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Abstract

This paper addresses the computation of Noether currrents for the
renormalizable Grosse—~Wulkenhaar ¢** model subjected to a dynamical
noncomutativity realized through a twisted Moyal product. The
noncommutative energy—momentum tensor, angular momentum tensor and
the dilatation current are explicitly derived. The breaking of translation and
rotation invariances has been avoided via a constraint equation.

PACS numbers: 02.40.Gh, 11.10.Nx

1. Introduction

Most of the different settings for noncommutative (NC) field theories [1-19] are based on a
Moyal space RS, a deformed D-dimensional space endowed with a constant Moyal x—bracket
of coordinate functions

[x*, x"], = 1", (D

where ® is a D x D non-degenerate skew-symmetric matrix (which requires D even), usually
chosen in the form
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where ®; € R, j = 1,2,..., 2, have the dimension' of length square, ([©;] = [L]?),

and D denotes the spacetime dimension. The corresponding product of functions is the
associative, noncommutative Moyal-Groenewold—Weyl product, simply called hereafter the
Moyal product or the x-product defined by

(f*2)(x) =m{e T O f(x) @ g(x)} x eRE  Vf g e SR, 3)

where m is the ordinary multiplication of functions and & (Rg ), the space of suitable
Schwartzian functions. For more details, see [11-14]. Such a noncommutative geometry
possesses the specific pathology to break both the Lorentz invariance by the presence of
O as [x*, xV], = iO®"Y is not generally invariant under rotation, and the local character of
the theory due to infinite time derivatives. There result energy momentum tensors (EMTs)
which are not locally conserved, not traceless in the massless situation and neither symmetric
nor gauge invariant in gauge theories. A number of works exist in attempts to achieve
regularization for the NC EMT which then becomes symmetric albeit not locally conserved.
Further improvement of this quantity by usual algebraic tricks breaks its symmetry (see
[13] and references therein). Therefore, the property of nonlocal conservation of angular
momentum is not a priori proscribed.

Recently, Paolo Aschieri ef al [1] introduced a so-called dynamical noncommutativity to
investigate Noether currents in an ordinary nonrenormalizable twisted ¢** theory.

This work addresses questions of the applicability of such a formalism on the new class
of renormalizable NC field theories built on the Grosse and Wulkenhaar (GW) ¢** scalar field
model defined in Euclidean spacetime by the action functional [12]

Q p. (1 Q2 . m? A
S, [¢]=/d x<58ﬂ¢*8ﬂ¢+7(xﬂ¢)*(xﬂ¢)+7¢*¢+E¢*¢*¢*¢), 4)

where X, = 2071 wx” and sz [¢] is covariant under Langmann—Szabo duality [19]. €2 and
A are dimensionless parameters.
The Moyal x-product (3) can be generalized as

(f % ©)@) = m{ei T X®% £ (1) @ ()], 5)

where X, = el (x)d, are the commuting vector fields, the index a being just a label for the
vector fields. The commutation relation becomes [x*, x"], = i@l (xX)e) (x) =: i(:)’“’(x),
engendering a twisted scalar field theory where e}, and hence the * product itself appear
dynamical. The condition [X,, X;] = 0 implies constraints on e, namely eE’a Bvel’;] = 0, that
can be solved off-shell in terms of D scalar fields ¢“ (see [1, 2]). Supposing that the square
matrix ¢4 has an inverse ez everywhere, so that the X, are linearly independent, then the above
condition becomes 9, ey, = 0 which is satisfied by e} = 9,¢“. Since X, ¢ = 82, the field ¢*
can be seen as new coordinates along the X, directions. Besides, the Leibniz rule extends to
the commuting fields X, as follows: X,(f xg) = (X, f) xg+ f x (X,8).
Furthermore, expanding the dynamical x-product (5) of two functions as

i
frg=fg+0"XufXpg
1 /iy2

* 5 (z) ®albl®a2b2(xalxazf)(xbl szg) + ...
=e*(f. 9) ©

' Units such that i = 1 = ¢ are used throughout.
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where powers of the bilinear operator A are defined as
i
Af,9) =30"XaHXpg)  Af0) = f2

i\n
A'fog) = (3) O O (X X, )X X, 8).

