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Abstract The Schrodinger equation of the spherically
symmetrical quantum models such as the hydrogen atom
problem seems to be analytically non-solvable in higher
dimensions. When we try compactifying one or several
dimensions this question can maybe solved. This paper
presents a study of the spherically symmetrical quantum
models on noncommutative spacetime with compactified
extra dimensions. We provide analytically the resulting spec-
trum of the hydrogen atom and Yukawa problem in 4 + 1
dimensional noncommutative spacetime in the first order
approximation of the noncommutative parameter. The case
of higher dimensions D > 4 is also discussed.

1 Introduction

One of the recently discovered concepts that has impacted the
theoretical physics community in the most significant way is
most likely the idea of a noncommutative (NC) spacetime,
which led to a NC generalization of quantum mechanics and
field theory. The idea of noncommutativity of spacetime was
first discussed in the work by Snyder [1] and Connes [2,3].
The above concept (NC) spacetime allows one to find a pos-
sible solution to ultraviolet divergencies in quantum field the-
ory [4,5]. The NC physics also arises as a possible scenario
for the short-distance behavior of physical theories (at the
Planck scale). At this scale, the universal constants c, 7, and
G appear naturally equivalent. Below the Planck length, the
distance loses its meaning [4—6] and the physical phenomena
are believed to be nonlocal. NC geometry could be realized by
introducing the noncommutativity through the coordinates
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which satisfy the commutation relations [x*, x"] = 60",
where 61V is a skew-symmetric matrix characterizing the
deformation of the spacetime. This leads to a new Heisen-
berg uncertainty relation, given on the spacetime coordinates
by Ax*AxV > 6V, and this makes this spacetime a quan-
tum space [6,7]. The important implications of noncommu-
tativity are the loss of Lorentz invariance in the dispersion
relations and the loss of causality [8—13]. Intuitive arguments
involving quantum mechanics in NC space are realized by
imposing the commutation relations, now between coordi-
nates and momenta, as

[x*, x"] = i6"", [x*, p¥] = iAkt”

ey

where y#" are also skew-symmetric matrices. In this paper
we restrict ourself to the case where y#¥ = 0, this implies
that k" = §"*V, the Kronecker symbol. We also assume that
the tensor ##" is chosen to have the dimension of length -
time, i.e., 0% =60/ e R, 6 =0, i,j =1,2,...,D.
The noncommutative variables can be expressed in terms of
commutative coordinates as x) = x! —i679y = (x), and
pl = pl, p® = indy = E, where the index c is used to
specify the commutative variables and where E is the energy
of the system. The Hamiltonian of quantum system on NC
space can be expressed with the commutative coordinates
H(x, p) = H.(xc, pc, 0), where the parameter 6 = 07 is
showed to have the fundamental limit < 1.6-10~%'m-s ~
0.3(keV)_2, which is smaller than the one obtained by the
theory of quantum gravity [14, 15].

The compactified extra dimension is motivated by string
theory, which predicts the existence of extra dimensions and
noncommutativity between coordinates. Our idea is to under-
stand how the eigenvalue problem changes if we periodically
identify one of the NC coordinates x) = (xl,xz, x3, x4)
in the target space, say [—7 R, T R] > w, such that x* =

[pH, p'1=iy"",
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w — 27w Rk, k € Z,and R is _the radius of the circle. The
wave function 1/f(x0, xt, x4), £ =1, 2,3, can be expanded
in the Fourier mode as [16]

; 1 > ; inx*
(xo, x[, x4) = (xo, xz) ex ( ) .
v 7r 2 W PR
(2)
Note that the orthonormalized functions (27 R)~!/2 exp

(i x*n/ R) are eigenfunctions of the operator Vf4 with eigen-
values E,o = —n? / RZ. This means that the spectrum of a
quantum system defined with one dimension compactified
is in the form E,; = E,0 + E;zl’ where [ is a positive inte-
ger, E;, depends on the potential associated to the system
which is required to be computed. In the following paper we
investigate the spectrum of the Coulomb and Yukawa Hamil-
tonian on (4 4 1)-dimensional NC spacetime. Using the first
order approximation of the deformation parameter 6 and by
compactifying one extra dimension x* we have the result-
ing topology R3*! x S! (see [17] and [18] for the essential
reviews), the spectrum may be given exactly. We prove that
in the case of space - time noncommutativity, the correction
of the energy spectrum does not depend on the NC deforma-
tion parameter 6 but rather on the parameter associated to the
compactified dimension.

