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Abstract In this paper we develop an a posteriori error analysis of a nonconforming mixed
finite element method for the coupling of fluid flow with porous media flow. The approach uti-
lizes the same nonconforming Crouzeix—Raviart element discretization on the entire domain
(Rui and Zhang, Comput Methods Appl Mech Eng 198:2692-2699, 2009). The a posteriori
error estimate is based on a suitable evaluation on the residual of the finite element solution.
It is proven that the a posteriori error estimate provided in this paper is both reliable and
efficient.
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1 Introduction

There are many serious problems currently facing the world in which the coupling between
groundwater and surface water is important. These include questions such as predicting how
pollution spreads into streams, lakes and rivers, affecting the water supply. This coupling is
also important in technological applications involving filtration. We refer to the nice overview
[21] and the references therein for its physical background, modeling, and standard numerical
methods. One important issue in the modeling of the coupled Darcy—Stokes flow is the
treatment of the interface condition, where the Stokes fluid meets the porous medium. In
this paper, we only consider the so-called Beavers—Joseph—Saffman condition, which was
experimentally derived by Beavers and Joseph in [6], modified by Saffman in [45], and later
mathematically justified in [32-34,41].

There are two popular formulations of the coupled Darcy—Stokes flow, namely the primal
formulation or the mixed formulation in the Darcy region, see [2,23,26,27,37,42,43,52] for
some mathematical analysis. The authors in [52] studied two different mixed formulations:
the first one imposes the weak continuity of the normal component of the velocity field on the
interface, by using a Lagrange multiplier; while the second one imposes the strong continuity
in the functional space. Later on we call these two mixed formulations, the weakly coupled
formulation and the strongly coupled formulation respectively. The weakly coupled formu-
lation gives more freedom in the choice of the discretization in the Stokes side and the Darcy
side separately. The works in [23,26,27,44,52] are based on the weakly coupled formulation.
Researches on the strongly coupled formulation have been focused on the development of an
unified discretization, that is, the Stokes side and the Darcy side are discretized using the same
finite element. This approach simplifies the numerical implementation, only if the unified
discretization is not significantly more complicated than the commonly used discretizations
for the Darcy and the Stokes problems. In [2], a conforming, unified finite element has been
proposed for the strongly coupled mixed formulation. Superconvergence analysis of the finite
element methods for the Stokes—Darcy system was studied in [12]. Other less restrictive dis-
cretizations as the non-conforming unified approach [37,44] or the discontinuous Galerkin
(DG) approach have been proposed in [35,42,43]. Due to its discontinuous nature, some
(DG) discretizations for the coupled Darcy—Stokes problem may break the strong coupling
in the discrete level [42,43], as they impose the normal continuity across the interface via
interior penalties.

A posteriori error estimators are computable quantities, expressed in terms of the discrete
solution and of the data that measure the actual discrete errors without the knowledge of
the exact solution. They are essential to design adaptive mesh refinement algorithms which
equi-distribute the computational effort and optimize the approximation efficiency. Since the
pioneering work of Babuska and Rheinboldt [4], adaptive finite element methods based on a
posteriori error estimates have been extensively investigated.

In [44], anonconforming, unified finite element has been proposed for the strongly coupled
mixed formulation. The authors have used the Crouzeiz—Raviart nonconforming element for
the approximation of the velocity and piecewise constant functions for the approximation of
the pressure in both region; they further have added penalizing terms corresponding to the
jumps over the edges/faces of the piecewise velocities. An a priori error analysis is performed
with some numerical tests confirming the convergence rates.

A posteriori error estimations have been well-established for both the mixed formulation
of the Darcy flow [8,9,38], and the Stokes flow [1,5,11,19,22,31,40,46,50,51]. However,
only few works exist for the coupled Darcy—Stokes problem, see for instance [3,13,18,25].
The paper [13] concerns the strongly coupled mixed formulation where a H (div) conforming
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Residual-based a posteriori error estimates... 703

finite element method has been used, [3,23] concern the weakly coupled mixed formulation
while [18] uses the primal formulation on the Darcy side and [25] concerns a fully-mixed
formulation. To our best knowledge, there is no a posteriori error estimation for the strongly
coupled mixed formulation for the coupled Darcy—Stokes problem where a nonconforming
finite element method is used. Here we develop such a posteriori error analysis of a noncon-
forming mixed finite element method, that is a slight variant of the one proposed in [44]. The a
posteriori error estimate is based on a suitable evaluation on the residual of the finite element
solution. We further prove that our a posteriori error estimator is both reliable and efficient.
The difference between our paper and the references [3,13,18,25] is that our discretization
is nonconforming in both the Stokes domain and Darcy domain. As a result, additional terms
are included in the error estimators that measure the non-conformity of the method. In order
to treat appropriately this non-conformity, we further need a special Helmholtz decomposi-
tion (Theorem 3.1), a regularity result (Theorem 3.2) and an estimate of the non-conforming
error (Theorem 3.3).

The paper is organized as follows. Some preliminaries and notation are given in Sect. 2.
Because of the complexity of the problem in hand (Stokes—Darcy equations using Crouzeix—
Raviart element) a special section (Sect. 3) dedicated to technical results is incorporated to
facilitate the process of obtaining reliability result. Hence we prove a kind of Helmholtz
decomposition of elements of the natural velocity space H introduced below, an estimate
of the non conformity error by introducing an adapted Oswald interpolant which preserves
the continuity of the normal trace through the interface and a regularity result in €24 of the
solution of our Stokes-Darcy problem since one essential difficulty in choosing the unified
discretisation is that, the Stokes side velocity is in H' while the Darcy side velocity is only
in H(div). In Sect. 4, the a posteriori error estimates are derived.

2 Preliminaries and notation
2.1 Model problem

We consider the model of a flow in a bounded domain @ c RY (N = 2 or 3), consisting of a
porous medium domain 2/, where the flow is a Darcy flow, and an open region Q; = Q~ Qq,
where the flow is governed by the Stokes equations. The two regions are separated by an
interface I'; = 92y N 92;. Let I'; = 92 \ I'y, I = s, d. Each interface and boundary is
assumed to be polygonal (N = 2) or polyhedral (N = 3). We denote by ny (resp. ny) the
unit outward normal vector along 02, (resp. 9€24). Note that on the interface I';, we have
ng; = —ny. Figure 1 gives a schematic representation of the geometry.

For any function v defined in €2, since its restriction to €2, or to €24 could play a different
mathematical roles (for instance their traces on I'y), we will set vy = v, and vy = v|q,.