one can deduce the following rules (straightforwardly generalizing the usual Moyal product
identities):

)

fxg=fg+X.T(Af X% (8)

[f gle=frg—g*f=2X.S(A)(f, Xg) ©9)

{f.8)e=frg+g*f=2fg+2X,R(A)(f. X, (10)
where

et —1 sinh(A)
T(A) = S(A) =
A A . (11)
Ray=2MB Z1 g xe= Leey,,
A 2

S(A)(, X -) is a bilinear antisymmetric operator and

T(A)(f, X“g) — T(A)(g, X“ f) = 25(A)(f, X°g). (12)

This paper is organized as follows. In section 2, we derive the field equations of
motion and provide with the explicit computation of relevant physical quantities such as the
noncommutative energy momentum tensor (NC EMT), the angular momentum tensor (AMT)
and the dilatation current (DC). Furthermore, in section 3, we proceed to the symmetry analysis
including the translation, rotation and dilatation transformations and compute the conserved
currents. Finally, we end with some concluding remarks in section 4.

2. Twisted Grosse-Wulkenhaar model: Noether currents

The integral in (4), defined with the dynamical Moyal x-product (5), is not cyclic; even with
suitable boundary conditions at infinity,

/de (f*g)aé/ dPx (g% f). (13)

Using now the measure ed”* where e = det(el‘j), a cyclic integral can be defined so that, up to
boundary terms

fede(f*g):/ede(fg):/ede(g*f). (14)

Therefore, the NC GW Lagrangian action (4) can be rewritten by means of a cyclic integral
as follows:

Sf)[qb] ::/ede(E?*e_l)
o |1 m? A
=:/ed x{§8M¢*8”¢+7¢*¢+E¢*¢*¢*¢

Q2 ~ - 1 a _1
+ T(xu‘f’) * (Xﬂfﬁ) + 58/l,¢a * 3M¢ } * e (15)
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where e = detej,. From (15) the peculiar Euler Lagrange equations of motion can be readily
derived by direct application of the variational principle and the use of formulas of derivatives
and variations given by [1]

Speel = —eleliyel = —eleltd,89" = —el X, (5¢") de = eXy (30"
Spe Xa = 8pc(€19,) = —e) Xo(8¢")d, = —Xo(80") X (16)
Spce = eX, (8¢ Speet = —e X, (80) eXo(f) = 0.(ee f).
To compute 84 variations, it turns out that the identity
Spe(fxg) =—(6dXc f)xg — [ (3¢°Xc8) + X (f *g), a7

where the functions f and g do not depend on ¢¢, is useful. By induction, one can immediately
prove that (17) holds for x-products of an arbitrary number of factors:

Spe(frgr---xh)=—0d X f)xgx---*h
— f*x(6p°X.g)*---xh
= gk (80°X . D)
+8¢° X (f xgx---xh). (18)

2.1. Equations of motion for ¢ and related currents

The action (15) can be viewed as the sum of four actions pertaining to different terms as
follows:

S0[p] = %/ede(ans * QM +0, 0, x Q") xe”!

m2

SE ] = > / ed’x(pxpxe )

SO = %/ed’)x(mww*e*)

2
The variations of these quantities with respect to the field ¢, using the cyclicity property of
the integral, give the following relations:

2
sz,har[q«)] — Q_ f ede()?u(l)) * (}?M(f)) * 871.

