
rapid and large oscillations at a finite time below a critical surface. Once again, and accordingly with the results of
the previous sections, we interpret these finite time-scale divergences of the effective potential U} () asa
manifestation of a breaking down of the equilibrium dynamics assumption. Furthermore, as for the Wigner
distribution, we show that a coarse-graining both in eigenvalues and frequency improves the reliability of the
flow regarding the value of the critical mass k.. It has however to be noticed that the theoretical value h. = 0 (see
Appendix B) is reached in smaller and more irregular regions than for Wigner law.
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Figure 24. Summary of numerical investigation for ¢ = 0.25 MP distribution with quartic potential. On the top, we have the evolution

of the derivative of the potential / ;(()'(). In the middle, the evolution of a specific value I/ ;c()_(o)~ On the bottom, we can show the
dependency of i on the parameters a and 3 defining the regulator family. On the left for 7(y) = 1 and on the right for 7(y) = 1.

6. Two-particle irreducible formalism

The 2PI formalism is especially relevant to address issues where the 2-point function is a better order parameter
than the 1-point function. This is especially the case for disordered systems because in glassy phases the
averaging of g(#) generally vanishes. This formalism was first introduced by Luttinger and Ward [80, 81], see also
[82] for arecent and pedagogical review and [83, 84] for self-consistent and comprehensives presentations of the
formalism in the nonperturbative renormalization group framework.

6.1. Formalism and 1/N expansion

Let us provide a short presentation of formalism for our purpose. We use the convention of the section 3, and we
denoteas ® = (¢, @) the doublet of fields, with components ®,, ;() at the time . We denote as Si[P] the
classical action (2.4) which we added the regulator AS,[®] defined by (3.2), and we introduce the generating
functional of connected correlation functions:

SO+ [Ar S 0 Oha)+ ] [drdt T @@kt )P 500"

W[, K] = In f 4D e e 6.1)

In this equation the matrix K with entries k; j 5 (¢, t’) is assumed to be symmetric, both in the variables tand ¢/
and on the pairs (4, ) and (, 5). To simplify the notations, we introduce the short notation I = (i, ), ] = (4, B)
and so on. We thus have:

§k[](t, t/) _ 1

- _ I ot R ;
Sk (s, s 2 (O O o(t — )6t — ') + oo o (t — s o(t' — s)). (6.2)
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Figure 25. Summary of numerical investigation for c = 1 MP distribution with quartic potential. On the top, we have the evolution of
the derivative of the potential Z{}(Y). In the middle, the evolution of a specific value I L()‘(O). On the bottom, we can show the
dependency of i on the parameters « and 3 defining the regulator family. On the left for 7(y) = 1 and on the right for 7(y) = 1.
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6.1.1. 2PI effective action

As in section 3 we denote as =,(f) and Gy 4 (¢, t’) the 1 and 2 point functions, obtained by deriving one and two

times the generating functional W[J, K]. Hence,
5 oW
Okap (2, 1)

Now, we define the second Legendre transform, for fixed 1 and 2 point functions I'; 4[=, G] as:

= Grap(t, t') + Za(0)Zp(t)).

DoulE, Gl=—Will, Kl + [ diY (0 Z,(0)

1 — — 1
+ f dtdt'y S Zo(O)ka(t, ) + Riar(t = IZ4(t) + —THGK],
a,b

and we have:

Ok - 615k 1
—== = 1)+ |dt"y ku(t, tHEL(), —2— = —ku(t,t).
=iy = O 1l Dkt ), o = Sk )

(6.3)

(6.4)

(6.5)

on shell, when the sources vanish, they give the effective dynamical equations of the theory, and causality must be
restored as discussed in section 2.2.2. In (6.1) we decompose ®,(f) = =,(¢) + £,(t) and expands the exponent in
power of £,(#). This, integrating out the quadratic contribution, the definition (6.4) leads to (see Appendix F):

1 1
[4IZ, 6] = S[=] + S TrllnG ) + ETrGGOf}( + O [, G,

where:

(6.6)
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1. Gy is the effective bare propagator with entries:

525y,
G tt) = ————. 6.7
(Go,av(t, t) 58050, (1) (6.7)
2. §,[=, G]is the Ward-Luttinger functional (WLF), whose expansion start at two loops. Furthermore:
3 = 2& ) (68)
6G

is the self-energy, including only 1PI contributions.