In 2, we denote by u the fluid velocity and by p the pressure. The motion of the fluid in
Q2 is described by the Stokes equations

—2pdivD(a) + Vp =f  in Q,
divu =g in €, (D
u=20 on Iy,

while in the porous medium 24, by Darcy’s law

uK‘lu—i—Vp:f in Qg,
divu = g in Qq, 2
u-ng =0 on[y.
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FS
= Q,: Fluid Region (Stokes flow) =
ng
[ :
—
7j
nS
= Q4: Saturated Porous Medium (Darcy’s law) =

Ty

Fig. 1 A sketch of the geometry of the problem

Here, 1 > 0 is the fluid viscosity, D the deformation rate tensor defined by

L (v v .
D)ij == = , 1 <i,j<N,
Wij =5 (ax,- e b

and K a symmetric and uniformly positive definite tensor representing the rock permeability
and satisfying, for some constants 0 < K, < K* < +o00,

K.£Te <ETK()E < K*6TE, VxeQq £eRV

f e [L2(Q)]Y is aterm related to body forces and g € L2(2) a source or sink term satisfying
the compatibility condition

/ g(x)dx =0.
Q
Finally we consider the following interface conditions on I';:
us -ng +uy -ng =0, 3)
ps — 2png - D(uy) - ng = py, “)
ran
Yo, -D(uy)-tj = —us-7j, j=1,...,N—1 Q)
o]

Here, Eq. (3) represents mass conservation, Eq. (4) the balance of normal forces, and Eq. (5)
the Beavers—Joseph—Saffman conditions. Moreover, {7;} ;=1 . ~—1 denotes an orthonormal
system of tangent vectors on I'y, k; = 7; - K- 7;, and « is a parameter determined by
experimental evidence.

Equations (1)—(5) consist of the model of the coupled Stokes and Darcy flows problem
that we will study below.

2.2 Weak formulation

We begin this subsection by introducing some useful notations.
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Residual-based a posteriori error estimates... 705

If W is a bounded domain of RY and m is a non negative integer, the Sobolev space

H™(W) = W"™2(W) is defined in the usual way with the usual norm || - ||,,,w and semi-
norm | - |, w. In particular, HOY(W) = L%(W) and we write || - ||w for || - llo,w. Similarly
we denote by (-, )w the L2(W) [LZ(W)IN or [L2(W)]V*N inner product. For shortness
if W is equal to €2, we will drop the index €2, while for any m > 0, || - [lm = - lln, 2
[“lmg=1"lmg and (,.); = (-, ), forl = s, d. The space Hj'(2) denotes the closure of
Cg° () in H™(Q). Let [H™ (2)]V be the space of vector valued functions v = (v1, ..., vy)
with components v; in H"(£2). The norm and the seminorm on [H™ (1Y are given by
N 172 N 1/2
1V lln.0:= (Z I v ||%ﬂ,g) and |Vl 0 == (Z |vi|,%,,9) : ©)
i=0 i=0

For a connected open subset of the boundary I' C 923 U 92, we write (., .)r for the L)
inner product, that is, for scalar valued functions X, n € L2(I"), one defines

Gonie = [ Aomes)ds ™
r
We also define the special vector-valued functions space
H(div, Q) := {v e [L>()]" : divv € L*(Q)} )

To give the variational formulation of our coupled problem we define the following two
spaces for the velocity and the pressure:

H := {ve H{div, Q) : vy € [H](Qs)]N,V =0 on Iy and v-ngy =0 on Iy}
equipped with the norm
I llm = (VIT+ v 17+ I dive 192, 9
and
0=L3}Q) = [q e L*(Q): /Qq(x)dx = 0} . (10)
Note that the vector valued functions in H have (weakly) continuous normal components on

I'; (consequence of Theorem 1.2.5 of [28, p. 27]).
Let us further introduce two bilinear forms

=

-1

=

o]

a(u,v) :=2u(D), D(v))s + (U7, vs - T, + w(K ', v)g,

~.
I
5
~.

b(v,q) = —/ gdivv
Q
and two linear forms

L(v):=(,v)q and G(g) := —(g,9)a.

The weak formulation of the coupled problem (1)—(5) can be stated as follows [52]: find
(u, p) € H x Q such that

a(u,v) +b(v,p) =L(v), VveH,

b(u, 9) = G(q), Vg € 0. (11)
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706 S. Nicaise et al.

Note that if g is of mean zero, (11) directly implies that (1), (2) and (3) hold (the differential
equations being understood in the distributional sense), while the interface conditions (4)
and (5) are imposed in a weak sense.

This problem has a unique solution as proved in [52, Section 3].

Theorem 2.1 Iff € L2V andg € L%(Q), there exists a unique solution (u, p) € Hx Q
to the problem (11).

2.3 Finite element discretization

In this subsection, we will use a variant of the nonconforming Crouzeix—Raviart piecewise
linear finite element approximation for the velocity and piecewise constant approximation for
the pressure. The existence and uniqueness of a finite element solution of the corresponding
discrete problem is proved like in [44].

Let {7} }5~0 be a family of triangulations of €2 with nondegenerate elements (i.e. triangles
for N = 2 and tetrahedrons for N = 3). For any T € 7),, we denote by hr the diameter of
T and pr the diameter of the largest ball inscribed into 7" and set

hr
h =max hy, and o3 = max — (12)

TeTy, TeT, pr
We assume that the family of triangulations is regular, in the sense that there exists o9 > 0
such that 0, < oy, for all 1 > 0. We also assume that the triangulation is conform with
respect to the partition of €2 into €25 and 24, namely each T € 7}, is either in €2, or in ©24. Let
7, and 7}1‘1 be the corresponding induced triangulations of €25 and ;4. For any T € 7, we
denote by £(T) (resp. N(T)) the set of its edges (N = 2) or faces (N = 3) (resp. vertices)

and set &, = | J E(T), N =, N(T).For A C Q we define

TeT, TeT,

E(A)={Ee& : ECA}L
Notice that &, can be split up in the form
En = En(RY) U En(Qa) U €4 (3%) (13)

where @ = Q; U T;. Note that £,(I';) is included in £, (32).

With every edges E € &, we associate a unit vector ng such that ng is orthogonal to
E and equals to the unit exterior normal vector to €2 if E C 0<2. For any E € &, and any
piecewise continuous function ¢, we denote by [¢]g its jump across E in the direction of
ng:
lim ¢(x +tg) — lim ¢(x —mng) for an interior edge/face E,
t—0+ t—0+

X) =
ele ) — lim ¢(x —tng) for a boundary edge/face E
t—0+

Based on the above notation, we introduce a variant of the nonconforming Crouzeix—Raviart

piecewise linear finite element space (larger than the space Hy, used in [44])

Hy, := (vi : viyr € [PY (DY VT € Ty, (vile, DE = OVE € E(27),
([va -mgle, DE =0 VE € E(24) U ER(0€24)}

and piecewise constant function space

O = {qn € L§(Q) : qur € P'(T) VT € Ty},

@ Springer
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where P (T') is the space of the restrictions to T of all polynomials of degree less than or
equal to m. The space Qj, is equipped with the norm || - || while the norm on Hj, will be
specified later on. The choice of Hy, is more natural than the one introduced in [44] since the
space Hj, approximates only H (div, ©24) and not [H L)1V, while our a posteriori analysis
is only valid in this larger space.

