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Abstract
In this paper, we investigate the large-time behavior for a slightlymodified version of the standard
p= 2 soft spins dynamicsmodel, including a quartic or higher potential. The equilibrium states of
such amodel correspond to an effective field theory, which has been recently considered as a novel
paradigm for signal detection in data science based on the renormalization group argument.We
consider a Langevin-like equation, including a disorder term that leaves in theWigner orWishart
ensemble. Thenwe construct a nonperturbative renormalization group formalism valid in the largeN
limit, where eigenvalues distributions for the disorder can be replaced by their analytic limits, namely
theWigner andMarchenko-Pastur laws.One of themain advantages of this approach is that the
interactions remain local in time, avoiding the non-locality arising from the approaches that integrate
out the disorder at the partition function level.

1. Introduction

Dynamical aspects of glassy systems are essentially characterized by their out-of-equilibriumproperties, and
especially regarding the so-called ‘aging’ phenomenon in the non-ergodic phase. In the vicinity of the glassy
transition temperature, the relaxation time increases until it diverges, and the correlation function fails to have
an exponential decay [1–5]. In the static limit, the glassy systems are essentially characterized by the existence of a
replica-symmetry breaking (RSB) for the overlapmatrixQab below the critical temperatureTc. The RSB arises as
we consider n copies of the system andwhenwe average over the disorder effect before taking the n→ 0 limit for
replica number. At the critical temperature, the replica symmetric solution for the free energy exhibits
instabilities along some eigen-directions at the saddle point and predicts negative entropy states. This bad
behavior is generally improved by ansatz, which explicitly breaks the replica symmetry. The entriesQab quantify

the average correlation between spins, namely ≔ å á ñ=Q S Sab N i
N

i
a

i
b1

1 , where Si
a denotes the spin of site 1� i�N

for the replica number 0� a� n [4, 6–10]. One of themost popular theoreticalmodels for glassy systems is the
well-known p-spinmodel, whose disorder effect is quantified by a random tensor of rank p, Ji i ip1 2

that couple

spins withHamiltonian [ ] ≔  åH S J S SJ i i i i i i i, p p p1 1 2 1 . Depending on themodel and the nature of the spins,

thisHamiltonian can be completed by a deterministic componentV[S] regarding some symmetries. For soft
spinsmodels, ÎSi , and theHamiltonianHj is usually constraint by the spherical condition å =S Ni i

2

defining the so-called spherical p-spinmodel. Alternatively, the glassy transition can be investigated froma
dynamic point of view regarding the apparition ofmetastable states with infinite lifetimes. Due to these
metastable states, ergodicitymust be broken, and equilibrium can never be reached for a temperature small
enough. In the equilibriumdynamics setting, ergodicity is expected atfirst, and the phase transition looks like an
ergodicity breaking, where the large-time two-point correlation function fails to vanish. Formally, the dynamics
are described by a Langevin-like equation analogous to a coarse-grainedGlauber dynamics for Ising spins, and
for the sphericalmodel reads [11–14]:
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whereℓ(t) is a Lagrangemultiplier ensuring the spherical constraint andη somewhite noise. In this paper,we focus
on thep= 2dynamical spinmodel. Still, with anon-trivial interactingpotential insteadof a Lagrangemultiplier, that
suppresses configurationswith large values of the soft spins qi. Thep= 2 soft spindynamicswhichhas the
characteristic tobe investigated and fully understood analytically [2, 3, 15], including the static limit, despite the
randomness of thedisorder coupling Jij. This is essentially a consequenceof the largeNproperties of the random
matrix spectra, allowing to replacementof the randomness of thematrix Jwithdeterministic density spectra as the
Wigner law. Inparticular, solving the static limit doesnot require a replicamethod, andusing itmay allow showing
thatno replica symmetrybreaking is expected.Hence, themodel has no true spin-glass phase but is rather a
ferromagnet indisguise [16], exhibiting a second-orderphase transition atfinite temperatureTcwhere the
component qλ for the largest eigenvalueλ*has amacroscopic occupationnumber µlq N2

*
. Surprisingly, however,

the dynamic aspects of themodel havemany interesting features close towhatwe expect for a true spin-glass and
capture some relevant experimental scenarios. Inparticular, it exhibits aging effect andweak ergodicity breaking that
almost characterize true glassy transitions.Toput it in anutshell, the sphericalp= 2 spindynamics never reaches
equilibrium, except for veryparticular initial conditions called ‘staggered states” [3, 11]. Interestingly, the behavior of
the system is reminiscent of the behavior of a ferromagnet in d , describedby theN-componentfield ( )

f x t,a which
obeys theLangevin equation,

( )
( ) ( ) ( ) ( ) ( )


  f

f f f h= D + - - +
d x t

dt
x t x t T T

g

N
t

,
, ,

2
, 1.2a

a a c a
2⎛

⎝
⎞
⎠

where

Îx d , a ä §1,N¨,Δ is the standard Laplacian over d and ( )


f f f= , , N1 . This system exhibits for

largeN a phenomenon called coarsening [11, 17, 18] and domains with positive and negativemagnetization
increase their size without thermalization (the correlation length behaves as t for the quarticmodel), except if
the initial condition is of staggered type, with amacroscopic occupation number in the ground state of the
potential. The correspondence between the twomodels is obvious for d= 3, where the energy states distribution

( ) ( )r ~
-

p p2 2 d 2
2 of the ferromagnet behaves as the density states of theWigner distribution for large eigenvalues.

Thepurpose of this paper is to address the issueof thep= 2 spindynamicswith the so-called functional
renormalization group (FRG) formalism [19–23], including especially the case of non-trivial confiningpotential.We
consider theWetterich-Morris incarnationof the FRG that focus on the effective average actionΓk, which smoothly
interpolates betweenultraviolet scales (large k) and infrared scales (small k). TheWetterich-Morris approachhas
many advantages, among themthe ability todealwith theoryhaving strong couplings, andwill be of great interest to
address the issue of confiningpotentialswith arbitrary shapes, not achievablewithperturbative approachesofRG.
Furthermore, for polynomial potential, and especially for the quartic case,we recover the analytical statement that the
system fails to reach equilibrium for generic initial conditions, and the equilibriumflowdiverges at afinite timescale
for all theRG trajectories.Moreover, for the ‘staggered-like’ initial vacuum,we recover that the systemgoes toward
equilibrium.This paper follows thepreviouswork [24]of the authors,which investigated the frequencyRGflowof
the bi-local Lagrangianobtained after averagingover a disorder of rankp.Our originality in thiswork is thatwe
performacoarse-grainingboth in time and eigenvalues of the randomdisorder,whose spectra are assumed to
converge toward an analytic law forN large enough. In this paper,we follow the efforts of [24]whereFRGwas
considered as apowerful tool to addresswith a great computational efficiency some issues in spin glass dynamics and
signal detection as for tensorial principal component analysis (PCA) [12, 25–27]. This article has indeed several
purposes. Indeed, this strategyof using the spectrumofdisorder in the largeN limit to construct a renormalization
group is not traditional and couldprove tobe apromisingmethod inmanyproblemsat themarginof conventional
field theories. Thus, oneof our objectives in this paper is to explore this strategy and to study its reliabilitywith respect
to the approximationsneeded in the constructionof a renormalizationgroup.A similar strategyhas alreadybeen
considered recently by the sameauthors,whoaddressedby renormalization groupmethods thedifficult issue of
detecting a signal in quasi-continuous spectra [28–32]. Theseworks focusedonan ‘equilibrium’field theory, and the
present paper couldbe seen as a step to generalize this construction tonon-equilibriumdynamics, in continuationof
theworks already cited.Another preoccupationof the authors, the opposite of this one, concerns the constructionof
a reliable renormalization group for randommatrixmodels encountered inquantumgravity [33, 34]. The authors
have alreadynoticed that themethodsused in theliterature pose a serious problemof reliability regarding the
approximations considered solving theflowequations in this context. Adifferent approach, exploiting the results of
this paper, is alreadyunder development [35]. In these respects, themainpurpose of this paper is then: canwe
construct a reliable exact renormalization groupflowsolution that canbeused to investigate such a kindof issue?

Let us conclude this introductionwith a general comment.We focus essentially on the equilibriumdynamics in
this paper, hencewe expect to reach theout-of-equilibriumtransition fromabove, as  +T Tc . This restriction to
equilibrium implies the validity of anumberof relations, suchas thefluctuation-dissipation theorem,which are
consequencesof time reversal invariance.Note that, the renormalization grouphas a certain ability to ‘see’beyond the

2
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limits imposedby the assumptionsof its derivation.Anexample is providedby theordinaryd< 4 theory,where the
vertexdevelopment,which assumes thatwe are in the symmetric phase, reveals however thepresenceof afixedpoint
ofnegativemass aswell as a regionof thephase spacewhere the zero vacuum isunstable [36]. Anothernon-trivial
example is given in the context of two-dimensional quantumgravity.The renormalization grouphas indeedbeen
considered to studyphase transitions indiscretemodels of randomgeometry, suchasmatrices and randomtensors
[33, 34, 37–40]. In the caseofmatrices, for instance, it has been shown that, in the largeN limit, theflowequations
predict afixedpointwhose critical exponentsmatch thepredictionsof thewell knowndouble scaling limit [41],
although thedirect constructionof this limit requiresnot only the leading sector but also all the sub-leading sectors in
theneighborhoodof the critical point.Note thatwe also addressed the general issue ofp= 2 soft spindynamics for
arbitrary confiningpotential in low temperature (i.e., below the critical temperatureTc) analytically, see [42].

Outline.Thepaper is organized as follows. In section2wepresent themodel aswell asuseful definitions and the
constructionof the equilibriumpath integral usingMartin-Siggia-Rose (MSR) formalism, andweconcludewitha short
reviewof somebasics about thedynamicsof the sphericalp= 2 spindynamics (moredetails shouldbe found in
AppendixAandreferences therein).We furthermore investigate the largeNbehaviorof the solutionsusingSchwinger-
Dysonequations, In section3wepresent theFRGformalism, and in sections 4and5weconsider vertex expansionand
local potential approximation to solve the exactRGequation, andnumerically investigate them.Weconcludewitha
presentationof the two-particle irreducible (2PI)RGequations in section6,whosehierarchy closes in the largeN limit,
andwhichwill allowus todiscuss ergodicitybreaking fromthepointof viewof the2-point correlation function.
Section7 summarizes the results of thepaper andprovides someopen issues that canbeaddressed ina futureworks.
Furthermore, additionalmaterial, including analytical insights, shouldbe found in theAppendicesA–F.

2. Preliminaries

2.1. Themodel
2.1.1. From Langevin equation to field theory
Weconsider the p= 2 soft spinmodel whose dynamics are described by a Langevin-like equationwhere the
disorder ismaterialized by a randommatrix Jijwith eigenvalues {λ} and eigenvectors { }( )lui . In the diagonal
basis for a given sample, the Langevin dynamics equation reads:

( )
( ) ( ) ( ) ( ) ( )l h= - - ¢ +l

l l l
dq t

dt
q t V Q q t t , 2.12

where:

1. The randomfield ηλ(t) is Gaussian, centered, withDirac delta correlations:

( ) ( ) ( ) ( )h h d dá ¢ ñ = - ¢l l ll¢ ¢t t D t t2 , 2.2

2. For J of Wigner or Wishart type, λ is assumed to be distributed accordingly with the semi-circle or
Marchenko-Pastur laws respectively, in the largeN limit.

3. The potentialV(Q2)depending on the Euclidean norm ≔ ål lQ q2 2 avoids configurationswith large |qλ|.

Physically,D is the temperature of the system at equilibrium, andwewill occasionally note this coefficient byT.
One of the simplest potentials one can think of is the quartic one, ( ) k¢ = + kV Q Q

N
2

1
22 , andwe expect this

model to be equivalent to the spherical one in the largeN limit, provided thatκ2→∞ ,κ1→−∞ but
( )k k = - 11 2 . Indeed, quantities likeQ2 self averages in the largeN limit, and the relaxation time is larger for

( )¢ á ñ =V Q 02 , whereQ2
fluctuates shortly around the average 〈Q2〉=−Nκ1/κ2 [16]. Finally, note that the non-

linear effects due to the local potential could induce interesting non-Gaussian effects, see for instance [43–45].
The equation (2.1) can be rewritten as a path integral, following theMartin-Siggia-Rose strategy [11, 46, 47].

Explicitly, introducing the so-called response fieldj, the generating functional [ ˜]Z j j, reads for equilibrium
dynamics2:

[ ˜] ¯ ( )[ ¯ ] ( ( )· ( ) ˜ ( )· ¯ ( ))ò òf j= f j f j- + +Z j j d d e, , 2.3S dt j t t j t t,

2
Note that this implicitly assumes that theminimumof the action is unique, and this is whywe explicitly refer as the ‘equilibrium solution’

for thismodel.

