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A B S T R A C T

A cylindrical Ising nanotube that consists of 3/2 core spins surrounded by 5/2 shell spins is introduced and
studied with Mean-Field approximation and Monte Carlo simulations in the presence of crystal and external
magnetic fields. The effects of positive and negative interfacial coupling constants on the magnetic properties
have been examined. The thermal behaviors of the order parameters and different types of macroscopic
instabilities are presented. The model exhibits compensation points, first- and second-order phase transitions.
Richer magnetic properties are obtained in the antiferromagnetic core–shell coupling case. In the presence of
ferromagnetic interfacial coupling, the simulations sometimes generated long-lived metastable states. These
states jumped to stable thermodynamic ones under thermal fluctuations via first-order phase transitions.
1. Introduction

An intense research focused on nanostructured materials [1,2]
(nanoparticles, nanorod, nanowire, nanotube) in recent years because
of their potential applications in several technological domains:
biomedicine [3–5], magnetic resonance imaging [6], permanent mag-
nets [7], magnetic storage and recording media [8–11], plastics and
carbon fibers strengthening [12], building structural materials reinforc-
ing [13], sensors [14], catalysts, energy conversion and storage, etc.
Their physical properties are related to their size and dimensionality
and this motivated much theoretical investigations and unexpected
properties have been discovered. A current challenging problem in the
field is how to develop using materials of different nature, efficient
and low-cost multifunctional nanoparticles. Compounds as Zn–ZnO,
Fe–Pt, Fe3O4 [15,16] nanotubes are typical examples that received
an important focus of attention. They can be manufactured in several
geometric forms: cubic, hexagonal, cylindrical, etc. It has been shown
that cylindrical core/shell nanotubes are very performant. The shell
material can play the role of protector against oxidation and corrosion
in an hostile environment [17]. Carbon-made shell nanoparticles are
more interesting for several reasons. They can generate nanoparticles
that are compatible with biological systems [3]. Moreover, they present
physical features that can make them good candidates to replace silicon
in future advanced electronic devices. Experimentally, nanotubes have
been manufactured by means of various techniques including chemical

∗ Corresponding author at: Institut de Mathématique et de Sciences Physiques, Université d’Abomey-Calavi, Benin.
E-mail address: fhontinfinde@yahoo.fr (F. Hontinfinde).

vapor deposition (CVD) process, Laser vaporization, hydrothermal reac-
tion, electro-deposition method, etc. Mathematical models of nanotubes
comprise Ising models where spins of the core are surrounded by spins
of the shell. It is worthwhile to mention that Ising systems are the
most studied many-body systems because they can describe quite well
most physical systems as lattice spin systems, binary alloys, etc [18].
Ising nanotube models have been solved using number of statistical–
mechanical methods including the Mean-Field (MF) theory [19], the
Effective Field Theory (EFT) [18,20], numerical simulations by Monte
Carlo (MC) [21,22] or Cellular Automata (CA) [23], etc. Kaneyoshi
studied critical and compensation temperatures in a hexagonal spin-1/2
Ising nanotube by means of EFT with correlations [18]. Masrour et al.
investigated using Monte Carlo simulations, magnetic properties of a
mixed-spin (1, 3/2) core/shell hexagonal Ising nanotube [24]. They
have observed interesting properties, in particular critical and triple
hysteresis behaviors. Other attracting magnetic properties have been
reported on Ising nanotubes in Refs. [25–28] and on nanographene
in [29,30]. The CoPt nanotube was investigated in the presence of
an external magnetic field in [31]. A particular interest has been
devoted to the study of the magnetism of nanowires/nanotubes of
other transition metals alloys as FePt, FePd, CoPd, etc due to their
involvement as critical elements in many different applications and
devices, in particular in digital communication [32–36].

In this paper, a mixed-spin (3/2, 5/2) core/shell nanotube with
equal number of spins in the core and shell, is introduced and studied
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Fig. 1. Schematic representation of a nanotube with three cylindrical layers. Colored
full) circles represent core atoms with spin 3/2. Open circles are surface shell atoms
ith spin 5/2. 𝐽𝑐 , 𝐽𝑠 and 𝐽𝑐𝑠 are nearest-neighbor coupling constants for atoms in the

ore, in the shell and at the core–shell interface respectively.