Let us introduce the discrete divergence operator div, € L(Hy; Op) N L(H; Q) by

(divpvp)r = div(vpr), VT € 7). (14)

Then, we can introduce two bilinear forms

N-1
an(u, v) = 2u %;D(u), D)7+ ; %(us TV T
+ M(K_lu, V)o,, Yu,ve H+H,
and
by(v,q) := —(gq,divyv)g, YveH+H;,, Vqe€ Q.
Then the finite element discretization of (11) is to find (uy, ps) € Hj; x Qj such that

[ah(um Vi) +bu(Vi, pr) + Jay, vp) = L(vy), Vv, € Hy, (15)

by, gn) = G(qn), Yan € Q.

This is the natural discretization of the weak formulation (11) except that the penalizing term
J(uy, vp) is added. This bilinear form J(., .) is defined by following the decomposition (13)
of &:

J(u7 V) :JQ;’(u! V) +JQd(u’ V)+Jan(u,V) (16)

where

Jorv) = (+2u) > hgl/E[u]E.[v]Eds,

Ee&n (@)
Jo,mv) = > hgl/[u]E.[v]Eds, and
Eeg@n  UE
Jog,(u, v) = Z h;;l/[ll'nE]E[V'llE]EdS-
Ec&,(0) E

Here, h g is the length (N = 2) or diameter (N = 3) of E. Note that each element of £, only
contributes with one jump term in J(u, v).
We are now able to define the norm on Hj, (see [44]):

172

N—-1

. 2 2 : 2

N vin:= E ViT.r + E (Vs - Tj Vs - T, LV g + N divev (7 +J (v, v)
TeT) j=1

Note that the difference between problem (15) and the formulation (4.2) from [44] relies
on the use of a larger space Hy,. This choice does not affect the existence result of problem
(15) since aj; remains coercive in Z, = {vy € Hy, : by(vi, qn) = 0,Vgq, € Op} (see the
proof of Lemmas 4.2 and 4.3 of [44]). Similarly a priori error estimates can be proved as in
Theorem 5.4 of [44]. In summary the following results hold.
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708 S. Nicaise et al.

Theorem 2.2 There exists a unique solution (uy, pp) € Hy, x Qy to problem (15) and if the
solution (u, p) € H x Q of the continuous problem (11) is smooth enough, then we have

lu—uy lp+ 1l p—pull S h(uglas + uglaa + 1psls + 1palia)- (17)

Here and below, in order to avoid excessive use of constants, the abbreviation x < y stand
for x < cy, with ¢ a positive constant independent of x, y and 7j,.

For v ¢ HN Hy, and forg € Qj, we can subtract (15) to (11) to obtain the Galerkin
orthogonality relation:

N—-1

o _ .

2 > DE@.DW)r + > Eo ey vy -ty + (K e vy — (e diviv)g
Texz—hx j=1 \/KJ

—(q,divpe)g —J(u,,v) =0, VveHNH,, Vge O, (18)

where here and below, the errors in the velocity and in the pressure are respectively defined
by

e=u—u, and &=p— py.

3 Some technical results

Our a posteriori analysis requires some analytical results that are proved or recalled. The first
one concerns a sort of Helmholtz decomposition of elements of H. Recall first that if N = 3,
Ho(curl, Q4) = {y € L*(Q24)° : curly € L*(Q24)° and ¥ xn=0 on Q).
Theorem 3.1 Any v € H admits the Helmholtz type decomposition
V=vy+Vy, (19)

where v, vi € H but satisfying vo € HY (Q)V,

_]0 in Q,
V1= [curlt/f in Qq, (20)
where € H(Qq) if N = 2, while y € H'(Q4)* N Ho(curl, Q) if N = 3, with the
estimate
Ivoll.e + ¥ e, S Ivia- 2D

Proof Fix v e H. As ysv € ﬁ%(f‘]), according to Theorem 1.5.2.3 of [30] if N = 2 and
Section 2 of [29] if N = 3 we can consider a lifting Rv € H 1(Q)N such that

YaRvV =ysv on Ty,
l YaRv =0 on Iy, (22)
that will satisfy
R < < 2
IRVILe 5 Invl gy o S IV, (23)

where y; is the trace operator in H L@V, 1 = s or d. Hence the function v — Rv will belong
to H(div, 4) and

(v—Rv)-ng =0 ondQy.
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Therefore by Corollary 1.2.4 of [28, Page 24], there exists a unique wg € HOl (22)N such
that

divwg = div(v — Rv) in Qy,
with the estimate
Iwoll1,e, < lldiv(v — Rv)[lo,- (24)

Hence this property of wg and the estimates (23) and (24) show that w = wy + Rv belongs
to H'(24)" with the properties

divw = divv  in 4,

YaW =ysv  only, (25)
Yaw =0 onIly,
and the estimate
wlie, S IIvIa- (26)

In a second step we notice that v — w belongs to Hy(div, 24) and is divergence free (i.e.,
div(v — w) = 0 in ©4), hence if N = 2, by Corollary 1.3.1 of [28, Page 40], there exists a
unique ¥ € HO1 (£24) such that

curly =v—w in Qy, 27)
with the estimate
l¥ine, S IV —wle, (28)
By (26), we then get
I¥le, S Ivila- (29)

Let us show similar results if N = 3. We first use Theorem 1.3.6 of [28, Page 48] to get
Yo € H(div, Q) N Hy(curl, 24) (divergence free) such that

curlyp =v—w in Qy, (30)
with the estimate
Vol Ho(eurt, ) < IV — Wlia,- €1y}
Then we take advantage of Theorem 1.1 of [15] that yields
Yo=%+ VP inQy,
with ¥ € H'(Q,)® N Hy(curl, Q) and ® € H] (Q,), with the estimate

Vi, + 1Pl1e, S 1Yol Hcurl,q)-

This estimate with (31) leads to (28) and hence to (29), while the identity (27) still holds
since curlyr = curlyy.
Now if we come back to (27), we have shown that

v=w+curly in Qg, (32)
and by the fact that i € HO1 (RQg) if N =2 and ¥ € Hy(curl, Q4) if N = 3, we also have
curly . n=0 onljy. (33)
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710 S. Nicaise et al.

Now defining v; by (20) and vq by

v in Q,
Yo = [w in Qg, (34)

we get the splitting (19) due to (32). By (25), we deduce that v( belongs to HO1 (N NH,
while (33) and the regularity of i yield vi € H. Finally the estimate (21) follows from (26)
and (29). O

The second result that we need is a regularity result for the solution (u, p) of (11).

Theorem 3._2 Let (u, p) € H x Q be the unique solution of (11). If f € H(curl, Q) and
K e [CO’I(Qd)]NXN, then there exists € > 0 such that

ue [HI @Y.