3
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where the dot is the standard inner product j(t) · f(t)≔∑λ jλ(t)fλ(t) and:

[ ¯ ]
¯

¯ ( )ò åf j
j

j f
f

= + +
¶
¶l

l
l l

l
S dt i

W
,

2
, 2.4

2
0

⎜ ⎟
⎛

⎝
⎜

⎛
⎝

⎞
⎠

⎞

⎠
⎟

thefieldsfλ and theHamiltonianW0 being defined as:

≕ ≕ ( )fl lq D H DW2 , 2 . 2.50 0

such that:

≕ ( ) ( )
f

lf f f
¶
¶

+ ¢
l

l l
W

U . 2.60 2

Note that we use the Ito prescription for the computation of path integral, imposing θ(0)= 0 for theHeaviside
function and =det 1, wherehas entries:

( ) ≔ ( )
( ) ( )

( )d d¢ - ¢ +
¶

¶ ¶ ¢
 t t

d

dt
t t

H

q t q t
, . 2.7ij ij

i j

2
0

Finally, due to the equilibriumdynamics assumption, the action (2.4) should be invariant under time reversal,
which corresponds to thefield transformation:

( ) ≔ ( ) ¯ ( ) ≔ ¯ ( ) ( ) ( )f f j j f¢ - ¢ - + -l l l l lt t t t i t, 2 . 2.8

Remark 1. In contrast with [24], there is no integration of the disorder here. The disorder is nowmaterialized by
the additional kinetic contribution ¯ lj fl l, where in the largeN limit the values forλ are distributed accordingly
with a deterministic spectrum (see below). As a consequence, the potential ( )fU is local in time! Furthermore, to
derive the expression (2.3)we assumed that the vacuumof the action is non-degenerate. Hence, if an ergodicity
breaking occurs, it is reached ‘from above’ as for instance in [48].

2.1.2. Equilibrium state
If we denote asP[f(t)] the probability to obtain the configurationfi(t) to the time t> 0 from some initial
conditionfi(t= 0)≕ ci∀i, one can show that the functional [ ( )] ≔ [ ( )][ ]f fY ft e P tW0 obeys the Schrödinger
like equation ˆY = - YH , where Ĥ is the positive definite operator:

ˆ ≔ ( )å f f f f
-

¶
¶

+
¶
¶

¶
¶

+
¶
¶

H
W W1

2
. 2.9

i i i i i

0 0
⎜ ⎟⎜ ⎟
⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

The ground stateΨ0, solving ˆ Y =H 00 is formal of the form [ ]Y ~ f-e W
0

0 , and corresponds to the equilibrium
configuration of the system, namely:

( )[ ]ò f < ¥f-d e . 2.10W2 0

Hence, the partition function of the equilibrium states reads explicitly:

[ ] ≔ ( )
[ ]

ò f
åf f- +
l

l l
Z j d e , 2.11

S jeq

where:

[ ] [ ] ( ) ( )åf f lf f= º +
l

lS W U2 . 2.12eq 0
2 2

⎜ ⎟
⎛
⎝

⎞
⎠

2.1.3. Large-N limit distributions
Inmany cases, in the largeN limit, discrete sums over eigenvalues of a randommatrix converge toward an
integral over a bounded domain  [49–51]:

( ) ( ) ( ) ( )òå l l m l l
l N

f d f
1

, 2.13

where the shape of the distribution depends on the statistical ensemble thatwe consider for Jij. Assuming J to be
centered randommatrices with independent and identically distributed (i.i.d)Gaussian entries with variance
σ2/N, namely theGaussian orthogonal ensemble (GOE), the distributionμ(λ) converges weakly toward the
Wigner semi-circle lawμW

4
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( ) ≔ ( )[ ]m
ps

s - s s-x x
1

2
4 I , 2.14W 2

2 2
2 ,2

where I[−2σ,2σ] vanishes outside the real interval [ ]s sº - 2 , 2 .
In this paper, we also consider theWishart ensemble.We recall that aWishartmatrix is a randommatrix

taking the following form:

( )=J
XX

P
, 2.15

T

whereXT is the transpose of thematrixX. ThematrixX is furthermore assumed to be a randommatrix with i.i.d
entries having standard deviation s andfinite highermomenta. Up to these assumptions, the eigenvalue
distribution converges toward theMarchenko-Pastur (MP)distributionμMP, provided thatN→∞ ,
P→∞ such thatN/P≡ c remains finite. For c� 1,μMP reads:

( )
( )( )

( )m
ps

l l
=

- -- +
x

x x

cx

1

2
, 2.16MP

where: ( )l s=  c1 2.

2.1.4. Time scales and relaxation toward equilibrium
In the quartic regime, for a potential written asV(Q2)= κ1Q

2, the system relaxes toward equilibriumwith the
typical relaxation time ( ) ( )t l l k= + -

1
1 for themodeλ. This relaxation time, however,may diverge up to a

critical value ( )k = - min1* . For theWigner ensemble, for instance, k s= 21* , and themodeλ= 2σ reach
equilibrium for an arbitrarily long time.We thus introduce a new quantity p called themomentum, such that:

≔ ( ) ( )l - p min , 2.17

such that p is defined positive asN→∞ .We furthermore denote asμ(p) the corresponding distribution for p.
Interestingly, for p small enough, bothWigner andMPdistributions behave as p , provided thatλ−≠ 0. For
λ−= 0, ( )m ~p p1 .

Remark 2.The asymptotic behavior of the distributions has to be comparedwith the state distribution of an
ordinaryfield theory in dimension d. Indeed, for the ordinary f4 theory in dimension dwith Laplacian
propagator for instance, whose action reads:

[ ] ( )( ) ( )
!

( ) ( )ò òf f f f= -D + +S dx x m x
g

dx x
1

2 4
, 2.182 4

or for the domain coarseningmodel considered in the introduction (see (1.2)), the distribution for the
eigenvalues of the Laplace propagator ( )r p2 behaves as ( ) ( )r ~

-
p p2 2 d 2

2 . Hence, for l >- 0 ( ¹c 1), the
behavior ofWigner andMarchenko-Pastur distribution agrees with afield theory in dimension d= 3, andwith a
theory in dimension d= 1 for l =- 0 (c= 1).

2.2. LargeN limits fromFeynman graphs
In this section, we discuss the largeN limit from the viewpoint of Feynman diagrams. In thefirst time, we sketch
the existence of the 1/N expansion for the quarticmodel. In a second time, we consider the largeN limit of
standard Schwinger-Dyson equations and show that they look like closed equations which are easy to solve in the
equilibriumhigh-temperature regime.

2.2.1. 1/N expansion
Usually,O(N) vectormodels, that are, quantumor statistical field theories for randomvectors of sizeNwithO
(N) invariant interactions, enjoy power counting and 1/N expansion. Standard reviews exist on this topic, and
we refer the reader to them, for instance, [52, 53] and references therein. In [24] the authors proposed a
derivation for amodel in the equilibrium limit similar to (2.12), where the propagator enjoys aWigner orMP
distribution. Let us provide here a sketched discussion tomake this section as self-consistent as possible. For
such kind ofmodels, the power counting is generally easier to construct using intermediatefield formalism and
loop-vertex representation (LVR) [54, 55]. To begin, let us focus on the equilibriummodel given by (2.12).

For the quarticmodel that we consider in this section, we have a single kind of vertex that, accordingly to the
conventions of the previous section, can be pictured as in Figure 1. A typical Feynman graph is then pictured on
Figure 2, dotted edgesmaterializing theGaussian propagator ( )l d=ll ll¢ ¢C C with diagonal entries:

( ) ( )l
l m

=
- +

C
1

min
. 2.19

1

AFeynman graph like the one pictured in Figure 2 involves some closed loops, i.e., closed cyclesmade of an
alternating sequence of dashed and solid edges. The power counting can be established as follows. Each vertex

5
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shares a factor 1/N.Moreover, each loop involves a discrete sum that should be counted as a factorN, a
conventionwhich ismore transparent from the integral approximation (2.13). If we denote asV and L the
number of vertices and loops, the global scalingwithN is, therefore:NL−V=N1−(V− L+1). In the intermediate
field representation, vertices look like intermediate field edges and loops are contracted as loops vertices. The
correspondence is illustrated in Figure 3 for the Feynman diagramof Figure 2.

Let us consider a vacuumdiagram in the original representation, and let  and  respectively the number of
intermediate field edges and loop vertices. Hence, the scaling readsN− ν+1 with:

( )n = - +  1 0. 2.20
νis the number of loops in the intermediate field graph, and it vanishes only if the graph is a tree. Hence, the
leading order graphs are trees in the intermediate field representation. Leading order non-vacuum1PI diagrams
can be obtained froma vacuum tree by cutting some loops on the leaves of the tree. Finally, it is not hard to
convince ourselves that this power counting holds for the dynamical field theory given by (2.3). Formally, the
only change is the introduction of square nodes at the vertex level, and of two kinds of propagator edges linking
j̄withf andfwith themselves respectively.We call off shell, such a diagram formally obtained from an
equilibrium graph.Nevertheless, some of these off shell diagrams vanish on shell because of causality. Indeed, it
can be proved that the responsefield j̄ does not propagate to all orders of the perturbative expansion, ensuring
that ¯ ¯jjG —the component ‘ ¯ ¯jj’ of the full propagatoris identically zero (see Appendix C).

2.2.2. High temperature closed equations
In this section, we focus on the quartic theory in the large temperatureT> Tc equilibriumphase, with:

( ) ≔ ( ) ( )f k f
k

f+U
N

. 2.212
1

2 2 2 2

In the largeN limit, wewill show that the self-energy ¯Sjf reduces to a global translation ofmass and obeys a
closed ‘gap’ equation that can be solved analytically. Furthermore, we show that the perturbative series for the
4-point function can be formally resumed, and the effective quartic coupling analytically solved.

Figure 1.Graphical convention used tomaterialize the quartic interaction for the equilibrium theory.

Figure 2.A typical Feynman graph involving three vertices and contributing to the expansion of the 2-point function.Open dashed
edgesmaterialize half external edges.

6
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2.2.3. Gap equation for the quartic theory
In the previous section, we recalled that leading order graphs are trees in the intermediatefield representation.
Starting from a vacuumdiagram,we obtain a 1PI 2-point diagramby deleting one loop froma leaf on and off
shell tree. Let us denote as v the vertex (in the original representation) sharing this leaf. In fact, there are two
kinds of leaves, both pictured in Figure 4.

In this figure, we formally resumed the remaining contributions of the diagrams, and it is easy to check that
they correspond to the effective 2-point functions j̄fG andGff—see [56–58]. The diagramon the right
contributes to the component ¯Sjf, while the diagramon the left contributes to the componentΣff. But the
condition ¯ ¯ =jjG 0 should require, on shell:

( )S =ff 0, 2.22

and hence:

( ) ( ) ( )¯ò ò m l l l =jfdt d G t, 0. 2.23

This condition is also true at the leading order of the perturbative expansion, and roughly speaking, the vacuum
diagramon the left of Figure 4 has to vanish.

Figure 3. Illustration of the correspondence between original and intermediate field representation. Loop vertices are gray discs and
intermediate field propagators are solid edges. The ‘cilium’ on the loop vertex on the right-hand side represents the external edges in
the original representation.

Figure 4.The two kinds of leaves whose deletion gives a 1PI 2-point function (off shell).
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To summarize, we have the formula:

( )( ) ( ) ( ) ( ) ( )¯ òd d w w k l m l l d d w wS - ¢ = - - ¢jf ll ff ll¢ ¢d G2 , 0 . 2.242

The self-energy is diagonal both in frequency and in eigenvalue spaces. Therefore, in the leading order, only the
mass is shifted by the quantum effects. Note that we assumed the translation invariance of the effective
propagator. The left-hand side of the equation (2.24) can be computed explicitly, because:

( )
∣ ( ) ∣

( )
¯

l w
w l k

=
- + - + - S

ff
jf

G
i

,
1

min
. 2.25

1
2

Therefore,

( )
∣ ∣

( )¯
¯

ò òk m
w
p w k

S = -
- + + - S

jf
jf

dp p
d

i p
2

2

1
, 2.262

1
2

canbe computed analytically. For theWignerdistribution, and settingσ= 1,we get twobranches of solutions,
respectively forΣ> 0 andΣ<− 4,where ¯kS º - Sjf1 is the effectivemass. In thepositive branch,weget:

( ( ) ) ( )k kS = + S - S S + ++ + + +
1

2
4 2 . 2.271 2

Moreover, the negative solution changes the sign of the pole of the 2-point function and breaks causality. Hence,
only the positive branchΣ+ has a physicalmeaning. The equation can be solved exactly in terms ofκ1 andκ2.
However, it is convenient to recall that, with the rescaling (2.5),κ2∝ T, the temperature (T≡D, see (2.2)), and
we normalize such thatκ2= T.We furthermore defineκ1= T− T0, and setT0= 1. Solving equation (2.27), we
get two branches of solutions, but only one is positive for high temperature. This solution however breaks down
as the discriminant becomes negative. This arises for the temperature:

≔ ( )- »T 2 3 3 0.46, 2.28c

which should be comparedwith the analytical valueTc≈ 0.62 computed in Appendix (B). ForT< Tc,
equation (2.27) has no real solution,meaning that the equilibrium assumption does not hold. In Figure 5we
illustrate what happens graphically. For high temperatures (blue dotted curvewithT= 3) the curve crosses the
positive abscissa axis one time. This holds for higher and smaller temperatures, as soon asT> Tcwhere the
solution forΣ+ vanishes, and no solution exists forT< Tc. This is reminiscent of a second-order phase
transition, whereΣ+ plays the role of an order parameter.

