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Abstract

Main properties of noncommutative (NC) gauge theory are investigated in
a two-dimensional twisted Moyal plane, generated by vector fields X, =
el (x)9,; the dynamical effects are induced by a nontrivial tensor el (x).
Connections in such a NC space are defined. Symmetry analysis is performed
and related NC action is proved to be invariant under defined NC gauge
transformations. A locally conserved Noether current is explicitly computed.
Both commuting and noncommutative vector fields X, are considered.

PACS numbers: 02.40.Gh, 11.10.Nx

1. Introduction

The construction of noncommutative (NC) field theories in a nontrivial background metric
generally implies a non-constant deformation matrix "’ = ®Y(x), which naturally results
in the difficulty of finding a suitable explicit closed Moyal-type formula, and consequently,
defining a NC product becomes rather complicated. The situation is simpler when one deals
with the Moyal space RY, i.e. the deformed D-dimensional space endowed with a constant
Moyal *-bracket of coordinate functions [x*, x"], = i®"". In this case, the star product (see
[1-16] and reference therein) is defined by

(Frg)x) =m{e T % f(x)@g(x)] xeRE Vf geC®(RY), (1)

where m is the ordinary multiplication of functions, i.e. m(f ® g) = f.g. In the coordinate
basis, this space is generated by the usual commuting vector field 9, =: (‘in“ € T,R2, the
tangent space of R2, conferring to Moyal space the properties of a flat space.

In contrast, in the context of adynamical NC field theory, the vector field can be generalized
to take the form X, = e/ (x)d,,, where e, (x) is a tensor depending on the coordinate functions
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in the complex general linear matrix group of order D, GL(D, C). The star product then takes
the form

. @ab
(fxg)x) =m[eTX®0 f(r) @ g(x)] x eRE Vf g e C¥(RL) )
and the vielbeins are given by the infinitesimal affine transformation as
el (x) = 8" + o x, 3)

where w,, € GL(D,C). Using (3), the non-vanishing Lie bracket peculiar to the non-
coordinate base [7]

[Xa, Xp] = €[l due) — e} d,el ] X = C5 X 4)
is here simply reduced to
[Xa, Xp] = 0}, 8 — 0ly, 0 = —20},0,,. (5)

Besides, the dynamical star product (2) can now be expressed as

(7 * )@ = m[exp (306 "0, © ) (f @ )] ©)

1 2

where e™! =: det(el) = 1 + w},x* — w},x'; € is the symplectic tensor in two dimensions
(D=2),iee?=—e!=1land €' = =0.

The coordinate function commutation relation becomes [x*, x"], = iOm = i(@“" —
edlr a);]bxb ) which can be reduced to the usual Moyal space relation, as expected, by setting
w(’jb = [0]. One can check that the Jacobi identity is also well satisfied, i.e.

I Y, X1 + 67, e, 1L, + 2, 2, x4 L], = @0l =0 (7)

conferring a Lie algebra structure to the defined twisted Moyal space. This identity ensures
the associativity of the star product (2) and implies that

09,0 + ©"9,0°" + ©H9,0" = 0. (8)

Remark that with relation (5), the requirement that w,;, is a symmetric tensor trivially ensures
the associativity of the star product. In the interesting particular case addressed in this work,
the associativity of the star product (2) can be shown even for the non-symmetric tensor wp,.
See the appendix for details.

The particular condition [X,, X;] = O (i.e. the vector fields are commuting), results in
constraints on e/, namely eﬁlaue;] = 0, that can be solved off-shell in terms of D scalar
fields ¢“. Supposing that the square matrix e} has an inverse e, everywhere so that the X,
are linearly independent, then the above condition becomes 9y, ey; = 0 which is satisfied by
ej = 0,¢“. Since X, 9" = 52, the field ¢” can be viewed as new coordinates along the X,
directions. The metric g on Rg can be chosen to be g(X,, Xp) = effezg/w = 84p. See [3-6]
for more details. In the whole work, we deal with Euclidean signature and D = 2.