n the presence of crystal and external magnetic fields. A nanotube with
Co-core and a Al-shell may be a typical example. The present work is

hen not only important from the fundamental point of view but such a
ystem can be a promising candidate for magnetic storage devices and
an also be used in microelectromechanical systems. We will generate
redictions on the magnetic properties of the system by studying phase
ransitions, compensation points, coercivity, magnetization saturation,
agnetic susceptibility, critical points, etc. The knowledge of these key

eatures is important for technological applications. Since the direction
f the interfacial coupling between interacting surfaces in physical de-
ices depends on many factors such as microscopic contact geometries,
olarization energy, energy level alignment, etc, we will consider in
he study both ferromagnetic and antiferromagnetic interfacial cou-
lings [37,38]. A closely and geometrically related nanowire system
ut with different core/shell spins has been recently investigated by our
esearch group and yielded interesting properties [39]. Another system
ith some resemblance is the Ising core/shell borophene structure with

pins (5/2,3/2) studied in Ref. [40]. There, the ground state phase dia-
rams were determined as well as the variations of magnetic properties
ue to changes in model parameters. The present core/shell model is
irst formulated in the MF approximation and expressions of the order
arameters are derived. In the presence of driving magnetic field, the
odel has been examined with MC simulations with the Metropolis
pdate algorithm [41] in order to take into account correlations of spin
luctuations in the results. Thermal behaviors of the order parameters
re presented as well as the magnetic susceptibility and the internal
nergy. This enabled us to construct typical thermal phase diagrams
or the model for selected values of the model parameters. The model
xhibits critical, compensation and first-order transition temperatures
hat we specified.

The paper is organized as follows. In Section 2, the model is formu-
ated with its MF solution. Section 3 gives briefly the MC simulations
ethod. In Section 4, the numerical results and discussion are given.

ection 5 is devoted to concluding remarks.

. Mean-field calculations

A three-cylindrical layer model comprising two core layers with 𝑁𝑐
pin 3/2 and one layer with 𝑁𝑠 spins 5/2 is considered. Each nanotube
ection (Fig. 1), has the same number of core and shell atoms with a
otal of 𝑁𝑧 = 300 sections in the 𝑧-direction where periodic boundary
onditions are applied. Due to the latters, lower values of 𝑁𝑧 might be
2

sed since criticality may mostly concern lateral size of each section i
where free boundary conditions are set. The total number of spins in
the system is 𝑁𝑡 = (𝑁𝑐 + 𝑁𝑠). The sections stacking procedure used
has been adopted in several previous works [39]. Each section spin is
connected to the two nearest-neighbor spins on the above and below
sections. The number of nearest neighbors may vary from one spin to
the other and for the MF calculations, average values have been used
(see below). The model Hamiltonian is defined as [39,42]:

𝐻 = −𝐽𝑐
∑

⟨𝑖𝑗⟩
𝜎𝑖𝜎𝑗 − 𝐽𝑠

∑

⟨𝑘𝑙⟩
𝑆𝑘𝑆𝑙 − 𝐽𝑐𝑠

∑

⟨𝑖𝑘⟩
𝜎𝑖𝑆𝑘 −𝐷𝑐

∑

𝑖
(𝜎𝑖)2 −𝐷𝑠

∑

𝑘
(𝑆𝑘)2

− ℎ(
∑

𝑖
𝜎𝑖 +

∑

𝑘
𝑆𝑘) (1)

here 𝐽𝑐 and 𝐽𝑠 are the exchange coupling constants between two
earest-neighbor spins at the core and surface shell, respectively; 𝐽𝑐𝑠
s an exchange interaction between two nearest-neighbor spins at the
urface shell and the core. The summation indices ⟨𝑖𝑗⟩, ⟨𝑗𝑘⟩ and ⟨𝑘𝑙⟩
enote a summation over all pairs of neighboring spins at the core, shell
urface and interface core/shell, respectively. We consider only the case
f an uniaxial anisotropy (z) axis the same for all ions. The parameter h
s a uniform external magnetic field applied parallel to the anisotropy
z) axis. The field acts on all spins 𝑆𝑖 = 𝑆𝑧

𝑖 and 𝜎𝑖 = 𝜎𝑧𝑖 . 𝐷𝑐 and 𝐷𝑠
re the core and shell lattice anisotropy constants respectively. Each
elated term in Eq. (1) corresponds to the single ion anisotropy energy
ue to crystalline field. The latter plays an important role for materials
onsisting of spins with values larger than 1/2. Strong enough, it
nduces a large energy difference between the splitted levels. Thus, it
s energetically more favorable to fill low level orbitals and pair them
p with opposite spins before starting to fill higher energy levels. This
esults in no addition to the total spin and to a low spin state [43].

The approximated free energy of the system obtained from a vari-
tional principle on the Gibbs-Bogoliubov inequality [44,45], is giving
y:

(𝐻) ≤ 𝐺(𝐻0) + ⟨𝐻 −𝐻0⟩, (2)

here 𝐺(𝐻) is the free energy of the system described by the Hamil-
onian given in Eq. (1). 𝐺(𝐻0) is the average free energy of a trial
amiltonian 𝐻0 which depends on variational parameters, ⟨𝐻 − 𝐻0⟩

enotes a thermal average of the value 𝐻 − 𝐻0 over the ensemble
efined by 𝐻0.

