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Dedicated to Jean-Pierre Gossez, on the occasion of his 65th birthday

ABSTRACT. We investigate two asymmetric eigenvalue type problems for the
linear operator —A + V', and, more generally, for its homogeneous quasilinear
version —A, + V. The main novelty appears when this operator is indefinite
and non-coercive, due to the possible change of structure in its weighted spec-
trum. We introduce a first non-trivial asymmetric eigencurve for —A, +V,
whose first zero provides the first non-principal eigenvalue and allows us to
build up a first non-trivial curve in the Fué¢ik spectrum with weights. We par-
tially extend the corresponding results already known when V' = 0 and obtain
some new features in the indefinite case.

1. Introduction

Let V,m be smooth functions defined in a bounded domain Q C RY. It is
known that the problem

—Au+V(z)u=Im(z)u in Q,
u=20 on 01,

has no principal eigenvalue (i.e., an eigenvalue whose eigenfunctions are sign-constant)
when V has a negative part sufficiently large and m changes sign or vanishes in
some part of Q. This non-existence result was proved in [1] (see also [8, 10]) and
later on extended to the quasilinear problem
(P,) —Apu+ V(2)|ulP~2u = dm(z)[uP2u  in Q,

m u=0 on 01,
in [4, 5]. Here A,u = div(|Vu[P~2Vu) denotes the p-Laplacian operator, with
p > 1. Lately, an optimal condition was established in [7] in order to guarantee the
existence of principal eigenvalues of (P,,,). In sum, let

(1.1) a(V,m) == inf{Ey (u); ||ull, = 1, M(u) =0} € R,
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136 LIAMIDI LEADI AND HUMBERTO RAMOS QUOIRIN

where
Ev(u) := /Q(|Vu|p—|—V(x)|u|p) dxr and M(u) ::/Qm(:z:)|u\pd:c,

for u € Wol’p(Q). If m is sign-changing then
1.2 A1(V,m):=4+ inf F
(1.2) +1(V,m) L v(w)

are (the only) principal eigenvalues of (Pp,) if, and only if, a(V,m) > 0. Further-
more, if a(V,m) < 0 then A11(V,m) = —o0.

In the present article, we carry on the investigation of weighted eigenvalue
problems for —A, + V. We are now concerned with the asymmetric problem

—Apu+ V(2)|ulP2u = Ajm(z)(u™)P~t —n(z)(u")P71] in Q
(AP) {uzO on 09,

where A € IR and V,m,n satisfy an integrability condition that will be specified
later. This problem is closely related to (P, ), for it can be regarded as an extension
of this one. Indeed, (AP) reduces to (P,,) when m = n. Note that every principal
eigenvalue of (P,,) (and (P,)) is a principal eigenvalue of (AP).

We are also interested in the problem

—Apu+V(2)|ulP?u = Am(x)(ut)P~! — Bn(z)(u™)P"!  in Q
(F'P)
u=20 on 01,
with A, B € R, which in its turns extends (AP). Let us recall that
¥ = %(m,n) :={ (4, B) € R% (FP) has a nontrivial solution }

is the so-called Fucik spectrum of (F'P).

In [2], the authors studied (AP) and (F'P) for V = 0, providing a mountain-
pass characterization of the first positive non-principal eigenvalue of (AP) and using
this one to construct a first non-trivial curve in X. More precisely, let

My o= {u € Wol’p(Q);/Q [m(ut)? +n(u™)?] do = 1} .

and
[':={y € C([0,1], M n); 7(0) = ¢1(m), 7(1) = —p1(n)},
where p1(m) € My, is the positive eigenfunction associated to

A1(m) := min / |Vul|P de.
M(u)=1 Q

The first positive non-principal eigenvalue of (AP) when V' = 0 is then characterized

by

;= inf Pdx.
c(m,n) inf max Q\V(v(ﬁ))l dx

Thereafter, it is shown that

C :={(a(s),B(s)) = (¢(m, sn), sc(m, sn)); s > 0}
is the first curve in
(1.3) YT =N (A1 (m), oo[x] A1 (n), ),

in the sense that, for every s > 0, (a(s),3(s)) is the first intersection of X with
the line 8 = sa. Furthermore, the authors show that C is a continuous, decreasing
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WEIGHTED ASYMMETRIC PROBLEMS 137

and hyperbolic like curve, which in some cases is asymptotic to the lines A;(m) x IR
and IR x Ay(n).

The behavior of the operator —A, +V on WO1 P(Q) depends essentially on the
sign of its first eigenvalue A;(V; 1), in the following way:

(1) it A (V,1) > 0 then Ey(u) > Cy|ul|?, for some constant Cy > 0 and
every u € W, P(), so that By is coercive.

(2) it A (V,1) = 0 then Ey is non-coercive, but still bounded from below.

(3) it A (V,1) < 0 then Ey is unbounded from below.

In this sense, —A, + V brings some new features (in comparison with —A,,) only
when A\ (V,1) < 0.

Under suitable conditions on V', m and n, we aim at extending the results of
[2] on ¢(m,n) and C. In particular, we are specially interested in the cases where
either (Py,) or (P,) has no principal eigenvalue, so that the spectrum structure of
(AP) and (FP) may change considerably.

We mean by first non-principal (or non-trivial) eigenvalue of (AP) its least
eigenvalue larger than max{A;(V,m), A1(V,n)}, if this maximum is finite. Other-
wise, we restrict ourselves to the case m,n > 0, so that the first non-principal eigen-
value of (AP) is actually its first one. Whenever it exists, the first non-principal
eigenvalue of (AP) will be denoted by ¢(m,n).

This article is organized as follows: in Section 2, we recall and collect some pre-
liminary results on (P,,) and (AP), respectively. In Section 3, we define a mountain-
pass level which provides a non-principal eigenvalue of (AP) when Ay (V,m) and
A1(V,n) are finite (Th.3.6). Furthermore, we show that this mountain-pass value
is actually equal to ¢(m,n) under some additional conditions (Th.3.9). In Section
4, with the help of a first non-principal eigencurve, a characterization of ¢(m,n) is
obtained under more general conditions. In particular, we deal with the cases where
either A1 (V,m) = —oo or \1(V,n) = —co. (Th.4.5 and Th.4.8). Finally, in Section
5, we use the first non-principal eigencurve approach to find a first non-trivial curve
in the Fucik spectrum of (F'P) (Prop. 5.1, Prop. 5.4 and Prop. 5.6).

The Lebesgue norm in L"(€2) will be denoted by || - ||, and the usual norm of
Wy (Q) by ||||. The weak convergence is denoted by —. The positive and negative
part of u are defined by u* := max{4u,0}. The support of u is denoted by supp u
and is always understood in the measurable sense. If A is a measurable subset of
IRY, | A stands for its Lebesgue measure. The ball with center z and radius R > 0
is denoted by B(z, R).

2. Preliminaries

We recall now from [7] the main result on the principal eigenvalues of (P,,).
Let
r>N/p if 1<p<N,
(H1) {rzl if p>N.
L (Q) ifp< N
Under this assumption, I/VO1 P(Q) is compactly imbedded in _( ) 1 b= ,
c(Q) itp>N
where 7’ is the Holder conjugate of r. Consequently, Ey and M are respectively
weakly lower semi-continuous and weakly continuous on VVO1 P(Q) whenever V, m €
L"(Q).
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138 LIAMIDI LEADI AND HUMBERTO RAMOS QUOIRIN

THEOREM 2.1. [7] Let V,m € L"(Q) with r satisfying (H1) and m™ # 0.

(1) If m > 0 then there exists a principal eigenvalue of (Pp,) if and only if
a(V,m) > 0, where a(V,m) is defined in (1.1). In this case there is an
unique principal eigenvalue, which is characterized by

(2.1) A (V,m) = min By,
where M = {u € Wol’p(Q)§M(U) =1}

(2) If m changes sign then there exists a principal eigenvalue of (Py,) if and
only if a(V,m) > 0. More precisely :
(a) if a(V,m) > 0 then (P,,) admits exactly two principal eigenvalues
A_1(V,m) < A (V,m), with A\1(V,m) characterized as in (2.1) and

(2.2) A1 (Vim) = — r/&iy Ey

where M~ := {u € Wy P(Q); M(u) = —1}.
(b) If a(V,m) = 0 then (P,,) has an unique principal eigenvalue A1 (V, m)
given by

A (V,m) = inf By = — inf Ey.
M+ M=
These infima are not achieved. Moreover any function v % 0 in
WP () satisfying
(2.3) Ev(u)=M(u)=0
is an eigenfunction associated to A1 (V,m).
Furthermore, every principal eigenvalue of (P,,) is simple and isolated.
It should be noted that (P,,) may indeed have no principal eigenvalue, for
instance, when V = V5 < —a(0, m).
The proof of Theorem 2.1 relies on the properties of the map
(2.4) pi(A) == A (V —Am, 1),

which can be referred to as the (weighted) principal eigencurve (see [4]) of the
operator

(=A, + V)u = —Apu+ VuP2u, ue WyP(Q).
In other words, for every fixed A\, p1(A) is the only principal eigenvalue of the
problem

u=20 on Of.