The paper is organized as follows. In section 2, we provide the general properties of
gauge theory in twisted Moyal space and define related connections. The tensor o/, is an
infinitesimal tensor, skew-symmetric in the indices a and b. In section 3, we study the
symmetry of pure gauge theory and show that the related NC action is invariant under U, (1)
gauge transformation. Besides, we compute the resulting Noether current. In section 4, we
investigate the properties of the model for commuting vector fields X,. Section 5 is devoted
to concluding remarks.
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2. Connections and gauge transformation

Consider E = {x*, u € [[1,2]]} and C[[x", x?]], the free algebra generated by E. Let 7 be
the ideal of C[[x!, x2]], engendered by the elements x*x" — x"x* — i@, The twisted Moyal
algebra Ag is the quotient C[[x', x?]]/Z. Each element in Ag is a formal power series in
the x*’s for which the relation [x*, x"], = i®*® holds. Here, Moyal algebra can also be
defined as the linear space of smooth and rapidly decreasing functions equipped with the NC
star product given in (2). The gauge symmetries on this NC space can be realized in their
enveloping algebra. However, there is an isomorphism mapping the NC function algebra 4g
into the commutative one, equipped with an additional NC *-product [1]. We consider the
following infinitesimal affine transformation:

el (x) = 8" + ol x, ol = —olt, and loH| < 1. )

For D = 2, ¢/ and ®?® can be expressed as follows:

1+w! x? w?,x? 0 6
() = ( ol 1 _1;%2x1> and  (©)" = (_9 O) =6©",  (10)

where €!2 = —¢2! = land €!! = €22 = (. There follow the relations
e =:det(e!) = 1+ wjx* — wfx! (11)
e =: det(eZ) =1—w,x*+olx". (12)

The tensor @*” can be written as [7]

&)LV o alw, Iy, b 0 fe”!
© =@ = (@wl)=(_, . 5 ). (13)
Let us now define the spacetime (M < R%) metric as
1 — 2wl x? ol x! — w? x?
_ abs  _ 12 12 12
Buv = €uiar = (w}zx' — whx? 1 +2w2,x! ) ’ (14)
l—wlx?  —o2i?
where e = ( lwlzlx a)%x 1) , (15)
W1, I +wiyx

and its inverse as

1,2 2 2 1.1
o eMeU(SQh _ 1 +2w12x WX~ — WX (16)
& %% T\ x?—wlx! 1 — 2w x!
12 12 12
1 +w! x? w2 x?
" o__ 12 12
where el = < ol 1 —wtal ) (17)
12 12

with g = —det(g,,). NC field theory over Moyal algebra of functions can be defined as field
theories over the module H on the NC algebra Ag or as matrix theories with coefficients in
Ag. In the following, we restrict the study of field modules to rank trivial bi-modules H over
Ag with a Hilbert space structure defined by the scalar product

(a,b) =: f ed’x Tr(a' xb) xe™!; a,be Ag. (18)

Provided this framework, the notion of connection defined on vector bundles in ordinary
differential geometry is replaced, in NC geometry, by the generalized concept of connection
on the projective modules as follows.
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Definition 2.1. The sesquilinear maps V,, : H — 'H are called connections if they satisfy the
differentiation chain rule

Vumx f)y =mx09,(f)+V,(m)* f for feAs and meH (19)

(assumed here to be a right module over Ag), and if they are compatible with the Hermitian
structure of H defined ash(f, g) = fix g, i.e.

d,h(my, my) =h(V,my, my) +h(@my, V,m,). (20)
In the following, we can identify Ag with H.

Definition 2.2.  Denoting by 1 the unit element of Ag, we define the gauge potential by
V1 = —iA,,. Then the connection can be explicitly written as

V() = 0,() —iA, * (). @21)

A, is called the gauge potential in the fundamental representation.