As the conventional procedure, the trial Hamiltonian is assumed to
e in the form:

0 = −
∑

𝑖
(𝜆𝑐𝜎𝑖 +𝐷𝑐𝜎

2
𝑖 ) −

∑

𝑚
(𝜆𝑠𝑆𝑘 +𝐷𝑠𝑆

2
𝑘 ), (3)

here 𝜆𝑐 and 𝜆𝑠 are the two variational parameters related to the
olecular field acting on the two different sublattices respectively.

The expression of the variational free energy g of Eq. (2) is obtained
s:

= − 1
𝛽

(

ln
[

2𝑒
9𝛽𝐷𝑐
4 cosh( 3

2
𝛽𝜆𝑐 ) + 2𝑒

𝛽𝐷𝑐
4 cosh( 1

2
𝛽𝜆𝑐 )

])

− 1
𝛽

(

ln
[

2𝑒
25𝛽𝐷𝑠

4 cosh( 4
2
𝛽𝜆𝑠) + 2𝑒

9𝛽𝐷𝑠
4 cosh( 3

2
𝛽𝜆𝑠)

+ 2𝑒
𝛽𝐷𝑠
4 cosh( 1

2
𝛽𝜆𝑠)

])

− 𝑧3𝐽𝑐𝑠𝑀𝑐𝑀𝑠 + 𝜆𝑐𝑀𝑐 − 𝑧1𝐽𝑐𝑀
2
𝑐

+ 𝜆𝑠𝑀𝑠 − 𝑧2𝐽𝑠𝑀
2
𝑠 − ℎ𝑀𝑐 − ℎ𝑀𝑠, (4)

here 𝑀𝑠 and 𝑀𝑐 are the shell and the core magnetizations respec-
ively. Now, by minimizing the free energy in Eq. (4) with respect to
𝑐 and 𝜆𝑠, one obtains:

𝑐 = 𝑧1𝐽𝑐𝑀𝑐 + 𝑧3𝐽𝑐𝑠𝑀𝑠 + ℎ,

𝜆𝑠 = 𝑧3𝐽𝑐𝑠𝑀𝑐 + 𝑧2𝐽𝑠𝑀𝑠 + ℎ,

here 𝑧1, 𝑧2 and 𝑧3 are respectively the average numbers of nearest-
eighbors for atoms in the core, in the shell and at the core–shell
nterface.
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Fig. 2. Compared results on the thermal behaviors of the order parameters 𝑀𝑐 , 𝑀𝑠 and 𝑀 by MF (panels a and c) and MC (panels b and d) for 𝐽𝑐𝑠 = −1 and selected values of
other model parameters written in the panels. In panels c and d, the effects of core and shell crystal-fields on compensation and critical temperatures obtained in panels a and b
are examined. Both calculation methods indicate that 𝐷𝑠 has a remarkable increasing effect on the latters.
Fig. 3. Thermal phase diagrams by Mean-Field calculations for selected values of model parameters and varying coupling constants (panels a and b) and varying core and shell
crystal-fields (panels c and d). Full lines are 𝑇𝑐 -lines; dashed ones are 𝑇𝑐𝑜𝑚𝑝-lines. The orientation of 𝑇𝑐𝑜𝑚𝑝-lines changes when one passes from the core to the shell. In panel b,
𝑇𝑐 -lines look parallel for small values of 𝐽𝑠. This also happens for 𝑇𝑐𝑜𝑚𝑝-lines in panel c.
We determine 𝑀𝑐 and 𝑀𝑠 as follows:

𝑀𝑐 =
3 sinh( 32 𝛽𝜆𝑐 ) + 𝑒(−2𝛽𝐷𝑐 ) sinh( 12 𝛽𝜆𝑐 )

2 cosh( 32 𝛽𝜆𝑐 ) + 2𝑒(−2𝛽𝐷𝑐 ) cosh( 12 𝛽𝜆𝑐 )
. (5)

𝑀𝑠 =
5 sinh( 52 𝛽𝜆𝑠) + 3𝑒(−4𝛽𝐷𝑠) sinh( 32 𝛽𝜆𝑠) + 𝑒(−6𝛽𝐷𝑠) sinh( 12 𝛽𝜆𝑠)

5 (−4𝛽𝐷 ) 3 (−6𝛽𝐷 ) 1
. (6)
3

2 cosh( 2 𝛽𝜆𝑠) + 2𝑒 𝑠 cosh( 2 𝛽𝜆𝑠) + 2𝑒 𝑠 cosh( 2 𝛽𝜆𝑠)
We are interested in studying the thermal variations of the average
total magnetization per site which is defined as:

𝑀 =
𝑀𝑐 +𝑀𝑠

2
. (7)