84(S20) =/ dPx {—8({).8(,(%{8”(1),6_1},) +8U|:687¢.{8"¢,e_1}*+eeZT(A)
Xt -
X <saﬂ¢, 7{3/*4), e_l}*> +eel S(A)(D,p, X2 (08¢ *e—‘))“ (19)

e 2

2 m2 m ~
3¢(s?*M)=/de{a¢-<T{¢,e1},,)+aﬂ[7eegT(A)(8¢,X”{¢,e1}*)
+m2ee S(A) (¢, X" (5¢ » e_l))i| } (20)

A ~
8p(SH =4 f d°x {50d * ¢, (¢, 7 Lh + o [ee] T(2) (59, X" (9 % ¢, ¢, ™ L))

+20¢]S(A)(@. X" (3¢ x ¢ x px ™) +20¢] S(A) (P » b, X' (Sp x pxe™)
+2ee] S(A) (@ * § x ¢, X' (8¢ x e™1))]} @1



J. Phys. A: Math. Theor. 43 (2010) 155202 M N Hounkonnou and D Ousmane Samary

2
8 (szvhar) = % f dPx{esp(x, {e™!, (%, Plududut 0o [eed T(A) (S, XO(F, {e™", {F, d)ululs)
+2eel S(A) (X, X" (8¢p » {X, ¢}, % e™)) +2e€] S(A)({F, ¢ * K)o, X0 (8 % e7"))
+2e¢] S(A)({p, T}, X" (8 » T x e~ ))]}. (22)

Summing all these four variations and factoring out §¢ from the resulting expression and
grouping the surface terms, source of the current hereafter denoted by K7, we can write the
GW action variation with respect to the field ¢ into the global form

84S = / dPx (8¢pEs +3,K7) (23)
from which we deduce the equation of motion of the field ¢ as
1 _ m? _ A _
Ep = =505 (e(070, 7)) + el e )+ elpx b, {9 e L

QZ
+gel¥, 7! {x, ¢l b} =0. 24)

In the commutative limit ® — 0, equation (24) becomes the usual ¢* field equation of motion
O¢ —m*¢ — %qﬁ =0. (25)
The current /7 results from thé combination of the contributions
Ko = K% (0) + K% (m*) + K° (1) + K° (%) (26)
induced, respectively, by
(i) the velocity term contribution

s O X0 i o
K7 (0) = —-{07¢. e} + ec [T(A)(@@,qu, 7{aﬂqs,e }*>
+S(A) (B, X2 (9”56 » e—l))], (7)
(i) the mass term
2
K% (m?) = eef] [%T(A)(&p, XP{p, e ') + m2S(A) (¢, X" (3¢ % e—‘))], (28)

(iii) the ¢** interaction

A ~ A ~
K7 (1) = eej] [ET(A)(M), XPpxo, (¢, e ) + TGS XP@Bpxpxpre™))
. %S(A)@ v d, X Gprdre™)

A ~
+ES<A)(¢>*¢*¢,X”(w*e—'))], (29)

(iv) the GW harmonic interaction
2

o 2 o Q by~ —1 (~
K2 (§27) = eey, [?T(A)((S(P,X X, {e {x. o110

Q2 ~
+ 7 SWE, XP (8¢ * (%, Pl xe™))

Q@ - - b -1
+TS(A)({X, ¢ * i}, X" (B xe™))

Q? o T - 1
+TS(A)({¢,x}*,X bpxxxe ))]. (30)
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2.2. Equations of motion for ¢¢ and related currents

The ¢¢ variation of the action (15)

8pe S = e {/dee[ﬁf2 *e_l]}
= f de[(&pre)Efz *xe 4 e(8¢c (L2 * e’l))], (31)

where the ordinary Leibniz rule is used when the variation d4. acts on the pointwise product,
can be considered as a sum of two terms A and B. The term A is given by

A= /de(Sq)ce)[E? '
= / dPx[—e8¢ X (L xe™") + 3, (ee, 8¢ (LT xe™))], (32)

where 84ce = eX,(8¢), while the second term B encompasses contributions from the velocity,
the mass, the ¢4 interaction and the harmonic potential denoted by By, B2, Bi., Bpar»
respectively.