Note that the left module can be used to define the connection in the anti-fundamental
representation by V,,(.) = 9,,(.) +i(.) x A,,. In the same vein, the module can be used to define
the connection on the adjoint representation by V,,(.) = 9,(.) —i[A,, (.)].. Here, we adopt
the fundamental representation. Now, we define the gauge transformation as a morphism of
module, denoted by y, satisfying the relation

ymx f)=y@m)* f for feAg and meH (22)
and preserving the Hermitian structure h, i.e.
h(y (/). v(g)) =h(f, g) for f, g€ As. (23)

For f = g = 1, one can prove that y (1) € U(Ag), the group of unitary elements of Ag, i.e.
yixy() =1
Note that the Jacobi identity is covariantly written in the form

®°°V,0" +8"V,0" + 8"V,0" = 0. (24)
This equation is evidently satisfied whenever the following condition holds:
V,0M =0, (25)

which is very simple to handle in two-dimensional space. Indeed, in D = 2 the most general

® can be written in the form
73y

O = ———9(x', x?), (26)

where 6 (x!, x?) is a constant, simply denoted by 6. Then

el =1//—gx) or e=./—gx). 27)
To end this section, let us mention that the integral f dPx fxg,defined with the dynamical
Moyal *-product (2), is not cyclic, even with suitable boundary conditions at infinity, i.e.

f dPx (f*g) # / dPx (g f). (28)

Using now the measure ed”x where e = det(el‘i), a cyclic integral can be defined so that, up
to boundary terms,

fede(f*g)zfede(fg)zfede(g*f). (29)
In flat space, /—g(x) = 1.

4
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3. Dynamical pure gauge theory

We consider a field v, an element of the algebra Ag (¥ € Ag), and its infinitesimal
gauge variation v such that, under an infinitesimal gauge transformation «(x), the relation
34 ¥ (x) = i (x) * ¥ (x) is obeyed. The covariant coordinates are defined as

X+ Z.X'”'+AM, A* e A(:); (30)
A" is called the gauge potential and satisfies the relation 8, A* = GO*° dpa +i[a, A*],. One
can check that
[a(x), O], = i@ wlO?d,a(x) and 028,07 =208 8x°. @31

From the last two equations and the definition of A, such that A* = ©"9 A, , we derived the
gauge variation

8o As = o (x) +i[a(x), Asls + 205, (BP0 (x) — 8x) A, (32)

which results in two contributions in the expression of §, A, : the first contribution consisting
of the first two terms of the ordinary Moyal product [2], and the second one given by the last
term pertaining to the twisted effects of the theory. Of course, when w = 0, we recover the
usual Moyal result.

The NC gauge tensor TH’ € Ag is defined by T#" = [X*, X"], — i®"" and satisfies the
properties

8, T =ila(x), T*].. (33)

It is then convenient to use the relation 7" = i®“° @'} F,, to derive the twisted Faraday
tensor Fy; as

Fos = 35 Ay — 5 As — i[As, Al — 000l A, + 00107 A,

— (0,107 w)O78,A,) A, + (0, 0101 073,A,)A; (34)
= o Ay — Ay — ilAg, Ayl + 200, As) — 208, 0% (3, Ajp) Ay, (35)

Canceling the ‘rwisted’ contributions involved in the last two terms on the right-hand side of
these relations, we turn back to the usual Moyal product result.
We then arrive at the expression of the dynamical NC pure gauge action defined as

Sym = —— d?x(Fpy « F™ xe™! 36
YM__4_IC2 e )C( uv * *e ) ( )

where e =: det(e,).
Now, expanding the dynamical x-product (2) of two functions as follows:

i 1 /i\2
fr8 = fa+ 307X Xog+ 57 (5) OO (Koo )X X) -

=e”(f, 9), (37)
where powers of the bilinear operator A are defined as

A(f.g) = %@“"(xafxxbg) A(f. g) = fg

i\n (38)
A'fog) = (3) O O (X Xy )X X, 8).

one can deduce the following rules (straightforwardly generalizing the usual Moyal product
identities):

frg=fg+XT(A)(f, X) (39)