By means of this expression, one is able to determine critical tempera-
tures while varying the Hamiltonian parameters.
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Fig. 4. Thermal phase diagrams by Monte Carlo calculations for selected values of model parameters and varying coupling constants (panels a and b) and varying core and shell
crystal-fields (panels c and d). Full lines with red circles are 𝑇𝑐 -lines; full ones with black circles are 𝑇𝑐𝑜𝑚𝑝-lines. Compared to corresponding curves in the previous figure, 𝑇𝑐 and
𝑇𝑐𝑜𝑚𝑝 are lower as already observed in Fig. 2 except in panel (c) where results are almost in the same order of magnitude.
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3. The Monte Carlo simulation algorithm

In the Monte Carlo simulations, the Metropolis algorithm is ap-
plied [39,41,46]. A spin is randomly selected in the system. Then, one
selects randomly one spin value within the possible projections with a
uniform distribution probability. Another random number is chosen to
decide or reject the attempted move. Physical quantities are evaluated
after 105 to 2.105 MC steps per site are executed. The first 25.103 steps
are considered for thermal equilibration and discarded in the averaging
procedure. Several independent runs are often performed to get smooth
data. Denoting by 𝑁𝑐 , 𝑁𝑠, 𝑁𝑡, numbers of core, shell and nanotube
spins respectively, average values of the magnetizations are calculated
as follows:

𝑀𝑐 =
1
𝑁𝑐

∑

𝑖
𝜎𝑖; (8)

𝑀𝑠 =
1
𝑁𝑆

∑

𝑘
𝑆𝑘 (9)

nd the average total nanotube magnetization

= 1
𝑁𝑡

(𝑁𝑐 ×𝑀𝑐 +𝑁𝑠 ×𝑀𝑠). (10)

At the critical temperature 𝑇𝑐 of the system, 𝑀(𝑇𝑐 ) = 𝑀𝑐 (𝑇𝑐 ) =
𝑀𝑠(𝑇𝑐 ) = 0. The nanotube magnetic susceptibility has the expression:

𝜒 = 1
𝑘𝐵𝑇

(⟨𝑀2
𝑡 ⟩ − ⟨𝑀𝑡⟩

2) (11)

where 𝑘𝐵 is the Boltzmann constant, and ⟨.⟩ denotes a statistical av-
erage over the number of MC steps needed to reach the steady state,
starting from thermal equilibrium. A peak in the behavior of 𝜒 indicates
in the following, a macroscopic instability in the system.

4. Results and discussion

In the calculations, coupling constants, crystal and magnetic fields
and the temperature are expressed in the same unit of energy that we
denote by 𝐽 in the following.
4

0 r
4.1. Phase transitions in zero magnetic field

In this section, only an antiferromagnetic coupling constant 𝐽𝑐𝑠 = −1
is considered. The behaviors of the magnetizations of the system and
sublattices which are the system order parameters are illustrated in
Fig. 2a, c for selected values of the model parameters using the MF
approximation. Results by MC calculations are illustrated in Fig. 2b,
d in order to show the degree of accuracy of the MF results. First, a
qualitative agreement is achieved since curves show similar trends. A
certain quantitative agreement also prevails as Fig. 2a, b are concerned.
We got the transition temperatures 𝑇𝑐 = 10.85 by MF and 𝑇 𝑐 = 10.05
y MC calculations. These results are close to each other, the MF one
eing slightly larger than the one by MC. A similar accuracy is got from
ig. 2c, d where the effects of the crystal-field are shown. It turns out
hat coupling constants and anisotropies as well as thermal fluctuations
ave strong influences on the order parameters. One should notice two
ey features. First, the total magnetization vanishes before the criti-
al temperature at the so-called compensation temperature, hereafter
ermed 𝑇𝑐𝑜𝑚𝑝. Second, the change of the value of the shell crystal-field
as more effect on the 𝑇𝑐𝑜𝑚𝑝 than on 𝑇𝑐 where all order parameters
anish (see panels c and d). By comparing the total magnetizations 𝑀
isplayed in Fig. 2a, c, it emerges that for 𝐷𝑠 = 0, changes of 𝑇𝑐𝑜𝑚𝑝
nd 𝑇𝑐 due to a non zero value of 𝐷𝑐 are marginal. One observes that
hen 𝐷𝑐 and 𝐷𝑠 increase, 𝑇𝑐𝑜𝑚𝑝 and 𝑇𝑐 also increase. The behavior of

he system magnetic susceptibility as a function of the temperature for
ixed values of other parameters has been examined. The temperature
ssociated to its maximum is taken in the MF and MC calculations as 𝑇𝑐 .
n this basis, some thermal phase diagrams have been determined for
arying values of several model parameters. The results are displayed
n Figs. 3 and 4. In Fig. 3, full lines are associated to 𝑇𝑐 whereas dashed
nes are 𝑇𝑐𝑜𝑚𝑝-lines. Let us remark that 𝑇𝑐 -lines tend to coincide with
ncreasing values of 𝐽𝑐 , 𝐽𝑠, 𝐷𝑐 and 𝐷𝑠. It emerges that values of 𝑇𝑐
ncrease when coupling constant and crystal-field strength increase.
he orientation of 𝑇𝑐𝑜𝑚𝑝-lines changes as far as core and shell are
oncerned. The coincidence tendency is more pronounced for 𝑇𝑐𝑜𝑚𝑝-
ines for the shell material in panels b and d. Similar results have been
eported in several previous works [39,46] where magnetic systems
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Fig. 5. Monte Carlo simulation results on behaviors of sublattice (panels a and b) and global (panels c and d) magnetizations versus temperature for some selected values of the
agnetic field energy (ℎ = 0.4; 0.6) starting simulations (panels a and c) from the initial configuration (−3∕2,+5∕2). In panels b and d, two initial configurations are used: the