The nature of the phase transition can be investigated from the 2-point correlation functions. Let us define:

( ) ≔ ( ) ( ( ) ) ( )¯ò m +jf C t dp p G p tmin , , 2.29

Figure 5.Graphical solutions of the closed equation forWigner distribution for temperatures varying fromT = 3 (dotted blue curve)
toT=0.2 (dashed purple curve). ( ) ≔ ( ( ) ) ( )k k k- + + - -F x x x x x4 2 2 2 1 2 .
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and

( ) ≔ ( ) ( ( ) ) ( )ò m +ff D t dp p G p tmin , . 2.30

The typical behavior of these functionswith t is pictured in Figure 6. The solid blue curvematerializes the
behavior ofD(t) (on left) andC(t) (on right) forT> Tc. They exhibit an exponential decay in both cases,D(t),
C(t)∼ e− t for t large enough. The red curves show the same function forT= Tc, and exhibit a power law
relaxationwith infinite relaxation time for t large enough:

( ) ( ) ( )~ ~C t
t

D t
t

1

2

1
,

1

2

1
. 2.31

3 2 1 2

This asymptotic behavior ismaterialized by the dotted purple curves in Figure 6.Note that a similar behavior is
expected for correlation functions in the spherical or quarticmodels, which goes to zero as a power law after a
‘plateau’having amacroscopic time forT< Tc (see Appendix A–B and references [2, 4, 11]).We expect the
curves lack the plateau but not the power law behavior because they reach the transition fromhigh temperatures
T> Tc.

Finally, let us add a comment about the very large time behavior of the numerical solutions for the critical
curves ofC(t) andD(t). They are plotted in Figure 7, using a logarithm timescale. For very large t∼e6, one can see
that the functionsD(t) andC(t) vanish abruptly after a short period of oscillation. This is not a true effect but a
numerical artifact, a consequence of the finitemachine precision.

2.2.4. on shell, 4-point function
From the construction given in the previous section, it follows that a typical Feynman graph contributing to the
4-point function can be obtained from an off shell vacuum tree by deleting two loops on two different leaves. To
obtain a contribution for ¯

( )Gjfff
4 —the 4-points effective vertex function, we have to cancel one propagator of

type j̄fG and a second of typeGff. A typical Feynman graph has therefore the structure of a chainwhose links
aremade of loops of length two:

Figure 6.Plots of functionsD(t) (on left) andC(t) (on right). The blue curve is forT > Tc, and the red curve is forT = Tc. The dotted
purple curve gives the asymptotic behavior.

Figure 7.Plots of functionsD(t) (on left) andC(t) (on right) for large time using a logarithmic scale. The red curvematerializes the
asymptotic behavior.
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ð2:32Þ

As discussed in [24, 59, 60], ( )Gffff
4 (and in fact any component that does not involve the responsefield) has to

vanish on the shell, this requires in particular that:

ð2:33Þ

Hence, on the shell, the expansion (2.32) involves only one kind of loop,made on one j̄fG and oneGff. The
geometric progression can be resumed, and a straightforward calculation leads to the effective 4-points function:

( )k
k
k

=
+ 1 4

, 2.342,eff
2

2 2

with:

≔ ( ) ( ) ( ) ( )¯ò ò
w
p

m l l l w l wjf ff
d

d G G
2

, , . 2.352

Once again, this relation has to be valid on shell.

3. Functional renormalization group for a stochastic process

In this section, we give the basics of theWetterich-Morris FRG formalism for a stochastic system [59, 61–69].We
consider a coarse-graining in both frequency and eigenvalue, choosing a regulator that respects the causality and
the time-reversal symmetry of the action (2.18).

To bemore formal, let us define ( ¯ )f jF = , the doublet with 2N component built from the pairf and j̄. In
the sameway, we define the source doublet ( ˜ )=J j j, . The components of thesefields areΦα,λ and Jα,λ, for
α= 1, 2 andλ= §0,N¨, with for instance:
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˜ ( )º =l l l lJ j J j, . 3.11, 2,

Wemodify the classical action (2.4) as S→ Sk≔ S+ΔSk, adding to it the regulatorΔSk defined as in [70]:

≔ ( ) ¯ ( ) ( ) ( ) ¯ ( ) ( ) ¯ ( ) ( )( ) ( )ò å j r f j r jD ¢ - ¢ ¢ + - ¢ ¢
l

l l l lS dtdt r p i t t t t t t t t
1

2
. 3.2k k k k

1 2⎛
⎝

⎞
⎠

Wedenote asZk[J] the corresponding generating functional.We furthermore introduce the classicalfieldΞwith
componentsΞα,λ such that:

[ ] ( )X =
¶

¶
a l

a lJ
Z Jln , 3.3k,

,

andwe defineΓk[Ξ], the effective average action as:

[ ] ( )( ) ( ) ( ) [ ] ( )ò òå ålG X + ¢ X - ¢ X ¢ = - + X
l a b

a l ab b l
l a

a l a ldtdt t R t t t W J dt J
1

2
, , 3.4k k k

, ,
, ,

,
, ,

where [ ] ≔ [ ]W J Z Jlnk k . Thematrix ( )abRk is called regulator, and has to be chosen carefully, in agreementwith
some physical conditions, especially in regard to causality and time-reversal symmetry (which holds the ergodic
phase). Furthermore, it has to be designed such thatΓk[Ξ] interpolates smoothly between classical action
Γk=Λ[Ξ]→ S for someUV cut-offΛ and the effective actionΓk=0[Ξ]= Γ. The fundamental equation describing
the RGflow is thefirst-order differential equation:

[ ] ( ) ( ) ( ) ( )ò å l lG¢ X = ¢ ¢ - ¢ - ¢
l a b

a b abdtdt R t t G t t
1

2
, , , 3.5k k k

, ,
, ,

whereGkαβ, the entryαβ of the propagatormatrixGk, explicitly:

( ) ≔ ( ) ( ) ( ) ( ) ( )( )l l- ¢ áX X ¢ ñ º G + - ¢ab a l b l ab
-G t t t t R t t, , , 3.6k k k k, ,

2
,
1

( )Gk
2 denoting the second derivative’smatrix ofΓkwith respect to classicalfields. Finally, the ‘prime’ is defined as

≔ ( )¢ ºX
dX

ds
k

dX

dk
. 3.7

Weassume that:

( ) ( ) ( ) ( ) ( )l r- ¢ = - ¢a b a bR t t t t r p, , 3.8k k k, , ,

with p defined by equation (2.17). Furthermore, the scale function defined in (3.2)mayhelp to derive the
elements ( )r - ¢a b t tk, , . It can be shows (see [71]) that time reversal symmetry given by thefield transformation
(2.8) imposes the relation:

( ) ( ) ( ) ( ) ( )( ) ( ) ( ) ( ) r r r r- - + - - =t t t t 0, 3.9k k k k
1 1 2 2

Causality furthermore imposes: ( ) ( )( )r qµt tk
1 . There aremany functions thatmatch all these requirements. In

this paper we follow the references [71] andwe choose:

( ) ( )( )r w a
bw

=
- -

Z k

k iZ Y
, 3.10k

k

k k

1
1

which corresponds to the Fourier transformof ( )( )r tk
1 . From (3.9)we get:

( ) ( )( )r w a
b

b w
= -

+ -
Y k

k Z Y
. 3.11k

k

k k

2
2 2 2 2 2

The role played by parametersZk andYkwill be clarified in the next subsections. The parametersα andβ allow us
to investigate the dependency of the results on the choice of the regulator and to address the reliability issue of
our results from theminimal sensitivity principle (MSP). In particular, forβ= 0, we have no coarse-graining in
frequency.

3.0.5. Regulator along eigenvalues
The regulator rk(p) on the eigenvaluesmust be chosenwithmore care.We impose that, in the largeN limit, a
sum like:

[ ] ≔ ( ) ( ) ( )åS f
N

r p f p
1

, 3.12
p

k
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converges on the interval ≔ [ ( ) ( )]c -  0, max min :

[ ] ( ) ¯ ( ) ( ) ( )ò m
c

S f dp p r p f p , 3.13k

where ¯ ( )r pk is a continuous function, which vanishes outside c.We assume the following scaling relations:

¯ ( )s s= =p kx k, , 3.14

and: ¯l l= k such that both forWigner andWishartmatrices:

( ) ¯ ( ¯ ) ¯ ( )m l l m l lºd d , 3.15

where the distribution m̄ expresses only in terms of l̄ and s̄. Explicitly, the regulator rk(p) can be constructed
fromany ‘good’ regulator gk considered in the literature, as follows. Let h(x) be a smooth enough interpolation
between c and [0,∞ [.We are aiming to define rk as the composition function ¯ ◦µr g hk k . In this paper, we
mainly focus on the Litim’s regulator [72], andwe define ¯ ( ) ( )t=r p k xk , with p≔ kx and:

( )
( )

( ( )) ( ( )) ( )t q= - -x
x

h x
h x h x1 1 . 3.16

Many explicit choices of functions h should be considered. In this paper wewill especially consider the function:

( ) ( )
∣ ¯ ∣

=
-

c

h x
x

1
3.17x

but other functions can be considered, for instance:

( )
∣ ¯ ∣

∣ ¯ ∣
( )

c
p

p
c

= 



h x
x2

tan
2

, 3.18⎜ ⎟
⎛
⎝

⎞
⎠

where in both cases: ∣ ¯ ∣ ≔ ( ¯ ) ( ¯ )c -  max min . In both cases, for x= 1, h(x)∼ x.With the first regulator, the
upper boundaryfixed by 1− h(x)= 0 is:

( )
∣ ¯ ∣

=
+

c

x
1

1
. 3.19max 1

For the second choice:

∣ ¯ ∣
∣ ¯ ∣

( )
c
p

p
c

= 



x
2

arctan
2

. 3.20max ⎜ ⎟
⎛
⎝

⎞
⎠

Hence:

1. For k→∞ , ∣ ¯ ∣c xmax in both cases, as required.

2. For k→ 0, we have x 1max for the two functions.

Finally, let us note that the scaling (3.14) implies the trivial flow equation:

¯ ¯ ( )s
s= -

d

ds
. 3.21

Theflow equation (3.5) is exact but hard to solve in practice, and approximations are required to understand
the nonperturbative behavior of the RG. Approximations generally look like truncation of the infinite-
dimensional functional spacewhere the flow forΓk takes place, andwe consider only projection along the
subspace spanned by the parameters of the truncation. In this paper, wemainly focus on the so-called local
potential approximation (LPA), andwe assume the following ansatz forΓk:

[ ] ¯ ¯ ( ( ( )) ( ) ) ( )ò å
v

v lG X = + + - + ¢
l

l
l l l ldt Y i Y M Z M U M M

2
min , 3.22k k k k k

2
2

⎜ ⎟
⎛
⎝

⎞
⎠

whereΞ≕ (ϖ,M) and the function ( )¢U Mk is assumed to be anO(N)-invariant. The potentialUk(M)
characterizes the equilibriumdistribution, ~ - GP eeq

2 k,eq, with:

[ ] ≔ ( ( )) ( ) ( )å lG - +
l

l lM Z M NU M
1

2
min , 3.23k k,eq

2 2⎡
⎣⎢

⎤
⎦⎥

andwe have again: ≔ ål lM M2 2. Note that the truncation (3.22) ensures that time reversal symmetry (2.8)
holds. In particular, the truncation imposes that the response fieldϖ does not propagate:
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( )¯ ¯ =vvG 0, 3.24k,

where ¯ ¯vvGk, is the ‘ ¯ ¯vv’ of the propagatorGk. This result can be established nonperturbatively for the partition
function (2.3), see AppendixC and reference [73].

4. Vertex and effective vertex expansion

4.1. Vertex expansion
The vertex expansion assumes that ( )¢U Mk

2 looks like a series in power ofM2 withfinite radius of convergence,
namely:

( ) ( )
( )

( )
( )

( ) ( )m
m m¢ = + + +U M k M

k

N
M

k

N
M , 4.1k

2
1

2 2 2 2 3
2

2 3

and the projection of the RGflow corresponds to beβ-functions for each couplingμn. For the computation, we
introduce the graphical notation summarized in Figure 8.