It is easily seen that the zeros of u; are the principal eigenvalues of (P,,), whose
existence can be derived from the following result:

{ —Apu+ (V=2dm)uP~%u = puP2u in Q

PROPOSITION 2.2. [7]
(1) p1 is concave, differentiable and py(N) = —M(py), where @y realizes
pa(A).
(2) If m*™ #£0 then lim py()\) = —oc.
A—too
(3) If m > 0 then uy is strictly decreasing.

3
(4) a(V,m) =sup p1(A).
AER
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For the sake of simplicity, we use the following notation throughout this work:

e Since V' will not vary, Ay1(V,m), A2(V,m) and «(V, m) will be denoted
respectively by Ay1(m), A2(m) and a(m). The positive eigenfunction as-
sociated to Ay1(m) and normalized by M (py1(m)) = £1 will be denoted
by ¢11(m). By simplicity of Ayq(m), ¢i1(m) are uniquely determined.
If m = 1, we denote 1(m) by ;.

e In view of its dependence on m, it will be convenient to denote by w1 (A, m)
the eigenvalue defined in (2.4).

Furthermore, we assume that  \ supp m and Q \ supp n are p-stable (see (4.6))
if m,n > 0. From this condition, it follows that Ayi(m), defined in (1.2), is an
eigenvalue of (P,,) if, and only if, it is finite (cf. [7, Prop. 12]). In particular, there
holds A1(m) = —o0 if either a(m) < 0 and m > 0 or a(m) < 0 and m changes sign.

It is worth pointing out that even when (P,,) and (P,) have both principal
eigenvalues, (AP) and (F'P) may exhibit striking differences with the case V = 0.
For instance, if A\;(1) < 0, one may easily find m,n sign-changing and such that
A—1(m) < A1(m) < A_1(n) < A1(n). In this case, one cannot exclude the existence
of eigenvalues of (AP) between A(m) and A_;(n).

Let us agree to say that A;(m) and Ai(n) are ordered if

(2.5) max{A_1(m),A_1(n)} < min{A\(m), A\1(n)}.

Otherwise, we say that A\j(m) and A;(n) are non ordered. Note that the ordered
case holds for instance when A;(1) > 0 or m,n > 0, while the non ordered one
comprises the cases where A\j(m) = —oo and/or A;(n) = —oco. In Rem.4.7, we give
an example of V,m,n such that A;(m) and A\;(n) are finite and non ordered and
we show that (AP) may possess an eigenvalue between A\ (m) and A_1(n).

Below we depict some examples of principal eigencurves in the ordered and
non-ordered cases. Here A\ (1) < 0 and m,n are sign-changing.

Al(m/ Afl(n) Al(m) )\1(1’1,\

$1(1)

Figure 1: The ordered case
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:U“l(>‘7 ’Vl)

mm)
/,1(771) A1(m) A-1(n) A1(n)

A1 (1)

Figure 2: The non-ordered case (A1(m), A1(n) > —o0)

H1 ()‘7 TL)

A_1(n A(n
1 Ovm) 1(n) 1(n)

Figure 3: The non-ordered case (A1(n) > A1(m) = —o0)
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11 () N)
(1)

Figure 4: The non-ordered case (A1(n) = A1(m) = —o0)

In order to deal with (AP) and (F'P), let us set
N(u) := / nlufPdx and I, ,(u) = / [m(ut)P +n(u”)?]dx
Q Q

for u € Wy (), and
S = {u € Wy (Q); Lyn(u) =1}

It is clear that I, . is a C' functional on WO1 P(2) and, consequently, Sy, ,, is a ct
manifold. We denote by Ey the restriction of Ey to Smn-

Any non-trivial solution of (AP) (resp. (FP)) is understood in the weak sense,
viz, u € Wy (Q) \ {0} such that

Ey(u) = X, . (u) (resp. Ey(u) = AM'(u*) — BN'(u")).

REMARK 2.3. In contrast with the case V' = 0, sign-changing solutions of (AP)
and (F'P) may satisfy

M(ut)=0 or N(u")=0.

Let us give a trivial example of this situation:
Choose m, ng € L"(Q) such that m*,nd # 0, and let u be a solution of

—Apu = Ao[m(uT)Pt —no(u” )P, we WyP(Q),

where \g is the first non-trivial eigenvalue of this problem. We set V = Agnglqg-,
where Q7 = {x € Q; u(x) < 0}. So, if n € L™(£2) vanishes in Q~, then N(u~) = 0.
Moreover, u solves

—Agu VIa 2 = dm(ut)P = Ba(uo )l e WEr(Q),
for every B € IR. In particular, A\g x R C 7.

The above phenomenon may occur only when a(m) < 0 or a(n) < 0, as shown
in the next lemma:
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LEMMA 2.4. Assume that a(m),a(n) > 0 and X is an eigenvalue of (AP).
Then
A > max{\;(m), \1(n)} <= M(u"),N(u") >0
and
A <min{A_1(m),A_1(n)} &= M(u"),N(u~) <0
In particular, whenever it exists, c(m,n) is the least eigenvalue whose eigenfunctions
satisfy M(u™) >0 and N(u~) > 0.
PROOF. Let (A, u) be an eigenpair of (AP). Then
(2.6) Ey(ut) = AM(u") and Ey(u”)=AN(u").
If A > max{A\1(m),A\1(n)} and M(ut) = 0 then, after LP normalization, u™ is an
admissible function for a(m), and consequently a(m) < Ey(ut) < 0, which is a
contradiction. Moreover, if M(u™) < 0 then
_ EV (’U,+)
M(ut) —
so that A < A_1(m) < A;(m), which is contrary to the choice of \. Thus M (u*t) > 0.
In a similar way, we show that N(u~) > 0. Finally, if M (u"), N(u™) > 0 then (2.6)
clearly implies that A > max{A1(m), A1(n)}. The second equivalence can be proved
in a similar way. (]

A= —A,l(m),

3. The mountain-pass level

In this section, we assume that
a(m),a(n) > 0,
so that (AP) has at least two principal eigenvalues. We aim at showing that By

has the mountain-pass geometry. Let

(3.1) B(m,n) = inf Jnax Ey(y(1)),

where

Lo =To(m,n) :={y € C([0,1], Smn) : 7(0) = ¢1(m),¥(1) = —p1(n)}.
We will prove that S(m,n) > max{Ai(m),A1(n)} and that S(m,n) is a non-
principal eigenvalue of (AP) when a(m), a(n) > 0. Furthermore, we will investigate

whether 5(m,n) is the first non-principal eigenvalue of (AP).
Before proceeding, we need to recall some auxiliary results:

LEMMA 3.1. [2] If vy, € WP (Q) with vy, # 0, v > 0, |vp > 0] = 0 and ng — n
in L™(Q) then
Jo vy, da
[[ow[|P

LEMMA 3.2. [7]

(1) Let w € L™(Q), with r satisfying (H1) and let B C L™(Q) be a bounded
set. If w > 0 on Q then there exists two positive constants Cq,Ca such
that

[ull” < C1Ev (u) + Cz/ wlu|P da
0

for every V € B and every u € Wol’p(Q).
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(2) Assume that a(m) > 0. If Vi, = V,my — m in L™ (Q) and uy, is a sequence
such that Ev, (ux) and M(ux) are bounded then uy is bounded.

COROLLARY 3.3. Let m,my € L"(Q) be such that a(m) > 0, m;" # 0, and
my — m,m; — 0 in L"(Q) . Then \i(my) — oc.

PROOF. Let ¢ > 0 achieve A\1(my). We have

1= / i de < / mi et de < mt e loxlPe,

so that ||¢g||pr — 00. By Lemma 3.2, if A;(my) = Ev(¢x) is bounded then ¢y, is
bounded, and we get a contradiction. Thus A (my) — co. (]

Let us show that o1 (m) and —¢;(n) minimize Ey locally and strictly.

LEMMA 34. If a(m),a(n) > 0, then p1(m) and —pi(n) are strict local min-
imizers of By, with corresponding critical values A1(m) and Ai(n), respectively.
Moreover, either ¢1(m) or —pi(n) is a global minimizer of Ey .