ground-state configuration (+3∕2,+5∕2) (full and dashed lines) and (−3∕2,+5∕2) (symbols). Values of other model parameters are written in the panels. In panel c, compensation
points are visible after which jumps appear in the magnetization curves. These jumps are associated to first-order phase transitions. In panels b and d, jumps observed correspond
to a metastable-stable state transition (see text).
Fig. 6. Monte Carlo simulation results on the behaviors of the global magnetic susceptibility 𝜒 (panels a and b) and internal energy 𝑈 (panels c and d) versus temperature for
two values of the magnetic field energy and selected values of other model parameters written in the panels. Data illustrated are associated to the global magnetization 𝑀 curves
isplayed in panels c and d of Fig. 5 for ℎ = 0.4 and ℎ = 0.6. Discontinuities appear in the behavior of the internal energy 𝑈 . Each 𝜒-curve shows two maxima. The height of the
harp one has been scaled in order to show the second maximum which appears broader than the first one. The first peak is associated to a first-order transition and arrows (1)
nd (2) (panel c) indicate such transitions in the AFM case (see text).
O
o
m
h
f

ith inequivalent sublattices have been described by mixed-spin Ising
odels. In Fig. 4, MC results are illustrated for some values of the
odel parameters taken from Fig. 3. Full red circles are critical points
hile full black ones are associated to 𝑇𝑐𝑜𝑚𝑝. A qualitative agreement
ith Fig. 3 is achieved. 𝑇 𝑐𝑜𝑚𝑝’s and 𝑇𝑐 ’s are lower than in the MF

ase except in panel c where they are of the same order of magnitude.
5

ur calculations show some surprising results, the existence of first-
rder transitions for ℎ = 0 and 𝐷 = 0 in the present half-integer
ixed-spin Ising model, in addition to the critical temperature 𝑇𝑐 . It
as been observed for very small and positive values of 𝐽𝑐𝑠. Indeed,
or 𝐽𝑐𝑠 = 0.01, 𝐽𝑐 = 𝐽𝑠 = 1, this happens at 𝑇 = 4.5 whereas
𝑇 = 7.6. The magnetization jump occurs from the (−3/2,5/2) phase
𝑐
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Fig. 7. Finite-size scaling analysis of the (first) peak height of 𝜒 observed in Fig. 6 as a function of the temperature 𝑇 for selected Hamiltonian parameters written in the panels.
n panel (a), curves of 𝜒 are plotted for six values of 𝑁𝑧 written on the curves. In panels b and c, results of three different runs for the peak height of 𝜒 are shown for several
alues of 𝑁𝑧 ranging from 10 to 270. Reported data are fitted to straight lines (solid lines). This linear scaling is a strong signature of the first-order nature of transitions indicated
y these peaks observed in Fig. 6. The peak heights are very high in the case of the metastable-stable transition (𝐽𝑐𝑠 = +1, panel c).
t
g
H

o the (+3/2,+5/2) phase. This first-order phase transition may be
ssociated to a metastable-stable phase transition in the model. Such
n existence has been also reported at low temperature in Ref. [47]
n the mixed-spin (5/2,7/2) model investigated by means of the MF
pproximation.

.2. Effects of an applied magnetic field

A magnetic field energy ℎ is now applied over the system. Thermal
nergy will promote fluctuations of magnetic moments (spins) while
will try to align them. Such competitions among model parameters
ake the system’s dynamics interesting and this section will essentially

e concerned by MC results. Indeed, system properties change and
irst-order phase transitions appeared. It is well-known that such a
ransition may be accompanied by jump-like changes in the order
arameters and hysteresis phenomena typical for temperature-induced
irst-order phase transitions [39,48,49]. Our simulations always started
rom the initial configuration (−3/2,+5/2). In Figs. 5a, c and 6a, c,
n antiferromagnetic (AFM) value of 𝐽𝑐𝑠 is considered. Behaviors of
𝑐 and 𝑀𝑠 are displayed in Fig. 5a for ℎ = 0.6 and for values of
odel parameters selected from Fig. 2a. This should help to show

