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Abstract. We study the first eigenvalue of a A-dependent cooperative
elliptic system involving two quasilinear operators. By variational argu-
ments, we find an expression for the limit of this eigenvalue as A — —oo,
which improves and extends (for gradient quasilinear systems) a result
proved by Alvarez Caudevilla-Lépez Gémez [4] and Dancer [9]. We ap-
ply this result to deduce the existence of strictly principal eigenvalues
(i.e., whose eigenfunctions have both components positive) of a weighted
system and extend the results proved in Cuesta-Ramos Quoirin [7] for
the scalar case.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

Let © be a bounded domain of RY and a, 3, p, ¢ be constants such that

1 1
a>0,0>0,p>1,g>1 and ot —I—ﬁizl.
p q
In this article, we study the eigenvalue system
—Apu — Aa(x)[ulP~2u — b(z)|[u|*Tufv)Po = pluP?u in Q
—Agv — Ad(2)|v|97 %0 — b(@)|u[u[v]Pv = pvlf %0 in Q

u=v=0 on 99,
(1.1)

where Apu def div(|Vu[P~2Vu) is the p-Laplacian operator and A is a real
parameter. The coefficients a, d are allowed to change sign in €2, while b is
assumed to be non-negative in €, so the above system is cooperative.

The motivation for considering (1.1) is twofold. Firstly, we are interested
in studying its first eigencurve, which is a A-dependent curve set as the first
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eigenvalue of (1.1). The study of the behavior of this curve goes back to [13]
in the linear scalar case and allows one to deduce the existence of positive
solutions (on both components) for the system

—Apu — b(2)|u[*Tulv[fv = a(z)|[u[P~2u  in 9,
—Av = b(2)|u[ulv[P v = Md(2)[v]?" %0 in  Q, (1.2)
u=v=0 on 0N

It is important to note that (1.2) has “semitrivial” solutions of the form (u, 0)
and (0,v), and consequently A\ ,(a) and Aj 4(d) are “semitrivial” principal
eigenvalues of (1.2). Here A\j ,(m) is the positive principal eigenvalue of

—Apu = dm(z)[u’2u, ue WIP(Q).

In view of this fact, let us agree to say that an eigenvalue of (1.1) or (1.2)
is strictly principal if it associated to an eigenfunction (u,v) such that
u,v > 0. Principal eigenvalues of quasilinear systems such as (1.1) and
(1.2) have been investigated by several authors over the last years (see, e.g.,
[10, 16, 17]).

In [7], the authors have investigated the scalar version of (1.2), which
reads

(Prm)

—Apu + V(2)|uP~2u = dm(z)|ulP2u  in Q,
u=0 on Of.

They proved that the existence of principal eigenvalues for this equation
depends on the value

a(V,m) <

inf { /Q (VP + V(@) [ul?) : u € WOLP(Q),/Q ufp = 1,/Qm(:1:)|u]p ~0}.

Roughly speaking, the positivity of «(V,m) is a necessary and sufficient
condition for (P,,) to admit a principal eigenvalue. In addition, it is shown

that if m > 0 and Qg L) \ supp m is sufficiently regular, then a(V,m) is
the first eigenvalue of

—Apu+ V(2)|uP~2u = AuP"2u  in o,
u=20 on 0Qg".

This result, for a general second-order uniformly elliptic and linear operator,
but under stronger assumptions on m and §2fj’, has been established in [14].

The second motivation for studying (1.1) comes from [2, 4, 5, 9], where
the main issue addressed is the asymptotic behavior of the first eigenvalue
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of the linear cooperative system

(L1 +Xa)u—bv=71u in Q,
(Lo+Ad)v—cu=71v in €, (1.3)
u=v=0 on OO

def
Here Lyu =

—8i(afj(9ju) + BEO;u + %, k = 1,2, are two uniformly strongly
elliptic operators; i.e., afj(ac)nmj > o|n|? for some o > 0, k = 1,2, and every
x € Q and n € IR2. Moreover, afj,ﬁf,'yk,a, b,c,d € L*(Q), a,d > 0, and
b,c > 0 almost everywhere in ). This system is important in population
dynamics models where the species are cooperative and the environment is
nonhomogeneous in the space variable, as discussed in [3, 4, 9].