PROOF. It is easily seen that min{\;(m), \1(n)} is the global minimum of Ey-:

A1(m) M (u™) if M(ut)>0
By (u) > {0 it M(ut) = 0.
A_i(m)M(ut) > A(m)M(ut) if M(ut) <0

Similar inequalities hold for N(u~) and A;(n). Thus
By (u) > min{A; (m), Ai(n)}

for every u € Sy, and equality holds for either u = ¢1(m) or u = —¢1(n).
We show now that these ones are strict minimizers. Assume by contradiction the
existence of a sequence uy € Sy, such that

up # p1(m), up = p1(m), and Ev(uk) < A (m).

We claim that ug changes sign for k large enough. Indeed, since up — p1(m), ug
must be positive somewhere. If u;, > 0, then u;, € M, so that Ev(uk) > A (m).
Thus uy, realizes Ai(m), which is simple. Hence uy = ¢1(m), contrary to our
assumption. Therefore wuy changes sign for k sufficiently large. From uy — 1(m)
we have M (u}) — 1, so that Ey (u;) > A1 (m)M (u]) for k sufficiently large. Thus

A (m) > By (ug) = By (u) + By (u;) > M(m)M (u) + Ev (uy,),
and consequently

(3.2) By (uy) < Ai(m)(1 = M(u)) = A (m)N (uy).

We consider now three cases:

(1) If N(u;) = 0 then v, = —=— is admissible in the definition of a(n).

ug o

From (3.2) we get Ev(vx) <0, so that a(n) < 0, a contradiction.
(2) If N(uy) > 0, we set v, = —=~——. Then
N(u, )t/

N(vg) =1 and Ai(n) < Ey(vr) < A1(m),
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where the last inequality follows from (3.2). Hence Ey (vi) is bounded.
From Lemma 3.2, we infer that vg is bounded. On the other hand, by
Lemma 3.1,

1 N(uy)

k[P [l 17

and we get a contradiction.

(3) If N(uy, ) <0, we set v, =

n is sign-changing, so

ﬁv so that N(vg) = —1. In this case
Uy P

_)\71(71) < Ev(’l)k) < _Al(m)'

Thus v, is bounded and we get a contradiction as before.

So we obtain a contradiction, proving that ¢1(m) is a strict minimizer of Eyv. A
similar argument holds for —p;(n). O

§ome Palais-Smale and Palais-Smale-Cerami conditions are next established
for Ey. We recall that uy is a (PS)q (resp. (PSC)q4) sequence for Ey if

Ev(u) —d and [y (ug)|e — 0 (vesp. (1+ [fug|) | By (ur)ll — 0),

where || EY, (ug)||« is the norm of Ef, (uy,) restricted to Ty, (Sm.n), the tangent space
to the manifold Sy, ,, at the point uy. Ey is said to satisfy the (PS)q4 (resp. (PSC)q)
condition if every (PS)q (resp. (PSC)q) sequence has a convergent subsequence.
Finally, Fy satisfies the (PS) (resp. (PSC)) condition if Ey satisfies the (PS)q
(resp. (PSC)q) condition for any d.

PROPOSITION 3.5. If a(m), a(n) > 0 then:

(1) LZ?V satisfies the (PS) condition along bounded sequences.
(2) Ev satisfies the (PSC)q condition for any d > max{Ai(m), A\1(n)}.

PROOF.

(1) Let (ux) be a (PS) sequence for Ey, i.e., there are d € R and a sequence
€ — 0 such that

(PS1) Ey(ug) —d
(PS2) | < Ey(ug), &> | <egllé]| forall &€ Ty, (Smn)

Let us write, for w € W, (),
1 U
ap(w) == w — ’ < I, o (ur), w > ug.
It is clear that ax(w) € Ty, (Smn). If (ux) is bounded, we can as-
sume that up — ug in Wy P(Q) and up — ug in L' (Q). If we choose

w = ug —up and § = ag(w) in (PS2) then < I}, (ux),w >— 0, so that
(E{ (uk), ux, —up) — 0. From the (ST) property of —A,,, we get up — ug.
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(2) Let (ug) be a (PSC) sequence for Ey, i.e., for some sequence ¢ — 0 and
some d > min{A;(m), A\1(n)}, there holds

(PSCl) Ev(uk) —d
€k

(PSC2) | < Ey(un),§ > | < ———— €] forall &€ Ty (Smn)-
1+ [fuxl|

Assume that (ug) is unbounded and set vy, = HZ—:H Up to a subsequence,

there is some vy such that vy — vo in Wy *(Q) and v, — vp in L™ (Q).
We choose € = ay(vx —vg) in (PSC?2) and divide it by ||ug|[P~! to obtain

1
‘< E{/(vk),vk — Vg > —2—) < I;nm(vk),vk — vy > Ev(uk)‘
luk|| ||lok—w0 1
< ek —-—-<1 Vg ), Uk — Vg > Vg
T+l | T~ p < Tt
Since < I}, ,,(vk), v, —vo >— 0, it follows that (EY, (vg), v, —vo) — 0. By
the (ST) property of —A,,, we get vy — vo. Now, from

EV (uk) Im,n (uk)
[l [luwllP

lloel] =1, Ev(vg) = and I, (vg) =

it follows that
(3.4) voZ0, Ev(v)=0 and I, ,(v)=0.

On the other hand, taking ¢ = ax(w) in (PSC2), for an arbitrary
wE Wol’p(Q), and arguing as above, we find that vg is a solution of

—Apvg + V|v0|p_2v0 = (i[wL(v(J{)p_1 — n(va)p_l].

We distinguish now two cases:

(a) If vy is sign-constant then M(vg) = 0 or N(vg) = 0, and d is a
principal eigenvalue, which is impossible since a(m), a(n) > 0 (see
Th. 2.1).

(b) If vy changes sign then, as I,, ,(vo) = 0, one has either M(v]) < 0
or N(vy ) < 0. We consider two subcases:

(i) If M(v) < 0 then —A_1(m) < E]‘\’/[((Zfi)) = —d, which is a
- 0
contradiction since d > A1(m) > A_1(m).
(ii) If M(vg) = 0 then N(vy ) = 0, so that, after L? normalization,
vy (resp. wy) is admissible for a(m) (resp. «(n)). Hence

Ev(vd) >0 and Ey(vy) > 0, so that
Ey(vo) = Ev(vy) + Ev(vy) > 0,

in contradiction with (3.4).
Therefore we conclude that M (var ) > 0. In a similar way, we prove
that N(v, ) > 0.
Thus I, (vo) = 0 is excluded, and it follows that (uy) is bounded. We
repeat the argument used for vy to conclude that u; converges, up to a
subsequence.
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Now we can deduce that 8(m,n) is an eigenvalue of (AP), which is strictly
larger than A;(m) and Ay (n).

THEOREM 3.6. If a(m),a(n) > 0 then B(m,n) > max{\i(m),A\i(n)} and
B(m,n) is a critical value of Ey . In particular, c(m,n) < B(m,n).

PRrOOF. The first inequality follows directly from Lemma 3.4 and [2, Lemma 6].
Let us observe that the latter one holds also when Fy satisfies the (PS) condition
along bounded sequences, which was shown in Prop. 3.5. We apply the mountain-
pass theorem for a C' functional which satisfies the (PSC) condition on a C*!
manifold (cf. [3, Theorem 4.1]), to infer that §(m,n) is a critical value of Ey.. [

In the sequel, we show that S(m,n) = ¢(m,n) when either \;(m), A1(n) > 0
(no matter they are ordered or not) or S(m,n) < 0. Let us recall that the ordered
notion is defined in (2.5).

LEMMA 3.7. Assume that a(m) > 0.
(1) If 0 < M(m) < d then there exists i such that 0
A1(m), A1 (7) are ordered.
(2) If M (m) < d < 0 then there exists 1 such that @
A1(m), A1 (7) are ordered.

IN

m, () > d, and

Y

m, Ai(n) > d, and

Proor. We will use the fact that for A > 0 (resp. A < 0), p1 (A, m), defined in
(2.4), is decreasing (resp. increasing) with respect to m. Recall that the zeros of

A = 11 (A, m) are the principal eigenvalues of (Pp,).

(1) We extract 7 from the sequence my, := T+ — m~, which satisfles my <

m for every k and, by Cor.3.3, A;(my) — oo. Moreover, from f < m
it follows that pi(A\,n) > pi(A,m) for every A > 0. Thus A_1(n) <
A—1(m) < A1(m) < A1(7), so that A1(m), A\1(7) are ordered.