Our paper is organized as follows. In Sect. 2, we focus on
the hydrogen atom in (D 4 1)-dimensional noncommutative
space with non-compactified extra dimension. We discuss
the particular case where D = 4 in which the solution of
the spectral problem can be solved. The Yukawa potential is
also discussed in this section. In Sect. 3 the same problem is
solved with compactified extra dimensions. The discussion
and conclusion are given in Sect. 4.

2 Hydrogen atom in noncommutative space with
non-compactified extra dimension

In this section we focus on the hydrogen atom problem
defined in (D + 1) dimensional NC spacetime (we consider
the particular case where D = 4). To be specific, the model
is given with the spherical potential of the form

R q’
V(rne) = __.—eD_z, 3
[Fncl

where ¢, is related to the atomic charge and where we use the
following notation: 7. = 7 — i 6 dp, i.e., the NC coordinates
are 7, = (x) and the commutative coordinates are ¥ =
(x¢). It would be advisable to work in a spherical coordinates
system, 7 = (r, a1, a2, a3), such that r € Ry, 0 < a; <
7w, £ =1,2,and 0 < a3 < 2. It thus follows that the

@ Springer

Hamiltonian of the system is

ro: D—-10d LXD-1 .
bt T T Ve
“4)

where £2(D — 1) is the Laplace—Beltrami operator on the
(D — 1)-sphere. Hence the potential (3), using the first order
Taylor expansion on 6, is

2m

2
9
|7 — i68o|P—2

2 7.0
~ =5 (140 =255 w). 5)

V(?nc) = -

We consider the adequate choice, such that the vector 6 is
transformed in the spherical coordinates to 76 =ro [14].
Furthermore, the spherical functions y((Dfl)((x], o, ...,
ap—1), which are the eigenfunctions of the operator L(D —1)
are considered:

£2(D — 1)%@—1) =0+ D— 2)%@—1) _ )\DyéD—l)’
©)

where £ is the orbital angular momentum quantum number.
Note that the Hamiltonian (4) depends on the partial
derivative with respect to the time ¢, due to the relation (5).
But one can show that the wave function v (7, t), namely
the solution of the Schrodinger equation is expressed as
Y(r, 1) = yéD_l) ¥ (r) f(t), where the time dependent func-
tion is f(t) = exp (—%El) and where v (r) satisfies the
radial equation
|:d2 D—-1d (AD V2 D

dr? r dr

(N

2
with o? = 2’;”—2E, V2 = 2’;39, wp = (D —2)v?0 E /h. Now
for D = 4, this equation turns to become

d 3d M=V ows
[ﬁJFFE_( 2 _F_“)}‘”(r)zo' ®)

r

However, in this case (unlike for the commutative case
discussed in [17,18]), such an equation seems to be non-
solvable. We provide an algebraic method, which will allow
us to derive the solution of this equation. For this purpose,
let us reparameterize the function ¥ (r) as ¥ (r) := ¥ (r, 0).
Then v (r, 0) corresponds to the solution of Eq. (8) in the
case where 6 = 0. The first order Taylor expansion on 6 of
the function v (r, 6) takes the form

dy(r,0)

_ 2
V0) = V(0 +6 =]+ 0@, 9)
We get simply
v 0) = SUyar) + SYo(ar), ¢ ¢ €R, (10)
r r
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where J, («r) and Y, (ar) are, respectively, the first and sec-
ond kind Bessel functions (see [18] for more details). By
replacing the solution (9) in the partial differential equation
(8), we get

2 3d /o, a—vi\]. 22E
[—dr2+;—dr+(a S )]x(r) =-73 V@0,
(11

where x(r) = %‘ o This equation corresponds
to a nonhomogeneous diquf?rential equation, which can be
solved easily. For € = (1 + Aq — v)1/2 and g(r) =
—2V2E Y (r, 0) /hr3, by using the Wronskian method, the
solution of Eq. (11) takes the form

% (r) = cJe(ar) + c'Ye(ar)
—lje(ar)/ x2YE(ax)g(x)dx
2r 1

+21Y6(ar)/ x2Je(ax)g(x)dx, ¢, ¢ € R. (12)
r 1

Note that there are some difficulties, however. One defect of
this method (in the commutative and NC case) is that the
energy spectrum can only be determined numerically, and
we do not deal here with a numerical method to provide this
spectrum. In more than (4 4 1) dimensions, the differential
equations (7) are much more complicated.

Now let us discuss the case of a Yukawa potential:

e Mne

VFae) = Vo5 (13)
el

where Vj and n depend on the constant of the neutral atom.