The mass term, B,,2, depends on the x product and e~ ! as follows:

m* D —1
Bm2=7fd xebpc(p*xpxe )

mz
=5 / dPxe(— (8¢ Xop) xpre™ ' — % (56" X ) x e

—pxPp* (89 Xue ) +8¢ X (prpre )+ xpx (Spce))). (33)
Noting that 8¢z-e’1 = —e 1(X,8¢%), we obtain

m2
By = T/dee{&ﬁ“Xa(d)*fﬁ*e*l) —pxpx X (3p%e™")

— (8¢ X p) xPpxe™" — P x (8" X)) xe ') (34)

Adding and subtracting (8¢*X,¢) x e~! x ¢ from (34) enable us to combine the terms under
the integral in the following way:

m2
By = = f dPx{ed¢ (X (@ xpxe ™) +e ' X (p ) — (Xad){h, e '}

+eXp(—pxd* (5¢"e™) + T(A)[Xu(p * ), X(5¢%e™ )]
— T (A8 (Xa), X (¢ + e N +25(A)80% (Xu) x e, XP01)),  (35)

where the terms proportional to ed¢®

2
’%ew(xa(cp xpxe ) te Xy xd) — (Xap)lg, e ') (36)

contribute to the equation of motion, while those proportional to eX),

2
— b feel (—px ¢ % (57 + T(A)Xu(d * 9), X (8% ™)]

2
— T (A8 (Xut), X2{¢, e 11+ 28(A)[8¢ (Xugp) x ™", X°p])} (37)
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are surface terms giving the current J° to be defined later. The remaining contributions can
be computed in an analogous way to give the relations

By = % f dPx{edd[Xc(3up » 9 P xe™!) + €7 X (3 * 9" 9)

B,

— X3,0{0" ¢, e ]+ 3y [—ee] (3,9 x 3¢ x (5¢"e 1)
—eel T(A)(S¢ X 0,0, X{0 ¢, e7'},)

—2e¢] S(A) ("¢, X" ((5¢° X 0,9 x ™))

+eef T(A)(X (00 * 3"), X" (5¢°e™"))]}

+ % f de{ew[xC(a“% * " ke + e X (8,0, * "9
- Xcal/-d)w{aﬂd)a» e_l}* - %au<§{a#¢ca e_l}*>:|

+9, [—ee;’(ama * 014" x (8¢pPe™ 1)) + e8¢ {07 Py, e}

— e T(A)(SP X 0,par X{3 9%, e "})
—2ee] S(A) (3" ay XP (8¢ X0,0") % ™))
+2e€] S(A) (g, X' (0" x e 1))

~

Xb
+2eel T(A) (5%% 7{aw“, e_l}*>

el T(A)(Xc(3upa * 9", )?bwas“e“»] }

%/de{e<S¢“(Xa(¢>*¢*¢*¢*e_')+e_'Xa(¢*¢*¢*¢)

— X {p* . (P, e N )) + 0, [—ee] (P prpxpxSpie)
—eej T(A) (8¢ Xcp, X (¢ * §. (. e '} })

—2e¢] S(A) (¢, X" (8¢ Xcp) xpx pxe™"))

—2ee] S(A) (@ * p. X (8¢ Xcp) xpxe™ "))

—2ee] S(A) (P § * ¢, X" (5" Xcp) % e™"))

+ee) T(A)(X (P *dxpx ), X' (5¢pe™))]}

Bhar = @ / dPx{esd (X ((Xg) * () x e ") +e ' X (X)) » (X))
har = B c c

— X X Xp, e}, — (Xcp)F XD, e '},

(38)

(39)

+ 3y [—ee (Fp) x (F) x (8¢"e™)) — eef T(A) (8¢ X (), X"{Z¢, e},

—2eel S(A)(Fp, XP((5¢° X (X)) x e 1))
+eef T(A) (X ((Fp) x (), X* (8¢ e ]}

(40)