(2) We set i = m + k, where k > 0 is a constant. Thus p(A,7) > pi (A, m)
for every A < 0. Consequently, a(f) > a(m) > 0. Finally, we choose
k> ) oo that i (d,7) > 0. Indeed, note that if [jull, = 1 then

Ey(u)—d [ alulPde = Ev(u) — dM(u) — kd,
Q

so that pi(d,n) = p1(d,m) — kd. Since A;(m) < 0, it follows that
#1(0,7) = A1(1) < 0, so that A1(7) > d. Once again, 7 > m implies
that A1 (m), A1(7) are ordered.

(]

LEMMA 3.8. Assume that a(m) > 0. If either A\y(m) > 0 or d < 0 then the set
O:={u€Snn u>0, Ey(u) <d} is arcwise connected. The same conclusion
holds if either A1(n) >0 or d < 0 and the condition u > 0 is replaced by u < 0.

PRrOOF. Since O is empty when d < A1(m), we can assume either
0<A(m)<d or A(m)<d<DO.
By Lemma 3.7, there is n € L"(£2) such that

A1(R) >d,  A1(m), A1 (7) are ordered, and 7 % m if d Z 0.
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Consider now the open set
O :={u€S8nu: Ey(u) <d}.

The restriction E’V of Ev to Sp, 5, satisfies the (PSC) condition and one can show
that, under this condition, Lemma 14 from [2] still holds (using the strong version
of the Ekeland variational principle). Thus any nonempty component of O contains
a critical point of Ey. Since Aj(m), A1 (7) are ordered, these are the first two critical
values of Ey. From Ay (m) < d < A\ (7), we infer that ¢;(m) is the only critical
point of Ey in O and we conclude that O is arcwise connected. Now, let uy,us € O.

Since O C O, there exists a path v E o going from u; to us. By the choice of 1,
there holds

M) Z Lna(v(t) =1, if dZ0,
so that 71(t) := M(‘;Y((tt)))ll/_p is a path in S, 5, going from u; to us and made of

nonnegative functions. Let us remark that ~; is also well defined when d < 0.
Indeed, since the function ¢ — M (y(t)) is continuous and

M(7(0)) = M(r(1)) = 1,
if M(vy(to)) < 0 for some to € [0, 1], then there exists € [0, 1] such that M (y(¢)) =

0. Thus ~(t) is admissible in the definition of «(m), so that
a(m) < By (y() <d <0,

a contradiction. Finally, one has

Ev(y(1))
Ey(m(t) = —7—5= < Ev(y(t) <d
in either case. 0
THEOREM 3.9. Assume that a(m),a(n) > 0. If either A1(m),A\1(n) > 0 or
B(m,n) < 0 then B(m,n) = c(m,n), i.e., B(m,n) is the first non-principal eigen-
value of (AP).

PROOF. Assume by contradiction that there exists an eigenpair (A, u) for (AP),
with
max{A;(m), \1(n)} < A < B(m,n).
We know that u changes sign and
Ey(ut) = AM(u"), Ey(u~)=AN(u").
By Lemma 2.4, there holds M (u™'), N(u~) > 0. It follows that
Ln(ut —tu™) = M(u®)+t’N(u~) >0, Vtelo0,1].
Now, arguing as in [2], the paths
ut —tu~ (1—tu™ —u~
¥ —\1/p’ 72(t) = T _ /e’
Iy (ut —tu=)/p Iy (1 —t)ut —u=)l/rp

7 (t) = t€0,1],

to One

to and from

. + R
go respectively from (M(;L+))1/p Im,n?u)l/P Im,n?u)l/P N(ulj)l/z)'

can also see that v1(t), v2(t) € Sy, and
Eyv(m(t) = Ev(12(t) = A,
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for every t € [0,1]. Moreover, since either Aj(m) > 0 (resp. A\1(n) > 0) or A < 0,
using Lemma 3.8 with d = A, one can construct a path in S, , made up of non-

negative functions (resp. nonpositive functions), going from W to @1(m)

(resp. from — 0 —p1(n)) and staying at levels below §(m,n). Patching

Ny b
everything together, one gets a path on S,,,,, that goes from ¢1(m) to —¢1(n) and
stays at levels below 8(m,n), providing a contradiction with the definition of the

latter one. 0

Whenever 5(m,n) is the first non-principal eigenvalue of (AP), it is continuous
with respect to m and n:

PROPOSITION 3.10. If a(m), a(n) > 0 and (mg, ng) — (m,n) in L"(Q) x L™ ()
then lim sup B(my, ng) < B(m,n). If, in addition, \;(m), A1(n) >0 or S(m,n) <0
then lim S(myg, ng) = B(m,n).

PROOF. Let us first observe that by [7, Prop. 25], a(m) is continuous (resp.
lower semi-continuous) if m change sign (resp. m > 0), so that min{a(my), a(ng)} >
0 for k sufficiently large. Let € > 0 and take v € I'g such that

max By (1(1))) < Blm.n) +<.

Since I, »(y(t)) is continuous with respect to m,n,t, we deduce that, for &k suffi-
ciently large,
Ey(v(1))
x VARY)
te[0,1] Imlmnk (V(t))
Hence S(my,ni) < B(m,n) + ¢ and consequently

< B(m,n) +e.

lim sup ¢(mg, ng) < B(m,n) + €.
Since ¢ is arbitrary, the upper semi-continuity follows.
We prove now the lower semi-continuity when either A;(m),A;(n) > 0 or

B(m,n) < 0. Assume by contradiction that, for a subsequence, B(mg,ng) — ¢,
with ¢ < f(m,n). Let ux € Sy, n, be a solution associated to A, = S(mg, ng), i€

(35) —Apuk + V|uk|p_2uk = )\k[mk(uz)p_l — nk(u;)p_l].
We know that uy changes sign. Let us prove that (uy) is bounded. If not, set
vp = up/||u||. Then we can assume that vy, — v in Wy *(Q) and vy — vo in

L’”l(Q). We claim that vy must changes sign. Indeed, if vo > 0 then u,, — 0 in
measure, i.e., |, | = 0, where

Qp ={z € Q; u(z) <0}
Multiplying (3.5) by u;, one gets

[ [P = /7(Aknk — V) (uy, )P dz.

k

Applying Holder inequality, we get

e 1P < Ak = Ve g 1[5 19217,

where 0 > 0 is a constant depending on N,p,r. Moreover, as (\;) and (ng) are
bounded, there holds

[ 17 < Cllug [ 19217

|
pr’
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for some C' > 0. Finally, by Sobolev inequality, one deduces that |Q, | > C~7 > 0,
for some constant C' > 0. But this contradicts the fact that [, | — 0. A similar
argument holds when vy < 0 in 2. Hence vy changes sign in 2. Furthermore,
dividing (3.5) by ||ux|[P~t, one gets

(3.6) —Apvi + V]vRP 2o, = A [mg (v))P 1 — ng (v, )P .

Taking (v — vo) as test function in (3.6) and using the (Sy) property of the p-

Laplacian, one gets vy — vo in WP (). On the other hand, taking w € W, ()
as test function in (3.6) and passing to the limit, one finds that v is a solution of

—Apvo + V|v0|p_2v0 = c[m(v(‘)")”_1 — n(vo_)p_l].

Since ¢ < B(m,n) = ¢(m,n), one deduces that vy = ¢1(m) or vg = —p1(n), which
contradicts the fact that vy changes sign. So wuj is bounded in VVO1 P(Q). Arguing
as above, one gets that uy — ug in Wol’p(Q) with ug a sign-changing solution of

—Apup + V|uo|p72u0 = c[m(u(‘f)p71 — n(ua)pfl],

contradicting again the assumption ¢ < S(m, n). Therefore, the lower semi-continuity
is proved. O

4. The first non-principal asymmetric eigencurve

Our purpose now is to find the first non-principal eigenvalue when the mountain-
pass approach seems to fail (in particular, when min{a(m),a(n)} < 0). The
method followed now is comparable to the one used in [7].

Let us consider the ‘V-asymmetric’ eigenvalue problem

(4.1) —Apu+ Vi (wh)Pt = Vo(uT )Pt = AulP2u,  uwe WyP(Q)

with V1, Vo € L"(Q)) and r satisfying (H1). This problem has clearly two principal
eigenvalues, which are its two first eigenvalues. Proceeding as in [7], where the case
V = V7 = V5 has been treated, one can prove that the first non-principal eigenvalue
of (4.1) is given by

(4.2) d(V1,Va) = yhel? e By, v, (7(1)),

where
Ev, v, (u) == / (IVulP + Vi(u™)P + Va(u™)Pdz = By, (u™) + Evy, (u")
Q

and
I:={y€C([0,1];5) : 7(0) =2 0 = v(1)}.