Taking the derivative with respect to the momentum, we recover on shell the closed equation (2.24). In the same
way, off shell, we must have:

S by [de = —(4r2 [ [u0dA Gua A 10 )oue 69)

6.1.2. /N expansion and quartic model

As recalled in section 2.2, the vector field that we consider has a power counting and the perturbative series can
be organized accordingly with a non-trivial 1/N expansion given with the scaling law ~N—“*" with v given by
(2.20). Hence, the WLF expands in power on N, & = >"7° | <I>§(1 =", where <I>§(1 ~" expands in diagrams involving
Feynman diagrams with w = n. Atleading order we therefore retain:

& = By + ONTY. (6.10)

Let us consider the quartic case. As recalled in section 2.2, the leading order diagrams are vacuum trees in the
intermediate field formalism. But a tree is not 2PI, except for the primary of them, made of a single edge and two
nodes, namely:

I Q—O (6.11)

Explicitly, in the large N limit:
By ) [E, Gl = 2N f 1) (X)dAdN f dt Gap O\ 1, 1) Gane (X, 1, 1), (6.12)

where £, is defined in (2.21). From the discussion given in the section 2.2.2, the WLF has to vanish on shell, for
2-point function solving the equation (6.5) for vanishing sources.

6.1.3. Renormalization group equation
From the definition of I, ; given by equation (6.6), we have:

d — 1 - d .

ZDulE, Gl = = TrGGy, + — &[5, Gl, (6.13)
ds 2 ’ ds

where one more time, s = In(k). Note that we keep both = and G fixed in the derivation. On the other hand,

from definition (6.4), we get straightforwardly:

d —_ 8 1 — aRk ab —_
—DL=, Gl = ——Wi[], K +—fdtdt’ .00 —==(t — t")YZ,(t). 6.14
dsz,k[ 1 8Sk[]] 5 %()as( )=p(t) (6.14)
The partial derivative of W[J, K] can be computed exactly as:
0 1 0 —_ = 1 c—1 —_ =
ZWill, Kl = = Tr—Ri(G + E® E) = = TrG,4(G + E © E). (6.15)
Os 2 Os 2
Therefore:
irz,k[z, Gl = 1 TrGG, (6.16)
ds 2 ’
and we conclude that the WLF is an RG invariant:
d .
—&L[=, G] =0, (6.17)
ds
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Hence, on shell, the dependence on k of ®;[=, G;] is only through the dependency on k of Gy:

iQDk[E, Gl =Tr 0P dGi _ lTrEk@, (6.18)
ds 6G ds 2 ds
and generally:
spm §P -1
icpg”[z, Gl = Tr ook 46k _ o 0% g 4G (6.19)
ds 6Gy ds 6Gy ds

where <I>§<") denotes the n-th functional derivative with respect to Gy.

6.2. Ginzburg-Landau expansion near critical temperature

In this section we assume the following decomposition for the solution of the equation of motion:
Gk,ﬁ'M(A) t) t,) - Gk,’i’M()\: tl - t) + Qk()\) t) t/)) (620)
Gk,MM(A) t’ t,) = Gk,MM()\) t/ - t) + ¢'k()\) t) t/)> (621)

where Gy oy o< 0(7) is the expected 2-point function in the normal phase (i.e., high-temperature phase),
assumed to be translation invariant in time and satisfying fluctuation-dissipation theorem [73]. The
contributions €2, and ®; are a bi-local time-dependent order parameters, assumed to be small, that breaks
explicitly the time-translation symmetry. To the lowest order, one expects this is equivalent to write the self
energy X = as:

Zk,va(A) t, tl) = i:k,”:UM()\: t— t) + Ak(A) t, t/)> (622)

where A, assumed to be small, is bi-local in time as well. Indeed, from the Dyson equation we have in Fourier
space:

Gk,fﬂM()\) W, LU/) - G_k,@'M(A’ w)(sw,—w’
+ Gram A, W) AN, —w, —w)Gram(A, —w') + O(A)). (6.23)

Hence:
AU\, w, W) = Gram O, WA, —w, —w)Gram(A, —w) + OA)). (6.24)

Near the transition, we expect that both €, and A, are small enough to make a power expansion valid. From
equation (6.8), we introduce the Legendre transform Fy of ®:

Fi [X] = &[G] + %TrGE, (6.25)

where we disregarded the classical field =. We thus rewrite the effective action (6.6) as (up to irrelevant
constants):