The vertex has two kinds of nodes, black circles and black squares, corresponding respectively tofieldsM and
ϖ, the solid edgesmaterializing the sums overλ. Using this graphical convention, the flow equation for ( )Gk

2 (the
component ‘ϖM’ of thematrix of second derivatives ( )Gk

2 ) reads:

ð4:2Þ

where dotted edgesmaterialize the effective propagator and the crossed discmaterializes the regulator.
Accordingly, with the largeN expansion discussed in section 2.2, only thefirst term is relevant in the largeN limit
because it creates one closed face, whereas the second contribution involves only an open cycle. Thus, the first
contribution scales asN0 and the second one as 1/N. Furthermore, because the relevant contribution does not
depend on the externalmomenta ≔ ( )l - p min , the derivative with respect to it vanishes. This has to be true
also for the derivative with respect to the external frequencyω sincewe have no dependency on it on the left-
hand side, hence:

( )= =
dZ

dk

dY

dk
0, 0. 4.3k k

There are two contributions to the effective loops, explicitly:

ð4:4Þ

We introduce the dimensionless variables x≔ p/k and w w= º-y Z Y k kk k
1 , as well as the dimensionless

couplings m̄n as:

≕ ¯ ( )m mZ k , 4.5n k
n n

n

such that theflow equation for m̄1 reads:

≔ ¯ ¯ ¯ ( ¯ ¯ ) ( )b m m m= - - +m
d

ds
I J4 2 , 4.61 1 2 2 21

dimensionless integrals ¯ ≔I kI2 2 and ¯ ≔J kJ2 2 being defined as:

¯ ( ) ( )
∣ ¯ ¯ ( ) ( )∣

( )( )ò òp
m

m r t
= -

D
- + + +

I
k

dy
dx x

x y

i y x y x

1

2

,
, 4.72

2

1
1 2
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and

¯ ( ) ( ) ( ) ¯ ( ) ( )
∣ ¯ ¯ ( ) ( )∣

( )
( )

( )ò òp
m

r t
m r t

= D -
+

- + + +
J

k

dy
dx x x y g x y

y x

i y x y x

1

2
, ,

1
, 4.82 1 1

2

1
1 2

with:

( )
¯ ¯ ( ) ( )

( )( )m r t
=

+ + + -
g x y

iy x y x
,

1
, 4.91

1
1

¯ ( ) ¯ ( ) ( )( ) ( )r
a
b

r
ab
b

=
-

= -
+

y
i y

y
y1

,
1

. 4.101 2
2 2

Furthermore,Δ1(x, y) andΔ2(x, y) are given by:

( ) ( ) ¯ ( ) ( ) ¯ ( ) ¯ ( ) ( ) ( )( ) ( ) ( )t r t r r tD = - ¶ - ¶x y x y x y y y x x, , 4.11y x1
1 1 1

and:

( ) ( ) ¯ ( ) ¯ ( ) ( ) ( )( ) ( )t r r tD = - ¶ - ¶x y x y y y x x, . 4.12y x2
2 2

Flow equations for higher couplings can be derivedwith the same strategy, relevant diagrams involved in the
flow equations forμ2 in Figure 9, andwe get:

≔ ¯
¯ ¯ (¯ ¯ ) ( ¯ ) ( ¯ ¯ ) ( )b

m
m m m= - - + - +m

d

ds
I J I J2 3 2 8 3 , 4.132

2 3 2 2 2
2

3 32

where:

¯ ¯ ( ) ( ) ( ) ( ) ( )ò òp
m= D -I

dy
dx x x y g x y g x y

2
, , , , 4.143 2 1

2
1

¯ ¯ ( ) ( )∣ ( )∣ ¯ ( ) ( )
∣ ¯ ¯ ( ) ( )∣

( )
( )

( )ò òp
m

r t
m r t

= - D -
+

- + + +
J

dy
dx x x y g x y

y x

i y x y x2
, ,

1
. 4.153 1 1

2
2

1
1 2

The resulting equations can be investigated numerically, andwemainly focus on theWigner distribution.
Figure 10 shows the behavior of the RG flowkeeping s̄ fixed, forWigner andMPdistributions and for a quartic
truncation. Note that in the absence of a global fixed point, we have nofix structure to address the issue of the
convergence of the vertex expansion in that case.We however provide an argument in the second section. The
figures show the existence of afixed point ofWilson-Fisher type, reminiscent of a second order phase transition.
We have however to keep inmind that s̄ has its ownflow equation, and change for each scale. Hence, the
Figure 10 provides an instantaneous view of the RG stream, and the position of thefixed point changes for each s.

Figure 8.Graphical rules for interaction vertices.

Figure 9.Relevant diagrams for theflow equation forμ2.
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The dependence of thisfixed point on s̄ is shows on Figure 11 for theWigner distribution, where the value forμ1

at the fixed point is given by the zero of the function bm2
wherewe replaced the solutionμ2(μ1) given by the

condition b =m 0
1

. Note that numerically, we find the same kind of diagram as on Figure 10 for theMP
distributionwith c= 1, suggesting a phase transition scenario aswell in that case. However, from remark 2, for
c= 1, the large scale distributions formomenta corresponds to a one dimensional field theory, for which no
continuous phase transition is expected. This observation illustrates the failure of the vertex expansion, and the
effective potential formalism discussed in the next section shows that symmetry is restored forMP lawwith
c= 1, as expected.

The global behavior of the flow, taking into account the dependency of s̄ on the scale s can be investigated as
well, and the result are show on Figures 12, 13 and 14 for theWigner law and for a quartic truncation.On
Figure 12 one can show the evolution ofμ1 andμ2 in the equilibriumphase, for a positive initial value forμ1. The
results show a typical convergent behavior toward a purely scaling regime, wheremass and couplings are
essentially constants. Figure 13 on the left shows the behavior ofμ1 for different initial conditions forμ2, taking
μ1= 0 initially, showing that the end value forμ1 is all the greater as the initial value ofμ2 is large. On the right,
the Figure shows that the convergence phenomena holds for negatives initial conditions forμ1, as long asμ2 is
large enough. But as the end value equal zero, equilibrium is dynamically broken, and the RGflowbecomes
singular, as Figure 14 shows. These observations agreewith the conclusions of analytical results of Appendix B

Figure 10. Flow diagrams forfixed s̄. On the left forWigner distribution and on themiddle forMPwith c = 4 and on the right for
c = 1.

Figure 11.The value of themassμ1 at thefixed point for different values of the parameterσ. Thefigure shows that the spacing between
twofixed point solution decreases asσ increases.
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and qualitative discussion of the section 2.2.2.Wewill recover in fact the same phenomena for all the approaches
discussed in this paper. Regarding higher truncation, their conclusions are essentially the same qualitatively, but
as recalled before, it is difficult to investigate the convergence of the vertex expansion in the absence of a global
invariant structure as a nonperturbative fixed point.

Figure 12.Evolution ofmass and quartic coupling for several positive initial conditions for themass.

Figure 13.On left, the evolution ofμ1 for different initial conditions forμ2, takingμ1 = 0 as initial condition. On the right, evolution
ofμ1 for a negative initial conditions and different values of the quartic coupling.
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4.2. Effective vertex expansion
For 1D systems, the vertex expansion could be of limited interest because all the couplings {μn} are relevant
regarding the canonical dimension. This failure of the vertex expansion for low dimensional field theories has
been pointed out bymany authors [34, 36, 39, 74, 75]. Our aim in this section is to investigate the reliability of the
vertex expansion exploiting the structure of leading order Schwinger-Dyson equations, amethod called effective
vertex expansion (EVE) in a recent series of papers in [56, 76] in the context of quantum gravity. In this section,
we focus on the quartic theory, even if themethod can be extended for higher interactions [77].We consider two
different approximation schemes. In the first one, we exploit the relations between sixtic and quartic
interactions to close the hierarchy. In the second one, we use the closed equation (2.24) for the 2-point, as
considered in section 2.2. The readermight find it surprising or confusing that we consider two different
approaches when the second one already offers a priori the complete solution. Butwe have seen in the section 2.2
that the closed equation has no solution below the critical temperature.

4.2.1. Closing hierarchy around local 4-point function
The leading order resumed series for ( )Gk

6 takes the formpictured on Figure 15wherewematerialized the
effective 4-point vertex accordingly with (2.32)—details about the derivation could be found inAppendixD.We
furthermore pictured the effective 2-point function as dotted edges, with a gray discmaterializing the formal
sumof the perturbation series as well. The effective 6-point coupling express therefore as follows:

¯ ( ) ¯ ¯ ( )m m=k K3 , 4.163 2
3

3

Figure 14. Finite time singularity formass and coupling below the critical tenperature.

Figure 15.The effective vertex, ( )Gk
6 expressed in terms of ( )Gk

4 andGk.
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where the loop integral K̄3 involves exact propagators and approximations are required to compute it. Because
leading order contributions come from themass shift in the largeN limit (see equation (2.24)), the simpler
approximation replaces the effective propagator by their truncated expressions given by vertex expansion.We
thus define:

¯ ¯ ( ) ∣ ( )∣ ¯ ( ) ( )
∣ ¯ ¯ ( ) ( )∣

( )
( )

( )ò òp
m

r t
m r t

» -
+

- + + +
K

dy
x dx g x y

y x

i y x y x2
,

1
. 4.173 1

2
2

1
1 2

Hence, theflow equation for m̄2 (equation (4.13)) becomes:

¯
¯ ( ¯ ) ( ¯ ¯ )

¯ ¯ ( ) ∣ ( )∣ ¯ ( ) ( )
∣ ¯ ¯ ( ) ( )∣

( ¯ ¯ ) ( )
( )

( )ò ò

m
m m

m
p

m
r t
m r t

= - - +

+
+

- + + +
+

d

ds
I J

dy
x dx g x y

y x

i y x y x
I J

2 8 3

9
2

,
1

2 . 4.18

2
2 2

2
3 3

2
3

1
2

2

1
1 2 2 2

⎡
⎣⎢

⎤
⎦⎥

Numerical investigations lead essentially to the same conclusions as for the quartic truncation discussed in
the previous subsection.Hence, wemainly focus on the numerical results on the second approach, closing the
hierarchy around 2-point function, which provides a preliminary to our 2PI investigations of section 6.
However, the EVE shows explicitly that vertex expansion provides reliable results and converges and converges
rapidly, if we disregard the bad conclusions about the case c= 1 forMP law, for which EVE seems to predict false
results as well regarding the existence of a continuous phase transition.Wewill return to this aspect in the next
section.

4.2.2. Closing hierarchy around local 2-point function
Let us denote asΣk the self-energy, the index k referring to the presence of the regulator in the classical action.
From section 2.2, the component ¯S j fk, , isfixed by a self-consistent equation (see (2.26)):

( )
( ) ( )
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+
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Wedefine ( ) ≔ ( ) ( )( ) ( )w r wR p r p,k k k
1 1 , ( ) ≔ ( ) ( )( ) ( )w r wR p r p,k k k

2 2 andwe introduced the effectivemass:

( ) ≔ ( )¯m k - S jfk , 4.20k1 1 ,

such that, computing the derivative of the closed equationwith respect to k leads to:
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where:
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andwe introduced someUVcut-offΛ andwe assumeΛ? k. In that limit, we expect thatΛ contributions
should be discarded, and the leading scaling relationwith respect to k should be simple enough. It is not hard to
find the global scaling for each integral:

( ) ≕ ¯ ( ) ( ) ≕ ¯ ( ) ( ) ≕ ¯ ( ) ( )¥     k
k

k k
k

k k
k

k
1

,
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, ,
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, 4.251 1 2 2 3 2 3

where overlined quantities are dimensionless. Furthermore, the bare couplingκ2 has dimension 2, andwe can
define the dimensionless coupling at scaleΛ as: ≕ ¯k k L2 2

2.We have to distinguish two cases:

1. If k̄2 is such that ¯ ( )k L =  12
2 , for k small enough, the left-hand side of (4.21) is essentially independent of

bare coupling.

2. If ¯ ( )k L =  k2
2 2 , k̄2 remains an adjustable quantity in the equation.

Becauseκ2∝ T—the temperature, it follows that the first item corresponds to a large scale state with finite
temperature as, k→ 0whereas the second one has zero temperature in the same limit.We expect the second item
assumption out fromour equilibrium treatment, valid forT larger than the critical temperature (expected to be
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non-zero), andwe only retain thefirst case. In that way, theflow equation for ¯ ≔m m k1 1 is, for k small enough:

¯
¯

¯ ( ) ¯ ( )
¯ ( )

( )
m

m» - -
- 



d

ds

k k

k
4.261

1

1
1

2 2

3

Remark 3.Equation (2.34) implies that the effective quartic coupling is essentially independent aswell of the
initial bare coupling k2 for k small enough.The equation (4.26) can be investigated numerically, but we have to
remember that it is not valid in the large, k i.e., in the deepUV regime. In that way, the initial condition ¯ ( )m s1 0 is
for e 1s0 , and blind integrated outUV effects. The results for theWigner distribution are summarized in
Figure 16. For ¯ ( )m s1 0 large enough,μ1(s) decreases exponentially toward afinite value. As ¯ ( )m s1 0 decreases, a
plateau arises at afinite timescale, but ultimately the coupling goes to afinite valueμ1(−∞ ) for−s0 large
enough. But it exists in afinite value ¯ ( )m c

1 such that for ¯ ( ) ¯ ( )m m<s c
1 0 1 theflowbecomes singular at afinite

timescale. The asymptotic valueμ1(−∞ ) decreases as ¯ ( )m s1 0 decreases, and the critical value ¯ ( )m c
1 is such that

μ1(−∞ )= 0, in agreementwith our analytical statement of the section 2.2.2, wherewe showed thatΣ+= 0 at
the transition.

5. Effective local potential in the broken phase

In this section, we outperform the previous vertex expansions and consider a truncation scheme called the
effective potentialmethod, which considers the shape of the effective potential at equilibrium as global data.We
thus assume again the validity of the truncation (3.22), that defines the so-called Local Potential Approximation
(LPA) [70]wherewave functions normalizationZk andYk are assumed to be pure numbers, independent of the
classical field configurationΞ.More precisely, the approximation corresponding to the truncation
scheme (3.22), including the field strengthYk andZk is called LPA ¢ in the literature. But in Appendix E, we show
thatflow equations forYk andZk vanish in the largeN limit, and LPA ¢ reduces to LPA.