Here S is the LP unit sphere in VVO1 P(Q). Furthermore, one can easily see that if
Vi = Vo =V then d(Vi, V2) = Aa(1).

We introduce now the first non-principal asymmetric eigencurve of —A, +V,
defined by

o(A) =oc(A,m,n) :=d(V —-Im,V —An), A€,

viz, the first non-principal eigenvalue of
(4.3) —Apu+ (V=2 m)(um)P~t — (V= n)(u )Pt =oulff?u, uec Wol’p(Q).

The zeros of () are thus non-principal eigenvalues of (AP). We look for conditions
on V', m and n that allow us to infer the existence of these zeros. For this purpose,
we establish some useful properties of d(V1, V) (and consequently of o(X)). The
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first one concerns the continuity with respect to V3 and Vs, while the second one
gives another characterization for d(Vi, Va). This characterization is inspired by a
formulation for the first non-trivial eigenvalue of —A, on a riemannian manifold
without boundary, from [11].

PrOPOSITION 4.1. If Vi — Vi,Vop, — Vo in L7(Q) then d(Vig,Vor) —
d(Vy, V).

PROOF. Ey, v,(u) is weakly continuous with respect to V4 and V2, so one can
repeat the proof of [7, Prop. 26]. O

PRroproSITION 4.2. There holds
(4.4) d(V1,Vo) = min max{Evy, (u), Ev,(v)},

(u,w)eT
where
T ={(u,v) € (WyP(2))*uv = 0, ||ull, = ||v|l, = 1}.

Moreover, this minimum is achieved by (u,v) if, and only if, (u,v) = (”—;%, =Tl ),
p P

where @ is an eigenfunction associated to d(Vy,V3).

PROOF. Let

d(Vi,V2) := inf max{Ev, (u), Ev,(v)}
(u,w)eT

and ¢ be an eigenfunction associated to d(V7,V2). We know that ¢ changes sign
and

Evi(¢") = d(Vi,Va)lle™ll},  Bv(e7) = d(Vi, V2)lle™ |15
LP-normalizing T and ¢~, one gets a couple of admissible functions in the defini-
tion of d(V7,V3), so that
Ev,(¢%) Ev(e)

et ™ e[l
Now let (u,v) € J and define the following path: ~(t) A=tultivl oy [0,1].

= [a—prte7e
Then « € I'" and consequently d(V;, V2) < m[gui] Ev, v,(7(t)). But
telo,

d(Vi, V) < max{ } =d(Vi,Va).

(1= t)PEy, (u) + tP Ev, (v)
(1—t)P +1tP

Thus d(Vi,Va) < max{FEy, (u), Fy,(v)} and it follows that d(V;,Va) < d(Vi,Va),
so that d(Vi,Va) = d(Vi,Va) and d(Vi,Vs) is achieved by (u,v). Finally, if (u,v)
realizes J(Vl, V2), then ~ defined above realizes the mountain-pass level, so that,
for some tg € [0,1], v(to) is an eigenfunction associated to d(Vi,Va). Thus, after
LP normalization we find v(to)" = w and y(tg)” = v. O

EVl,Vz (’y(t)) = < max{EVI (u)7 EVz (U)}7 vt e [07 1]

From now on, we will take advantage of the expression

(4.5) a(A) = minJ max{FEy _xm(u), Ev_xn(v)}

(u,v)€

to deduce the existence of zeros for 0. Note that, by Prop.4.1, o is a continuous
map. Observe also that o(0) = A2(1) and that, for every A € R,

U()‘) > max{:ul(>U m)7 ﬂl()‘v n)}a
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so that
sup o(\) > max{a(m),a(n)}.
Let us now analyze the behavior of o(\) when A — oo. We include the case
n < 0, where we need the following assumption:

|[supp m™ N supp n| >0 or
(Hpm,n) (supp m*) N O, # 0 or
(supp mT)NIQ, =0 and N > p,

where Q,, := Q\ supp(n).

PROPOSITION 4.3. Assume that m™ £ 0.
(1) If n™ £ 0 then limy oo 0(N\) = —o00.
(2) If (Hppn) holds, n <0 and a(n) < 0 then limy_o 0(A) < 0.

PROOF.

(1) Let u,v be such that uv = 0 and M(u) > 0, N(v) > 0. Note that this
choice of v and v is always possible: set

X :=supp m* Nsupp nt.

(a) If |X| = 0, we obtain v and v by regularizing the characteristic
function of supp m™ and supp n™, respectively.

(b) If | X| > 0, we choose X C X such that |X| > 0 and | X \ X| > 0. We
regularize the characteristic functions of X and X \ X to get u and
v.

For such u and v, we have max{Ey _xm(u), By _xn(v)} = —00 as A — oo,

so that o(A) = —o0 as A — oo.

(2) Let us initially consider n = 0 (in this case 2, =  and a(n) = A1(1)).
We will find a couple (u,v) € J such that M(u) > 0 > Ey(v). Conse-
quently max{Ey _xm(u), Ev(v)} < 0 for A sufficiently large. We follow an
argument used in [2], where the authors constructed a sequence uy that
converges to ¢1(m) and vanishes somewhere in Q. To this end, they need
to assume either (supp m+)NIQ # O or (supp mT)NIQ =0 and N > p.

(a) If (supp mT)NIQ # B, we make use of the continuous and increasing
dependence of A1(1,Q) with respect to §2. In other words, let

Qs :={z € Q; dist(z,00) > d}.
Then A1(1,Qs5) N\ AM1(1,92) as § — 0. We choose § > 0 sufficiently

small in order to have A1(1,Qs) < 0. We pick then v = ¢1(£25) and
u >0, u# 0 with supp u C (supp m*) N (2\ Q).

(b) If (supp m*T) NI = 0 and N > p, we argue as in [2, Prop.35] to
obtain a sequence vy, that converges to ¢; and vanishes in a neighbor-
hood of a point zy € (supp m™) (we choose this point ¢ non-isolated
in (supp m™)). Therefore, we may find some u > 0, u Z 0 with supp
u C (supp m™) and uvg, = 0, for k large enough. So we choose v = vy,
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to have Ey (v) < 0.

If n # 0, we find a couple (u,v) € J such that M(u) > 0= N(v) >
Ey(v) as follows: if |[supp m™* Nsupp n| > 0, we can find some u > 0,
u Z 0 such that M (u) > 0 and supp u C supp n. Hence, if v is a minimizer
for a(n), then N(v) =0 > Ey(v) and wv = 0. In the two other cases, we
proceed as above to find a sequence vy that converges now to a minimizer
for a(n) and vanishes in a positive measure subset of (supp m™*).

O

When m,n > 0, we are able to give a minimax formula for supo(\). If, in
addition, m and n vanish precisely on the same set X, this minimax gives also the
second eigenvalue of —A,+V on X, provided Q\ X satisfies a regularity condition.

Let us recall that a property is said to hold quasi-everywhere (g.e.) on ' C Q
if it holds on Q' \ U, where U C €' is such that Cap,(U,Q2) = 0. Here Cap,(U, )
is the W1P-capacity of U. A function v : Q — IR is quasi-continuous if given € > 0,
there is an open set U. C IRY such that Cap,(U.,) < ¢ and u is continuous on
Q\ U.. Tt is well-known that every function u € W1P(IRY) has a quasi-continuous
representative given gq.e. by

u(x) = u.

= 2% B B S
An open set D C IRY is said to be p-stable if for every u € WHP(RY),
(4.6) u=0ge IMRY\D = u=0ge inRV\D.
When m > 0, the p-stability of Q \ supp m allows one to conclude that u €
Wy (Q\ supp m) if M(u) = 0. Indeed, let D € Q € RN be open sets. Then
u € WyP(D) <= uecWyP(Q) and 4 =0 g.e. onQ\ D.

Simple examples of p-stable sets are given by Lipschitzian domains or, more
generally, by domains satisfying the uniform exterior cone property. We refer to
[6, 9] for more details on these issues.

The next proposition is somewhat similar to Prop.2.2. Recall that we are
assuming that Q \ supp m and Q \ supp n are p-stable if m,n > 0.

PROPOSITION 4.4. Let aa(m,n) := ( in)flcmax{Ev(u),Ev(v)}, where
u,v)€

K :={(u,v) € J; M(u) = N(v) = 0}.
If m,n >0 then:

(1) o(X) is a decreasing map.
(2) as(m,n) is achieved and ag(m,n) = sup o(A). In particular, as(m,n) >
AclR
max{a(m), a(n)}.
(3) If supp(m) = supp(n) = X and Q\ X is a p-stable set, then as(m,n) =
A2(1,Q\ X).