Proof As (2) implies that
pKlu+Vp=f inQy,

as well as

divu = g in Qg,
with g € L2(24), we deduce that v := K~ 'u satisfies

curlv € L2(Q4), if N =2, andcurlv € [L*>(Q)]?, ifN =3,

and

div(Kv) € L*(Qq),
and the boundary conditions

(Kv) - n=0 only,

velH: T,

Hence using the lifting Rv € H'(€24)V like in Theorem 3.1, we deduce that vg = v — Rv
satisfies

curlvg € L*(Qq), if N =2, and curlvy € [L* ()], if N =3,
and
div(Kvo) € L*(Qq),
and the boundary conditions
(Kvg) -n=0 ondQy.
Hence the arguments from Theorem 1.1 of [15] (see also Theorem 3.5 of [16]) yield that
vo=v% +V® inQy,
with ¢ € H'(Q)" N Hy(curl, ) and ® € H} (), such that
div(KV®) € L?(Qy).
Since such a ® belongs to H Ste (R24) for some € > 0 (see for instance [20]), the result

follows. O
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Note that the regularity of u € [H 3+e (Q)1V, with € > 0 allows to give a meaning to
J(u, w) for any w € H U Hj, and hence to show that J(u, w) = 0 for any w € HU Hj,.
Let us finish this section by an estimation of the non conformity error.

Theorem 3.3 For any u;, € Hj, we have

inf fluy — wall; < J(up, wp). (35)
wpeHNHy,

Proof 1t suffices to built an appropriated element w;, of H N Hj, such that:
= wallj < J(un, up). (36)

This element is a kind of Oswald interpolant iosuh of uy, cf. [36].
Let us explain our construction in 2D, the idea being the same in 3D. Actually we take

iOsus,h = Z a)(gs)A‘X and iOsud,h = Z aid))bh (37)
xENhﬂQS xe/\/’hﬂfld

where A, is the standard basis element of
Pi(Th) :={v e C(Q) :yr € PY(T), VT €Ty}

associated with x and aﬁ’) € RN, [ = s or d will be appropriately chosen. The idea is that
we only need the continuity of the normal trace through I';. More precisely, we distinguish
different cases:

1. If x € Q; with [ = s or d, then we take the standard Oswald definition, namely

al) = Z up| 7 (x). (38)

TeT,:xeN(T)
2. If x € Ty, we need that
a = 0. (39)

3. If x € I'j\[y, we distinguish two cases:
3a. I'y is flat near x, which means that a tangential vector t, and a normal vector n, to I';
exist at x. In that case, we take

a)(cS) ‘N, = Ol)(cd) sy = Z (uh\T . nx)(-x)v (40)
TeT,:xeN(T)
al oty = > (wyrt)w), l=s.d. (41)

T TN :xeN (T)

3b. I'; is not regular at x, which means that no tangential vector and no normal vector to I';
exist at x. In that case, we define a)((l) by (38).
4. If x € I'y, then in the same spirit than in the point 3, we distinguish two cases:
4a. T’y is flat near x, which means that a tangential vector t, and a normal vector n, to I'y
exist at x. In that case, we take

@ .n, =0, 42)
a .t = > (up)7 - ) (). (43)

TeTNQq:xeN(T)
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712 S. Nicaise et al.

4b. 'y is not regular at x, and in that case, we take
al® =o. (44)

5. Ifx ey NTy, a)(f) was already defined in point 2, while for oz,(cd), we need that

«@ . n; =0, (45)
while we take
Dty = Z (up 7 - t1)(x), (46)
TeTNQy:xeN(T)

where n; (resp. t;) is the normal (resp.) tangential vector on the edge having x as vertex
and included into I';.

With this definition we show in Lemma 3.1 below that forall 7 € 7;, C ;,l = s ord
and x € NV (T), one has the estimate:

w7 (1) —a| < > e ualelle
Ee&(2)UE () x€E
_1
+ > hg I, - nglelle. (47)

Ee&, (T UEL(Ty):xeE

If this estimate holds, then for any 7' € 7, C €2;,1 = s or d since we have

IV, — Tosulir < D lur) — o),

xeN(T)
luy = foswnllr S hr D (uyr @) — e,
xeN(T)

we will get

~ _1
luy = Tosupllir < ( > hp luslel e

xeN(T) NE€&R(Q2)UEL(Qy):XEE
_1
+ > h? Il -nE]EnE). (48)
E€&(TUEL(Tg):xeE
Similarly for an edge E’ C I';, we have
~ 1
g = Tosusaller ShE D lugnr(x) — o,
xeN(E")

where T is the unique triangle included into €25 having E’ as edge. Hence by the estimate
(47) we deduce that

~ _1
g = Tosusnller S ( > g wple e

xeN(E") NEe€&p(Q)UEL(Qq):xEE
_1
+ > i Twy, -nE]EnE). (49)
Ec&E(TUEL(Ty):xeE
The estimates (48) and (49) directly lead to (36). O
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Residual-based a posteriori error estimates... 713

Lemma 3.1 Forall T € T, C ,1 = s ord and x € N(T), the estimate (47) holds.

Proof We distinguish different cases corresponding to the previous points 1 to 5 above. First
if x enters in the setting of points 1 and 2, the estimate (47) is proved in Theorem 2.2 of [36].
In the case 3a, we notice that by Theorem 2.2 of [36], we have

1
, L
[UFRACORE MEICRY NS > g lwy ]| g
Ee&p(Q2)UER(R):xeE

Since in that case n, corresponds to n;, we obtain that

_1
upr () -y — e omy| < > e IunlEl e
Ec&,(2)UEL(Ry):xeEE
_1
+ D gl nglelE. (50)

Eec&y(l'1):xeE

For the tangential component, we notice that oz)(f) -ty is the mean of the values of u; 5, - t, in

€2; around x, hence by applying Lemma 2.2 of [36] we get

N1

e () -t —al ] < Z [y pi7 0 () -t — @ pyr; (X)) - b,
Jj=1

where Tj, j =1, ..., N)El) are the triangles of the triangulation included into €2; and having
x as node. This yields

N -1
1
[ o7 (x) -ty — a ] < [y 7500 () — 0y py7; ()1,
J+ J
j=1

and since by the usual equivalence of norms in finite dimension, we have for any edge E and
any vertex x € N (E)

_1
P S h2liplle. Vp e PYE), (51)

we deduce that

_1
war@) - te—e® 6l S D wlele
EES},(Q])iXEE

This estimate and (50) lead to (47) in the case 3a.
In the case 3b, if we denote by 7}, j =1, ..., N, the set of triangles having x as node,

we can always assume that 7; C Quifj=1,..., N;d) with N,EZ) < N,. Hence using again
Lemma 2.2 of [36] we get
Ny—1

gz () — LTS D7 lawry,, (6) = wgr, (0,
j=1
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and by distinguishing the triangles included in 4 and €24, we can write

@_
X
1
()=l < D7 Tugry,, (1) = wyr, ()
Jj=1
N1
+ Z |uh\Tj+1(x)_uthj(x)|+|uh|TN'£d)+](x)_uthN;d)(x)L (52)
J=N 41