In [9], the author improves the main result of [4]. He assumes that {2 can
be decomposed in two parts Aj, Z1 such that A; is open and

szluzh leQ\Zl
(Hp) a=0on A;, a>0ae onZ -
Hi (A1) ={u € H}(Q); u=0 a.e. on Q\ A1}.

The latter assumption is a regularity condition on A;, which is discussed for
instance in [8, 11]. Moreover, A; has only finitely many components. A simi-
lar decomposition is assumed involving As, the set where d vanishes. Let 7(\)
denote the first eigenvalue of (1.3). The author shows that limy_,, 7(\) = 7,
where 7 is the first eigenvalue of

Liu — bPv = Tu,
Lyv — cPu = v, (1.4)
u € H&(Al),v S H&(AQ)

Here Py def XA;nA4,%, where x is the characteristic function. Moreover,
7 < min{A (A1), A (42)},

where ;\1(Ak) is the principal eigenvalue of Lyu = Au, u € H}(Ay), k = 1,2.
An alternative proof of this result by a I'-convergence approach and under
simpler assumptions has been provided by [2].

Given a measurable function w defined on €2, we set Qf L) \ supp w,
where supp w denotes the support of w in the measurable sense.

One of our purposes here is to simplify as much as possible the above
decomposition condition on . To this aim, we shall assume a regularity
condition on the sets where a and d vanish. More precisely, we use the
notion of p-stability, which we recall now.



1110 Liamipt LEADI AND HUMBERTO RAMOS QUOIRIN

An open set E C IRY is said to be p-stable (in the capacity sense) if, for
every u € WIP(RN),

u = 0 quasi-everywhere in RN \E = u =0 quasi-everywhere in ]RN\E.

(1.5)
Let E be an open subset of ). Recall the following characterization of
W, P(E) (cf. [12, Theorem 3.3.42]):

ue WyP(B) <= ue WyP(Q) and @ = 0 quasi-everywhere on Q\ E,

where @ denotes the unique quasi-continuous representative of u. From (1.5),
it follows that if E is a p-stable subset of €2 then

u € Wol’p(E) = u€ Wol’p(Q) and @ = 0 quasi-everywhere on Q\ E. (1.6)

Therefore, if a > 0 and §2f is p-stable then we can deduce that u € WO1 P(O3)
whenever [, a(z)|u[’ = 0 (as shown in the proof of [7, Proposition 11]).
Note also that the third assumption in (Hp) is equivalent to (1.6). Let us
remark that any Lipschitzian domain (more generally, any domain satisfying
the uniform exterior cone property) is a p-stable set. We refer to [6, 12] for
other characterizations of p-stable sets and more details on this subject.

In contrast with [2, 4, 9], our method is solely variational, and, as a
consequence, we only deal with the gradient version of (1.3). However, our
approach works in a quasilinear setting and applies also if a or d change sign.

The system (1.1) is a particular case of

—Apu — Aa(2)|ulP~2u — b(x)[u|* Tuvlfv = pluf?u in Q
—Agv — Md(z)|v|9 %0 — c(z)|u[uv|*~ v = p|t% in Q
u=v=0 on 09,
(1.7)
which reduces to (1.3) when « = 8 =0, p =¢ =2 and L; = Ly = —A.
Actually, (1.7) is a gradient-type system if and only if b = ¢, in which case
it reduces to (1.1).
We assume throughout this work that the weights a, b, d satisfy the fol-
lowing conditions:

r>N/p if 1<p<N,
r>1 if p>N.

s s>N/q if 1<q<N,
(H2) d € L*(Q2) where r 1 i g> N,

(H3) b(x) € L"(Q) N L*(Q2) and b(x) > 0 in Q.