PROOF.

(1) The decreasing of o(\) follows directly from (4.5) and its dependence on
A
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(2) For any pair (u,v) € K and any A € IR, one has
EV_)\m(u) = Ev(u) and EV_)\m(U) = E\/(U),

so that as(m,n) > o(A) for every A. Since o()) is decreasing, we get

supo(A) = lim o(A). Let Ay — —oo and (ug,v;) € J realize o(Ag).
AER A——o00
Then

(M) = By (uk) — MM (ug) > By (u) > C7 (| |lug || — C2),

for every A\p < 0, where we used Lemma 3.2. A similar argument applies
for vi. Hence uy, and vg are bounded. Going to a subsequence if necessary,
there are ug, vg such that

Up = U, Vg — Vo, Uk — Ug, Vi —> Vo &€, |uollp, = [Jvoll, =1
and
M(up) = lim M(ux), N(vg)= lim N(vy).
k—o00 k—o00
Thus (ug,vo) € J and

as(m,n) > lim o(Ag) > Ev(ug) — klim AeM (ug),
— 00

k—o0

so that M (ug) = 0. In a similar way, we get N(vg) = 0, so that (ug,v) €
K. Moreover

as(m,n) > klim o(Ar) = max(Ey (ug), Bv(vg)) > az(m,n).
—00
Therefore ag(m,n) = sup o(A) and (ug, vg) is a minimizing pair for ay(m, n).

(3) First, note that, after LP normalization and extension by zero to €,
(pT,07) € K, where ¢ is an eigenfunction associated to Aa(1,Q\ X).
Hence

az(m,n) < max{By(p7), Bv(p7)} = X2(1, 2\ X).

On the other hand, as Q\ X is p-stable, one can proceed as in [7, Prop.11]
to show that if (ug, vg) achieves as(m,n) then ug, vy € Wol’p(Q \ X), i.e.,
(ug,vp) is an admissible pair for A\y(1, 2\ X). Therefore we conclude that
as(m,n) = Aa2(1,Q\ X).

(I

Note that when m™ £ 0 or n~ # 0, the decreasing of o(\) is no longer known.
As a consequence, we don’t know whether sup, o(\) = az(m,n). In order to over-
come this lack of information, if there is no principal eigenvalue of (AP) we will
assume that A2(1) > 0 (i.e., 0(0) > 0). This condition will provide the first positive
eigenvalue of (AP).

In view of Prop. 4.3, a characterization of ¢(m,n) can now be easily proved
when a(m),a(n) > 0.

THEOREM 4.5. Let m,n be such that m*,nt # 0 and min{a(m),a(n)} > 0.
The first non-trivial eigenvalue of (AP) is given by

(4.7) c(m,n) = (u%iélj/ max{FEy(u), By (v)},
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where
(4.8) T = {(u,v) € (WyP(Q)?; wv =0, M(u) = N(v) =1}.

PRrROOF. Since o(A) > p1(A,n) and p1(A1(n),n) = pi(A1(m),m) = 0, we have
o(A) > 0 for A = max{A;(m),\1(n)}. Thus, as ¢ is continuous and goes to —oo
when A — oo, we find some A > max{A;(m), A1 (n)} such that o(\) = 0. We prove
now that A is equal to the minimax in (4.7). Let (ug,vp) € J achieve o(\) = 0,
ie.,

Ev(uO) — XM(U()) = Ev(’l)()) — XN(’U()) =0.
By Lemma 2.4, we have M (ug), N(vg) > 0. Moreover, given any (u,v) € J’, one
has
Ey(u) —AM(u) >0 or Ey(v)— AN(v) >0,
so that
A < max{Ey (u), By (v)}.

In fact, we proved that the minimax in (4.7) is the only zero of o, which implies
that it is the first non-trivial eigenvalue of (AP). O

We show now that in the ordered case, (AP) does not admit any eigenvalue
between min{A_1(m),A\_1(n)} and max{A;(m),A1(n)}. This is no longer true if
A1(m), A1(n) are finite and non ordered.

PROPOSITION 4.6. If m,n change sign and A1(m), A\1(n) are ordered then (AP)
has no non-principal eigenvalue \ such that

min{A_1(m),A_1(n)} < A < max{Ai(m), \1(n)}.
PROOF. Assume that A is a non-principal eigenvalue of (AP) with
min{A_i(m),A_1(n)} < A <max{Ai(m), \1(n)}.

Then ¢ = 0 is a non-principal eigenvalue of (4.3). On the other hand, the first
non-principal eigenvalue of (4.3) satisfies

o(N) > max{p;(A\,m), u1(A,n)} >0,

and we get a contradiction. O

REMARK 4.7. One can find V,m,n such that A\;(m), A1(n) are non ordered
and (AP) has a non-principal eigenvalue A with

min{A;(m), A1 (n)} < A < max{A_1(m),A\_1(n)}.

Indeed, let V' be such that Ay(1) < 0 (for instance, V = —Vj, with Vj > Ag, the
second eigenvalue of —A,). Now we take ng sign-changing and such that a(ng ) > 0
(for instance, ng = ¢11p, —c21p,, where ¢, co > 0 and By, By are two disjoint balls
with Bs such that A;(1, B2) > 0). We set n. = E?’L(J)r —ng , so that, by lower semi-
continuity, a(ng) > 0 for € > 0 sufficiently small. Thus we choose n = n., and we
can assume that N(p1) < 0, so that 0 < A_1(n) < A1(n). Moreover, it is clear
that the above procedure also provides m such that A_1(m) < A;1(m) < 0. Now,
since a(A1(m)) > 0 > Az(1) = 0(0), by continuity, we get A € |]A\1(m), 0[ such that
o(A) =0.
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NN

// A1(m) N A-1(n) a(})

751 ()\, m) )\2(1

—

Ar(1) p1(x,n)

Figure 5: Existence of eigenvalues of (AP) between min{A;(m), A1(n)} and
max{A_i(m),A\_1(n)}.

We shall now look for the first non-principal eigenvalue when either A;(m) =
—00 or Ai(n) = —oc.

THEOREM 4.8. Let m be such that m™ # 0.

(1) Letn >0,n #0. If eitherm > 0 and as(m,n) > 0 or m changes sign and
a(m) > 0> a(n) then o(\) = 0 for exactly one X > max{\;(m), A\1(n)}.
Thus ¢(m,n) = \.

(2) Let n be such that n= # 0. If n <0 assume (Hp, ) and a(n) <O0.

(a) If a(m) > 0 (resp. a(m) > 0) and m > 0 (resp. m changes sign)

then o(X) = 0 for at least one X > A\1(m). In this case,
c¢(m,n) = min{A > A (m);o(\) = 0}.
(b) If a(m) < 0 (resp. a(m) < 0), m >0 (resp. m changes sign) and

A2(1) > 0 then o(X\) = 0 for at least one X\ > 0, so that
c(m,n) = min{\ > 0;0(\) = 0}.
PROOF.

(1) We may assume, with no loss of generality, that max{\;(m),A\1(n)} =
A1(m) (which is the case if a(m) > 0 > a(n)). If A;(m) > —oo then
o(A1(m)) > 0. Hence, in any case, Prop. 4.4 and 4.3 yields that o(\)
vanishes at least once in JA1(m),oc0[. Assume that A;(m) < X < N’
are such that o(X) = o(N’) = 0. Let (u,v) € J realize o(\), ie.,
Ev_ym(u) = Ey_xpn(v) = 0. We claim that M (u) = N(v) = 0. Indeed,
let us first prove that M(u) > 0. If m > 0, there is nothing to prove. If

) <0,

m changes sign and M (u) < 0, then
Ev(’u)
N =- > A > —A
M) > 1(m) > =X (m),

so that A’ < A1(m), a contradiction. Therefore M (u), N(v) > 0 and so
max{EV_,\nm(u), EV_)\//,L(U)} < 0= O'()\H).
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Thus (u,v) is a minimizing pair for o(A”), so that

Eyv _xrm(u) = Ev_ximy(v) = 0.
Consequently M(u) = N(v) =0, i.e., (u,v) € K. Hence Ey(u) > 0 or
Evy(v) > 0, which yields Ev_xim(u) >0 or Ey_yimpm(v) > 0, a contradic-
tion. Thus A = ¢(m,n) is unique.
Let us now assume by contradiction that A < ¢(m,n) is a non-principal

eigenvalue of (AP). Then o = 0 is a non-principal eigenvalue of (4.3). On
the other hand,

max{u (A, m), p1(A\,n)} <0< a(N),

which is contrary to the fact that o()) is the first non-principal eigenvalue
of (4.3).