5.1. Field configurations, stability, andflow equation
In this section, we assume,M2∼N i.e., wework in the broken phase of the effective sphericalmodel. The shape
ofUk(M

2) can befixed by a specific expansion around some non-zero (running) vacuumκ(k), for instance as:

( )
( ) ( )

( )
m

k
m

k= - + - +U M
k M

N

k M

N2 3
5.1k

2 2
2 2

3
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⎜ ⎟ ⎜ ⎟⎛
⎝

⎞
⎠

⎛
⎝

⎞
⎠

but this assumption is not required for nowadays powerful numericalmethods, and arbitrary shapes forUk(M
2)

can be considered.We furthermore assume thatMλ is a uniform field in time, i.e., thatMλ does not depend on
time.However, we have to be careful regarding theλ dependency. Indeed, if we assume that thefieldMλ

describes the large timescale regime of the system, that is, for k= 1, such that the typical frequencies are small
i.e., time derivatives are negligible. In this regime,λmust be small as well, and one expects that only the
componentM−2σ contributes significantly. Such an approximation however blinds the non-local structure of
the effective potential due to theO(N) invariance. In this paper, wewill consider essentially two different
approximation schemes for uniform field solutions, whichwe call respectively scheme 1, scheme 2.

Figure 16.Evolution ofμ1(s) in the IR regime forWigner distribution. On left for ¯ ¯ ( )m m> c
1 1 . On right for ¯ ¯ ( )m m< c

1 1 .
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• In the scheme 1, we assume to project theflow along a uniform field configuration in the eigenspace, namely:

( )c=lM . 5.2

• In the scheme 2, that we call staggered field configuration, we project the flow along:

( )
( )

( )c
d l s
m s

=
+

lM
2

2
. 5.32

Note that both of them assume that:

( ) ( )òå l m l c =
l

l l
= N

M d M
1

, 5.4
N

1

2 2

It is easy to check that for the equilibriumdynamics, ¯ ¯v jº á ñl l must vanish at large scale, for k∼ 0 (see
Appendix C). In that limit, the quantum equation ofmotion reads:

¯
¯ ( ) ( )d

dv
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0 2 , 5.6k

k k⎛
⎝

⎞
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where ( ) ≔ ( )c c= U M Nk k
2 . Thefirst equation (5.5) shows that, forMλ≠ 0, ¯ ( )v cµ ¢l  k . Hence, the

equilibrium constraint v̄ =l 0 must hold only for ( )c¢ = 0k , that solves again the second equation (5.6).
Hence, equilibrium requires the existence of a stable vacuum.

Theflow equation for the effective potential ¢Uk can be derived from theWetterich equation (3.5), imposing
scheme 1 or scheme 2 on both sides of the equation. Formally, it reads:

ð5:7Þ

where the gray discmaterializes the 3-point vertex ( )Gk
3 , the solid self-loopmaterializes the sumand time integral

over the variable ofϖλ(t), andwe regularized time integrals as ≕ò dt . To compute the left-hand side, we used
theWetterich equation, namely:
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The 3-points vertex can be computed exactly assuming thatMλ does not depends on time, andwe get
straightforwardly in terms of the potential k:
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The computation of the flow equation requiresmoreover the knowledge of the propagator. For the two
approximation schemes considered in this paper, ( )G = +A Bk k k

2 , with:

( ) ( ) ( )d d= = +l l l l l l l l l lA u B v
v

N
e e, , 5.10k k, , 1

2
1 2 1 2 1 2 1 2 1 2
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where ≔ cl le M and the u, v1 and v2 can be computed from the truncation (3.22):

( ) ( ) ( )( ) ( )l w w l l w c= + = + + ¢ + =  u Y R v Y iZ i iR v i, , , , 2 . 5.11k k k k k k k
2

1
1

2

The inverse of thematrixBk can be straightforwardly computed by perturbation theory3 , assuming v2/v1 small
enough and using å =l le N2 .We get:

( )
( )

( )d= -
+l l l l

l l-B
v
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v v v
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The inversematrixGk is written as:
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We introduce the following graphical convention:

( ) = ´ º--------G , 5.15k

the dotted edgematerializing the connected part of the propagator ( dµ ll¢) and the dotted edge, with a cross,
corresponds to the disconnected part (µ l l¢e e ). Hence, the right-hand side of the flow equation (5.7) becomes:

ð5:16Þ

In the largeN limit, only a few contractionswill survive, depending on the approximation scheme thatwe
consider. Let us consider the connected contribution, for instance. In the expansion (5.9), only the contributions
thatmaximize the number of faces (i.e., closed cycles)will be relevant in the largeN limit. For thefirst three
terms in (5.9), only the third onewill generate a closed cycle, and the corresponding contribution in (5.16) scale
globally asN. The three last ones in contrast scale asN0 and should be discarded.

5.2. RG for staggered classicalfield
Because it is simpler, we first consider the staggering classical field configuration. In that way, the vector eλ reads:

( )dµl s l-e N , 5.172 ,

leading to

( ) ( ) ( )d d d d= = +l l l l l l l l sl s l- -A u B v v, . 5.18k k, , 1 2 2 2 ,1 2 1 2 1 2 1 2 1 2

There are both diagonalmatrices, and the inverse ofB computes straightforwardly:
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Because the propagator is diagonal, only the connected contribution in (5.26) has to be retained. Furthermore,
becausewe are aiming towrite the flow equation for dimensionless quantities and keeping c̄ fixed, we define the

dimensionless derivatives ¯ ( ) k
n as:

¯ ( )( ) ( )= k 5.20k
n n

k
n

and:
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, 5.21k k k k

⎡
⎣

⎤
⎦

the dimensionlessfield c̄ being:

¯ ≔ ( )c ck . 5.22

Note that it is easy to check that in the largeN limit, the LPA enforces thatflow equations forZk andYk vanish
identically (see Appendix E). Hence, defining:

3
It organizes explicitly as
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¯ ¯ ( )¢ = ¢ ¢ = ¢I
k

I J
k

J
1

,
1

, 5.232 2 2 2

where ¢I2 and ¢J2 are obtained from I2 and J2 given by equations (4.7) and (4.8), replacing the dimensionlessmass
m̄1by m̄ ¢

1 defined as:

¯ ( ) ( )m c¢ = ¢
k

1
. 5.24k1

Hencewith these definitions, the flow equation reduces to:

¯ ( ¯ ) ¯ ( ¯ ) ¯ ( ¯ ) ¯ ( ¯ )( ¯ ¯ ) ( )c c c c c¢ = - ¢ -  -  ¢ + ¢   
d

ds
I J2 . 5.25k k k k 2 2

As for the vertex expansion, the previousflow equation can be investigated numerically. Figures 17 and 18 shows
the behavior of the potential for quartic and sixtic initial conditions forUΛ, for some arbitraryUV scaleΛ. Let us
describes each of them separately. Note that we focus on theWigner distribution to begin, and extend the
discussion forMP law at the end of the section.

Figure 17.Evolution of the quartic potential for staggering initial condition andWigner distribution.On the right for a positive initial
mass. On the left for a negative initialmass.

Figure 18.Evolution of the sixtic potential for staggering initial condition andWigner distribution. On the top for a positive initial
mass. On the left for a negative initialmass. In both cases, the quartic coupling has a negative value.
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5.2.1. Quartic potential withWigner distribution
If the initial potential is in the high-temperature phase in theUV, it remains in the high-temperature phase in the
IR, and the symmetry is unbroken (Figure 17 on left).What happens for a potential in the broken phase at scaleΛ
depends essentially on the value of the varianceσ. On the right of Figure 17we show the behavior of the potential
forσ= 1 using a logarithmic scale for theflow.One can show that the spacing between two dimensionless
vacuumdecreases toward IR scales. If it decreases faster than k, the dimensional vacuum ρ(k) goes to 0, as soon as
k→ 0,meaning that the symmetry is restored. If it goes to zero for afinite value of k= k0, the theory is above the
critical point and hasfinite correlation time ≔t -k0

1. As k0→ 0, the correlation time diverges, and the theory
reaches the critical region, where ρ(k)/k reaches afinite value as k→ 0. Finally, in the broken regime, forσ strong
enough, the vacuum ρ(k) remainsfinite in the deep IR. The critical valueσc depends on the values forκ1 andκ2
in the initial potential, indeed, accordingly to the analytical insights of Appendix B.

Figure 20.On the right, evolution of the sixtic potential in the ‘deep IR” forσ = 2with a negative initialmass. On the left, the
evolution of the nonzero vacuum ρ(k) for large and smallσ = 0.01, 0.1 (above the critical surface) andσ = 2 (below the critical
surface).

Figure 21.On the right: Evolution of the derivative of the quartic potential ¯ ¢Uk in the ‘deep IR” forσ = 2with a negative initialmass for
the c = 1MPdistribution.On the left: The evolution of the nonzero vacuum ρ(k) forσ = 0.1, 1, 2, 3 and 10.

Figure 19.On the right, evolution of the quartic potential in the ‘deep IR” forσ = 0.1with a negative initialmass. On the left, the
evolution of the vacuum ρ(k) for large and smallσ = 0.1, 1 and 2 (above and below the critical surface).
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5.2.2. Sixtic potential withWigner distribution
Assuming the initial quartic couplingκ2 is negative, what the IR potential becomes depends on the sign of the
massκ1. Typical evolution in both cases is pictured in Figure 18. For positivemass, the shape of the potential
exhibits a phase coexistence at scaleΛ. This coexistence survives up to afinite frequency scale k1 corresponding
to the timescale ≔ ( )t -k1 1

1, abovewhich the solution ρ(k)= 0 becomes unstable. Forκ1 negative, however, the
solution ρ(k)= 0 is unstable at the beginning, and the stable (non-zero) vacuummoves toward the origin as k
decreases. Figure 20 shows the evolution of the vacuum ρ(k). As for the quartic cases, for large time scales, the
vacuumfield is amacroscopic occupation number for the componentM0, corresponding to the smallest
eigenvalue.

5.2.3.Marchenko-Pastur distribution
ForMPdistribution, the large-scale behavior of the RGflowdepends on the parameter c defined in (2.16). For
c= 1 i.e.X in (2.15) is a squarematrix, theMPdistribution behaves as p1 for small p. As discussed in remark
(2), this behavior is reminiscent of themomenta distribution for a one dimensional field theory.We know from
theMermin-Wagner theorem [78, 79] that there is no phase transitionwith spontaneous symmetry breaking in
dimension smaller than 2.However, the analytic arguments given inAppendix B show that the critical
temperature does not vanish. Nerveless, as we show in Figure 21, even if themacroscopic vacuum ρ(k) can
survive for large timescale, breaking theO(N) symmetry, it reaches zero ultimately for timescale large enough, in
agreementwithMermin-Wagner theorem. Finally, for c< 1, themomentumdistribution behaves as p , and
the results are similar towhatwe obtained for theWigner distribution. Figure 22 summarizes the results for
c= 0.25MP law.

5.3. RG for uniform classicalfield
In this section, we investigate the first approximation scheme, namely the uniform field configuration.We
voluntarily separated the numerical study from the theoretical derivation because of the volume of the
numerical insights.

5.3.1. Derivation of the flow equations
Let us consider the uniform classical field c=lM . The connected contribution of the decomposition (5.16)
reads:

ð5:26Þ

Let us address the contribution of the disconnected pieces. It is easy to check that only the last term in the
expansion (5.9) have to be retained in the largeN limit, and:

Figure 22.On the right: Evolution of the derivative of the quartic potential ¯ ¢Uk in the ‘deep IR” forσ = 2with a negative initialmass for
the c = 0.25MPdistribution. On the left: The evolution of the nonzero vacuum ρ(k) forσ = 0.1, 1, 2 and 10.
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ð5:27Þ

the integrals Ik and Jk being defined as:
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Finally, the flow equation for the effective potential reads:

( ) ( )( ) ( ) ( )c c c¢ = -  ¢ + ¢ -   + ¢  
d

ds
I J I J2 2 2 . 5.32k k k2 2 2 2

As in the previous section, we define the dimensionless integrals as:

¯ ¯ ( ) =   = I
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, 5.332 2 2 2 2 2

and theflow equation for the dimensionless potential, keeping the dimensionless variable c̄ fixed is:

¯ ( ¯ ) ¯ ( ¯ ) ¯ ¯ ( ¯ ) ¯ ( ¯ )( ¯ ¯ ) ¯ ¯ ( ¯ ¯ ) ( )c c c c c c¢ = - ¢ -  -  ¢ + ¢ -   + ¢
    

d

ds
I J I J2 2 2 . 5.34k k k k k2 2 2 2

5.3.2. Numerical investigations and reliability
The equation (5.34) can be investigated numerically, without assumption on the powerfield expansion of
¯ ( ¯ )c¢ k . This is especially relevant where local interactions have increasing divergence degrees andwhere crude
truncation are illegals because of their bad convergence properties (as the vertex expansion showed). For this
reason, our numerical investigations follow the potential evolution on its own globally. Becausewe are
essentially aiming to investigate the reliability of the RG flow,wemainly focus on the case of a quartic potential,
for whichwe have analytic insights.