In order to probe this potential, we write the expression (13)

at the first order in 6 as

V (Fer 1) = V"e_w[1+'( D 2)98] (14)
Tnes 1) = D2 nnr rO-

After separation variables in the Schrodinger equation, it
become easy to show that the radial equation is given by
the following:

3?2 D-129
[55+—— o+ ]y =o0. (1)
where
2mVpe™ " E0O
SD(I’) = W(D —2+T)F>T
2mE  Ap 2mVye T
h2 B V_2 thD—Z >

In the particular case where D = 4, this equation is reduced
to

Y () | 3dy(r)
dr? r dr

+ s4(N Y (r) =0. (16)

This equation (including now the occurrence of the exponen-
tial factor e~"") has the same shape as (8), and therefore the
same conclusion with (12) will be made.

3 Hydrogen atom in noncommutative space with
compactified extra dimension

In this section we consider (D + 1) NC spacetime, where one
dimension x? is compactified on a circle of radius R. This
means that R+ is reduced to RP—1*! x [-7 R, 7 R] and

xP = w—27nR,n € Z.The interaction potential (5) written
now with the required coordinates ¥ = (r, oy, ..., ap_2) and
the compactify coordinate w is
- 1
VG w) =—a; ) D2
n=—o0 | (r2+ (w —27nR)?) 2
i (D —2)r6
=Y (17)

D
2

(r2 + (w — ZJTnR)Z)

where r is now the radial coordinates in (D — 1)-dimensional
space, and the extra dimension x ? satisfy the condition |x? —
2nnR| < wR.For D = 4, we get

1
- 2
Vir,w) =—q, Z {rz + (w —27nR)?
nez
. 2ir6 3 (18)
0 .
(r2 + (w— 271111’?)2)2

Then we can compute the following identities:

5 1 s sinh(r/R)
r2 4+ (w —2mwnR)®2  2Rr cosh(r/R) — cos(w/R)

nez

(19)
and
Z x 5 =G(@r)+ F(r) (20)
w2 (P2 + (w—27nR)?)
where
_ 1 sinh(r/R)
G =—23 cosh(r/R) — cos(w/R)’ (21)
F(r) = 1 1—-cosh(r/R)cos(w/R) .

2Rr (cosh(r/R) — cos(w/R))’
The potential V (7, w) is periodic with respect to the w-

direction, and it can be expanded in a Fourier series as fol-
lows:

@ Springer
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VEw) =Y an(me™ R +i0 Y by(r)e™ Ra,  (23)

neZ nez
where
2
__Y9e ,—inir/R
an(r) 2rRe k]
612 R
ba(r) = =25 14 fnl [e= VI, 24)
such that
2
. q; [ .<1 |”|) ]f(\n\rfmwwe
Vv = — 1+i60(-+—)o .
i, w) 2rR% +i0(~+ = )i |e
n

(25)

The separation of the variables in the Schrodinger equation
shows that the radial function v (r) satisfies

<d2 +2d n2+ 2,8
—+-——-=+«
dr2  rdr R?
with a2 = 2;;—25 v = hs — CEO/R, ¢ = v?/Q2R), V? =
2mq3

>

The solution of the above equation is expressed as

a+2 gy 1 .
29 I ]2 r%(a—l)e*yfﬁ

QRI+14+a)* 3T+ 14a)

2¢r /
L? <2l—|—§—a—|—1)’ a = 41)92 + 1, (27)

where we have used the normalization condition |, Ooo emiz0t!
[L¢(2)]*dz = w

2
Vv
— ) =0, @6

r

v = |

, and where L;l stands for the
generalized Laguerre polynomial. The quantum number/ is a
positive integer, which corresponds to the physical situation.
This integer is given by

1o ¢R
PR/ S S S 28
2 VT S e (28)

Two energy contributions appear from Eq. (28):

gD _ h? (ﬁ r? ) (29)

"7 om\R2 (204 1+ /T dhg)?
and

o _ " ¢

"m0+ 1+ /1 F dag)?