2)
(a) Since aa(m,n) > a(m) > 0, one can argue as above to show that o
vanishes for at least one A > \;(m). However, as n~ # 0, we cannot
prove that such X is unique. If A € JA\;(m), c(m,n)[ is an eigenvalue
of (AP) and o(\) < 0, then o vanishes for some value strictly less
than ¢(m,n), contrary to the definition of this one. Hence o(A\) > 0

and we get a contradiction as before.

(b) Now there is no principal eigenvalue for (AP). The condition Az(1) >
0 implies o(0) > 0. Since limy_ o, o(A\) < 0, o(A) vanishes at least
once in ]0,00[ and we can prove as before that there is no positive
eigenvalue less than min{A > A;(m); o (A) = 0}.

O

As a particular case of Prop.4.8, we obtain a condition on V' and m for (P,,)
to have a first non-principal eigenvalue in the absence of a principal one.

COROLLARY 4.9. Let m > 0 be such that aa(m) > 0 > a(m), where az(m) :=
as(m,m). Then (Py,) has a first (non-principal) eigenvalue, which is the unique
zero of A — o(A,m,m).

5. A first non-trivial Fuéik curve

This section is devoted to the study of the non-trivial Fucik spectrum of (F'P).
We will restrict ourselves to X7, the ‘positive’ part of ¥ (as defined in (1.3)). Let
us recall that A;(m) and Ai(n) are not necessarily positive, not even necessarily
finite, so that T is not necessarily a subset of Rt x RT.

5.1. The case min{a(m),a(n)} > 0.

In the same way as [2], we will build a curve C made up of the points which
are the first intersection of ¥ with a line of given slope. Instead of taking lines
passing through the origin, we make a translation upon the point (A1(m), A\ (n)):
given s > 0, let I; be the line defined by

B =B(A,s):=s(A— A (m))+ Ai(n), for A> Ai(m).
We look for the first point in I, that belongs to ©*. This is equivalent to have
d(V — Am,V — B(A,s)n) =0,
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where d is defined in (4.2). So we are seeking the first zero of
p(A) = P(A, S) = d(V - A’ITL, V- B(A, s)n)a
defined for A > A\ (m).

PROPOSITION 5.1. Let m,n be such that m™,n* # 0 and min{a(m), a(n)} > 0.
For any s > 0, ls has a first intersection wzth St given by (A(s), B(s)), where
B(s) := B(A(s), s),
. 1
(5.14(s) = A(s,m,n) = min max {Ev(u), —(Ev(v) = A(n)) + Al(m)} ,
(u,v)eJ’ S
and J' is defined in (4.8).

PROOF. As mentioned above, (A(s),B(s)) is the first cutting of I into XT
provided A(s) is the first zero of p(A) = d(V — Am,V — B(A, s)n), defined for
A > Ai(m). We have

p(>\1 (m)) = d(V — Al(m)m, V- )\1(71)71) > )\1(V -\ (m)m, 1)

One can easily see that A\ (V —A1(m)m, 1) = 0, so that p(A1(m)) > 0. Asm™, nt £
0, p(A) = —o0 as A — oo. Consequently p vanishes at least once. Moreover, since
A > Ai(m) and B(A,s) > Ai(n), if p(4) =0 and (u,v) € J achieves p(A), we can
prove (as in Prop.4.8) that M (u), N(v) > 0 and, as a consequence, that p vanishes
exactly once. We set A(s) as the unique zero of p and claim that

1
(5.2) A(s) = ( Hl)iélj/ max {Ev(u), ;(Ev(v) —A1(n) + Al(m)} .
Indeed, as already observed, if (u,v) achieves p(A(s)) then M (u), N(v) > 0, so that

Ey (u) 1/ Ey(v)
A )= ————"F— = ————— — A A
= Gyt = s (s~ +
and we deduce that A(s) > ¢, where c is the right-hand side in (5.2). Conversely,
let (u,v) be such that M(u) = N(v) = 1 with uv = 0. From p(A(s)) =0, we get

max {Ey (u) — A(s)M (u), By (v) — B(A(s),s)N(v)} > 0.

Thus
Ey(u) — A(s)M(u) > 0 or Ey(v) — B(A(s),s)N(v) >0,
so that .
A(s) < max {Ev(u), E(EV(U) —Ai(n)) + )q(m)} ,
which yields (5.1). O

PROPOSITION 5.2. Under the assumptions of Prop. 5.1, the maps s — A(s), B(s)
are continuous and respectively strictly decreasing and strictly increasing.

PrOOF. The continuity and the strict decreasing of A(s) follow easily from
(5.1). It remains to prove that B(s) is strictly increasing. Let us first show that

sA(s,m,n) = A(l,m/s,n) if s>0.

Indeed, if u is a solution of (AP) for A = A(1,m/s,n) and B = (A — A\ (m/s)) +
A1(n), then the right-hand side of (AP) reads

A(L,m/s,n)m/s(uT)P~t —[A(1,m/s,n) — A1(m/s) + A (n)]n(u" )P~ =
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éA(l,7n/s,n)7n(1ﬁ)’”1 - {S (%A(l,m/svn) - /\1(m)> + )\1(”)} n(u” )P

where we used the well-known property Ai(m/s) = sA;(m).
We infer that
s A(1,m/s,n) > A(s,m,n)
and likewise we show the reverse inequality. Hence we can write
B(s) = A(L,m/s,n) — A1 (m/s) + A ().

Now let 0 < s < ¢’ and (u/,v’) achieve A(1,m/s’,n). Then M(v') =5, N(v') =1
and
A(l,m/s',n) = By (u') = By (V') — M (n) + A (m/s).

We set u = (5)%1/, so that M(u) = s and By (u) = 5 A(1,m/s’,n). Thus
A(1,m/s,n) < max{gA(l, m/s',n), By (') — A1 (n) + Al(m/s)} ,
so that
A(1,m/s,1) — M (m/s) < max{%A(l, m/s' n) — Ai(m/s), By (') — Al(n)} .
Now, Ey(v') — A1(n) = A(1,m/s’,n) — A\i(m/s’) and
5A(1,m/s',n) “M(m/s) = s @A(l,m/s/,n) - Al(m)>
< & (éA(l,m/s',n) - /\1(m)>
= A(l,m/s',n) — A\ (m/s'),
where we used that A(1,m/s’,n) > A1(m/s"). Hence we conclude that
A(l,m/s,n) — Ai(m/s) < A(1,m/s',n) — A1 (m/s'),
so that B(s) < B(s'). O
Therefore, letting s vary in ]0, 0o, we get a curve
C:={(A(s), B(s));s > 0}
in X7, which is the first curve in 7 in the sense that for any (A4, B) € X% either
A > A(s) or B > B(s).

Next we study the asymptotic behavior of C. Following the notation of [2], we
set

Ag = 1in(1)A(s)7 By = lim B(s), Ao = lim A(s), Beo = lim B(s),
S5—r

§—00 s$—00 s—0
A:=inf{Ey(ut): M(u") =1, N(u") > 0},
and
B:=inf{Ey(u”): Nu")=1,Mu") >0}
The following proposition extends the results proved in [2].
PROPOSITION 5.3. Under the assumptions of Prop. 5.1, there holds:
(].) AO = BO = OQ.
(2) Ay = A and B, = B.
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(3) E = A1 (m) if either N >p or N < p and (%pp nt) NN # 0. Otherwise
A > Ai(m). A similar statement holds for B.

PROOF.
(1) Let s — 0 and (ug,vx) € J' realize Ay, = A(sy). We have

Ev(uk) = A and Ev(vk) = Sk(Ak — Al(m)) + )\1(71)

If Ay is bounded then Evy (ug) is bounded and Ey (vg) — A1(n), so that,
by Lemma 3.2, uj and vi are bounded. Thus, up to a subsequence, there
are ug, vg such that

up — ug,Vp — vo, M(ug) =N(vg) =1, and wugvy =0.

Then Evy(vg) < Ai(n) and we conclude that vg = £¢1(n). Hence ug =0,
contradicting M (up) = 1. Therefore, we must have Ay — oo. A similar
proof holds for By.

(2) Let u be an eigenfunction of (AP) associated to (A(s), B(s)), s > 0. Then

Ey(u®)=A(s)M(u") and FEy(u~)= B(s)N(u").
From A(s) > A1(m) and B(s) > A1(n), it follows once again that
M(u),N(u~) > 0.

Set @ := —*%—. Then M((a)*) =1 and N((a)~) > 0, so that
M(ut)p

A(s) = By (i) > 4.