T4 [G] = %Tr[ln(Gof}c o)+ %TrGE + BE, G

- %Tr[ln(Go’,}c ~ )] + RIS, (6.26)
And we define X := ¥ + A and 04[] as:
B[] = 2 Trlln(Gyl — )] + AIE], (6.27)
such that on shell we must have:
%[j] o, (6.28)

We assume that on shell function X, 4 is known. Hence, defining 4, , [A]:= f‘z, U] — fz, k[ Xeq), the
equilibrium conditions for A is defining as:

Y,k[A] |
A Yeq=keq
The bi-local matrix element A = A()\, w, w') can be expanded in power of external frequencies and

momentum A. At zero order, it is a pure number, depending on k, and as a first approximation we can track the
flow of this zero order contribution. We consider the following ansatz:

—0. (6.29)
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0 ikgm 0 A
S\, w, W) =1 _ e ! 6.30
A, w, W) (Ek@o 0 )6(w+w)+(Ak 0 ) (6.30)

where ¥y .. is solution of the zero order closed equation (4.19), and matrix elements are in the ‘@¢’ space.
Focusing on the quartic theory, the closed equation for 3 is determined by the equations (6.8) and (6.12).
Explicitly:

Ay = —2k, fd)\ 1\ f‘;—;: B\, W, —w). (6.31)

Let us introduce the notation:

0 Al
GeO\ w)8(w + W) =,( ((—w)

6 ), 6.32
Ap(w) —Ap(w)(1 + rk(p)pf)(w))Ak(w)) (w+ wh (6.32)

where Ay is given by the solution of the closed 2-point function equation (6.8) at order 0 in A;. Furthermore, 2
can be computed as a perturbation series in A, from the Dyson equation. Because we assume the condition
(2.23),1.e. fdw A(w) = 0, we get:

— B\, w, —w) = (AW AL (—w) + A=) A @) + r(p) piY (W) A

+ 27L1 (k) Ap(w) Ap(—w) A7 + O(AY), (6.33)
with:
d
L= [arnn) [SEa@)A -+ rppd @) an-w. (6.34)
We furthermore define the integrals:
d
Lk = [ [TEA@Aw), (6.35)
and
d
K= [daa) [TEA@AI@) +r(p)pf @), (636)
such that the equation fixing the gap equation for Ay reads:
U'(Ap) = (atk) — DA + b(k)Af = 0, (6.37)
with:
a(k) = 4H2K(k), b(k) = 47TH2L1(k)L2(k). (638)

The physical meaning of equation (6.37) can be analyzed numerically, and it is the topic of the next section.

6.3. Numerical investigations

The numerical results are summarized on Figures 26, 27, 28 and 29 to highlight the meaning of the divergences
occurring at finite timescale, as Figure 16 shows in the deep IR regime. On Figure 26 one can show the same
behavior in the deep UV. Above the critical regime, in the equilibrium phase, the mass 14, (k) converges toward a
finite value after a short transition time. In contrast, out of the equilibrium phase dynamics, the flow has an
angular point (i.e., non-derivable) and diverges at finite timescale.

In the equilibrium phase, the behavior of couplings a(k) and b(k) occurring on the definition of U(Ay), that
reach a finite value after a transition regime also. The quantity b(k) is positive, but (a(k) — 1) changes in sign
along the trajectory. It is negative in the deep UV, but converges toward a positive value in the IR. This
corresponds to a standard symmetry restoration scenario, and ultimately stability requires A, = 0 for large
scales, as Figure 28 shows explicitly.

Below the critical regime, where ergodicity is expected to be broken (i.e., out of equilibrium dynamics),
things are significantly different, and Figure 29 summarizes what happens. At the beginning, the behavior for a
(k) and b(k) is reminiscent of what happens for high temperature on Figure 27. In particular, b(k) is positive and a
(k) — 1is negative, but reaches a positive value and symmetry is restored for a first time. However, at the point
where the mass diverges, a(k) — 1 reaches spontaneously a negative value again whereas b(k) almost vanishes in
the same time. This change makes the non-zero vacuum solution A == 0 stable, and the Figure 29 shows the
behavior of In(A; + 1). For log(A/k) small enough, the function is positive, and the symmetry is broken. It is
restored for log(A/k) ~ 1.5 until the point where the mass has a singular point, for log(A/k) ~ 2.4. Until this
point In(A; + 1) takes large and positives values, after what it reaches a smooth decreasing regime.
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Figure 26. Evolution of the mass parameter /4, in the UV regime. Above the critical regime on the left and below the critical regime on
the right.
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Figure 27. Evolution of @ (k) and b (k), the dimensionless versions of couplings involved in U[A] above the critical regime.
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Figure 28. Symmetry restoration in the equilibrium phase.