5
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[f gle=frg—g*f=2X.S(A)f, Xg) (40)
{f.ghe=fxg+g*f=2fg+2X,R(A)(f, Xg) 1)
with

et —1 sinh(A)

T(A) = S(A) =
A . (42)

cosh(A) — 1 ~e 1

R(A) = —— and X = -0%X,.
A 2

S(A)(, )N(l is a bilinear antisymmetric operator and T (A)(f, )N(“g) — T(A)(g, )7“]‘) =
28(A)(f, Xg).
Define also the gauge transformation U by

) o0 'k k
U = el*a = ! i{a')*
k=0 :
=1+ia+ @/2Daxa+@E/BNaxaxa+---; a € CP[R); (43)

U, (1) is the NC gauge group generated by the elements U € U,(1). The infinitesimal gauge
transformation U = 1 + iw(x) defined in the NC Moyal space is the same as the ordinary
infinitesimal gauge transformation in commutative space. Making the gauge transformation
of the tensor F},, into F lijv = U x F,,,  UT, then the transformed gauge action yields

Sy = ed®x(Ux Fuy Ul % Ux F* % Ul xe™)

e

1
~1a edzx(U*FW*F‘“’*UT*e_l)
K

1 2 v i -1 va v 1 -1
13 ed"x(Fuyx F"" x U xe™ x U +2S(A)U, X“(Fuyx F"" x U xe7)))
K

(44)

Proposition 3.1. Provided the stubborn requirement that the surface terms be vanished, the
action (36) is invariant under the global gauge transformation, i.e. setting @ = oy = ¢ in
(43).

Proof. From the infinitesimal gauge transformation U («) = 1 + i (x), its conjugate given
by Uf(a) = 1 — ia(x) and the definition e~! := 1 + w, x", where w; = wll2 and w, = —w%z,
we have
Ulxe™ =7 (1 —ia(x)) + 10" 9,a(x)w,
SUlxe 'xU=¢"+ (:)’“’wvaﬂoz(x) =e 14 0" w,d,0(x).

Uxe'xU=e¢"'= 0"w,d,a(x) =0= ax) =a = ™.

Furthermore, the following statement is true.

Proposition 3.2. Provided the same requirement of vanishing condition of the surface terms,
(i) the action (36) is invariant under the NC group of unitary transformations U, (1) defined
by the parameter o = oy +€,x°, where €, is an infinitesimal parameter and o is an arbitrary
constant, and (ii) there exists an isomorphism between the NC gauge group induced by (32)
and U, (1) group.

6
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Proof. Part (i) is immediate from the previous proof. (ii) Imposing the condition
o = aq + €;x”, the NC gauge transformation (32) is reduced to the form

Sale = dgot — €,0"°0,A, =9, (55% - eﬂ®”pAg> —9A (45)
giving rise to the isomorphism

oA — éd =1 +i(% — 6,1@””A0> (46)
mapping the NC gauge group (32) into the U, (1) group. |

Therefore, the U, (1) group can be considered as the invariance NC gauge group for the
Yang-Mills (YM) action defined in (36). Note that setting €, = 0, we recover the global
gauge transformation of the usual gauge field theory.

The A, variation of the action (36) is given by

1
SASym = _4_2/ d*x (8ApE4 +dpJP), 47)
K
where the equation of motion of the field A is provided by
S
1 = Ea = —0u(e(F ) + Bue(FP e ) — el Ay, (FP e
B

+ie[Ay, (F* e "] — 208,09 (3,(—e A (FF" e} + eA {F* e7'),))
— 20, O% (0, A {F*P e}, — 0,A(FF" e7'),) + 2e(wf (FP e '),
—wf (FF' e }) =0 (48)
and the current J# by
B 1 pv -1 up -1 s B Ya v —1
JP = —m[eSAV{F s Y —eSAF e ), —ieel (T (M)A, X [Ay, {F*, e L],)

+ T (A)([8Ap, Al X{F™, e71)) +28(A) (Af, XA {F™, e '1)))
— 208 .OPeS Al A (F™, e}, + eel (T(A)SF™, XUF", e '),)