he effect of the applied magnetic field. It follows that 𝑀𝑠 and 𝑀𝑐
how jump-like discontinuities at the same temperature 𝑇 . There, a
emperature-induced magnetization reversal event occurs in core and
hell materials. In Fig. 5c, the global magnetization 𝑀 is depicted for
= 0.6 and ℎ = 0.4. It emerges that jumps are also present and
6

ssociated temperatures are different.
First, let us check whether saturation values of sublattice magnetiza-
ions observed in Fig. 5a are correct by studying energetics of possible
round state configurations that agree with selected values of the
amiltonian parameters. Since the nanotube is a stacking of 𝑁𝑧 sections

in the 𝑧-direction, one isolated section may be simply considered. It
has 54, 36 and 30 core–core, shell–shell and core–shell spin bonds re-
spectively. Using expression of the Hamiltonian, one gets (−3∕2,+5∕2)
as the ground-state configuration with the energy −398.25𝐽0. The just
higher energy (−376.65𝐽0) is affected to (+3∕2,−5∕2). One can therefore
expect as it happens in Fig. 5a, that with an increase of thermal fluctu-
ations, the core and shell magnetizations reversal event should occur at
a given temperature. Second, let us analyze the ferromagnetic coupling
case (𝐽𝑐𝑠 = 1) of Fig. 5b. Here, the ground state configuration is
(+3∕2,+5∕2) with −430𝐽0 as energy. The just higher energy (−344.25𝐽0)
is associated to (−3∕2,−5∕2). One remarks that the saturation value of
𝑀 is −2 with the phase (−3/2,−5/2) at low temperature. It results that,
the system is trapped during the simulations in a metastable state in a
wide range of temperature. With increasing thermal fluctuations, this
metastable state moves through jumps to the most stable (+3∕2,+5∕2)
state. Starting simulations with (+3∕2,+5∕2) as initial configuration
as shown in Fig. 5b (dashed and full lines), no jump is observed in
the magnetizations. Global magnetization curves obtained from initial
configurations (−3/2,+5/2) and (+3/2,+5/2) coincide after the jumps
as observed in Fig. 5d. We check that the metastable-stable transition
only occurs in a small range of the magnetic field energy.

The nature of the observed instability in both cases can be derived
by analyzing the magnetic susceptibility 𝜒 and the internal energy 𝑈 .
These quantities are illustrated in Fig. 6a, c for ℎ = 0.4 and ℎ = 0.6.
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Fig. 8. Thermal phase diagrams for the nanotube in the (𝑇 , 𝐽𝑐 ), (𝑇 , 𝐽𝑠) and (𝑇 , 𝐽𝑐𝑠)
planes for selected values of model parameters. Lines with full circles and those with
triangles are respectively associated to compensation temperature 𝑇𝑐𝑜𝑚𝑝 and first-order
transition temperature 𝑇𝑓𝑜. In different panels, most first-order transition lines terminate
at end-points. This also happens for compensation lines.

For each value of ℎ, two maxima are evidently observed on the 𝜒-
curves. The first one being very sharp and the associated temperature
corresponds to discontinuities observed in Fig. 5c. A jump is also found
in the trend of the internal energy 𝑈 related to the free energy 𝐹 by:
𝐹 = 𝑈 − 𝑇𝑆. 𝑆 denoting the system entropy. An anomalous behavior
in 𝑈 will effect 𝐹 . Thus, following previous works [39,48,49] in the
field, discontinuities observed in Figs. 5a, c and 6c at temperatures
indicated by arrow (1) (h = 0.6) and arrow (2) (h = 0.4) in Fig. 6c,
could be associated to first-order phase transitions. This also holds for
the ferromagnetic (FM) interfacial coupling case with metastable state
illustrated in Figs. 5b, d and 6.d for ℎ = 0.6 where jumps are observed
in 𝑀𝑐 , 𝑀𝑠 and 𝑈 .

We performed a finite-size scaling analysis of the first peak height
𝑃𝑁 of the magnetic susceptibility 𝜒 , where 𝑁 = 𝑁𝑡 is the total number
of spins in the system. For first-order phase transitions, 𝑃𝑁 should scale
linearly with 𝑁 (see textbook Ref. [50]). By varying the number 𝑁𝑧 of
sections of the system given by 𝑁 = 36 × 𝑁𝑧, our calculations yield
results illustrated in Fig. 7. Data plotted in Fig. 7b, result from three
different MC simulations with statistical average over 10 independent
runs each. The linear scaling 𝑝𝑁 ∼ 𝑁 appears evident and shows,
without any doubt, the first-order nature of the macroscopic instability
which occurred in the system in the negative interfacial coupling case.
The case 𝐽 = +1 (Fig. 5b, d) is also investigated. A linear scaling form
7