7. Concluding remarks

In this paper, we introduced a nonperturbative renormalization group framework to investigate the large time
equilibrium dynamics behavior of the p = 2 soft spin model. We focused on the large N limit where eigenvalues
of the disorder matrix J;; follow the Wigner or Marchenko-Pastur distributions. The main originality of this
approach is to avoid the inevitable bi-local interactions in time arising when the disorder is integrated out [24].
Hence, local potential can be considered as a suitable approximation scheme to solve the exact RG flow. Because
the eigenvalues of the disorder look like a fictitious momentum, we constructed RG based on a coarse-graining
both in frequencies and eigenvalues through a choice of regulators compatible with causality and time reversal
symmetry. We considered indeed many popular approximation schemes to solve exact flow equation in this
paper: (i) The vertex expansion, (ii) the effective vertex expansions, (iii) the LPA around non-zero vacuum and
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Figure 29. Evolution of couplings a and b (on the top) and of In(Ay + 1) and In 1, (on the bottom).

(iv) the 2PI formulations were considered. For all these approximations, we investigated the reliability regarding
analytic inputs, especially for the quartic potential. Our results, especially using local potential and non-zero
vacuum expectation, are in qualitative agreements with analytical insights. In particular, we showed that the long
time behavior of the system does not agree with the equilibrium dynamics assumption, and the flow diverges at
finite time-scale excepts for very particular configurations of the classical field, the ‘staggered” configurations,
corresponding to a macroscopic magnetization. The nature of the phase transition is more transparent in the 2PI
formalism, where we showed that divergences are associated with a lack of the translation invariance symmetry
of the 2-point function. In addition, we showed that reliability is improved, regarding the choice of the regulator,
for a coarse graining both in eigenvalues and frequency with respect to a coarse-graining only in frequency.
Hence, the results obtained in this article seem very encouraging in view of the developments desired by the
authors and detailed in the introduction.

However, several aspects have been left out for future works. First, although we have essentially limited
ourselves to quartic potentials in our numerical investigations in order to evaluate their reliability, our
formalism is suitable for the study of any initial condition. Moreover, although we have limited ourselves to
Wigner and Wishart ensembles, for which the inputs of the matrices are independent, this choice is also more
restrictive than the formalism, and we could consider non-Gaussian distributions for the inputs of the matrices,
or even distributions that do not follow an analytical law [51]. These aspects should be considered in
forthcoming works, especially regarding signal detection issue discussed in the introduction, or for dynamics of
disordered quantum systems [85]. Finally, let us notice that our formalism neglect finite size effects [86]. These
effects are totally blinded by the limit N — oo , which is assumed to justify the replacement of sums by integrals
involving analytic distributions.
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Appendix A. A short review on the p = 2 spherical model’s dynamics

This section reviews relevant features of the p = 2 spherical model in a pedagogical manner for readers who are

not familiar with the field of spin glasses. The reader which would like to go further could consult the references
[2, 3] and the book [11]. Mathematically, the model describes the behavior of the components g;(¢) of a random
vector of size N, whose dynamics obey equation:

dq;

N
P =2 Ui + £®&1q;(1) + (1), (A.1)

j=1

where Jjjisa quenched random disorder whose entries are distributed accordmgly w1th the Gaussian distribution
of variance 0 /N and #(f) is a Lagrange multiplier, ensuring that the constraint > | q = N holds V'¢. The
noise field 7(¢) is moreover assumed to be a Gaussian random field as well, accordlngly to the equation (2.2).
Assuming Nlarge enough, this model provides an archetypal example of disordered dynamics and enjoys the
property to be exactly solvable, including in the static limit, without requiring a replica method. Although, it
does not exhibit a true glassy phase, but rather a ferromagnet behavior, it presents interesting characteristics,
such as aging effects with a weak ergodicity breaking, that is also found in systems with true glassy dynamics.