INE=
+T4(2l + 141+ 40). (30)

Let us discuss the energy spectrum (30). In the limit where
6 —>0E ,(3) is not well defined. Also as expected in our intro-
duction the eigenfunctions of the operator V§4 with eigenval-
ues E,0 = —n?/R? are not recovered. Finally this expression
cannot be taking into account as a solution of the eigenvalue
problem. Then the energy spectrum becomes

Ey = —(—2 _ 2). 31)
2m\R2 " QI+ 1+ 1+ 402

@ Springer

Remark 1 e Ourresult shows that the energy spectrum (31)
does not depend on the NC parameter 6 if we consider the
first order approximation in this parameter. The solution
of the eigenvalue problem of the hydrogen atom with
one compactified dimension is solved numerically in [17,
18] (see also [19,20] in the case where no dimensions
are compactified). Due to the fact that limg_ ¢ E,; =
E,, the expression (31) can be considered as a solution
of the hydrogen atom in 4 4 1-dimensional spacetime
for both the NC! and the commutative cases, where one
dimension is compactified.

e The quantity

E, =—
nl 2mQ2l+ 1+ /T + 44a)2

corresponds to the reduced dimension energy spectrum
and is discussed in the introduction of our paper.

(32)

We consider now the case of a Yukawa potential (13) for
D = 4. On shell, and with the compactified x* direction on
the circle we get the reduced potential

1 sinh(r/R)

2Rr? cosh(r/R) — cos(w/R)
1 1—cosh(r/R)cos(w/R) ]3

VFE, w) =iVh [—

+
2R?r (cosh(r/R) — cos(w/R))2

Vo sinh(r/R)
" 2Rr cosh(r/R) — cos(w/R) "

(33)

Let us briefly give the proof of this relation. The goal of this
proof is to compute the integral fr f(z)dz, where T is a
closed contour on the complex plane and f(z) is a holomor-
phic function given by

£ = cot(mz)exp [ —c((a — 2)* + bz)l/z] 34
9= (a—22%+b2 ’

where a, b, ¢ are three real numbers. The poles of f(z) are

zn=n,n € Z,z; =a+ib,and z;;7 = a — ib. Using the

residue theorem,

f f(2)dz =2im Y Res[f(z)] =0, (35)
r

with
1
exp [ - c((a —n)?+ bz)f]
Rezf[f(z)] = Tl —mZ 5570

Res[f(z)] = —% cot[mr(a +ib)], and
27

’

' This energy is valid where the first order approximation in 6 is con-
sidered.



Eur. Phys. J. C (2016) 76:505

Page 50f 7 505

Res[f()] = — Cot[n(a —ib)]. (36)

211

Hence,

exp[ —c((a—n)? +52)"?]
>

—n)2 2
= (a—n)>+0>b
_z sinh(27b) ' 37)
b cosh(2nb) — cos(Rra)
The first term on the right hand side of (33) is
Z exp [ — {(r2 + (w — 27'mR)2)1/2]
2 _ 2
= r“+ (w —2mnR)
1 sinh(r/R) (38)

- 2Rr cosh(r/R) — cos(w/R) "

The second term on the right hand side of Eq. (33) is the first
order derivative of Eq. (38) respect to r. Then Eq. (33) is
straightforwardly obtained.

Now using the fact that the function V (¥, w) is periodic,
the Fourier series can be given by

VEw) =3 (@) + 105, ()0 )/, (39)

nez

where the Fourier coefficients are

e~ /R,
2 R

1 Inl 1 —jnirr
— 40
[2R + 2R2r]e (40)

Finally we arrive at

N [l+i9< +M)a ]
2rR 0

nez
e—(lnlr—inw)/R‘ (41)

an(r) =

by (r) =
V(F,w) =—

Equation (33) can also be expanded using the Fourier series

as follows:
Vo | |
1 ]
2rR [ ti 9( )
nez

e—(lnlr—inw)/R’ (42)

V(FE, w) = —

and the radial equation takes the form

[d2+2d n2+2+u
— 4= 4 Z_
dr?  rdr R? r

2 2}’I1E,U_)L

v
Sl =0 @3
-

where a ’"@1’59, u= ’h"Z—VR?. The solution
of this equation leads to the same results as given in (27) and
3.

4 Discussion and conclusion

In this paper we have found that the noncommutativity of
spacetime can help to compute the exact expression of the

energy spectrum of the hydrogen atom in (4 + 1) dimensions
with one compactified extra dimension. Unfortunately, it is
clear that this method cannot be used in higher dimensions.
To be more precise, let us consider the particular case where
D = 6, the compactified one dimension x° gives the potential

9> (R sinh(r/R)
(2Rr)? (7 cosh(r/R) — cos(w/R)
cosh(r/R) cos(w/R) — 1 )

V({F,w)=—

[cosh(r/R) — cos(w/R)]?
n i0 qe2
8r4R3(cos(w/R) — cosh(r/R))’

x [(r2 + 3R?) sinh(r/R) cos(2w/R)