Summing now all the contributions and rearranging, after tedious algebraic transformations,
in terms of two components representing the §¢¢ factor and the current surface counterpart,
the GW action ¢°-variation takes the form
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3¢r8§2 = \/de(3¢)65(¢,¢£) + 80\70) (41)
= / dPx (=8¢ X P y — 8¢ Epe + 35 T°) 42)

from which we get the following field equation:

Eo =e[1x L2 — (X ¢>(’"—2{¢ NP PO P L A e—l})
(¢»¢) e c * c 2 ’ * 4' k) ’ * Jx 2 . b *

Q? ~ (% -1 ! I -1 1 Kpd o]
—7¢XC.X.{X¢,€ }*_Excauqb{a ¢,€ }*_ EXcau¢a-{8 ¢ , € }*

1 e 1 B
- gau(z{a% e }*} =0. @3)

Using the identities ¥, ¢ =X, +10,¢ and ¢ x X, =X, ¢ —i0,¢ implying ¥¢ = %{fc, O},
we can deduce that %ch.{fcqb, e 1), = %2{)?, {e7 !, {%, @}« x5, and the equation of motion can
be re-expressed as

o 1 w -1 Q? ~ [ -1
Eppe) = —XcPEp + X L) — EXC¢8M(6{8 ¢,e 1) — e7¢ch.{x¢, e ).

- gxca,m.{a“qs, el - gxcam.{aw, e, - au<§{a“¢c, e—l},)

where
.l -1 Q? - = -1 € —1
g(bf = _Xc['* + Echsap.(e{aMd): e }*) + 67¢)ch.{)€¢, e }* + Excau¢{aﬂ¢s e }*

+ gxcam.{a“cﬁ“, e+ a,t(g{a%c, el}*> (45)
with

Q2 Q2
S XX (%0, et = < XeE e, {7 (%, hh)a

One can immediately show that, as expected from [1], when ¢ is on shell (i.e. & = 0), the
¢° field equation of motion simply reduces to £yc = 0, and in the commutative limit, we get
Lg¢ = 0 as it should. Besides, the field equations (24) and (45) are trivially satisfied by the
solution ¢ = 0, e, = 9,¢“ = §;, corresponding to the usual Moyal product. The field ¢ acts
as a source for the noncommutativity field ¢°.

In the same vein, the current 7 is given by

T =J0)+T°(m*) +T° (L) + T° (2%, (46)

where the contributions engendered by the velocity term, the mass term, the ¢** interaction
and the GW harmonic interaction source are, respectively, expressed as

o 1 asao —1 o 1 c b a —1
T7(0) = 5e8¢" (8" pus e }*+eeb{§[—T(A><a¢ X, X" {0 9%, e '))
—28(A) (3" pa, XL (5 X 0,0 % €71)) + 28 (A)(Ba, X" (850" % 7))

~

Xb
+2T(A) <88/t¢aa 7{3/4(]5117 el}t>:|
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1 c b -1
+5[—T<A>(8¢ X.9,0, X"{3"p, e '})
—285(A) (3"}, XP((8¢° X 0,9) * e—‘»} — LE(0) x (8¢"e ™)

+8¢P(LL0) x ™) + T(A) (X (L2(0)), X° (8¢“e‘>)} 47)

m2

T (m*) = eef {7[—T(A><6¢”(Xa¢>), XP{p, e +28(A) (8% (Xup) x ™!, XP9)]