A.0.1. Dynamical aspects in the eigenspace
In the eigenspace, the model (A.1) reads:

dq,\ _
= —[A +2®D]q, (@) + n,@). (A.2)
This equation can be solved formally taking t = 0 for the initial condition:
0,(0) = 4, @ V() + [ e N0 g o) ”((f)) (A3)
with:
p(t) = ezw—fo dt’f(t’)' (A.4)
Furthermore, in the large N limit, the spherical constraint 3" | qiz = N imposes :
20
[ gy =1, (A5)

which should be valid for each time ¢ > 0 and whereas before the bracket notation means averaging over the
noise. These equations translate as a self-consistent equation for ©(¢) := 1/ po(D:

—20 z(t/)

depending on the choice of the initial conditions. One of the main statements of the analytic study in [3] is that
the system is not able to reach an equilibrium regime in general, except for very special initial conditions. Indeed,
if the system has a macroscopic occupation number for the smaller eigenvalue A = — 20, namely:

5O\ + 20)
p(20)

hence, the self equation (A.6) shows that g,(t — 0o ) — 0 excepts for boundary eigenvalue A = — 20,
¢, (t = 00) — /1 — D/D, where the critical temperatureD is:

1 2(rd \
D, =), Y3 —i—)\

1= 2 da\ u(/\){qA (0) e 2@+ NIp2(¢) 4 2Df dt'e 2@+ NE=t) p (11 P (t)} (A.6)

q;(0) = (A.7)

(A.8)

On the contrary for the uniform initial condition ,(0) = 1 V'), the system fails to thermalize in a finite time.
This condition is physically equivalent to a random initial condition for the variable g,(#), close to what we expect
experimentally. Taking the Laplace transform of (A.6), we obtain the self-consistent equation:

~ . (% 1 + 2D6O(z)
9@ = »/lzn arpy) 24 2Q0+ N’

where ©(z) denotes the Laplace transform of ©(£). The large-time behavior can be obtained by expanding the
previous equation to the power of z. We thus obtain:

(A9)

~ _2 3/4 A
(1) (1 D)t . (A.10)

c

34



10P Publishing

J. Phys. Commun. 7 (2023) 055005 V Lahocheetal

Therefore, from (A.3), it follows that g,(f) vanishes exponentially as t — oo with relaxation time
7 '(\) = 20 + ), excepts for the component A = — 20 which have an infinite relaxation time. The 2-point
correlation function C (¢, t'), defined as:

20
C(t, t') :[2 A\ 1) (g, (D gy (), (A.11)

and can be computed using (A.3) and p(f) given by (A.6). Setting ¢ = 0, and assuming random initial
conditions, it is easy to check that for tlarge enough:

C(t, 0) ~ (1 - g)ﬂ/‘*, (A.12)

c

and thus that the correlation follows a power law. Most interesting is the behavior of the correlation as both tand
t' go to infinity. There are essentially two interesting limits:

1. t,t' — ocobut (t — t')/t < 1. In that limit, the correlation function is almost translation invariant, i.e., it
depends mainlyon € := t — ¢’ and goes toward the self-overlapping Q =1 — D/D, as € — oo (after tand ¢').

2. t,t' — oobut (t — t')/t = O(1). In this case, the translation invariance is lost, and the correlation function
dependsont, t" and €. As €/t be small enough, we have again C — 1 — D/D.. But for € > t, C — 0 and the
correlation vanishes.

To summarize:

Iim Iim C(t+ ¢,t) = Q (A.13)

E—00t—00

lim lim C(t+ ¢,t) =0 (A.14)
t—00€—00
Hence, if asymptotically the times remain arbitrarily close, the system seems to balance like a ferromagnetic
system. However, the system fails to thermalize, and for time intervals much larger than the age of the system,
the correlations tend to be zero.

A.0.2. Static limit
According to equation (2.12), the static limit of the system is fully described by the partition function:

N 1 [ N
Z:f [T dg;|exp| —| >_ — Jiiq;9; — fZ(qf - DI (A.15)
i=1 2D (5 i=1
The integral over q is Gaussian, performing it, we get in the eigenspace:
1 £+ A ‘N
Z=-exp|—=) In| —— |+ —| A.16
w(-350(5)+ ) w19

The value of #is fine-tuned to impose the spherical condition, which reads in the large N'limit:

i:fzg d)\ /40.2_/\2
D _

1
. A.17
2 2702 £+ A ( )