(H1) a € L"(§2) where {
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We refer to (u,v) € WyP(Q) x Wy () \{(0,0)} as a (weak) eigenfunction
of (1.1) associated to the eigenvalue p provided

[ (19l 29u50 = data) a6 — o)l ol us) = s [ fup~us

Q Q

and

| (19el290vw = Ad(@)lel 200 = ba)fol? fulHow) =g [ (ol 2o
) Q

for every (¢,v) € WoP(Q) x WyY(Q). These equalities are equivalent to
VJI\(u,v) = pVI(u,v),

where
e 1
Ta(u,v) / (IVul? — Aa(@)]up?)
p Q
B+1 o
hd / (IVol? — Ad(2)]o]?) — / b(a) [l o] P,
q Q Q
and

I(u,v) d:Ef/Q (O[;lm]p + ﬁq‘Fqu) : (1.8)

These functionals are respectively weakly lower semi-continuous and weakly
continuous on W, (Q) x Wy(Q) whenever (H1) — (H3) are satisfied. For
convenience, we also set

Au) % /Q (@), D) /Q d(z)v]?, and

Bluo) [ bl o
Q
for u € WP(€) and v € Wo?(Q). Let
MY Lu,v) € WEP(Q) x WH(Q) : I(u,v) = 1}, (1.9)

which is a C* submanifold of W, () x W, 9(€2). By the Lagrange multipli-
ers rule, critical points of J) constrained to M correspond to eigenfunctions
of (1.1).

We state now our main results.

Theorem 1.1. Under (H1), (H2) and (H3), the system (1.1) has a first
etgenvalue, which is given by

def .
A) = f  J(u,v). 1.10
p1(A) Wt A(u,v) (1.10)
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Moreover, pui(\) is the only strictly principal eigenvalue of (1.1), it is simple
(i.e., given two eigenfunctions (u,v), (ug,vo) associated to pi(N), there is a
positive constant k such that u = kug and v = kp/qvo), and the following
properties hold:

(1) sup pi(A) =0, where
AR

0 = 0(a,b,d) < inf {Jo(u,v) : I(u,v) = 1, O‘; Law) + %HD(U) = 0} .

(2) Ifa,d >0, then limy_._ o, u1(\) = 0. If, in addition, Q¢ and QF are
non-empty and p-stable then 0 is the first eigenvalue of
—Apu — b(2)|u|* Tulv|Pv = v]u|P2u,
—Agv — b(2)|u|u|v|P v = v]v|? 20, (1.11)
ue Wo(Q8),v e WyP(0),
and 0 < min{\; ,(Q2), M 4(QD)}, where A\ ,(Q) denotes the first

eigenvalue of —A, in Q0. Moreover, equality holds if 2§ N Qd = (.

Note that the second statement in the above theorem extends to (1.1)
the result proved in [2, 4, 9] for the linear self-adjoint case, without any
decomposition assumption related to the zero sets of a and d.

Using the properties of u1(A), we derive a condition that guarantees the
existence of strictly principal eigenvalues of (1.2) (since these ones are pre-
cisely the zeros of p1).

Theorem 1.2. Assume (H1), (H2) and (H3).

(1) If a,d > 0, then there exists a strictly principal eigenvalue of (1.2) if
and only if @ > 0. In this case the strictly principal eigenvalue is unique and
1s characterized by

/\1 = /\1(0,, b, d) = inf Jg(u,v), (1.12)
M+
a,d

where

M, {(u,0) € WEP(Q) x WH(Q) -

a+1 B+1
u
p q

(2) If either a= # 0 or d— # 0 then there exists a strictly principal eigen-
value of (1.2) if and only if 0 > 0. More precisely

(a) If 0 > 0, then (1.2) admits exactly two strictly principal eigenvalues
A1 < A1, with A1 given by (1.12) and

A1 =A-1(a,b,d) = — inf Jo(u,v) (1.13)

a,d
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where

—  def

M, () € WEP(9) x W) - A F+1

A(u) + ——D(v) = —1}.
) (u) . (v) }
(b) If 0 =0, then (1.2) has a unique strictly principal eigenvalue \1 given

by

A1 = Ai(a,b,d) = inf Jy(u,v) = — inf Jy(u,v).
Mia Maa

These infima are not achieved. Moreover, any function (u,v) in Wol’p(ﬂ) X
Wol’q(Q) satisfying

Ly + 2 = o (1.14)

u,v Z0 and

s an eigenfunction associated to Aq.

The above theorem extends to (1.3) the result proved in [7, Theorem 7],
for the scalar case.

The Lebesgue norm in L"(€2) will be denoted by || - ||, and the usual norm
of Wol’p(Q) by || - ||. The weak convergence is denoted by —. The positive
and negative part of u are defined by u* := max{=+u,0}.