The two first terms of the right-hand side are clearly estimated since they correspond to jumps
inside 24 or 2. For the last term, as I'; is piecewise polygonal, let us denote by ny, n, the
two normal vectors of I'; at x, or more properly the two normal vectors of the two edges
E1, E; of the triangulation included in I'; that have x as vertex. Suppose that E is the edge
between TNX(d) and TN;@ 41 In the case 3b, these two vectors form an basis of RZ and therefore

_ < N — .
|uh‘TN)((d)+l (.X) Uh‘TN)Ed) (X)' ~ |uh|TN§d)+1 (x) nl UthN)(Cd) (X) nll
Hupr o )M —upr ,(x)-mgf (53)
Ny 41 Ny
The second term is convenient since it corresponds to the normal jump of uy, through E>.
For the first term, we make a complete tour around x, namely we write
Ne—1
u X)-n; —u, X)-np = w7, (x)-ny —uy7 (x)-n
thN.£d>+l( )-m h\TNid)( ) -y Zd (p7;y, (%) - My hT; (X) - mp)
j=N
w7y, (X) -0 —upr (x) - mg

N1
+ Z (g 7y, () - 11— uyr; (x) - mp).
j=1

This identity implies that

N -1
W7 g0, G B = W7 g () ] S >z, () — w0
. pi
Ny—1
+ D gy, () =z ()]
j=N

+ up 7y, (x) - My — i (x) -y
Using this estimate in (53) leads to
D1

hT, 0y, OO = W7, ) (] S > lunry, () — gz ()]

j=1
Ny—1
+ D g, () — uyr ()]
j=N
+ |up 7y, () -y —up7y (x) -0y
+ |uh|TN§d)+1 (x) -mp — T, (x) - mp|. (54)
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Coming back to (52) and using (54) we have shown that

N -1
) — a1 < D7z, () = upr; ()] (55)
j=1
Ny—1
+ D Ty, () — w0
j=N

+ g7y, (¥) -0y — w7y (x) -0

+ Iuh|TNX(d)H(X) ‘mp — “thN;d) (x) -mp|.

As before by using the estimate (51) we arrive at (47) in the case 3b.
The proof of (47) in the cases 4 and 5 is made in the same spirit and is left to the
reader. o

4 Error estimators

In order to solve the Stokes—Darcy coupled problem by efficient adaptive finite element
methods, reliable and efficient a posteriori error analysis is important to provide appropriated
indicators. In this section, we first define the local and global indicators and then the lower
and upper error bounds are derived (see Sects. 4.2 and 4.3).

4.1 Residual error estimators

The general philosophy of residual error estimators is to estimate an appropriate norm of the
correct residual by terms that can be evaluated easier, and that involve the data at hand. To
this end denote the exact element residuals by

R, 7 =f +2udivD(u,) — Vp, inT € 77, (56)
Ryr =f—uK 'y, —Vp, inTeT (57)

Asitis common, these exact residuals are replaced by some finite-dimensional approximation
called approximate element residual r; 7, [ = s, d,

rr € [PYT)IY onT e 7).

This approximation is here achieved by projecting f on the space of piecewise constant
functions in €2, and piecewise P; functions in €24, more precisely for all T € 7,7, we take

1
fr = —/ f(x)dx,
Tl Jr
while for all T € 74, we take fr as the unique element of [PY(T)]"N such that

/ fr(x) - qx)dx = / f(x) - q)dx, ¥qe[P'(T)".
T T
Finally the global function £}, is defined by

f, =fr inT, VT €7,
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716 S. Nicaise et al.

Hence
ry.r = f7 +2udivD(u,) — Vp, inT €7},
rgr =fr —uK 'y, —Vp, inTeTf,
Next, introduce the gradient jump in normal direction by

[CQuD(y) — ppl) -ng]g  for an interior edge/face E,

JEmng 1= [ 0 for a boundary edge/face E.

where I is the identity matrix of R¥*V,

(58)
(59

Definition 4.1 (Residual error estimator) The residual error estimator is locally defined by:

9 1/2
Or = (Z (~)2T) , foreach T € 7j.
i=1

where
Ofr:=hilrrly, ifT e l=sord,

o2 - ‘ hy |l curl(®, — K- twp) 17, if T e 77,

210 if T e7?,
©3 7 = |l g — divuy |2,
N-—1 2
VK
@lr= > hei>. wop 7+ 20 D) -7
Ee&,(TNT) j=1 1 E
Oy = > hp | pan— psn+2ung - D(ugy) - ng |7,
E€&,(dTNT )
> el Jemg 7. if T T3,
®éT — Ec&,(0TNRy)
’ > helllpalel  if TeTy,
Ec&ER(0TNRy)
O, = D hp I wlelE
Ec&,(3TNRy)
@ r= > hg'lwm-ngle |1}
Eec&ER(0TNOR,)
@r= > hpd+2w e 13

Ec&,OTNQ)

withuy p 1=y, and p;j = ppg,, 1 =s,d.
The global residual error estimator is given by:

O:=|> o7

TeTy

1/2

Furthermore denote the local and global approximation terms by

i = [hr | £—f llr, YT € 77,
D= hr (1 £ =8 lr +lcurdf —£)l7), VT € TY,
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Residual-based a posteriori error estimates... 717

and
1/2

=D ] - (62)

TeT)

The residual character of each term on the right-hand sides of (60) is quite clear since if
(up,, pr) would be the exact solution of (11), then they would vanish.

4.2 Efficiency of the a posteriori error estimator

In order to derive the local lower bounds, we proceed similarly as in [9,10] (see also [24]),
by applying inverse inequalities, and the localization technique based on simplex-bubble and
face-bubble functions. To this end, we recall some notation and introduce further preliminary
results. Given T € 7;, and E € £(T), we let by and bg be the usual simplex-bubble and
face-bubble functions respectively (see (1.5) and (1.6) in [48]). In particular, by satisfies
by € PX(T), supp(by) € T,by = 0sur dT,and 0 < by < 1 on T. Similarly, bg € P*(T),
supp(bg) Cwg :={T" €T, : E€ &)}, bg=00ndT ~ Eand0 < bg < 1in wg. We
alsorecall from [47] that, given k € N, there exists an extension operator L : C(E) —> C(T)
that satisfies L(p) € PX(T)and L (Pe=p,Vp e PX(E). A corresponding vectorial version
of L, that is, the componentwise application of L, is denoted by L. Additional properties of
br, bg and L are collected in the following lemma (see [47])

Lemma 4.1 Given k € N*, there exist positive constants depending only on k and shape-
regularity of the triangulations (minimum angle condition), such that for each simplex T and
E € E(T) there hold

lgllr S W aby> IrSli g 7. Yg € BX(T) (63)

lgbrlir < hy' 1l g llr. Yq € PX(T) (64)

Iple S0 p ISP lE. ¥p e PHE) (65)

I L(p) llr +helL(phr ShLZ I plle Vp e PE) (66)

To prove local efficiency for w C €2, let us denote by

2 2
IviGe= > IWir

T CcanSy

+ D0 (A vIF+ I divav (1)
TCconQy

+vs xnllf,ng + D Ir (v, v,

TCw
where
Jrvw =a+2w) > kel
Ee&y(QNNET)

+ > hFvIElz+ D R onglel

Ec&r(Qq)NE(T) Ec&r(0Q)NE(T)

The main result of this subsection can be stated as follows.
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718 S. Nicaise et al.