Thus we proved that A, > A.
Assume now that Ao, > A. Then we can find w such that

Mwt)=1, Nw™)>0 and A< Ey(w") < Aw.

Moreover, by the decreasing of A(s), one has Ey (wh) < A < A(s) for
every s > 0. Since p(A(s)) =0, given (u,v) € J, one has either

Ey(u) —A(s)M(u) >0 or Ey(v)— B(s)N(v) > 0.
Let us choose, after LP normalization, u = wT and v = w~. We have
Evy(u) — A(s)M(u) = By (w™) — A(s) <0,

and consequently Ey(w™) > B(s)N(w™). On the other hand, one has
Ey(wt) > Ai(m), since M(wt) =1 and w™ # 0. Thus
B(s) = s(A(s) = M(m)) + Ai(n)
> s(By(wh) —Ai(m)) + Ai(n) = oo
as s — 00. So we get a contradiction, which shows that A, < ZLand, as

a consequence, A,, = A. A similar argument shows that B, = B.
(3) The proof is similar to the second part of [2, Prop. 35|, so we omit it.

d
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5.2. The case a(m) > 0> a(n).

Now, since ¥ may be unbounded from below in the B direction, we allow the
slope of the line to be negative. For each s € IR, we denote by [s the line defined
by

B(A,s) :=s(A—X(m)), A>X(m).

PROPOSITION 5.4. Let m be such that m™ # 0.

(1) Let n > 0, n £ 0 with a(n) < 0. If either a(m) > 0 and m > 0 or
a(m) > 0 and m changes sign then, for any s > 0 (resp. for any s <0 if
(Hp,n) holds), ls has a first intersection with X given by (A(s), B(s)),
where A(s) is the unique zero (resp. the least zero) of

p(A) :=d(V — Am,V — B(A, s)n)

and B(s) = B(A(s), s). Furthermore, s — A(s) is decreasing, continuous
on 10, 00[ and lower semi-continuous on | — 00, 0[.

(2) Let n be sign-changing with a(n) < 0. If a(m) > 0 (resp. a(m) > 0)
and m > 0 (resp. m changes sign) then, for any s € R, l; has a first
intersection with X% given by (A(s), B(s)), where A(s) is the least zero of
p(A) :=d(V — Am,V — B(A, s)n) and B(s) = B(A(s), s).

PROOF.

(1) We can proceed as in Prop.5.1 to show that for s > 0, p vanishes at least
once. Now, as A > A;(m) and n > 0, one can repeat the argument of
Prop.4.8 to show that M(u) > 0 if (u,v) achieves p(4) = 0, so that p
cannot vanish twice. If s < 0 then B(A,s) < 0 and we can argue as
in Prop.4.8 to show that p has at least one zero. However, we cannot
guarantee the uniqueness of such zero, since s(A — A\;(m))n > 0.

Let s — so and Ay = A(sg). We claim that Ay is bounded. Indeed, we
may choose A" > A(sg) sufficiently large in order to have p(A’,sg) < 0.
Thus, for k sufficiently large, p(4’, sk) < 0, so that Ax € |A;1(m), A’[. Now,
up to a subsequence, there exists A such that Ay — A, so that p(a, sg) =
lim p(Ay, si) = 0. If s > 0, by uniqueness we conclude that A = A(so).
If s < 0 we may only infer that A(sg) < A, i.e., A(sp) < liminf A(sy).
In order to prove that s — A(s) is decreasing, let s’ < s”, A" = A(s'),
A" = A(s") and let (u,v) achieve p(4’,s’) = 0. As n > 0, it is clear that
s(A" — A1 (m))N(v) is increasing with respect to s, so that

Ey(v) —s"(A" =X (m))N(v) <0.

As a consequence, we get p(A4’,s”) < 0, which implies that p(A,s") =0
for some A < A’. Hence A” < A’.

(2) One can repeat the argument above to show that p vanishes at least once.
Again, since n changes sign, we don’t know whether uniqueness of zero
holds for p.

O

‘We shall now consider

A_o = lim A(s), B_:= lim B(s).

S—r— 00 S—r— 00
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Let us also introduce
A:=inf{Ey(u®): M(u")=1,N(u") <0,Ey(u") <0}.

PROPOSITION 5.5. In addition to the assumptions of Prop. 5.4, if n is sign-
changing assume either (supp mt) NI # 0 or N > p. Then:

(1) Ao = A = A1 (m) if either N > p or N < p and (supp nt) N 9Q # 0.
Otherwise, Ass < A.
(2) A_oo <A< 0 and B_oo = —00.

PROOF.

(1) One can check that, except the inequality A < A, the proof of (2),(3) in
Prop.5.3 carries over to the present situation. Moreover, as Ay, > A1 (m),
the conclusion follows easily.

(2) Let u be such that M(u™) = 1, N(u™) < 0 and Ey(u~) < 0. From
p(A(s)) =0, we find either

Ey(u®t) > A(s)M(ut) or Ey(u~)> B(s)N(u").

The latter inequality being excluded, we deduce that A(s) < Ey (u™) for
every s < 0, so that A_,, < A. Let us now prove that there exists u as
above. For this purpose, we find a sequence v; that vanishes is a positive
measure subset of supp m™ and is such that N(v;) <0, Ey(vg) < 0 for
k sufficiently large.

If n > 0, we choose v, > 0 such that v, vanishes in a positive measure
subset of supp m*, N(v;) = 0 and vy — v, where v is a minimizer for
a(n). Such sequence exists by (Hp,n)-

If n is sign-changing then any minimizer for a(n) is a solution of

—Apu+ (V=) ulP~2u = an)|ulP~2u, ue WP (Q),

for some A. Hence, it is positive on Q. Now, since a(n) < 0, we know
that Ey is unbounded from below on M~ (see [7, Prop. 12]). To be more
precise, if v is a minimizer for a(n) and ¢ > 0 is such that supp ¢ C supp

n~, then
v+ 2
Wg = —k T
(-N(w+%))?
satisfies N(wy) = —1 and Fy(wg) — —oo. We choose w such that
N(w) = —1 and Ey(w) < 0, and we construct a sequence vy, such that

vg — w and v, vanishes in a positive measure subset of supp m™ (this is
possible since we are assuming that (supp mT)NoQ # 0 or N > p).
Once we obtained vy, we may find w > 0 such that M(w) = 1 and
wy,, = 0. We choose then u = w — v, with k large enough. There-
fore A < oo. Finally, for any s < 0, we have A(s) > A1(m), so that
A_o > Ai(m) and B(s) = s(A(s) — A1(m)) — —o0 as s — —o0.
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5.3. The case a(m),a(n) < 0.

To conclude this section, we briefly describe now the construction of C when
neither (P,,) nor (P,) admit a principal eigenvalue. We deal with non-negative
weights m, n such that a(m), a(n) < 0. In this case, A;(m) = A1(n) = —oo, so that
Y=xt

Let us denote by d; the diagonal translated upon the point (0,t), i.e., the line
of equation

B=B(At):=A+t, AclR.

PROPOSITION 5.6.

(1) If ag(m,n) > 0 then, for every t € R, d; has a first intersection with X,
given by (A(t), B(t)), where A(t) is the least zero of

p(A) = p(Avt) = d(v - Amv V- (A + t)n)v

defined for A € R, and B(t) = B(A(t),t). Moreover, t — A(t) is decreas-
ing and lower semi-continuous.

(2) A(t) < A for everyt € R and A < 0o if (Hp,,n) holds. A similar conclu-
sion holds for B(t) with respect to

B:=inf{Ey(u"): Nu)=1,Mu") =0,Ey(u’) <0}
Finally, lim;_, oo A(t) = lim_, o B(t) = —o0.

PRrROOF.

(1) Since m,n > 0, it is clear that p is a decreasing map. Moreover, one
can show that lim_, p(A) = —oo and sup e p(A4,t) = as(m,n), for
every t > 0. By continuity, p vanishes at least once. We set A(t) :=
min{A4; p(A,t) = 0}. If (A,A+1t) € ¥ with A < A(¢) then 0 = 0 is a
non-principal eigenvalue of

—Apu+ (V- Am)(u )P~ — (V = (A+t)n)(u™ )P~ = o|u|P~?u,

so that ¢(V — Am,V — (A +t)n) < 0. By the definition of A(t), we have
p(A,t) < 0, so that p vanishes at some Ay < A(¢), a contradiction. The
decreasing of t — A(t) follows from the dependence of p(A,t) with respect
to t, and the lower semi-continuity can be proved as in Prop.5.4-(a).

(2) The proof is similar to Prop.5.4-(b), so we omit it.
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