2. PROOF OF THE RESULTS

We start by minimizing J) on M. For this purpose, we need the following
inequality, which is similar to [7, Lemma 2].

Lemma 2.1. Let (w1,w2) € L"(Q) x L%(QY), with r,s satisfying (H1) and
(H2) respectively. If wi,wa > 0 on Q then there exist three positive constants
C4,Cy, Cy such that

/(]Vu\p—irwv]q) SC&J)\(u,v)—i—Cg/wlu\p—i—Cg/wg\v]q (2.1)
Q Q Q

for every (u,v) € Wy P(€2) x Wy (9).
Proof. By Holder’s inequality, we have
[A()| < llallpllully, D) < [ld]ls]v]

pr’ qs’’

1 1
Bluo) < [ bo)[*alr + o

p+1
q

<a+1

o[l i3, + 19111115
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On the other hand, according to the proof of [7, Lemma 2], for every ¢ > 0
there exist M., M. > 0 such that

HUHZT/§€/|Vup+M£/w1‘u|p, Hv||gs,§5/|Vv‘Q+Mé/w2v|q, (2.2)
Q Q Q Q

Thus, we have

1 1
ot /\Vulp+ﬁ+ /|Vv|q
b QO q

= Jn(u,v) + A [MA(u) + ZHD(U)} + B(u,v)

B+1
(I lallr + N6l iy, + — (Wlidlls + 1Blls) 0]l

a+1

< J)\('LL, U) +

We set ki = “E(Nllall + [Bll,), k2 = ZE2(Ad]- + [b]ls) and k =
max(ki, k2). From (2.2), one gets

1 1
@t /|Vulp+ﬁJr /|Vv|q
p Q q Q

< Jx(u,v) +5k:/(|Vu|p+ |Voul?) +k:ME/ w1|u|p+kMé/ walv|?.
Q Q Q

Let ¢ > 0 be such that k3 = min{o‘Tfl — ek, % — ¢k} > 0. Then

0< kg/(|Vu\p+ Vol?) < JA(u,v)—l—kMg/ wlyu\ukMg/ walu]?,
Q Q Q
and the result follows. O

We can now follow the standard minimization procedure.

Proposition 2.2. Assume (H1), (H2) and (H3). Then pui(\) defined in
(1.10) is the least eigenvalue of (1.1) and is a strictly principal eigenvalue.

Proof. Let us first show that Jy is bounded below on M. Indeed, taking
w1 =wy =11n (2.1), we have
0< [(VulP + 190t < Cu(w ) +C [ (P + o), (23)
Q Q
where C' = max(Csq, C3). Thus,
C1J\(u,v) +C >0 for every (u,v) € M,

so that Jy is bounded below on M. In addition, any sequence (uy,,vy) that
minimizes Jy on M is bounded in W, P () x W,'%(Q). Thus there exists
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(uo,v0) € Wy P(Q) x W,9(2) such that, up to a subsequence, (uy,v,) —
(u0,v0) in WyP(Q) x Wy (), and (un, v,) — (ug,vo) in LP(Q) x LI() and
in L' (Q) x L% (Q). Hence

I (ug, vg) < 11111 Iz (tn,vn) = p1(X) and (ug,v9) € M.
nN—-1+00

Consequently, Jy(ug,vo) = pi1(A). By the Lagrange multipliers rule, ()
is an eigenvalue for (1.1). Moreover Jy(|ul,|v|) = Jx(u,v) for any (u,v), so
that p1(\) admits a componentwise nonnegative eigenfunction. From the
Harnack inequality (cf. [15]), we deduce that ug,vo > 0 in §; i.e., p1(N) is a
strictly principal eigenvalue. 0

The following lemma shows that p1(\) is the only strictly principal eigen-
value of (1.1) and is simple, in the sense that there is a unique eigenfunction
(uy,vy) associated to pq(A) such that uy,vy > 0 and I(uy,vy) = 1. Such
(ux,vy) is said to be I-normalized. Note that up to now the condition
b(xz) > 0 was not employed yet.

Lemma 2.3. Assume (H1), (H2) and (H3).

(1) Let (u,v), (ug,v0) € Wol’p(Q) X Wol’q(Q) be two eigenfunctions of (1.1)
associated to pui(N). Assume also that u,v > 0 and ug,vg > 0 in Q. Then
there exists a positive constant k such that u = kug and v = kP/ 9y .