+2S(A)(F™, XSF* x e~ ")), (49)
where [6A[,, Ayl =84, xA, — A, x8A, —6A, A, + A, x5A,. Using the property that
F* = —F'* and the fact that the surface terms are canceled, the equation of motion £4 = 0
and the current J# can be re-expressed, respectively, as
3S

8:‘“ =&y = —20,(e{F" e71),) — 40 .OPd,(eA, {FME, e71))
B

— 4l O, A {F*P 7'}, +de) (F' e} =0 (50)

and
1
JP = W(eSAM{F”ﬂ, e+t OPes A A {FM, e '),). (51)

Let us now deal with the symmetry analysis and deduce the conserved currents. Performing
the following functional variation of fields and coordinate transformation

A:L(x) =A,(x)+84,(x), x™ = x" + e, et =8x" =0, (52)

and using d’x” = [1 + et +0(e?)] d?x = d*x lead to the following variation of the action,
to first order in A, (x) and §¢°(x):

- *([,'YM*el)} —/ ed’x (Lym*e™)

a
5SYM=/€d2X{ al
ax

= / d*x 8((Lymx e Ne) = / d*x{84, (Lym *x e He))}, (53)
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where
1 Y / 1 1234 U
£YM = —4—K2F *F//.v and ﬁYM = —4—K2FU *F;l,v' (54)

On shell, and integrated on a submanifold M C R? with fields non-vanishing at the boundary
(so that the total derivative terms do not disappear), we obtain

8Sym = f d*x9,7° = 0. (55)
M

Proposition 3.3. The NC Noether current J° is locally conserved.

Proof. The analysis of the local properties of this tensor requires the useful formulas

SuA, = €,(1+0O”70,A,), Wy, = —w;,
I Iz p . . (56)
dge = —wg, (F*, e "}, =2e  FM,
A straightforward computation gives
JP = %(1 + O3, A FP = d5JF = Z—’;(l +©P9,A,)d5 F*P. (57)
The equation of motion (50) can be simply re-expressed in the form
3, F" =20, F" — 40,0 (3,A,)F"* — 20,07 A,,d,F". (58)
Now using the fact that ew = 0 yields the result. ]
Remark 3.4.
e The equation of motion (58) is reduced to 3, F*# = 0 in an ordinary Moyal plane.
e The action of gauge theory covariantly coupled with the matter fields defined by
S =5ym+Su, 59)
where
NYES /2 e dx[ (0) (=i V,, +m) Y () + 2 (F * Y x P % §) (x)
R
Py x Y] xe, (60)
is also invariant under global gauge transformation (§v = iy, 8¢ = —iapy). The

current can also be easily deduced in the same manner as above.

4. Case of commuting vector fields

Consider the non-coordinates’ base e, = 8} + ', x* and the symmetric tensor (between the
index a and b) w';,. Then, the twisted star product is naturally associative since

B moaoo
[Xo, Xp] = 0l 3, — 8, = 0. 1)
The matrix representation of ¢/ is given by
1.1 1.2 2.1, .2 .2
() = I+w;x" +wp,x WX+ oi,x 62)
a7\ olx'+wlx? 1 +w5x! + w2 x?
12 22 12 2
and
1o ) 2 1 2 .2
o [l—opx —opx —W[ X — WX
(@) = —olx! —wlx? 11—’ x' —wix?)’ (63)
12 2 12 22
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Further,
e =det(e) =1+ (0], +wi)x" + (w3, + w1,)x°

2

64
e = det(eZ) =1- (a){1 +a)%2)x1 - (a)%z + a){z)x . ©4)

~ 0
The NC tensor is provided by (©)*’ = fe~! (_1

= —aw}, . Finally, the solution of the field equation e, = 00"

1 . . .
0). Besides, the matrix ez can be written

a _ sa ab ab
as e, = &y, +w;’x,, where o}

is well given by ¢* = x¢ + %w:‘j’xbxvéff as deduced in [7]. The ¢¢ variation of the action can
easily be computed and the resulting equation of motion is