Let us beginwith theWigner distribution, and consider a quartic potential initially in the broken phase in the
UV regime i.e., having a negativemass:

( ) ( )c c¢ = +LU h h , 5.350 1

with h0< 0, for someUV scaleΛ. The typical evolution for ¯ ( ¯ )c¢ k is shownon the top of Figure 23. If we remain
close to theUV regime, the shape of the potential does not change significantly.However, theflowbecomes
singular after some steps, and very large variations of arbitrary size appear, with numerous zeros. The diagrams
in themiddle of Figure 23 illustrate the behavior of ¯ ( ¯ )c¢ k for a given value of c̄, and show that a sharp
singularity occurs atfinite scale ( )» Lk exp 0.9 . Analytic computations as given inAppendix A–B show that
the system indeed never reaches equilibrium accordingly with an exponential low, and has rather a power law
decay.Hence, under the critical temperature, the system is not in equilibriumdynamics, and our assumptions
leading to the effective field theory (2.3) break down.One expects that these finite scale singularities and the
rapid and large oscillations of the potential for the uniform field configurations are a consequence of this
breakdownof the equilibriumdynamics assumption. Indeed, this statement agrees with the analytical result that
the system remains in an equilibriumdynamics for staggered initial conditions (see Appendix A), explaining
why no singularities have been observed in the previous section for the staggered classical field configuration.

The analytic critical temperatureTc, given by (B.10) is defined for h0< 0, i.eTc∼− h0/h1. Nerveless, it
happens that for some choices of regulatorRk, singularities happens also for h0> 0,meaning that RG flow can
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become singular even if the system is in the equilibriumdynamics, accordingly with the analytical results. This
suggests a reliability criterion based on the ability of the RG flow to agreewith the analytical statement that the
system relax toward equilibrium for h0> 0.We thus define as hc the critical values for h0, such that the
equilibrium assumption breaks down and singularities occur for h0< hc. It is difficult to investigate the
dependency of hc on the regulator, which leaves in a functional space of infinite dimension. Plots on the bottom
of the Figures 23 show the dependency of hc on the parametersα andβ defined by equation (3.10). On the left,
we imposed τ(y)= 1 i.e., with no coarse graining in eigenvalues is performed, while on the left τ(y) is given by
equations (3.16)–(3.17). In both case, we observe the existence of a regionwhere hc vanishes andwhich is larger
in the casewherewe perform the coarse-graining both in frequencies and eigenvalues. Furthermore, the
variations of hc outside this region seem to be smaller in the last case as in the case where τ(y)= 1. This shows
that, not only a reliable RG can be constructed, accordingly with the criterion considered before, but this
illustrates the superiority of a coarse graining in both eigenvalues and frequencies. Note that other diagrams like
Figure 23 are obtained for τ(y)≠ 1.

The latter observations regarding theWigner distribution are also valid for theMPdistribution, as shown in
24 and 25, respectively, for c= 0.25 and c= 1. In both cases, the flow exhibits singularities and the potential has
rapid and large oscillations at afinite time below a critical surface. Once again, and accordingly with the results of
the previous sections, we interpret thesefinite time-scale divergences of the effective potential ( ¯ )c¢Uk as a
manifestation of a breaking down of the equilibriumdynamics assumption. Furthermore, as for theWigner
distribution, we show that a coarse-graining both in eigenvalues and frequency improves the reliability of the
flow regarding the value of the criticalmass hc. It has however to be noticed that the theoretical value hc= 0 (see
Appendix B) is reached in smaller andmore irregular regions than forWigner law.

Figure 23. Summary of numerical investigation forWigner distributionwith quartic potential. On the top, one can see the evolution
of the derivative of the potential ¯ ( ¯ )c¢ k . In themiddle, the evolution of a specific value ¯ ( ¯ )c¢ k 0 . On the bottom,we can show the
dependency of hc on the parametersα andβ defining the regulator family. On the left for τ(y) = 1 and on the right for τ(y) ≠ 1.
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6. Two-particle irreducible formalism

The 2PI formalism is especially relevant to address issues where the 2-point function is a better order parameter
than the 1-point function. This is especially the case for disordered systems because in glassy phases the
averaging of qi(t) generally vanishes. This formalismwas first introduced by Luttinger andWard [80, 81], see also
[82] for a recent and pedagogical review and [83, 84] for self-consistent and comprehensives presentations of the
formalism in the nonperturbative renormalization group framework.

6.1. Formalism and 1/N expansion
Let us provide a short presentation of formalism for our purpose.We use the convention of the section 3, andwe
denote as ( ¯ )f jF = , the doublet offields, with componentsΦα,i(t) at the time t.We denote as Sk[Φ] the
classical action (2.4)whichwe added the regulatorΔSk[Φ] defined by (3.2), andwe introduce the generating
functional of connected correlation functions:

[ ] ( )
[ ] ( ) ( ) ( ) ( ) ( )

ò
ò ò

= F
å å- F + F + ¢ F ¢ F ¢
a

a a
a b

a a b b
W J d eK, ln . 6.1

S dt t J t dtdt t k t t t1
2

,k
i

i i
i j

i i j j
,

, ,
, , ,

, , ; , ,

In this equation thematrixKwith entries ( )¢a bk t t,i j, ; , is assumed to be symmetric, both in the variables t and ¢t
and on the pairs (i,α) and ( j,β). To simplify the notations, we introduce the short notation I= (i,α), J= ( j,β)
and so on.We thus have:

( )
( )

( ( ) ( ) ( ) ( )) ( )d
d

d d d d d d d d
¢
¢

= - ¢ - ¢ + - ¢ ¢ -
k t t

k s s
t s t s t s t s

,

,

1

2
. 6.2IJ

KL
IK JL IL JK

Figure 24. Summary of numerical investigation for c = 0.25MPdistributionwith quartic potential. On the top, we have the evolution
of the derivative of the potential ¯ ( ¯ )c¢ k . In themiddle, the evolution of a specific value ¯ ( ¯ )c¢ k 0 . On the bottom,we can show the
dependency of hc on the parametersα andβ defining the regulator family. On the left for τ(y) = 1 and on the right for τ(y) ≠ 1.
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6.1.1. 2PI effective action
As in section 3we denote asΞa(t) and ( )¢G t t,k ab, the 1 and 2 point functions, obtained by deriving one and two
times the generating functionalW[J,K]. Hence,

( )
( ) ( ) ( ) ( )d

d ¢
= ¢ + X X ¢

W

k t t
G t t t t2

,
, . 6.3

ab
k ab a b,

Now,we define the second Legendre transform, forfixed 1 and 2 point functionsΓ2,k[Ξ,G] as:

[ ] ≔ [ ] ( ) ( )

( )[ ( ) ( )] ( ) [ ] ( )

ò

ò

å

å

G X - + X

+ ¢ X ¢ + - ¢ X ¢ +

W J dt J t t

dtdt t k t t R t t t

G K

GK

, ,

1

2
,

1

2
Tr , 6.4

k k
a

a a

a b
a ab k ab b

2,

,
,

andwe have:

( )
( ) ( ) ( )

( )
( ) ( )ò å

d
d

d
d

G
X

= + ¢ ¢ X ¢
G

¢
= ¢

t
J t dt k t t t

G t t
k t t, ,

,

1

2
, . 6.5k

a
a

b
ab b

k

ab
ab

2, 2,

on shell, when the sources vanish, they give the effective dynamical equations of the theory, and causalitymust be
restored as discussed in section 2.2.2. In (6.1)we decomposeΦa(t)= Ξa(t)+ ξa(t) and expands the exponent in
power of ξa(t). This, integrating out the quadratic contribution, the definition (6.4) leads to (see Appendix F):

[ ] [ ] [ ] [ ] ( )G X = X + + + F X- -SG G GG G,
1

2
Tr ln

1

2
Tr , , 6.6k k k k2,

1
0,

1

where:

Figure 25. Summary of numerical investigation for c = 1MPdistributionwith quartic potential. On the top, we have the evolution of
the derivative of the potential ¯ ( ¯ )c¢ k . In themiddle, the evolution of a specific value ¯ ( ¯ )c¢ k 0 . On the bottom,we can show the
dependency of hc on the parametersα andβ defining the regulator family. On the left for τ(y) = 1 and on the right for τ(y) ≠ 1.
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1. G0,k is the effective bare propagatorwith entries:

( ) ( )
( ) ( )

( )d
d d

¢ =
F F ¢

G t t
S

t t
, . 6.7k ab

k

a b
0,

2

2. Φk[Ξ,G] is theWard-Luttinger functional (WLF), whose expansion start at two loops. Furthermore:

≔ ( )d
d

S F
G

2 , 6.8k

is the self-energy, including only 1PI contributions.

Taking the derivative with respect to themomentum,we recover on shell the closed equation (2.24). In the same
way, off shell, wemust have:

( )( ) ( ) ( )¯ò ò òd k m l l l dS = -ll v ll¢ ¢dt dt d G t t4 , , . 6.9k MM k M, 2 ,

6.1.2. 1/N expansion and quarticmodel
As recalled in section 2.2, the vector field that we consider has a power counting and the perturbative series can
be organized accordingly with a non-trivial 1/N expansion givenwith the scaling law∼N−ω+1 with ν given by
(2.20). Hence, theWLF expands in power onN, ( )F = å F=

¥ -
k n k

n
1

1 , where ( )F -
k

n1 expands in diagrams involving
Feynman diagramswithω≡ n. At leading order we therefore retain:

( ) ( )( )F = F + - N . 6.10k k, 1
1

Let us consider the quartic case. As recalled in section 2.2, the leading order diagrams are vacuum trees in the
intermediate field formalism. But a tree is not 2PI, except for the primary of them,made of a single edge and two
nodes, namely:

ð6:11Þ
Explicitly, in the largeN limit:

[ ] ( ) ( ) ( ) ( ) ( )( ) ¯ò òk m l m l l l l lF X = ¢ ¢ ¢vN d d dt G t t G t tG, 2 , , , , , 6.12k M MM, 1 2

whereκ2 is defined in (2.21). From the discussion given in the section 2.2.2, theWLFhas to vanish on shell, for
2-point function solving the equation (6.5) for vanishing sources.

6.1.3. Renormalization group equation
From the definition ofΓ2,k given by equation (6.6), we have:

[ ] [ ] ( )G X = + F X-d

ds

d

ds
G GG G,

1

2
Tr , , 6.13k k k2, 0,

1

where onemore time, ( )=s kln . Note that we keep bothΞ andGfixed in the derivation. On the other hand,
fromdefinition (6.4), we get straightforwardly:

[ ] ≔ [ ] ( ) ( ) ( ) ( )ò åG X -
¶
¶

+ ¢ X
¶
¶

- ¢ X ¢
d

ds s
W J dtdt t

R

s
t t tG K, ,

1

2
. 6.14k k
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The partial derivative ofWk[J,K] can be computed exactly as:
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1

Therefore:

[ ] ( )G X = -d

ds
G GG,

1

2
Tr , 6.16k k2, 0,

1

andwe conclude that theWLF is anRG invariant:

[ ] ( )F X =
d

ds
G, 0. 6.17k
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Hence, on shell, the dependence on k ofΦk[Ξ,Gk] is only through the dependency on k ofGk:

[ ] ( )d
d

SF X =
F

=
d

ds

d
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G

G G
, Tr

1

2
Tr , 6.18k

k k
k

k

and generally:
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F
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d
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d

ds
G

G

G

G
G

G
G, Tr Tr , 6.19k

n k
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k k
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k
k

k
k

1

where ( )Fk
n denotes the n-th functional derivative with respect toGk.