+ cos(w /R)((r2 — 6R?)sinh(2r/R)
+3rR(cosh(2r/R) + 3))
43 sinh(r/R)<R2 cosh(2r/R) + 2R* — r2)

—3rRcosh(r/R) ( cos@w/R) + 3)} d.  (44)

This relation can be expanded in a Fourier series as

(2R o Z[( + |n|)

+io (3_R n M n E)ao}—lnlr/kemw/k,
(45)

V(F, w) =

in which the radial part of the Schrodinger equation becomes

3mq2E6
21°r4R

que2
4n*r3R

7+ PR
dr2 rdr r* RZ

2 2
(d 2d 2 n 2 )wn(r)zo.

(46)

The solution of this equation is not yet understood. Surpris-
ingly, we have also shown that, despite this noncommutativ-
ity, the energy spectrum does not depend on the deformation
parameter 6 and therefore might be considered as the energy
solution of commutative space, with one compactified extra
dimension, solved in [17] and [18]. Finally let us mention
that in the case of higher dimensions higher than 4 4 1 the
compactified several extra dimensions may be considered.

Let us examinate the case of the Klein—-Gordon (KG) equa-
tion:

2
(if90 = V) ) W (Grcs 1)
= m* MY (Fuc, 1) — W2 AY (e, 1), (47)
where the potential V (7,,¢) is

- he
Virne) = —KJW- (48)
nc

@ Springer
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@ is related to the fine structure constant and c is the light
speed. For D = 4, by taking into account the fact that
Fpe = F — 03, and writing the extra dimension x* =

w — 2w Rk, k € Z, we get

o0

1
V(r, = —ph
(r, w) phe _X: {r2+(w—2n’nR)2
n=—0o0
2ire
ir i } (49)
(r? 4+ (w —27nR)?)
The left hand side of Eq. (47), using (49), gives
(in2 = v w) v
iho r, w 7,
dA
[ w203 + phe(20A0, wi + 30752

A% (r,w)
l —
or

+502h2c2(A2(V, w) — if 30)}“7, t)  (50)

where A(r, w) is written as

A _ 1 sinh(r/R) 51
(rw) = 2Rr cosh(r/R) — cos(w/R)’ 1

with the Fourier series

1 . .
— R Zetnw/Remw/R. (52)

nez

A(r, w)

After some technical handling, we can show that the quantity
A2(r, w) is expanded as

2 1 T\l inw
A“(r,w) = GR)2 nEEZ [Inl + coth (R)]e ReR .
(53)

By replacing (52) and (53) in (50) and separating variables
as Y (F, 1) = W(iHe /M and W(F) = W(r)Y, such that
2Y® = et +2)1: =14, we find the radial equa-
tion:

2 2.2 2
[}zﬁ(rz(f—r) + Vetr(r) + 255 — 5= — %]‘lfn(r) =0,
(54)
where the effective potential Vegr(r) is
k4 30p E? oE >
V. th(r/R
et (r) = S 2RiZe T rRRe T @Ry OB
Qgng 2 r
+———| —coth(r/R) + —— ). (55
(2Rr)2h ( (r/R) 'nhz(r/R)) 42

Equation (54) can be solved numerically using the approx-
imation method (Fig. 1). Consider the Taylor expansion of
Vet by using the fact that

R+ +-
3R

sinh(r/R) = % . (56)

coth(r/R) =

@ Springer

Veft(r)

40
20

0.5 . 2.0 25 3.0

Fig. 1 Plot of the potential Ve (r), with R = 0.01, 0 = 0.01, i =
c=1l,p=1/137,E=1,£=1

Then (54) becomes

CU(r) | 2dW, () | o b
it Ly =0, 57
dr? + r o dr +§) r n(r) oD
2
with by = efRf, bz 960 £+ R 2= 6R3h 7t 32%32 -

2 2.2 2
by = L= —me o

A4, by = 12R2 + Rhcs w22 72 RZ"

We shall first examine the wave functions W, () in the
asymptotic range, r — 00. The potential Vg (r) vanishes,
in this limit, i.e.,

Veif (Foo) — 0. (58)

In the region r Eq. (57) gives the solution of the form

o~/ bor
VX =U——. UecR. (59)

The general solution of Eq. (57) takes the form

I
Wy (r) = U(r)f, (60)

where U (r) satisfies the differential equation

U"(r) — 2y/=boU'(r) +Z

U(r) =0. 61)

The investigation of the numerical solution of this equation
can be made in forthcoming work.
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