Itis easy to check that #decreases with D to the critical value £, = 20, defining, in turn, the critical temperature
D,by the same formula (A.8) as for the dynamics. Hence, as for standard Bose-Einstein condensation, we show
that the component g_,,, fails to be included in the integral approximation of the discrete sums. Indeed:

20 1
Sa) = [ e @) + ) + (@2,). (A18)
by —Z0
As all the components (qf} remain of order 1, the approximation works. But the failure of the approximation

near D = D means that it becomes wrong. The component (g 32”> becomes of order N, more precisely from
(A.17):

D
(@%,,) =N (1 — B)' (A.19)

c

As for the dynamics, we recover in the static limit the condensation property, meaning that the system behaves as
adisguised ferromagnet at equilibrium, and the disorder is not strong enough to induce a glassy phase.
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Appendix B. Large time behavior of the quartic model

In this section, according to the method detailed in [17], we study the large-time behavior of the Langevin
dynamic, which solution is considered in the relation (A.3). To be more precise, we consider the following
definition:

" 2
g = [dre@, aw =32 = [uongdx, (B.1)
A

where g,(t) is the time-dependent solution of the Langevin equation taken in the eigen-direction. The quentity a
(t)is assumed to be self-averaged for large N. Hence, we can easily show the solution for dynamics after the
quench as:

(@) = e 20+ 4 2D f "t e =126 —g(1) (B.2)
0
The function #(t) may be expanded as a power expansion of the mean value a(?):
£(t) =20+ Y hya' (). (B.3)
neN

In this note, we consider the quartic potential, such that £(¢) = hy + 20 + h;a(f). Assuming that dynamics is
frozen on the minimum of the potential for tlarge enough, namely () — 20, one obtain the asymptotic closed
equation:

hl 20 hl 20 t , ,
— L e e0ay = 1ot [y j; dt'e2M0-1) -2 ~g (), (B.4)
a

ho —20 0oY—
and we will check that our assumption for the asymptotic behavior of £(#) for large time is self consistent.
This expression can be rewritten as:

hy
G(t) = —
() .

0

t
(H(t) 42D f dt' H(t — t’)G(t’)), (B.5)
0
where we introduced the following definitions
20
G(t) = eXO-m [(r) = f e Mmgy e R (B.6)
—20

where H(#) ~ 1//* for large t, and remains finite at the origin. Note that the relation (B.5) is invariant under the
choice of the parameter m € R. To solve this closed equation we move to the Laplace transformation by
integrated as G(p) := J;OO dt e ?'G(t). Using the fact that H (+ — #’) maybereplacedby H (+ — t/)0(t — t')in
the integration domain, we get the simple relation

1

U Se— (B.7)
2D + °H\(p)

G(p) = 7%1 + 2DG(p)A(p) © G(p) = —
0

At this stage, we have to make a few remark. In contrast with the spherical model reviewed in the previous
section, the closed equation does not holds for all time, but only asymptotically. Hence, one may be disappointed
by the way we integrated over ¢ the closed relation from 0 to co by taking the Laplace transform. Indeed, we
assume that the solution of the closed equation provides the true asymptotic behavior for G(¢), an assumption
that can be motivated from the observation that, for tlarge enough, H (t — ') suppresses low time
contributions provided that G(¢) has a finite limit for short times.

Before determining the asymptotic expression of the function G, let us assume that m = 40. Integrating the
function H (p) we come to

_ 20 1
H(p) = AN)——dA. B.8
® =, 1N (B3)
C . . . . . . 4ot —x? . - - — _
onsidering the Wigner distribution p(x) = B and byreplacing H (p) by H(0) + H(p) — H(0) we
get
Ap =80 + [ pir L o 7 p—1
= —|— B — ] — B ———
(p)=H(©) Lﬂ”ngUHP e
- p r* 1

=H(@O) - & A dx, B.9
© 2£2n“()[z(A+zg)+p](A+20) (59
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where H(0) = 1/20. Also, the critical temperature D =

relation (B.7) vanish, and

V Lahoche et al

T, is determined such that the denominator of the

=t _l . (B.10)
hy 2H(0)
Then by setting u = A + 20 we come to:
4o / —
H(p) = _@L __P _Ndo—u . (B.11)
h 2T, 8ma Jo  Ju(p + 2u)
In the above relation, the integral may be computed asymptotically as p — 0 from:
o0 du 1
__aw T B.12
fo Vi(p+2u) V2 p'? ®12
and we get finallyasp — 0o :
- ho 1 NG
Ay~ 0 L 12 B.13
) NG (B.13)