6.2. Ginzburg-Landau expansion near critical temperature
In this sectionwe assume the following decomposition for the solution of the equation ofmotion:

( ) ¯ ( ) ( ) ( )¯ ¯l l l¢ = ¢ - + W ¢v vG t t G t t t t, , , , , , 6.20k M k M k, ,

( ) ¯ ( ) ( ) ( )l l l¢ = ¢ - + F ¢G t t G t t t t, , , , , , 6.21k MM k MM k, ,

where ¯ ( )¯ q tµvGk M, is the expected 2-point function in the normal phase (i.e., high-temperature phase),
assumed to be translation invariant in time and satisfying fluctuation-dissipation theorem [73]. The
contributionsΩk andΦk are a bi-local time-dependent order parameters, assumed to be small, that breaks
explicitly the time-translation symmetry. To the lowest order, one expects this is equivalent towrite the self
energy ¯S vk M, as:

( ) ¯ ( ) ( ) ( )¯ ¯l l lS ¢ = S ¢ - + D ¢v vt t t t t t, , , , , , 6.22k M k M k, ,

whereΔk, assumed to be small, is bi-local in time as well. Indeed, from theDyson equationwe have in Fourier
space:
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2

Hence:

( ) ¯ ( ) ( ) ¯ ( ) ( ) ( )¯ ¯l w w l w l w w l wW ¢ = D - - ¢ - ¢ + Dv v G G, , , , , , . 6.24k k M k k M k, ,
2

Near the transition, we expect that bothΩk andΔk are small enough tomake a power expansion valid. From
equation (6.8), we introduce the Legendre transform Fk ofΦk:

[ ] [ ] ( )S S= F +F G G
1

2
Tr , 6.25k k

wherewe disregarded the classical fieldΞ.We thus rewrite the effective action (6.6) as (up to irrelevant
constants):
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Andwe defineΣ≔Σeq+Δ and ˜ [ ]SG k2, as:

˜ [ ] [ ( )] [ ] ( )S S SG = - +- FG
1

2
Tr ln , 6.27k k k2, 0,

1

such that on shell wemust have:

˜ [ ] ( )d
d

SG
S

=
ab

0. 6.28k2,

Weassume that on shell functionΣk,eq is known.Hence, defining ˜ [ ] ˜ [ ] ˜ [ ]g D S S=G - G:k k k2, 2, 2, eq , the
equilibrium conditions forΔ is defining as:

˜ [ ] ∣ ( )dg
d

D
D

=S S= 0. 6.29k2,
eq k,eq

The bi-localmatrix element ( )l w wD Dº ¢, , can be expanded in power of external frequencies and
momentumλ. At zero order, it is a pure number, depending on k, and as afirst approximationwe can track the
flowof this zero order contribution.We consider the following ansatz:
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where ¯ ¯S jfk, is solution of the zero order closed equation (4.19), andmatrix elements are in the ‘j̄f’ space.
Focusing on the quartic theory, the closed equation forΣk is determined by the equations (6.8) and (6.12).
Explicitly:
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Let us introduce the notation:
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whereAk is given by the solution of the closed 2-point function equation (6.8) at order 0 inΔk. Furthermore,Ωk

can be computed as a perturbation series inΔk from theDyson equation. Becausewe assume the condition
(2.23), i.e. ∫dω A(ω)= 0, we get:
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with:
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We furthermore define the integrals:
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such that the equation fixing the gap equation forΔk reads:

( ) ≔ ( ( ) ) ( ) ( )¢ D - D + D =U a k b k1 0, 6.37k k k
2

with:

( ) ≔ ( ) ( ) ≔ ( ) ( ) ( )k pka k K k b k L k L k4 , 4 . 6.382 2 1 2

The physicalmeaning of equation (6.37) can be analyzed numerically, and it is the topic of the next section.

6.3. Numerical investigations
The numerical results are summarized on Figures 26, 27, 28 and 29 to highlight themeaning of the divergences
occurring atfinite timescale, as Figure 16 shows in the deep IR regime.On Figure 26 one can show the same
behavior in the deepUV. Above the critical regime, in the equilibriumphase, themassμ1(k) converges toward a
finite value after a short transition time. In contrast, out of the equilibriumphase dynamics, theflowhas an
angular point (i.e., non-derivable) and diverges at finite timescale.

In the equilibriumphase, the behavior of couplings a(k) and b(k) occurring on the definition ofU(Δk), that
reach afinite value after a transition regime also. The quantity b(k) is positive, but (a(k)− 1) changes in sign
along the trajectory. It is negative in the deepUV, but converges toward a positive value in the IR. This
corresponds to a standard symmetry restoration scenario, and ultimately stability requiresΔk= 0 for large
scales, as Figure 28 shows explicitly.

Below the critical regime, where ergodicity is expected to be broken (i.e., out of equilibriumdynamics),
things are significantly different, and Figure 29 summarizes what happens. At the beginning, the behavior for a
(k) and b(k) is reminiscent of what happens for high temperature on Figure 27. In particular, b(k) is positive and a
(k)− 1 is negative, but reaches a positive value and symmetry is restored for afirst time.However, at the point
where themass diverges, a(k)− 1 reaches spontaneously a negative value againwhereas b(k) almost vanishes in
the same time. This changemakes the non-zero vacuum solutionΔk≠ 0 stable, and the Figure 29 shows the
behavior of ( )D +ln 1k . For ( )L klog small enough, the function is positive, and the symmetry is broken. It is
restored for ( )L »klog 1.5 until the point where themass has a singular point, for ( )L »klog 2.4. Until this
point ( )D +ln 1k takes large and positives values, after what it reaches a smooth decreasing regime.
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7. Concluding remarks

In this paper, we introduced a nonperturbative renormalization group framework to investigate the large time
equilibriumdynamics behavior of the p= 2 soft spinmodel.We focused on the largeN limit where eigenvalues
of the disordermatrix Jij follow theWigner orMarchenko-Pastur distributions. Themain originality of this
approach is to avoid the inevitable bi-local interactions in time arisingwhen the disorder is integrated out [24].
Hence, local potential can be considered as a suitable approximation scheme to solve the exact RGflow. Because
the eigenvalues of the disorder look like afictitiousmomentum,we constructed RGbased on a coarse-graining
both in frequencies and eigenvalues through a choice of regulators compatible with causality and time reversal
symmetry.We considered indeedmany popular approximation schemes to solve exactflow equation in this
paper: (i)The vertex expansion, (ii) the effective vertex expansions, (iii) the LPA around non-zero vacuumand

Figure 26.Evolution of themass parameterμ1 in theUV regime. Above the critical regime on the left and below the critical regime on
the right.

Figure 27.Evolution of ¯ ( )a k and ¯ ( )b k , the dimensionless versions of couplings involved inU[Δk] above the critical regime.

Figure 28. Symmetry restoration in the equilibriumphase.
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(iv) the 2PI formulations were considered. For all these approximations, we investigated the reliability regarding
analytic inputs, especially for the quartic potential. Our results, especially using local potential and non-zero
vacuumexpectation, are in qualitative agreements with analytical insights. In particular, we showed that the long
time behavior of the systemdoes not agree with the equilibriumdynamics assumption, and theflowdiverges at
finite time-scale excepts for very particular configurations of the classicalfield, the ‘staggered” configurations,
corresponding to amacroscopicmagnetization. The nature of the phase transition ismore transparent in the 2PI
formalism,wherewe showed that divergences are associatedwith a lack of the translation invariance symmetry
of the 2-point function. In addition, we showed that reliability is improved, regarding the choice of the regulator,
for a coarse graining both in eigenvalues and frequencywith respect to a coarse-graining only in frequency.
Hence, the results obtained in this article seem very encouraging in view of the developments desired by the
authors and detailed in the introduction.

However, several aspects have been left out for future works. First, althoughwe have essentially limited
ourselves to quartic potentials in our numerical investigations in order to evaluate their reliability, our
formalism is suitable for the study of any initial condition.Moreover, althoughwe have limited ourselves to
Wigner andWishart ensembles, for which the inputs of thematrices are independent, this choice is alsomore
restrictive than the formalism, andwe could consider non-Gaussian distributions for the inputs of thematrices,
or even distributions that do not follow an analytical law [51]. These aspects should be considered in
forthcomingworks, especially regarding signal detection issue discussed in the introduction, or for dynamics of
disordered quantum systems [85]. Finally, let us notice that our formalismneglect finite size effects [86]. These
effects are totally blinded by the limitN→∞ , which is assumed to justify the replacement of sums by integrals
involving analytic distributions.
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Figure 29.Evolution of couplings a and b (on the top) and of ( )D +ln 1k and mln 1 (on the bottom).
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AppendixA. A short review on the p= 2 sphericalmodel’s dynamics

This section reviews relevant features of the p= 2 sphericalmodel in a pedagogicalmanner for readers who are
not familiar with the field of spin glasses. The readerwhichwould like to go further could consult the references
[2, 3] and the book [11].Mathematically, themodel describes the behavior of the components qi(t) of a random
vector of sizeN, whose dynamics obey equation:

ℓ[ ( ) ] ( ) ( ) ( )å d h= - + +
=

dq

dt
J t q t t , A.1i

j

N

ij ij j i
1

where Jij is a quenched randomdisorder whose entries are distributed accordingly with theGaussian distribution
of varianceσ2/N andℓ(t) is a Lagrangemultiplier, ensuring that the constraint å == q Ni

N
i1
2 holds∀ t. The

noisefield η(t) ismoreover assumed to be aGaussian random field aswell, accordingly to the equation (2.2).
AssumingN large enough, thismodel provides an archetypal example of disordered dynamics and enjoys the
property to be exactly solvable, including in the static limit, without requiring a replicamethod. Although, it
does not exhibit a true glassy phase, but rather a ferromagnet behavior, it presents interesting characteristics,
such as aging effects with aweak ergodicity breaking, that is also found in systemswith true glassy dynamics.

A.0.1. Dynamical aspects in the eigenspace
In the eigenspace, themodel (A.1) reads:

ℓ[ ( )] ( ) ( ) ( )l h= - + +l
l l

dq

dt
t q t t . A.2

This equation can be solved formally taking t= 0 for the initial condition:
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t

0

Furthermore, in the largeN limit, the spherical constraint å == q Ni
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d q t 1, A.5

2
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2

which should be valid for each time t� 0 andwhereas before the bracket notationmeans averaging over the
noise. These equations translate as a self-consistent equation forΘ(t)≔ 1/ρ2(t):

( ) ( ) ( ) ( ) ( )
( )

( )( ) ( )( )ò òl m l r h
r
r

= + ¢ ¢
¢s

s

l
s l s l

l
-

- + - + - ¢d q e t D dt e t
t

t
1 0 2 , A.6t

t
t t

2

2
2 2 2 2

0

2 2
2

2
⎧
⎨⎩

⎫
⎬⎭

depending on the choice of the initial conditions. One of themain statements of the analytic study in [3] is that
the system is not able to reach an equilibrium regime in general, except for very special initial conditions. Indeed,
if the systemhas amacroscopic occupation number for the smaller eigenvalueλ=− 2σ, namely:

( ) ( )
( )

( )d l s
m s

=
+

lq 0
2

2
, A.72

hence, the self equation (A.6) shows that qλ(t→∞ )→ 0 excepts for boundary eigenvalueλ=− 2σ,
( ) ¥  -sq t D D1 c2 where the critical temperatureDc is:

≔ ( ) ( )ò l m l
s l+s
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-D
d

1 1

2
. A.8

c 2

2

On the contrary for the uniform initial condition qλ(0)= 1∀λ, the system fails to thermalize in afinite time.
This condition is physically equivalent to a random initial condition for the variable qi(t), close towhatwe expect
experimentally. Taking the Laplace transformof (A.6), we obtain the self-consistent equation:

˜ ( ) ( )
˜ ( )

( )
( )ò l m l

s l
Q =

+ Q
+ +s

s
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z d
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1 2

2 2
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2

2

where ˜ ( )Q z denotes the Laplace transformofΘ(t). The large-time behavior can be obtained by expanding the
previous equation to the power of z.We thus obtain:

( ) ( )g ~ -t
D
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Therefore, from (A.3), it follows that qλ(t) vanishes exponentially as t→∞with relaxation time
τ−1(λ)= 2σ+ λ, excepts for the componentλ=− 2σwhich have an infinite relaxation time. The 2-point
correlation function ( )¢C t t, , defined as:

( ) ( ) ( ) ( ) ( )ò l m l¢ = á ¢ ñ
s

s

l l
-

¢C t t d q t q t, , A.11
2

2

and can be computed using (A.3) and ρ(t) given by (A.6). Setting ¢ =t 0, and assuming random initial
conditions, it is easy to check that for t large enough:

( ) ( )~ - -C t
D

D
t, 0 1 , A.12
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⎝
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and thus that the correlation follows a power law.Most interesting is the behavior of the correlation as both t and
¢t go to infinity. There are essentially two interesting limits:

1. ¢  ¥t t, but ( ) - ¢t t t 1. In that limit, the correlation function is almost translation invariant, i.e., it
dependsmainly on ≔ - ¢ t t and goes toward the self-overlappingQ= 1−D/Dc as ò→∞ (after t and ¢t ).

2. ¢  ¥t t, but ( ) ( )- ¢ = t t t 1 . In this case, the translation invariance is lost, and the correlation function
depends on t, ¢t and ò. As ò/t be small enough, we have againC→ 1−D/Dc. But for ò? t,C→ 0 and the
correlation vanishes.

To summarize:

( ) ( )+ =
¥ ¥




C t t Qlim lim , A.13
t

( ) ( )+ =
¥ ¥




C t tlim lim , 0 A.14
t

Hence, if asymptotically the times remain arbitrarily close, the system seems to balance like a ferromagnetic
system.However, the system fails to thermalize, and for time intervalsmuch larger than the age of the system,
the correlations tend to be zero.