—L8m?) * 5¢pPe™") + 80P (LEm) x e
+T(A) (X (LEm?)), XP(¢e™))) (48)

o _ o A c b —1
J (k)—eeb{m[—T(A)(&b X, X {px¢, {p, e L}

—2S(A) (¢, X" (8¢ X ) xpxpxe™1))
—2S(A) (¢ * ¢, X((5¢° X p) % px e 1))
—28(A) P *pxd, X" (8¢ Xcp) xe™ )]
— L) * (8¢"e™) + 88 (L) xe7h)
+T(A) (X ALEM), X2 S¢e™))) (49)
o 2\ o 9_2 o c ~ by~ -1
T (@) = e} - [=T(A) (9 Xc(F9), X"(¥¢, e™'})
—2S(A)(E¢, XP((8¢° X (3¢)) x e~ ))]
— LR * Spe™) + 80" (LEQ@) xe™h)

+T(A) (X (LE(QD)), )7”<6¢“e—1)>}, (50)

where

1 1 m2
L20) = 38,6 %09+ 39,9, % 09" L2 =" g

A Q2
L0 = AR L8 = — ) * (F9). (51)

3. Symmetries and conserved currents

Let us now deal with the symmetry analysis and deduce the conserved currents. Performing a
functional variation of the fields and a coordinate transformation

¢'(x) = ¢(x) + 3¢ (x) ¢ (x) = ¢°(x) +8¢°(x) XM= xt et (52)

and using dPx' =[1+ 0,€" + 0(€2)]dPx lead to the following variation of the action, to the
first order in §¢ (x), 6¢°(x), X and €*:
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o o [lox’
85, = | ed"xy|—
ox

= / dPx{8((£E xe")e) +due” x ((£LF e M)e)}

- / A28, (L2 % € 1)) + 85 (L e )e) + 85 (L2 x e ')e)

+e %0, [(LF e e] + 9, % (L xe")e). (53)

* (L' el)} - f edPx (L8 xe™)

On shell, and integrated on a submanifold M C R? with fields nonvanishing at the boundary
(so that the total derivative terms do not disappear), we get

8S¢ = f dPx0,[K7 + T + R +€” » (L * e ")e)] (54)
M
encompassing different contributions explicated below. In the computations, we decompose
the GW harmonic term as follows [13]:
(RP) % (X)) = (X xp* T AP+ X PpxPxF+P*Ta Tk P+ P Fxp * X) (55)

in order to get the NC Lagrangian entirely lying in the x-algebra of fields with the advantage
to be stable under formal x-algebraic computations (such that the cyclicity of x-factors under
integral). By first performing the ¢ variation of the harmonic term in the GW action (15),
using the right-hand side of (55), and then identifying the result with (40) one can infer the
identity

Q2 ~ Q2 ~
S (=T (M) X (F9), XPxg, e 1)} + — {=285(8) 9, XP((8¢° X (Fp)) x e~}

Q2 ~
= o =T(M)(66 X9, XP((x, {7 {7, dhade))
—T(A)SP° X5, XP({p, {7, (%, phu)u))))
Q2 ~
+ =5, XP (8¢ X o) x (¢, F}uxe™h)

—S(A)({F, ¢ * T}, X (8P Xcp) x ™))
—S(A)({$, Th, X (B¢ Xcp) xExe™"))
—S(A) (¢, X (8¢ X %) * (¢, K} xe™h))
—S(A)({p. T}e, XO((Bp X F) xpxe™))
—S(A)({$, T * pha, XV ((8¢°XcT) x e )} (56)

Then, from the ¥ variation of the action (15) expressed as

2
8 S = / dPx <5;~Ce%{¢, {e !, {x,¢}*}*},+a(,7z"), (57)

we deduce the current term

2

RO = %eeg{T(A)(sx, XP{p, {7 (%, Bldud) +28(A) ({7, By, XP (ST %P x ™))

+2S(A) (g, & % B}y, X0 (5% % e ) +28(A) (P, XP (5% % {%, ), x e~ "))
(58)