(SS — v v -
a;cM = Epon = ¢ X (Fuy % F™) = (X F*"){Fpyy ™'} = 0. (65)
This variation generates the current
B
K = —%[(—Fw * FI % 8¢Pe™) + T(A)(Xo(Fup x F™), X (8% 7))
K

— T(A)(¢" (XaFpn), XP{F™, e 1) + 8" (Fu % F* xe™)]

+28(A) (8¢ (X Fy) x ¢!, XPFIY), (66)
Performing the transformation ¢’“(x) = ¢°(x) + 3¢°(x), where §¢°(x) = ia » ¢“(x), with
o = ap or ¢ = «y, the variation of the action yields the result:

8Sym = / d’>x8((Lym x e~ He)
= / dx{84, (Lym* e e) +8pc (Lym* e~ e)}

= / d®x0,(J° +K°) =0 (67)
M

Then J° can be computed in the same way as for symmetric /,. See relation (49). The
gauge invariance of the YM action furnishes the current 7 ° = J° + K°. Under vanishing
condition of the surface terms, J is locally conserved on shell.

5. Concluding remarks

In this work, we have defined the twisted connections in noncommutative spaces and discussed
NC gauge transformations. Then, the YM action, twisted in the dynamical Moyal space,
has been proved to be invariant under U,(1) gauge transformation with the parameter
o = g + €,x", where €, is an infinitesimal parameter and «y a constant. The gauge action
is defined in two-dimensional Moyal space with signature (1, 1). The NC gauge-invariant
currents are explicitly computed. These currents are locally conserved.

Finally, it is worth mentioning that the approach developed here can be extended to
investigate twisted gauge theory in finite D-dimensional Moyal space. The only technical
difficulty resides in the fact that the choice of @ could not be arbitrarily made. For this reason,
the canonical form of ¢/ given by 8, + @', x* seems to be natural. The trivial case @ = 0
corresponds to NC YM theory, well known in the literature.
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Appendix

Notwithstanding the condition [X,, X;] # 0, i.e. @, is skew-symmetric, the twisted x-product
defined in (2) remains noncommutative and associative. Indeed, using the twisted star-product

(f %)) = m [exp (%ee—‘e““aﬂ ®0,)(f @], (A1)
one can see that

ek 4 olgx _ gilk+q)x e—%@e’lkeq‘ (A.2)
The Fourier transform of f, g € S (R%) can be written as

fk) = / dre™ ), g@ = / dixe g (x), (A.3)
with the function inverse transform given by

[ = / ke fk), g = f &g ez (q). (A4)
We can redefine the twisted star-product of two Schwartz functions f, g as

(Feo)0) = [ g Fhozia) & vt

- / Pk d’q f k) (q) et or e30¢ kea, (A.5)

Then, we have
((f %) % ) (x) = [ / &k dq f(k)é(q)e‘”e'“qeiwx} * U &p ei”f?(p)]
- / Pk d?qdp F)Z(q)h(p) (e 1% 'kea gitkrarny y gipx, (A.6)

Recalling that e™! = 1 + w,x*, we obtain

1

((f *®) x ) (x) = / @k dq & p f(0F(@h(p) e s Wheamaetkenm) gm0 ke
x ei(k+q+p7%0wkeq)x
_ / &2k d2q dzpf(k)g(q)fz(p) e—%(9keq+9(k+q)ep—%sz(keq)ep)
% ei(k+q+p7%Ow(k+q)ep7%9wkeq)x. (A7)
On the other hand,
(f * (g M) (x) = / Pk d’q Ep fR)F(@h(p) el x (e720¢ 17 ellap)ry
_ / &k d2q dzpf(k)g(q)fz(p) e—%(9qép+8ke(q+p)—%02w(keq)ep)
% ei(k+q+p—%0wqép—%9wke(q+p))x (AS)

A straightforward expansion shows that (A.7) and (A.8) coincide. This results in the conclusion
that the used twisted star-product (2) is well associative.
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