Theorem 4.1 Under the assumptions of Theorem 3.2, the following lower error bound holds:

Or Slelna + I ella, + D, ¢ (67)
T'Cor

where @ is a finite union of neighboring elements of T .

Proof We bound each term of the residual separately. Since by Theorem 3.2 the jump of u
is zero through all the edges of €24, hence for all i = 7, 8 or 9, we clearly have

O SIrwpuy) =Jrwy —w oy —w) < Ju—wy a7 (68)

Hence it remains to estimate the local indicators for i < 6.

(1) Element residual in €. Set wr :=r, rbr € [HO1 (T)1V and consider

/ Fop - W = / (£ + 2udivD(uy) — Vi) - wr 69)
T T

Introduce f and use the weak formulation (11) to get

/rs,T'WT:/(fh_f)‘WT
T T

—I—/ QuD®) : Vwr — pdivwr)
T
+ / QudivD(u) — Vi) - wr.
T
Integrating by parts in this last term we get

/ YT - WT =/(f;, —f)-wr +2M/ D(e) : V(wr) —/ edivwry.
T T T T

Cauchy—Schwarz inequality implies that

/ v -Wr S| E =1, 7]l wr llr +Qulelir+ |l e D) wrl,r.
T
The inverse inequalities (63), (64) and the obvious relation || wr ||[7<|| x5, 7 [|7 imply

2 —1 -1
I e, 175 ALE—Fn ll7 +hylelir +hy N ellr) I vsr 7,

or equivalently
Orr Shr lf—1f, v +lelir+ Nl ellr . (70)

(2) Elementresidualin 24.Setwr :=r4 1b7 € [HO1 (T)1V, use (11) and integrate by parts
to obtain

/ ryT W = / (fr — K 'wy, — Vpp) - wr
T T
= / (Fn — uK ', — V) - wr
T
+/ (K ~"u — ) - wr — pdivwr)
T

:/(fh —f).wr+/(MK*1e-wT — edivwy).
T T
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As before Cauchy—Schwarz inequality and the inverse inequalities (63) and (64) lead to
Orr Shrlif—fullr + 11K ellr +1lelr. (71)

(3) Curl element residual in 2.
For T € T¢, we set Cr = curl(f, — ,uK‘luh) and wr = Crbr. Hence we notice that
curlwr belongs to H and is divergence free, therefore by (11), we have

a(u, curlwy) = (f, curlwy),

or equivalently
/ (uK'u = f) - curlwy = 0. (72)
T

But by Green’s formula we may write

/ Cr-wr :/ curl(f, — f) - wp —l—/(f — ,LLKilllh) -curlwr,
T T T

and by using (72) we deduce that

/ Crwr = / curl(f, — f) - wp +/ MK_I(u —uy) - curlwy.
T T T

By Cauchy—Schwarz inequality we obtain

/ Cr - wr < |eurl(®, —Dllr[wrllr+ | K™ 'e |17 lcurlwr 7.
T

Again the inverse inequalities (63) and (64) allows to get
O21 SI K 'e lI7 +hr|lcurl®, — )7 (73)
(4) Divergence element residual in 2. We directly see that
g — divuy, = diva — divuy, = dive,
hence by Cauchy—Schwarz inequality we conclude
O3,7 =[ g — divuy, [|7<|| dive |7 . (74)

(5) Interface elements on I';.
To estimate ®4 r and Os 7, we fix an edge E included in I'; and for a constant rg fixed
later on and a unit vector N, we consider

wg =rgbgN,
that clearly belongs to H. Hence the weak formulation (11) yields
a(u’ WE) + b(WE, p) = (fs wE)wE’

that is equivalent to

QuD() : D(wg) — pdivwg) + [ (WK 'u-wg — pdivwg)
Ty Ta

N-1
e
+ — s -7, We s - T))E = (£, WE) g, (75)
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where T (resp. Ty) is the unique triangle/tetrahedron included in € (resp. $24) having
E as edge/face. On the other hand, integrating by parts in 7y and in 7 yields

/ 2uD(uy) : D(Wg) — ppdivwg) + / (K 'y, - wg — ppdivwg)
Ty Ta

N1
1

+ O U T WES  THE
=1 VK

QudivD(u,) — Vpi) - wg + / (WK "wy - WE + Vpn) - W
Ts

+ Z 7(115 hTj»WEs *Tj)E — /E([Ph]EWE ‘ng —2u(D(ug pnEg) - WE).

Subtracting this identity to (75) we find
N-1

oty
([pnlewe -ng —2uD(Ug pnE) - WE) — — 0y - T, WEs - T))E
= [ QuD(e) : D(wg) — edivwg) + (//,K_le -wg — edivwg)
Ty Ta

N—1
Mo .
+ —— (e - Tj, WE, -r‘-)E—/ (f 4+ 2udivD(uy)

—Vp)-wg — | (f—uK w, - wg — Vpp) - wg.
Ta

In that last terms introducing the element residual r; 7, we arrive at

/([Ph]EWE ng —2u(D(us,)ng - Wg) — Z e 1(ush Tj, WEs * Tj)E
o Vi
QuD(e) : D(wg) — edivwg) + [ (uK 'e - wg — edivwg)

T Ty

N—1
nay
+ — (e, T;,WEs " T;)E — f—f,+r - W
Zﬁ(s Jj E.s ])E Tx( h s,T) E

-1 +ra7) WE. (76)
Ta

e Toestimate ©4 r,foreachj =1,..., N—1,wetakerg = uh'rj—i—‘éiljZnyD(uh)'rj
and N = t;. With this choice, the identity (76) and the inverse inequality (65) yield

Irell% < / QuD(e) : D(wg) — edivwg) + | (uK 'e-wg — edivwp)
Ty Ta

N1
1

+ > (e T WEs  T))E
~ K]

—/ f -1, —l—rs,T)~wE—/ -t +rg7) WE.
T,

s d
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Hence Cauchy—Schwarz inequality, the inverse inequalities (66) and the estimates
(70) and (71) lead to

1 /K i
hgnuh~r,-+a—1’2ns.n<uh>-rj||55 lelnwp + lelhop + D, ¢y (T7)
T'Cowg

with o = Ty U T.