A.0.2. Static limit
According to equation (2.12), the static limit of the system is fully described by the partition function:

ℓ ( ) ( )ò  å å= - - -
= = =

Z dq
D

J q q qexp
1

2
1 . A.15

i

N

i
i j

N

ij i j
i

N

i
1 , 1 1

2
⎜ ⎟
⎛
⎝

⎞
⎠

⎛

⎝
⎜

⎡

⎣
⎢

⎤

⎦
⎥

⎞

⎠
⎟

The integral over q is Gaussian, performing it, we get in the eigenspace:

ℓ ℓ ( )å l
= -

+
+

l
Z

D

N

D
exp

1

2
ln

2
. A.16⎜ ⎟

⎛
⎝

⎛
⎝

⎞
⎠

⎞
⎠

The value ofℓisfine-tuned to impose the spherical condition, which reads in the largeN limit:

ℓ
( )ò

l
ps

s l
l

= -
+s

s

-D

d1

2
4

1
. A.17

2

2

2
2 2

It is easy to check thatℓdecreases withD to the critical valueℓc= 2σ, defining, in turn, the critical temperature
Dc by the same formula (A.8) as for the dynamics.Hence, as for standard Bose-Einstein condensation, we show
that the component q−2σ, fails to be included in the integral approximation of the discrete sums. Indeed:

( ) ( ) ( )òå l m lá ñ  á ñ + á ñ + á ñ
l

l s

s

l s s- -q d q
N

q q
1

. A.182

2

2
2

2
2

2
2

As all the components á ñlq
2 remain of order 1, the approximationworks. But the failure of the approximation

nearD=Dcmeans that it becomeswrong. The component á ñs-q 2
2 becomes of orderN, more precisely from

(A.17):

( )á ñ = -s-q N
D

D
1 . A.19

c
2

2
⎜ ⎟
⎛
⎝

⎞
⎠

As for the dynamics, we recover in the static limit the condensation property,meaning that the systembehaves as
a disguised ferromagnet at equilibrium, and the disorder is not strong enough to induce a glassy phase.
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Appendix B. Large time behavior of the quarticmodel

In this section, according to themethod detailed in [17], we study the large-time behavior of the Langevin
dynamic, which solution is considered in the relation (A.3). To bemore precise, we consider the following
definition:

ℓ( ) ( ) ( ) ( ) ( )ò òå m l l= ¢ ¢ = 
l

l
lg t dt t a t

q

N
q d, , B.1

t

0

2
2

where qλ(t) is the time-dependent solution of the Langevin equation taken in the eigen-direction. The quentity a
(t) is assumed to be self-averaged for largeN. Hence, we can easily show the solution for dynamics after the
quench as:

( )( ( )) ( ) ( ( ) ( ))òá ñ = + ¢l
l l- + - - ¢ - - ¢q e D dt e2 . B.2t g t

t
t t g t g t2 2

0

2 2

The functionℓ(t)may be expanded as a power expansion of themean value a(t):

ℓ ( ) ( ) ( )ås= +
Î

t h a t2 . B.3
n

n
n



In this note, we consider the quartic potential, such thatℓ(t)= h0+ 2σ+ h1a(t). Assuming that dynamics is
frozen on theminimumof the potential for t large enough, namelyℓ(t)→ 2σ, one obtain the asymptotic closed
equation:

( ) ( ) ( )( ) ( ) ( ( ) ( ))ò ò òm l l m l- = + ¢
s

s
l

s

s
l

-

- -

-

- - ¢ - - ¢h

h
e d D

h

h
dt e1 2 , B.4t g t

t
t t g t g t1

0 2

2
2 2 1

0 2

2

0

2 2

andwewill check that our assumption for the asymptotic behavior ofℓ(t) for large time is self consistent.
This expression can be rewritten as:

( ) ( ) ( ) ( ) ( )ò= - + ¢ - ¢ ¢G t
h

h
H t D dt H t t G t2 , B.5

t
1

0 0
⎛
⎝

⎞
⎠

wherewe introduced the following definitions

( ) ( ) ( ) ( )( ) ò m l l= = Î
s

s
l-

-

- -G t e H t e d m, , B.6g t mt t mt2

2

2
2 

whereH(t)∼ 1/t3/2 for large t, and remainsfinite at the origin. Note that the relation (B.5) is invariant under the
choice of the parameter Îm . To solve this closed equationwemove to the Laplace transformation by
integrated as ¯ ( ) ≔ ( )ò

¥ -G p dt e G tpt
0

. Using the fact that ( )- ¢H t t may be replaced by ( ) ( )q- ¢ - ¢H t t t t in

the integration domain, we get the simple relation

¯ ( ) ( ¯ ( )) ¯ ( ) ¯ ( )
¯ ( )

( )= - +  = -
+ -

G p
h

h
DG p H p G p

D H p
1 2

1

2
. B.7

h

h

1

0 10

1

At this stage, we have tomake a few remark. In contrast with the sphericalmodel reviewed in the previous
section, the closed equation does not holds for all time, but only asymptotically. Hence, onemay be disappointed
by thewaywe integrated over t the closed relation from0 to∞ by taking the Laplace transform. Indeed, we
assume that the solution of the closed equation provides the true asymptotic behavior forG(t), an assumption
that can bemotivated from the observation that, for t large enough, ( )- ¢H t t suppresses low time
contributions provided thatG(t) has afinite limit for short times.

Before determining the asymptotic expression of the functionG, let us assume thatm= 4σ. Integrating the
function ¯ (H p)we come to

¯ ( ) ( )
( )

( )ò m l
l s

l=
+ +s

s

-
H p

p
d

1

2 2
. B.8

2

2

Considering theWigner distribution ( )m = s
ps
-x x4

4

2 2

and by replacing ¯ ( )H p by ¯ ( ) ¯ ( ) ¯ ( )+ -H H p H0 0 we

get

¯ ( ) ¯ ( ) ( )
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[ ( ) ]( )

( )

ò ò

ò

m l
l s

l m l
l s

l

m l
l s l s

l

= +
+ +

-
+

= -
+ + +

s

s

s

s

s

s

- -

-

H p H
p

d d

H
p

p
d

0
1

2 2

1

2 2

0
2

1

2 2 2
, B.9

2

2

2

2

2

2
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where ¯ ( ) sºH 0 1 2 . Also, the critical temperatureD≡ Tc is determined such that the denominator of the
relation (B.7) vanish, and

≔ ¯ ( )
( )-T

h

h H

1

2 0
. B.10c

0

1

Then by setting u= λ+ 2σwe come to:

¯ ( )
( )

( )òps
s

= - -
-
+

s
H p

h

h T

p u

u p u
du

1

2 8

4

2
. B.11

c

0

1 0

4

In the above relation, the integralmay be computed asymptotically as p→ 0 from:

( )
( )ò

p
+

~
¥ du

u p u p2 2

1
, B.12

0 1 2

andwe getfinally as p→∞ :

¯ ( ) ( )s
» - -H p

h

h T
p

1

2 4 2
B.13

c

0

1

1 2

Note that the large time limit corresponds to the small values of p and then the functionG(p) can be deduced
in the limit p→ 0

¯ ( )
˜ ( )

˜ ( ) ( )
˜ ( ) ( )

s
s

s
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+
- -

»
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+
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1 1

2
1 B.14c

c c c

c

c

1 2

1 2

2 1 2⎡
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where ˜( )s = sA h

h 4 2
0

1
. The inverse transformation can be simply given by

( ) ( )
( ) ( )

˜ ( ) ( )d s
=

-
+

-
G t

t

T T T T

A T

t2

1

2
B.15

c c

c
2

2

3 2

which asymptotically at twrites as

( ) ( )µG t
t

1
. B.16

3 2

In an attempt to implement the dependence of the distribution on the large-time behavior, let us consider the
MP-distribution given in (2.16). Then, if we setm=− λ−, the expression of ¯ ( )H p becomes

¯ ( )
( )( )

[ ( ) ]( )
( )ò

l l l l
ps l

l
l l l l
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B.17

c
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1

Nowby changing variable as u= λ− λ−we get
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c
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The integral diverges as p→ 0, but also asλ−→ 0 andwewill consider this case separately.

• Forλ− ≠ 0 and p→ 0 the integral behave as:
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and then the function ¯ ( )G p becomes
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Finally the functionG(t) becomes for large t:
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+
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Because of the definition ofG(t), we have:
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t2 ln
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hence:ℓ(t) behaves as ( )s + - t2 1 for t large enough,meaning that a(t) converges toward the stable vacuum
−h0/h1.

• The caseλ−= 0 (namely c= 1) is special. Indeed, in the limitλ−→ 0, the integral overλ diverges, and in
particularH(0)=∞ . This seems to suggest thatTc= 0, accordingly with the static limit, equation (A.17).
Indeed, assuming h0< 0, we can setm=− 2h0, and:
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which again defines the critical temperature ≔ ( ¯ ( ))- -T h h H2 0c 0 1
1 . For large t, using standard results about

the asymptotic behavior of Bessel functions, it is easy to check thatH(t) behaves as:

( ) ( )
p

~H t
e

t2
. B.26

h t2 0

In the low-temperature limit,G(t)∼− (h1/h0)H(t), andwe conclude again that a(t) goes toward the vacuum
−h0/h0 as 1/t, with infinite relaxation time.Note that transition temperature seems to have a different
interpretation, as in the case c< 1. Indeed, it looks rather as the boundary of the validity domain of the
solution, which becomes singular at h0= 0where the transition temperature vanishes formally. Formore
detail about the computation of the critical temperature for p= 2 solf spin dynamics, see [42].

AppendixC. Correlations function for responsefield

In this section, we sketch the proof that correlation functions for the response field have to vanish, and in
particular ¯ ¯ =jjG 0k, . The proof works as follows. Adding a linear driving force to the potential ( )¢V Q2 as

( ) ( ) ( ) ( )òf f f f f¢  ¢ + ål l l l lU U dt k t t2 2 , wemodify the path integral (2.3) accordingly. However, the

transformation is equivalent to a translation of theλ-th component of j̃ accordingly: ˜ ˜ -l l lj j ik . Therefore:

[ ˜]∣ [ ˜ ]∣ ( )= -¢Z j j Z j j ik, , . C.1U U

For vanishing sources,Zmust be equal to 1 by construction, and in fact that the generating functionalZ[j],
setting ˜ =j 0 in the previous expression, reads formally:

[ ˜ ] ( ) ( ) ( )ò å f= =
l

l l
h=

Z j j dt j t t, 0 exp , C.2
N

1

⎜ ⎟
⎛
⎝

⎞
⎠

the bracketmeaning averaging over noisefield. Therefore:Z[0,− ik]|U= 1, and

¯ [ ]∣ ( )
  j

d
d d

d
d d

á ñ µ
-

= =l
l l l l=

Z ik

k k k k

0, 1
0. C.3

p

P P
U

P

1
p

P P1 1

Hencewe have ¯ ¯ =jjG 0k, but also ¯ ¯j vá ñ º =l l 0.

AppendixD. Effective equation for ( )Gk
6

Accordingly, with our derivation of effective 4-point function in section 2.2, let us consider the 1PI 6-point
function ( )Gk

6 for the equilibrium theory (2.12). From section 2.2, it follows that Feynman leading order diagrams
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contributing to its perturbative expansion have to be deduced from vacuum trees by deleting three loop vertices
on leaves. Figure 30 provides an example, where cancelled leaves are pictured as ciliated loop vertices in the LVR,
and denoted as v1, v2 and v3. Let  the smallest path connecting the three boundaries v1, v2, v3. The path 
decomposes as È È=   1 2 3, where i is connectedwith the vertex vi and such that { }Ç Ç =   v1 2 3 0 .
For instance ℓ ℓ ℓ{ }= , ,1 1 2 3 , all the edges building  being drawn as dotted edges. Along the path i, there are
some branches connected to the effective vertices, as pictured on the right of Figure 30 for the arm 1. Along the
path, there are two connected components, say1 and2. It is not hard to check that these contributions are
involved in the perturbation series for the full 2-point function.Hence, the formal sumof these diagrams
keeping the lengths ∣ ∣i fixed leads to an effective tree with ∣ ∣= å =L 7i i edges andV= L+ 1= 8 vertices.
Following section 2.2, it ismoreover not hard to check that the branches of this effective tree are nothing but a
formally resumed version of 4-point function 1PI functions ( )Gk

4 , the Figure 30 (on right) providing a typical
graph involved in the perturbative expansion of it.

Appendix E. LPA=LPA ¢ in the largeN limit

In this section, we sketch the proof that the anomalous dimensions ηZ and ηY:

≔ ( ) ≔ ( ) ( )h hk
d

dk
Z k

d

dk
Yln , ln , E.1Z k Y k

are both of order 1/N, and can be discarded in the limitN→∞ . Because of theO(N) invariance, the
contribution involving ( )Gk

4 in the left-hand side of the flow equation for ( )Gk
2 does not contribute for ηZ and ηY in

the largeN limit, because the relevant loop creating one face (see section 4)does not depend on the externalsλ
andω (see the discussion below equation (4.2)). The remaining contribution to the left-hand side involves ( )Gk

3

vertices, which are non-vanishing in the broken phase. Accordingly, with the graphical notation of the section 5,
this contribution takes the formpictured in Figure 31. It is easy to check that ( )G ~ N1k

3 . Indeed, settingχ= κ,
we have formally:

ðE:2Þ

Let us focus on the connected components of the effective propagator. Hence, the leading order contributions to
the graph of Figure 31 create one face and looks for instance as:

ðE:3Þ

which contributes to theflowofYk, but scales as 1/N. The contributions of disconnected pieces for the
propagator do not change this analysis. Indeed, the disconnected pieces arise with a factor 1/N, and sums created
per disconnected piece do not compensate the additional 1/N factors, and contributions to ¢Yk and ¢Zk have to be
of order 1/N at best. Therefore, = ¢LPA LPA in the largeN limit.

Figure 30.On left: a typical graph contributing to ( )Gk
6 . On right: structure of the arm 1.
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Appendix F.Details about the derivation of (6.6)

From (6.1), wemust have:
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On the left-hand side, we decomposeΦa(t)= Ξa(t)+ ξa(t),
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2
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k k
k

a
a

k
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2

wherewe assumed to sumover repeated indices. The remaining contribution, [ ]xX + including non-
Gaussian contributions. After some algebraicmanipulations, we thus obtain:
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Nowwe can expand the left-hand side in a number of loops to recover the expansion (6.6).
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