(2) p1(A) is the only strictly principal eigenvalue of (1.1). Moreover, there
is exactly one eigenfunction (uy,vy) associated to pi(\) such that uy, vy > 0
and I(uy,vy) = 1.

Proof. (1) Let us set

P p—1
L(&¢) = |VEF + (p - 1>§pw|f’ - pfbpl Vor-2Veve,
and
14
Ri.0) & (9P — VP29 (5) v

for any £ > 0 and ¢ > 0 two almost everywhere differentiable functions. By
Picone’s identity (see [1]), 0 < L = R and, if % € VVI})CI(Q), then L(§,¢) =0

if and only if £ and ¢ are colinear (the regularity condition % e WH(Q) is

loc
needed to infer that % is constant if V(%) = 0). We apply Picone’s identity

to u and ug + €, as well as to v and vg + €, for any € > 0. By integration we
find

OS/L(u,uo—i-a) :/R(u,uo+€)
Q Q
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:/Q[|Vu|”—|VUO|p_2V(WZ)p—1>VUO]

up
= up—i-)\/ax up—i-/bxuaﬂvﬁﬂ— /up_l
p [l [ @l + [ o) n | e
p P
—)\/a(ac)up_lu—/b(:v)ug‘ng “
Q ( Q

up + )P~ 1 (up +e)p=1

We let € — 0 to get

0< /QL(u, up) < /Qb(:lc)[uO"H'UBJr1 —ug_p+1vg+1up]. (2.4)
Similarly, one gets

0< /Q L(v,v9) < /Q b(a)[ucH P+ — ug P ), (2.5)

Since O‘T'fl + % = 1, multiplying (2.4) by O‘Tfl and (2.5) by % and adding
up, we get
a+1 8+1

0< p L(u,up) —i—TL(v,UO) < /Qb(m)Q(u, U, U, V), (2.6)

where
a+1 - +1 _
Q(U,UO,U,U()) _ ua+1vﬂ+1 o ugé p+1vg+1up _ g Ug+17)g q+1vq_
p q

Arguing as in [1], we write

e udr
uOt Bl — <ua+1 (; )(Uﬂﬂ 0 )7
ug'

with 6; = % and 0y = %. By Young’s inequality, one has

[% 0
wotly Al < & +1 (ua+1 ﬁ) ot i f+1 (,ﬁﬂﬂ)# (2.7)
P ugl q ng
_o+ 1upugfp+1véi+1 n B+ 1vqug+1vgfq+1;
p q
ie., Q(u,up,v,v9) < 0. Since b(z) > 0, from (2.6), we get L(u,ug) =
L(v,v9) = 0. Hence u = kug and v = vy, for some positive constants k, o.
Finally, we have
kP (—Apug) = —Apu

— Na(@)kP Tl 4 b(2) k@ ol T (V)RR  ul
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Dividing this equation by kP! and using the equation satisfied by ug, we
find k®~PT1§0+1 = 1. Similarly, from the equations satisfied by v and vg, we
get k@T1§A—a+1 =1 and thus 6 = k.

(2) Let (uy,vy) be an eigenfunction associated to pi(A) with uy, vy > 0,
and let (u,v) be associated to some eigenvalue v of (1.1), with u,v > 0.
Normalizing it, we can assume that I(u,v) = 1. It is easily seen that v >
u1(N). Arguing as before, one has

0< [ L) < ) -») [

A lux|P —i—/ﬁb(ac)[uf\”rlvf+1 — uo‘_pﬂvﬂﬂuf\]

0< [ Lon) < () =) [ o+ [ bl heft - ur ot eriag,
Q Q Q

and
0< Ga) =) [ (P + L o) + [ )@ us,v).

Since v > p1(A), we find once again L(uy,u) = L(vy,v) = 0, so uy = ku
and vy = kiv. But as I(u,v) = I(uy,vy) = 1, it follows that £k = 1 and
consequently v = pi(A) and (u,v) = (ux, vy). O

Next, we give some properties of uj(A) as a function of A. These ones
are simple adaptations of [7, Proposition 6]. In particular, we complete the
proof of Theorem 1.1.