Note that the large time limit corresponds to the small values of p and then the function G(p) can be deduced

in thelimitp — 0

] 1+ A(o)Tp2 A(o)T2p\?
G(p) = 1 i (?) 94 ~ ! 1+ ()Tp (B.14)
2T - T—-A@TLp? AL —-T) I.—-T
where A(0) = %%.The inverse transformation can be simply given by
i 2

G(t) = o(t) 1 A(0)T; (B.15)

AL -7 2L -T) ¢

which asymptotically at t writes as
1

In an attempt to implement the dependence of the distribution on the large-time behavior, let us consider the
MP-distribution given in (2.16). Then, if we set m = — A_, the expression of H (p) becomes

- hy 1 Ar YA =AM = A d\
Ap=-2—-L2f v - (B.17)
k2T, 2Jx 2wocA 200 = A0 4+ pl(A = AD)
Now by changing variableasu = A — \_ we get
- A=A N — )\ —
Ay = -1 P " - v (B.18)
h 2T,  4mwoc Jo (u+ 2)Qu+p)Ju
The integral diverges as p — 0, butalsoas A — 0 and we will consider this case separately.
+ For A\_ = 0and p — 0 the integral behave as:
A=A ™. — A —
f du— Y u_ 42 (B.19)
0 (w+2)Qu+p)vu  wfpQ2A_p)
Therefore
& h() 1 \[2()\+ - )\,) p%
H(p) = ——=—= — > , (B.20)
hy 2T, mioc QA_—p)
and then the function G(p) becomes
- 1 ho, hy) T? :
(p) ~ 7y (ho, hy) p g
AL -T) (. =T) @A —p)
1 (o T p*
AT~ 1) (L -1 2x [
242 (A — A
withy (ho, hy) = 22O = A (B.21)

hom2co

Finally the function G(¢) becomes for large #:
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Gy = 2o W TZ L (B.22)
AN (T — T8
Because of the definition of G(f), we have:
t 2
f £(t"dt' — 20t = In M — 2ln t, (B.23)
0 A (T -T2 2

hence: #(t) behaves as 20 + O(t ™) for tlarge enough, meaning that a(t) converges toward the stable vacuum
—ho/hs.

+ Thecase A\_ = 0 (namely c = 1) is special. Indeed, in the limit A_ — 0, the integral over A diverges, and in
particular H(0) = oo . This seems to suggest that T, = 0, accordingly with the static limit, equation (A.17).
Indeed, assuming h < 0, we can set m = — 2hg, and:

NOYO VDY) d\

HfHopA
@%—()—gf 2moX [2(X = ho) + pI(A = ho)

h0—4 _
72;10

=H(0) — , (B.24)
where:
dA hy — 4
H(O -1} B.25
©= f 2770'\/— 2(A — hy) 4( ho ) ( )
which again defines the critical temperature T, := —h/(2h H~'(0)). For large t, using standard results about
the asymptotic behavior of Bessel functions, it is easy to check that H(#) behaves as:
2hot
H(t) ~ . B.26
(t) NorT (B.26)

In the low-temperature limit, G(f) ~ — (h;/ho)H(%), and we conclude again that a(#) goes toward the vacuum
—hy/hy as 1/t, with infinite relaxation time. Note that transition temperature seems to have a different
interpretation, as in the case ¢ < 1. Indeed, it looks rather as the boundary of the validity domain of the
solution, which becomes singular at iy = 0 where the transition temperature vanishes formally. For more
detail about the computation of the critical temperature for p = 2 solf spin dynamics, see [42].

Appendix C. Correlations function for response field

In this section, we sketch the proof that correlation functions for the response field have to vanish, and in
particular Gy 55 = 0. The proof works as follows. Adding a linear driving force to the potential V’(Q?) as

U@ g, — U'(¢H) ), + fdtZA ky (t) ¢, (1), we modify the path integral (2.3) accordingly. However, the

transformation is equivalent to a translation of the A-th component of j accordingly: ]; — ]; — iky. Therefore:

ZUj il = Z1j,j — iklly. (C.1)

For vanishing sources, Z must be equal to 1 by construction, and in fact that the generating functional Z[j],
setting j = 0 in the previous expression, reads formally:

N
Z1j,j = 0] = <exp(fdthA<r>¢>A(t>)> : (C.2)
A=1

U
the bracket meaning averaging over noise field. Therefore: Z[0, — ik]| ;= 1,and
P SPZ[0, —iklly  &F1

ﬂ”ﬂémwm_mmm

=0. (C.3)

Hence we have Gy > = 0 butalso (p,) = @, = 0.