e To estimate ®s 7, we take rg = pg n — ps.h + 2ung - D(ug ;) - ng and N = ng. As
before the identity (76), the inverse inequalities (65) and (66) and the estimates (70)
and (71) lead to

1
hllpan — s+ 2mmy D) - lle S lelnwp + lellhw: + D, ¢ (78)
T'Cog

(6) Normal jump in 2. For each edge/face E € &,(2;), we consider wg = T1 U T,. As
Jen, € [PY(E)]Y we set

we = —Jgn,bp € [Hy(0p)]".
First the weak formulation (11) yields
a(u,wg) +bwg, p) = £, WE) oy,
that is equivalent to
/ f-wg 2/ 2uD(u) — pI) : D(wWEg) +/ (pl = 2uD())ng - Wg.
OF OF dwg

By elementwise partial integration we further have

- /E emg -we = | @uD@u) — pul) : D(wp)

2
—Z/ (—2pdivD(uy) + Vpy) - WE.
i=1 /T

Hence by the previous identity (79) we get
2
[ e we =3 [ €= 2D + V) w

—/ QuD(e) —el) : D(wg)
OE

We introduce the approximation f; of f, use the Cauchy—Schwarz inequality and the
inverse inequalities (65) and (66) to get

2
1 JEmg Iz S by (Z(M f—1f I, + Il v, ||n>)

i=1
—1/2
+h 2 (elLop+ I € log)
The previous bound (70) of ®; 7 and the obvious estimate hg < A7 imply that
172
W W JEmg 15 S leltogt 1€ log + D h £ = ll7 - (79)
T'Cog
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(7) Pressure jump in €24. For each edge/face E € £,(2y), we consider wg = Ty U Ts. As
[pule € PY(E) we set

Wg = [pnlgbEng € [Ho1 (wp)V.

First we notice that as p € H'(wg) we have by Green formula

(Vp-wg + pdivwg) = 0.

WE

Again by elementwise partial integration we further have

2
/[Ph]EWE~nE = Z/ (Vpn - Wg + ppdivwg).
E i=1 7T

Taking the difference of these two identities we obtain

2
/ (phleweng = / (V(pn = p) - W + (ph — p)divwg).
E , T;
i=1 !
Recalling that Vp =f — MK*Iu and introducing the term f, — ;LKflllh, we find

2
/E (prleweng = /T (Vpn — £+ pK'w) - we + (pr — p)divwg)  (80)
i=1""

2
=> | (Vpu =+ uK 'w) - we + (pr — p)divwe)  (81)
i=17Ti

2
F2 [ @ = t iK  w) we. (82)
i=1 /T
Cauchy—Schwarz inequality and inverse inequalities lead to
2 1 _1
IlpnlellE SZ:III‘d,T,-IIT,-thJr||1Dh—1v||T,~hE2 (83)
i=1
L2
+hE D AE—fallz, + 1K™ @ —up)llz). (84)
i=1
By (71), we deduce that
3 1
R lpnlele S hplif =Bl + lelop + 1K ello,. (85)
T'Cowp

The estimates (68), (70), (71), (73), (74), (77), (78), (79) and (85) provide the desired
local lower error bound. O

4.3 Reliability of the a posteriori error estimator

The a posteriori error estimator ® is consider reliable if it also satisfies

leln+lells®+C (86)
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In this subsection, we shall prove this estimate. But before, we specify some analytical tools.
For detailed proof we refer to [48].

Lemma 4.2 (Continuous trace inequality) There exists a positive constant B1 > 0 depending
only on oq such that

IvIGr <Blvie x I vive, YT €T, ¥velH (DY 87
Proof Based on [49, Lemma 3.2] and a scaling argument. O

Lemma 4.3 (Inverse inequality) Let k € N. Then there exists a positive constant By > 0
depending only on k and on og such that

VT € Th, W e PN, v lar < Bohz 21V I (88)
Proof See [48, Lemma 3.3, Page 59]. |

Further, we introduce the Clément interpolation operator IOCl : HO1 (Q) — Pf (73,) that
approximates optimally non-smooth functions by continuous piecewise linear functions:

PET) :={veCO(Q):vr eP(T), VT €7), and v=0 on 99}

In addition, we will make use of a vector valued version of I%l, that is, IOC] : [HO1 Y —
[PL(73)1V, which is defined componentwise by I(()jl' The following lemma establishes the
local approximation properties of I(él (and hence of I(él), for a proof see [14, Section 3].

Lemma 4.4 There exist constants Cy, Co > 0, independent of h, such that forall v € HO1 ()
there hold

| v—12%®) llr < Cihr v 1oy YT €Ty, and (89)
lv—1%0) g < Cahy* 1 v lhia VE €&, (90)

where A(T) := U{T' € T : T'NT # ¥} and A(E) := U{T' € T, : T'NE # ¥}.

Weset X := H x Q and X, := H;, x Qy, and define on X, the continuous bilinear form
B by:

B(U, W) :=a(u,w) + b(u, g) + b(w, p), for U= (u, p) and for W = (w, g).
We also define on the discrete space Xj,, the form
By (Up, Wp) := ap(wp, wi) + b (up, gn) +bp (Wi, pr) + J(up, wp)
The spaces X and X}, are equipped with the product-norms
[, p)lIl = llullg + llpll and [y, pp)llln = o lln + | pall respectively.

Let us start with the following result.

Lemma 4.5 Let the assumptions of Theorem 3.2 be satisfied. Then for al W = (v, q) €
H x Q, we have the estimate:
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By (U —Up, W) < (O1 + ) x [[IW]lln, oD
where the estimator O is defined by
p 1/2
Or:=1> (Z @l%T) . (92)
TeT, \i=1

Proof Let W = (v,q) € H x Q. By Theorem 3.1 v admits the decomposition (19) with
vo, vi € Hand satisfying the properties stated in Theorem 3.1. Then we take W;, = (v, 0) €
H;, x Qp, with v, = vo, + V1,5, Where v , = IOCIVO and

0 in Qq,
Vin = [curlIOClw in Q, ©3)

where in 2D, IOCIW is the standard Clément interpolant of ¢, while in 3D, we take the vectorial
Clément interpolant from [7] (see also Definition 3.5 of [39]) that satisfies the same estimate
as the standard one (see [7]). Note that v, belongs to H; N HO1 ()N while V1., simply
belongs to Hy N H (I ¥ being in Hj (Qq) if N = 2 and Iy ¢ € H' (Qa)’ N Ho(curl, Q)
if N = 3, its curl belongs to Hy(div, £24), hence vy, its extension by zero in €2, stays in
Hy(div, 2)). With these definitions and noticing that div(v — v;) = div(vp — vp ) and that
J(uy, vi) = 0, we may write

By(U — Uy, W) = Bp(U —Up, W —Wy)

=ap(u—uy, v—vy) +by(v—vy, p—pp) +bp(u—uy, q)

ap(w, v —vy) +bup(v—vy, p)+bp(u, q)
—lap(ap, v —vp) +bp(v — Vi, pp) +bp(uy, g)]
=Ev-—vie— (g Pa
—[an(up, v —vp) +bp(v — Vi, pp) +bp(un, q)]
DA v —vi)r — (g, )1}