𝑐𝑠 l
Fig. 9. Temperature phase diagrams in the (𝑇 ,𝐷𝑠), (𝑇 ,𝐷𝑐 ), (𝑇 ,𝐷𝑐 = 𝐷𝑠 = 𝐷) planes for
some selected values of model parameters written in the panels. Lines with full circles
and those with triangles are respectively associated to compensation temperature 𝑇𝑐𝑜𝑚𝑝
and first-order transition temperature 𝑇𝑓𝑜. At fixed values of 𝐷𝑠, 𝑇𝑓𝑜 increases with
increasing values of 𝐷𝑐 . Similar trends are observed at fixed values of 𝐷𝑐 and increasing
values of 𝐷𝑠. For the 𝑇𝑐𝑜𝑚𝑝, the contrary is observed in panel (c) while in panel (a), it
follows the same trend as 𝑇𝑓𝑜 when it exists.

is also found as depicted in Fig. 7c. In the following, the first-order
phase transition temperature will be denoted by 𝑇𝑓𝑜. It is worthwhile
to point out that these phase transitions prevail in a well-determined
range of ℎ’s. 𝑇𝑓𝑜 is shifted to lower temperatures when ℎ increases
Fig. 5c). From Fig. 5c, d, one notices that the ferromagnetic ordering
egion is amplified when the field energy increases. In Fig. 5c, the
xistence of the compensation temperature 𝑇𝑐𝑜𝑚𝑝 observed in Fig. 2a
s preserved with the applied field and its value increases with the
ield energy. Through Figs. 5 and 6, it is also evidenced that the AFM
oupling shows reacher properties than the FM case with the existence
f the compensation point which is of high technological use (see
elow).

In Fig. 8, calculated steady state values of 𝑇𝑐𝑜𝑚𝑝 and 𝑇𝑓𝑜 are illus-
trated for varying values of coupling constants. Comparing Fig. 8a, b
(ℎ = 0.6) with Figs. 3, 4a, b (ℎ = 0.0), one observes some similarities:
same orientations and a tendency to coincide of 𝑇𝑓𝑜-lines and 𝑇𝑐𝑜𝑚𝑝-
ines for increasing values of 𝐽 and 𝐽 . Moreover, 𝑇 -lines end on
𝑐 𝑠 𝑐𝑜𝑚𝑝
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Fig. 10. Hysteresis cycles of the nanotube for core–shell coupling constant 𝐽𝑐𝑠 = −1 and various values of model parameters written in different panels. It could be observed the
tabilizing effect of the crystal-field strength 𝐷𝑐 = 𝐷𝑠 = 𝐷 and the disordering one of thermal fluctuations. A critical hysteresis (with no loop) is obtained at very high temperature

(e.g., at 𝑇 = 10). The remanent magnetization 𝑀𝑟 is obtained for ℎ = 0 while the coercive field 𝐻𝑐 is the one needed to bring the system magnetization to zero along the hysteresis
ycle (see panel a).
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𝑓𝑜-lines. The main difference is the existence of end-points in the
resence of an applied field energy for 𝑇𝑓𝑜-lines. We got in Fig. 8a
s end-point coordinates: (1.06; 6.56) for 𝐽𝑠 = 0.25 and (0.78; 5.0) for
𝑠 = 0.1. The end-point travels to higher 𝑇 ’s and 𝐽𝑐 ’s for increasing 𝐽𝑠’s.
he same tendency is observed in panel (b). Just beyond termination
oints of 𝑇𝑓𝑜-lines, the calculated global magnetization shows kink sites
ith no peak in the magnetic susceptibility 𝜒 .

The effect of 𝐽𝑐𝑠 on different transitions is depicted in Fig. 8c for
elected values of 𝐽𝑐 , 𝐽𝑠 and ℎ for 𝐷 = 𝐷𝑐 = 𝐷𝑠 = 0 and 𝐷 = −3.0. First,
he negative crystal-field 𝐷 is seen to lower 𝑇𝑓𝑜 and for this value of 𝐷,
o 𝑇𝑐𝑜𝑚𝑝 has been detected. Second, for 𝐷 = 0, the 𝑇𝑐𝑜𝑚𝑝-line connects to
wo 𝑇𝑓𝑜-lines. The low-temperature 𝑇𝑓𝑜 observed may be associated to a
etastable-stable transition. Starting from the low temperature region,
𝑓𝑜-lines turn left and finally exhibit end-points. Coordinates of the
atters for 𝐽𝑐 = 𝐽𝑠 = 1 (not shown in panels) are: (𝑇 = 2.92, 𝐽𝑐𝑠 = −0.52)
or ℎ = 0, 𝐷 = 0; (𝑇 = 4.96, 𝐽𝑐𝑠 = −0.16) for ℎ = 0.6, 𝐷 = 0. For
= 2 and ℎ = 0.6, the behavior of the 𝑇𝑓𝑜-line looks similar to the
8

revious ones and terminates at the end-point (𝑇 = 6.35, 𝐽𝑐𝑠 = −0.16). k
or 𝐷 = −3.0 and ℎ = 0.6 (Fig. 8c), the 𝑇𝑓𝑜-line extends to the left and
revails for more negative values of 𝐽𝑐𝑠.