10



J. Phys. A: Math. Theor. 43 (2010) 155202 M N Hounkonnou and D Ousmane Samary

On the other side, using the identity 6¢°X.0,¢ = 9,,(8¢°X.¢) — 93, (8¢Cef)8p¢ and (56), and
collecting different terms in an appropriate way, the current 7 (46) can be now written as

e8¢°

T =K°(§¢p > =8¢ X ) + R (6% — =8¢ X %) + TXcd).{a"qb, e '),

where

K7 (=8¢ Xcp) = K7 (6¢ — —0¢°Xc¢p) = —

and

5 C
+ %.{a“@, e+ eeg{—ﬁ? * (8 e™!) + 847 (LY x e )

+T(A) (X (L), XP(8¢e™)) + %T(A)(&M (8¢°e)d,0, X2{0" 9, e '}.)
£ S(8) (3,0 X (0, (69°e2)2,0) ) |

+ %eeg { ~T(A) (8¢ X, XO{3" 9%, ¢ },)
—28(A) ("¢, X" (56X 0,p") % e™"))

+28(A) (8, X (8"80% x €™1)) + T(A) (8¢, X2{0"0%, e7'},) } (59)

{07¢, '),

edpXcp
2

j'(b
—ee [T(A) (8ﬂ(6¢cxc¢>, > 10g, el}*>
2
+S8(A) (0,0, XP(3" (B¢ X p) x ™)) + ’%T(A)(W’chﬁ, X'{p, e ')
+m2S(A) (P, XU (S X p x e 1)) + %T(A)(Ww, XP{pxp, {9, e L))
" %S(A)(qx RO Xprprdre™)
" %S(A)(cp v XX pxdre)
. %S(A)(q& v hxd, X Xpxe™))
Q2 ~
+ 5 T(M)G4 X9, XP(x, e {7, dldah)

Qz ~ b c ~ -1
+TS(A)(X,X (8P X cp x (X, Pluxe )
Qz ~ ~ b c —1
+TS(A)({x,¢*x}*,X P X pxe )

2
+ %S(A)({qs, T XP(8¢ X oo T * eb)] (60)

2

RO (=8¢ X X) = RO (8% — —8¢°X %) = —%eeZ{T(A)((quCchc, X", fe™ " (%, dlhly)

+28(A)({F, p)vs XP (B X T xpxe™)))
+28(A){¢, & * Py, X2 (8P X T xe7"))
+28(A) (¢, X (8¢ X% % (X, ¢}, x e ). 61)

11
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K keeps the previous defined expression in (26). In contrast to the result in [1] for ordinary
¢* theory, the twisted GW action is not invariant under global translation. Now imposing the

. 588 ..
constraint & = =z = 0 giving

QZ
e (9. {7 T ¢hhh =0 (62)
coupled to the transformations
8¢ = —€"0,¢ 8¢ = —€"0,¢° € = constant (63)

that we substitute into (54) and taking into account e, = 9,,¢“, we infer from the relation
0=2658"%= / dPxe”d, T" (64)
the EMT !
T = =500 6. e = S99 9 e
+eelf {ﬁ? * (e718,0") + T(A) (X L2, Xb(e'0,06°))
+ Q7O S(A) (X, ¢}, X (@ xe™"))

+S(A)({¢, T * Py, XP(e™1) + S(A) (@, XP(ZY, o) % e")]}. (65)

This tensor is neither symmetric nor locally conserved. In the case of a standard Moyal
product, it reduces to the NC EMT computed in [13] and its regularization can be worked out
in the same way as done in that work. Similarly, using the transformation

8¢p = —€"0,¢p = —€"x,0,¢ 8¢ = —€"9,¢° = —€"x,0,¢° €' =¢€"x,  (66)

where €' is an infinitesimal constant skew symmetric Lorentz tensor, and €'’ x[,0,¢ =
—2€""x,0,¢ substituted into (54) yields

0=2557 = / dPxe" o, Ml (67)
M
which affords the AMT as
e 1 e ~1 eey (o ~1 b
Mﬁp = Zx[vap]d’{aﬂ(b, e L+ Zx[vap](ﬁc{a#(lsc, e} — T Ly * (e xp,0,97)