Proposition 2.4. (1) 1 : R — IR is concave and differentiable. Moreover,

i (N) = _(a + 1A(uA) + ﬁq_HD(vA)) for every A € IR. (2.8)

Here (uy,vy) is the I-normalized eigenfunction associated to pi(\) with
uy, vy > 0.

(2) If either a* # 0 or d* # 0, then limy_, 4o p1(\) = —0c0.

(3) If a,d > 0, then py is strictly decreasing.
(4) supyer p1(X) = 6. Moreover, if a,d > 0 on §, then § = co. Other-
wise, 6 is achieved by some (&o, (o) € Wol’p(Q) X Wol’q(Q) such that &y, (o > 0.

(5) If a,d > 0 and Q&, Q4 are p-stable, then 0 is the first eigenvalue of
(1.11) and 0 < min{\;,(Q%), \1,4(Q8)}. Moreover, equality holds if Q& N
)

Proof. (1) The concavity of p; follows from the linearity of Jy(u,v) as
a function of A. In particular p; is continuous. Now let A, — A and
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(Un, vp), (up,vy) be the I-normalized and componentwise positive eigenfunc-
tions associated to pi(Ay), u1(A), respectively. Since the weights A\,a, A\pd
are uniformly bounded in L"(£2) and L*(Q2) respectively, we apply Lemma
2.1 with w1 = wy =1 to get

0< / (Vunl? + [Vonl?) < CiJ, (tns vm) + Co = Crptr () + Co.
Q

So we infer that (u,,vy,) is a bounded sequence in I/VO1 P(Q) x VVO1 (). Hence
there exists (@, ) such that, up to a subsequence, u,, — @ in VVO1 P(Q), v, =0
in W,9,(Q), up, — @ in L' (Q) and v, — T in LP*(Q). Then I(a,7) = 1
and from

pmA) = lm pa(An) 2 A(@,0) 2 (A

we derive that (u,7) = (uy,vy). Furthermore,

) = T s v0) = Tt ) + (A= o) (0 A + ”8:11)(%))
> i) + (= ) (S AGwn) + EEED ()

and replacing A (respectively ¢) by A, (respectively ¢,,) in this inequality
we have, for A, > A,

a+1 B+1 p1(An) — ()
—( ) A(up) + TD(vn)> < D
< (A + ﬁq“p(m)).

Passing to the limit as n — oo we get (2.8). A similar argument holds if
An < A

(2) Since a™ # 0 (respectively d # 0 ) there exists a function € € Wol’p(Q)
(respectively ¢ € Wol’q(Q)) such that A(§) > 0 and I(£,0) = 1 (respectively
D(¢) > 0 and I(0,¢) = 1). Then, for every A > 0 we have

a;_:[(/Q\V{]p—)\A(ﬁ)) — —00 as A — +o0.

(respectively u1(N) < 5;_1(/9 V(|9 — AD(C)) — —00 as A — +00).

A similar proof holds if either a= # 0 or d— # 0.

(3) This result follows clearly from the fact that QTTIA(U A) + %D(UA) >
0 for every A € R. Indeed, if A\; < A2, then pi(A1) = Jy, (ur,,vn,) >
g (Urg; vx) 2 1 (Aa)-

pi(A) <
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(4) Let us prove that supyer p1(A) = 6. First of all, it is clear that § >
p1(A) for every A € IR and that § = 400 if and only if a,d > 0 on . We
distinguish two cases:

(a) a,d > 0. In this case we know that () is strictly decreasing so that

sup p(A) = Hm (). (2.9)

Let A\, = —oo when n — oo and let (uy,,v,) be the I-normalized eigenfunc-
tion associated to p1(An). From (2.3), we have

/OVMW+WwPHﬂlmMM+C
Q

for every A, < 0. Thus (un, v,) is bounded in W, (Q) x W, 4(€2), and there
exists (u,v) € Wol’p(Q) X Wol’q(Q) such that, up to a subsequence, (uy,, vy,) —
(u,v) in Wol’p(Q) xW&’q(Q), and (t, vy) — (u,v) in L™ (Q) x L% (Q). Thus
I(u,v) =1 and

(© ) + @D(%)) 2.10)

0> lim py(Ap)>Jo(u,v) — lim A,
q

n—00 n——00

If a,d > 0 on §2, then

ot 1A(un) + ﬁq—HD(vn) Lot 1A(u) + ﬁqHD(U) > 0,

so, from (2.10), limy_,_ p11(A) = 400 = 6. Otherwise § < +o0, so that
is bounded from above and we conclude from (2.10) that
1 1
O‘: A(u) + ﬁZD(v) 0.