In Fig. 9, we displayed results on the effect of core and shell
nisotropies on 𝑇𝑓𝑜 and 𝑇𝑐𝑜𝑚𝑝 for ℎ = 0.6 and selected values of

exchange coupling constants. One observes in Fig. 9a, c that transition
lines orientations are exactly those observed for ℎ = 0 (Figs. 3, 4(c, d)).
An end-point for 𝑇𝑓𝑜 is observed in panel (a) for 𝐷𝑐 = −1. In Fig. 9b,
it is observed that 𝑇𝑐𝑜𝑚𝑝-lines start from the 𝑇 = 0-axis, turn right and
end on 𝑇𝑓𝑜-lines. The end-point shifts towards negative values of 𝐷 with
increasing 𝐽𝑠’s. One sees that when the anisotropy 𝐷𝑐 or 𝐷𝑠 decreases,
t results a decrease of 𝑇𝑓𝑜 and this holds for all panels. Panel (b) shows
hat for suitable negative values of 𝐷𝑐 = 𝐷𝑠 = 𝐷 and other parameters,
he compensation points lay very close to the zero-temperature axis.

Through out Figs. 8 and 9, one sees that the system subjected to an
xternal magnetic field exhibits compensation points for suitable values
f model parameters. This is an important issue. Indeed, an efficient
ptical control of magnetism in some physical compounds, needs the

nowledge of proper conditions to achieve demagnetization or better
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Fig. 11. Magnetic hysteresis cycles obtained for negative anisotropies and selected values of other model parameters.
w

subsystems magnetizations reversal that occurs at the compensation
point [51,52].

4.3. Magnetic field hysteresis behavior

In Fig. 10, the hysteretic behavior of the system is illustrated for
some selected values of the model parameters. It is observed that
depending on the latters, one or multiple hysteresis cycles appeared.
For small values of the coupling constants 𝐽𝑐 and 𝐽𝑠 with respect to
𝐽𝑐𝑠, one central cycle is got (panel a). A non-zero applied value of 𝐷
does not change the number of cycles but stabilizes phases that appear
along the hysteresis cycles since some horizontal magnetization steps
appeared (panel b). An increase of 𝐽𝑐 increases the number of cycles
to three (panel c). When a non-zero value of 𝐷 is applied, an attempt
to increase the cycles number is observed (panel d). The increase of
thermal fluctuations brings some drawbacks since the surface of the
cycles decreases (panels e and g). An applied crystal-field shows two
effects: the appearance of other cycles (five in Fig. 10f, h) and the
compensation of their surfaces which shrink by thermal fluctuations.
An increase of the temperature decreases both the coercive field 𝐻𝑐 and
the remanent magnetization 𝑀𝑟 of the system. The contrary holds with
an increase of the crystal-field value 𝐷. The determination of coercivity
and remanent magnetization is crucial for possible technological appli-
cations of the system. It emerges that the system showed interesting
hysteresis behaviors such as multiple hysteresis cycles and may have
many technological applications, in particular, in multi-state memory
devices. The number of cycles can be modified by acting on some model
parameters. It cannot however exceed the number of possible stable
phases of the system when the parameter ℎ varies. Critical hysteresis
cycles are obtained in the high temperature range. In Fig. 11, we
illustrated results for negative values of the anisotropy 𝐷. We found
that when the absolute value of 𝐷 increases, the area of the hysteresis
9

loop shrinks. Therefore critical hysteresis is expected for large negative
value of 𝐷. An analysis of results from different panels indicates that an
increase of thermal fluctuations has the same effects on the hysteresis
phenomenon as derived from Fig. 10.

5. Conclusion

In this work, an Ising nanotube with core spins 3/2 surrounded by
shell spins 5/2 is investigated by means of Mean-Field calculations and
Monte Carlo simulations with both positive and negative interfacial
coupling constants. The effects of exchange interaction and crystal-field
parameters on the nanotube magnetic properties have been examined
in detail. Results by both methods on the order parameters and phase
diagrams are compared in the absence of magnetic field energy and an
impressive qualitative agreement was found. Beyond that, the model
has been exclusively studied in the presence of a magnetic field by
means of Monte Carlo simulations using the Metropolis sequential
update algorithm. Stable and metastable system configurations are
generated. Several typical phase diagrams are devised. It was shown
that compensation, first-order transitions are got for suitable values
of shell, core and core–shell coupling constants. For increasing values
of the interfacial coupling constant 𝐽𝑐𝑠 at fixed other parameters, the
transition temperature decreases. Richer phase diagrams are got for
varying core and core–shell coupling and anisotropy constants. All
these findings revealed the richness of the present model and should
open new insights into magnetism of multicomponent nanotubes and
nanowires and stimulate much experimental realizations.
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