Appendix D. Effective equation for F((’

Accordingly, with our derivation of effective 4-point function in section 2.2, let us consider the 1PI 6-point
function I'{®) for the equilibrium theory (2.12). From section 2.2, it follows that Feynman leading order diagrams
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Figure 30. On left: a typical graph contributing to I'{®’. On right: structure of the arm P.

contributing to its perturbative expansion have to be deduced from vacuum trees by deleting three loop vertices
on leaves. Figure 30 provides an example, where cancelled leaves are pictured as ciliated loop vertices in the LVR,
and denoted as v, v, and vs. Let P the smallest path connecting the three boundaries vy, v, v5. The path P
decomposesas P = P, U P, U Ps, where P; is connected with the vertex v;and such that PN P, NP5 = {wp}.
Forinstance P, = {4, &, 4}, all the edges building P being drawn as dotted edges. Along the path P, there are
some branches connected to the effective vertices, as pictured on the right of Figure 30 for the arm 7. Along the
path, there are two connected components, say .A; and A,. It is not hard to check that these contributions are
involved in the perturbation series for the full 2-point function. Hence, the formal sum of these diagrams
keeping the lengths |Pj| fixed leads to an effective tree with L = > |P}| = 7 edgesand V =L + 1 = 8 vertices.
Following section 2.2, it is moreover not hard to check that the branches of this effective tree are nothing buta
formally resumed version of 4-point function 1PI functions I'{", the Figure 30 (on right) providing a typical
graph involved in the perturbative expansion ofit.

Appendix E. LPA=LPA' in thelarge N limit
In this section, we sketch the proof that the anomalous dimensions 77z and 7y
= kI = k1 (E.1)
Ny = dk k)> Ny = dk k)> .

are both of order 1/N, and can be discarded in the limit N — oo . Because of the O(N) invariance, the
contribution involving I'{" in the left-hand side of the flow equation for T'*) does not contribute for 17,and 7yin
the large Nlimit, because the relevant loop creating one face (see section 4) does not depend on the externals A
and w (see the discussion below equation (4.2)). The remaining contribution to the left-hand side involves I'{’ )
vertices, which are non-vanishing in the broken phase. Accordingly, with the graphical notation of the section 5,
this contribution takes the form pictured in Figure 31.Itis easy to check that T'{"’ ~ 1/N.Indeed, setting x = &,
we have formally:

Q1) = Q—O (E.2)

Let us focus on the connected components of the effective propagator. Hence, the leading order contributions to
the graph of Figure 31 create one face and looks for instance as:

(E.3)

which contributes to the flow of Yy, but scales as 1/N. The contributions of disconnected pieces for the
propagator do not change this analysis. Indeed, the disconnected pieces arise with a factor 1/N, and sums created
per disconnected piece do not compensate the additional 1/N factors, and contributions to Y{ and Z/ have to be
of order 1/Natbest. Therefore, LPA = LPA' in the large Nlimit.
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Figure 31. Effective diagrams contributing to the computation of anomalous dimensions 7, and 7y. The gray discs materialize
effective 3-point vertices.

Appendix F. Details about the derivation of (6.6)

From (6.1), we must have:

Ll 61+ [ A RO + S THGK]

4= f dAtdt’S Zo (ka8 ') + Riean(t — t)](t t)Z4(t))

a,b
—Si[®1+ [ dtS] Bu() )+ [dtdt”S Byt) by (2,6 By (")
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On the left-hand side, we decompose D ,(t) = =,(¢) + £.(8),

5k
5, ( )ﬁa(t)
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where we assumed to sum over repeated indices. The remaining contribution, W[= + £]including non-
Gaussian contributions. After some algebraic manipulations, we thus obtain:

exp (I‘z)k[E, G] + Tr [G%])

— 6T k 6Sk 1 ’ 625k 6F2,k ) —
—Sk[= d = — —= | dtd - —2— —WI=
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Now we can expand the left-hand side in a number of loops to recover the expansion (6.6).
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