Therefore, (u,v) is admissible in the definition of § and, still from (2.10), we
get

0> lim py1(Ay) > Jo(u,v) > 6

n—oo
and the result follows.
(b) a= Z 0 or d~ # 0. In this case it follows from (1) and (2) that u
is bounded from above. Then supycp p1(A) is achieved at some A\ that

satisfies 1 541
«
0= 4 000) = (™ = Almy) + = = Dlor,))

We conclude that (uy,,v),) is admissible in the definition of ¢, and thus

0 < Jo(uxgs vay) = p1(Ao) = sup p1(A).
AeR

Then the conclusion follows.
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It remains to show that 6 is achieved whenever it is finite. Let (uy, vy,) be a
minimizing sequence for . Lemma 2.1 with w; = we = 1 shows that (uy, vy,)
is bounded in W&’p(Q) x Wy (Q). Up to a subsequence, (t,v,) — (ug, vo)
in Wol’p(Q) X Wol’q(Q), and (un,vn) — (ug,v0) in LP"(Q) x L(Q). A
standard minimization argument shows that 6 is achieved by (ug,vo).

(5) Let 6 be achieved by (ug,vg); i.e.,

1 1
Jo(ug,v0) =0, I(ug,vp) =1 and a;A(uo) + %D(vo) =0.
Since a,d > 0 almost everywhere in (2, it follows that A(ug) = D(vy) = 0.

From the p-stability assumption on Q¢ and Q¢, we infer that ug € WO1 P(O3)
and vy € W,4(Q2). Thus

0 = min{Jo(u,v) : (u,v) € WyP(Q2) x Wy l(Qd), [(u,v) =1},  (2.11)
)

where Jo, I are the restrictions of Jo, I to Wy P(Q4) x Wy %(Qg), respec-
tively. By the Lagrange multipliers rule, ((ug,vp),#) solves (1.11). More-
over, by (2.11), 6 is the first eigenvalue of (1.11). As A1 ,(Q8%) and A 4(8)
are eigenvalues of (1.11), we obtain § < min{\; ,(Q8), A1 4,(22)}. Finally, if
Q2N Q¢ = 0 then (1.11) reduces to the non-coupled system

—Apu = viu[P~2u,

—Agv = v|v|9 2, (2.12)

we WoP(95),v € Wy (),

whose first eigenvalue is clearly min{A1 ,(Q8), \1,,(Q3)}. O

We are now in position to prove Theorem 1.2.
Proof of Theorem 1.2. (1) By (3) and (4) of Proposition 2.4, it is clear

that 8 > 0 is a necessary and sufficient condition for the curve uq(A) to
vanish at some unique value A\;. It follows that

L aw + P )

p q

for every u,v such that I(u,v) = 1. Moreover, equality holds for (u,v) =
(uyr,,vy, ). From (2.8), we know that aTleA(u,\l) + %D(v)\l) > 0, so we can
set

Jo(u,v) > A\ (

m def U,y and ¥ def U,
N 1 L o 1
(2L Afur,) + ZED(wy,)) 7 (L A(un,) + ZELD(uy,)) @
Thus, Jo(@,?) = A1 and consequently (1.12) is proved.
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(2) By Proposition 2.4-(2), 11 () is concave and differentiable and p1(\) —
—o0o when A — oo, Thus, if # > 0 then z;(A\) = 0 for some A € IR which
provides a strictly principal eigenvalue of (1.2). Conversely, if (1.2) has a
strictly principal eigenvalue, say A, then 0 = p;(\) < 6.

(a) If 0 > 0, then p;(\) vanishes twice, let us say at A1 < A;. We claim
that pf(A_1) > 0. Indeed, assume that

1 1
phn) = -[* it

A(u—q1) + TD(U_l) =0,
where (u_1,v_1) is the I-normalized eigenfunction associated to A_;. Then
(u—1,v_1) is an admissible couple in the definition of # and we have
0 < Jo(u—1,v-1) = p1(A=1) =0,
a contradiction. Thus, we have shown that

LR 1)+ﬁ;rp(v ) <0.