TeTy

—2u D (D(y), DYV = V)7

TeT,

-1
pa
— D> T, (V=) Ty

j=1 \/ﬁ

— > WK, v = )7
TeTh‘l

+ D [(pn- div(vo — vo))7 + (q. divy)7].
T€771

Integrate by parts element by element to obtain:

By(U—Up, W) = > [20(divD (), v = vi)r = 21D(@n, v = viar
TeT;
+ @& v—vi)r — (& @)t — (Vpn, Vo — Vo)1

+ (pn, (Vo — Vo) - M)y + (¢, diV“h)T]
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+ D =K w, v =vi)r = (Vpu, o — Vo)1
reT

+ (pn, (vo — vo,n) - M7 + (g, divap)r + E, v —vi)r — (g, ¢)7]

N-1
s
- z — (- 7, (V= V) - Tj)r;-

j=1 VK

We now introduce the approximation fj, of f for appropriated terms and add boundary
(resp. internal) terms that appear on the same edge (resp. at the same element) and reminding
that v = vp and v, = vp 5, in 2, we obtain

B(U—Up, W) = > [(f) + 2udivD(uy) — Vi, v = V)7
TeT)
+ & —1fp, v—vp)r + (g, divay, — g)7]
+ z [ — K "wy, — Vpy. vo — Vo)1 + (q. divay, — g)7]

TeT!

+ D1 =ty vo = vou)7 + € — pK = Vpy, vi = vi 7]
TeT!

- > Uemgvo—vowe+ . (pnle.(vo—vou) mE)E
Ee&(QF) Ee&r(Q)

N-1 ,
-2 Z&;(“‘“h'?i”\/r

J
o
Ee&(Ty) j=1 V7 1

+ D (Ps— P — 2ums - D(ug ) - mg), (Vo — Vo) ) g, (94)
Ee&(Ty)

ng - D(ug ) - 7, (Vo—Vo,1) - fj)
E

Now for a triangle T € ’Z;ld, we recall that

vi— vy =curl(y —Iy) inT,
and use Green’s formula to get
D @ —pK wy,vi —vir = D (= pK wy, curl(y — Iy r
TeThd Te’Thd

> [eurl(f — K 'wy), ¥ — I ¥) 7

d
TeT),

+((f — uK ap) xn, ¢ — Igj]‘/f)arl

Hence using that f is in H (curl, Q,4) we deduce that
Z (f — MK_luh7 V] — Vl,h)T = Z [(Curl(fh — /LK_luh)s w’ - IOCIW)T
TeT! TeTy!
+ (curl(f — £,), ¥ — I ¥)7]
— z ([MK_luh X ngl, ¥ — Ioclw)E-

Ee& ()
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This identity in (94) leads to
Bji(U — Uy, W) = >~ [(fy +2pdivD (@) — Vpy, v — vi)r
TeT;
+ & — £, v—vi)r + (g, divap, — g)7]
+ D [ — pK ™ wy = Vi, vo — Vo)1 + (g, divay, — g)7]

TeTh"
i z f — £, vo — Vo)1 + Z [(curl(f, — uK 'up), ¥ — I%]W)T
TeTh" TeT,Xd
+Ccurl(® — ),y — 187l — > (WK wy xnglp, v — 18 9)E
E€&y(Qu)
- Z JEng> Yo —Von)E + Z (LpnlEe, (Vo — Von) *ME)E
Ee&(25) E€&y(Q)

N-1

oy VKj

- > > = (us.h "7+ 27 = - D) -7y, (Vo = Vo) - Tj)
Eegy(ry) j=1 V' !

+ D (Poh— Pah —2ums - D@ ) 1), (Vo — Vo) - 1) g
Ee&y(Tp)

E

Cauchy—Schwarz inequality leads to
By (U —Up, W) < > [lfy + 20divD(wy) — Vpillz IV = vallr
TeT;
+ I =8l lv —vilr + lglzIdivay, — gli7]
+ D1t — uKwy = VpalizIvo = voullr + liglzlidivay — gli7]

TeTh"

+ D If=fulizlvo — voullr
TeTh"

+ D lcurl®, — kK wp) i lly — Iyl
TeThd

Hleurd(® — t) 711y =¥ 7]
+ D MK twy x nglellelly — Iy vile

Ee€&p ()

+ D englElvo—voule
Ee&(Q)

+ > lpulellell(vo = vou) - mele
E€&n(Qq)

Nl o JIT

1 j

+ Z Z — |ugn - T +2—ng -D(uyy) - 7
— JKj o] E
Ee&y(Ty) j=1
x|[(vo —vo.n) - TillE

+ D sk — pan —2uns - D@ p) - ngll£ [l (Vo — Vo) - Mgl
Ee&y(I'y)
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The approximation properties of Lemma 4.4 imply the required estimate and finish the
proof. O

The second result of this subsection is given by the following lemma:

Lemma 4.6 Under the assumptions of Theorem 3.2, the following estimation holds:

leln+lelsO+¢+ inf 11Un — Whallln, (95)
W, eHNHy, x Q)

where ©1 is given by (92).

Proof For an arbitrary W;, € HN Hj, x Qj, the inf-sup condition of B on H x Q leads to

B(U—-W;,, W)
U —=Willln & sup ————"
wetxo  [[IWIllr
hence
B, (U — Uy, W) + B, (Up, — Wy, W)
U = Wil S sup [ : ] (96)
WeHx Q W15
Combining the estimates (91) and (96), it comes:
B, (Up — Wp,, W)
U =Wplllpn SO1+¢+ sup ————. o7
WeHx Q [1TWII[n
The continuity of the operator B;, implies that
11U = Willln S ©1 +¢ +1110s = Wallln- (98)
Thus, by the triangular inequality we deduce that
11U = Upllls S ©1+& + 111Uy = Wallls, YW5 e HNH x Qp,  (99)
or equivalently
U= Unllly S ©1+2+ __inf [|[Us — Whllla. (100)
W,eHNH;, x O),
Thus, this lemma holds. O

Combining (35) and (95), we have the main result of this subsection:

Theorem 4.2 Under the assumptions of Theorem 3.2, the a posteriori error estimator ©
satisfies (86).

5 Summary

In this paper we have discussed a posteriori error estimates for a finite element approximation
of the Stokes—Darcy system. A residual type a posteriori error estimator is provided, that is
both reliable and efficient. Many issues remain to be addressed in this area, let us mention
other types of a posteriori error estimators or implementation and convergence analysis of
adaptive finite element methods. Further it is well known that an internal layer appears at the
interface I'; as the permeability tensor degenerates, in that case anisotropic meshes have to
be used in this layer (see for instance [17]). Hence we intend to extend our results to such
anisotropic meshes.
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