+ﬁ T(A) (XL, X0 (e x,0,00%) — T(A)( 8 130 a -
) ek € Xp p]¢ ) (A) [v¢a2 { p]¢v€ 1)

1~ ~
- T(A)(alvqsd, 5X”<{8p]¢>d, e—l}») +S(A) O, X° (D¢ xe™))
+S(A) Oupa, X (3,107 xe7))
@ -1 vb -1 gy
- T®V[V[T(A)(xp]’ X"({p, {e7 ", {7, ¢} 1 10)
+28(A)Y{F, Py X2 (xp) % P % e71)) +28(A) ({9, T % )y, XP(xpy % e™h))
+28(A) (P, XP(xp1 % (T, P} + e—‘»]}. (68)

This angular momentum tensor is not conserved, in contrast to the result obtained for the
nonrenormalizable twisted ¢** model studied in [1]. This analysis is compatible with the
previous GW model investigation [14]. One recovers the canonical angular momentum tensor

12
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of the decoupled fields in the commutative limit. Defining now the dilatation transformation
by

xox=ex 9 = () =¢(ex) = PP, (69)

where € is a constant number, and A is the scale dimension of the field ¢, we note that the
GW action is invariant over dilatation symmetry if A = 0 and € = %1, implying

X' =x @' (x) = p(x) or x'=-—x ¢ (—x) =¢o(x), (70)
which is nothing but a parity transformation of the spacetime inducing a conserved current:
DF = RF(B% — —2%) — 2xH (L% % e Ve. (71)

Finally, the EMT, AMT and DC can be computed under the well-defined field values at the
boundary, ie. [ edPx X,S(A)(f, XPg) = 0, to give simplified expressions. In this case,
there follow

TV = —§<av¢>{a“¢, e, — §<au¢c){a“¢c, e,
+ee) {ﬁ? *(e710,0") + T(A)(X.LE, X (e amf»} (72)
and

1
e _ e c - ee —
M, = 2xtu0p19(0" 9, €™ )+ 1 x100p10e(070, €7 h = —E (L % (¢ x100,107))

n

* %{T(A“Xcﬁ?, X0 (e x1y0,10)) — T(A)<3[u¢v X000, e-lw)
1~
—T(A) <8[U¢d’ EXb({ap](ﬁd» el}*)>

Q? =
= O T (A) (. X' ({9, fe ™ (77, ¢}*}*}*))} (73)

and the current of dilatation symmetry expressed as

D' = —Q%eef T(A)(E, XP{¢, (e {7, o)) — 2x* (L xe e, (74)

4. Concluding remarks

In this paper, we have implemented the dynamical noncommutativity introduced by Aschieri
etal [1]inthe new class of renormalizable NC field theories built on the Grosse and Wulkenhaar
(GW) ¢** scalar field model defined in Euclidean space. The corresponding equations of
motion and Noether currents have been studied and explicitly computed taking into account
different contributions from velocity term, mass term, ¢** interaction and GW harmonic
interaction term. When ¢}, = 4y the x-product between any two functions reduces to the Moyal
product, as already observed in [1]. The field ¢ acts as a source for the noncommutativity
field ¢°.

Our investigation has shown that the twisted GW action is not invariant under global
translation. Such an undesirable feature has been got round by imposing a constraint on the
Lagrangian action, which is nothing but the equation of motion governing the GW harmonic
term. The previous works [1, 6] have pointed out that the ordinary ¢*-theory leads to
nonlocally conserved and symmetric EMT and AMT while the twisted nonrenormalizable ¢*-
theory restores the local conservation of these tensors. Contrarily, both ordinary GW [13, 14]
and twisted GW models provide nonlocally conserved and nonsymmetric EMT, AMT and DC

13
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due to the presence of the harmonic term 2. Fortunately, as shown in [13], all these physical
quantities can be subjected to well-known Jackiw and Wilson regularization procedures to
acquire the local conservation property.
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