After a renormalization we can assume that

“E A + D) = -1

Then formula (1.13) is directly deduced from the definition of (). A sim-
ilar argument holds for A\; and we omit it.

(b) If & = 0, then p1(N\g) = 0 at some Ao providing a strictly principal
eigenvalue of 1.2. Moreover, \g is unique and is a global maximum point of
14, SO

i 00) = —[=

Let us prove that \g = 1nfM+ Jo. Take (u,v) € M+d and assume that

Aur,) + Bq“p(%) _o.

u,v > 0 by replacing u, v by |u\ |v[ if necessary. Picone’s identity applied to
ur & min{u, T} and uy, + ¢ yields

OS/L(UT,U)\O—I-é) Z/R(uT,u)\O-l-e)
Q Q
P

= [ (o = 1929 (ot T

= [vurt =0 [ ato) (ot )t
—Ab(ﬂ(M)ukovf:l.
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In a similar way, applying Picone’s identity to vy = min{v, T} and vy, + ¢,
one gets

OS/L(UT,U)\O+€) :/R(UT,U)\O—FS)
Q Q
q

_ /Q [Vortt = [on 2V (L) Vou

_/ Vorl? — A /d T g-1
= [ 19l =0 [ dto) (),

q

v
o b T a+1,8 ]
o0 (e 5,

Now we let ¢ — 0 and T" — oo to get

OS/L(U,UAO)S/‘VUV’—)‘OA(U)_/b(x)upu(j\é()_p+lvf;_l’
Q Q Q

OS/L(U,UAO)S/ ‘vv‘p_A0D<1))—/b(m)vqu‘;:lvfo_‘ﬁ'l?
Q Q Q

and consequently,

1 1 1 1
p Q q Q p q

1 _ 1 _
—/ b(x) {a—k uPuf p+1vf+1 + b+ vqufﬂvf q“} > 0.
Q p 0 0 q 0 0

Hence, using (2.7) (where we replace ug,vg by wuy,, vy, respectively), we
deduce that Jo(u,v) > Ao for every (u,v) € M . Consider now the sequence

(Un,vpn) € ./\/l;“’d given by

" — Uy, + %
n 1
("‘TﬂA(u,\o +8)+ %D(wo + 1 ) v
" (2.13)
U)\O + n
Up = ,

(252 Alwr +2) + 251Dy, + 1))
where 1,7 € C§°(Q) are positive such that

a;rlA(w)+ﬁ+1

D(n) >0, / a(:c)u{”\o—lw >0, and / d(m)v?\o_ln > 0.
Q Q
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One can easily see that

a+1 +1
A(uAOjL?) +LD(%+Q) >0
p n q n

for n large enough. Moreover, by the mean value theorem, for such n we can
find 0 < t, Sny Ty Yn < % such that

o+ 0+ 2) = L[ 100 ) (B2 401
and
a+ 1A(u)\0 + %) + ﬁq—I—lD(v,\O + %)

- %[(Ox +1) /Q a(x)|uy, + xn?/)|P—1d) +(B+1) /Q d(x)|vx, + ynmq—ln}

Hence,

Jo(Un, vp) = JO(UAO+%’UAO+%) — Ao
e O‘TflA(uAO + TZ)) + %D(UAO + ﬂ)

n

n
Since (uy,, vy, ) satisfies (1.14) it is clear that g is not achieved. By repeating
the above argument for (u,v) € M_ , and 1, < 0 such that

1 1 _ _
a;— A(y) + ﬁ;D(n) <0, / a(x)ul Y4 <0, and / d(x)v}, <o,
Q Q

we can show that \g = infM_b Jo. Finally if (u,v) is such that

Jo(u,v) = a; LA@) + ﬂzlp(v) ~0,

after I-normalization, one has I(u,v) =1 and

sup p1(A) =0 = Jo(u,v) = Jy,(u,v) > p1(Ao) =0,

AeR
so (u,v) achieves p11(Ag). Then u = cuy, and v = cgmo for some positive
constant ¢ and the result follows. We put Ay = Ag. ]
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