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This manuscript reports the first order B-functions of recently proved just renormalizable random tensor
models endowed with a U(1)? gauge invariance. The models that we consider are polynomial Abelian gog
and ¢¢ models. We show in this work that both models are asymptotically free in the UV.
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I. INTRODUCTION

Many interesting physical systems can be represented
mathematically as random matrix problems. In particular,
matrix models, celebrated in the 1980’s, provide a unique
and well-defined framework for addressing quantum grav-
ity in two dimensions and its cortege of consequences on
integrable systems [1]. The generalization of such models
to higher dimensions is called random tensor models [2].
Recently, these tensor models have acknowledged a strong
revival thanks to the discovery by Gurau of the analogue of
the t’Hooft 1/N-expansion for the tensor situation [3-7]
and of tensor renormalizable actions [8—12]. The tensor
model framework begins to take a growing role in the
problem of quantum gravity and rises as a true alternative
to several known approaches [13—15].

Tensorial group field theory (TGFT) [14,15] is a recent
proposal for the same problem. It aims at providing a
content to a phase transition called geometrogenesis sce-
nario by relating a discrete quantum pregeometric phase of
our spacetime to the classical continuum limit consistent
with Einstein general relativity. In short, within this ap-
proach, our spacetime and its geometry has to be recon-
structed or must emerge from more fundamental and
discrete degrees of freedom.

Matrix models expand in graphs via ordinary perturba-
tions of the Feynman path integral. These graphs can be
seen as dual to triangulations of two dimensional surfaces.
Here, the discrete degrees of freedom refer to matrices, or
more appropriately to their indices, or dually to triangles
which glue to form a discrete version of a surface. In tensor
models, this idea generalizes. Feynman graphs in such
tensor models are dual to triangulations of a D dimensional
object. The tensor field possesses discrete indices and it is
dually related to a basic D dimensional simplex which
should be glued to others in order to form a discretization
of a D dimensional manifold.

As for any quantum field theory, the question of renor-
malizability of TGFT has been addressed and solved under
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specific prescriptions [8—12]. Those conditions identify
as the introduction of a Laplacian dynamics for the
action kinetic term [16] and the use of nonlocal interaction
of the tensor invariant form [17,18]. Furthermore, as
another important feature, the UV asymptotic freedom
of some TGFTs has been proved in 3D [9] and 4D [19]
(see also [20] for a shorter summary). This is very encour-
aging for the geometrogenesis scenario. Indeed, the
asymptotic freedom means that, after some scales towards
the IR direction, the renormalized coupling constant of the
theory starts to blow up and, certainly, this entails a phase
transition toward new degrees of freedom. This is analogue
of the asymptotic freedom of non-Abelian Yang Mills
theory leading to the better understanding of the quark
confinement. However, the new degrees of freedom in
TGFTs have not yet been investigated.

New TGFT models, of the form of ¢¢ and ¢¢ theories,
equipped with tensor fields obeying a gauge invariance
condition were recently shown just renormalizable at all
orders of perturbation [12]. The gauge-invariant condition
on tensor fields will help for the emergence of a well-
defined metric on the space after phase transition [10,13].
The renormalization of the model followed from a multi-
scale analysis and a generalized locality principle leading
to a power-counting theorem [21].

In the present work, we calculate the first order
B-function of both models and prove that these models
are asymptotically free in the UV regime. This paper also
emphasizes that this asymptotic freedom could be a ge-
neric feature of all TGFTs for a model with and without
gauge invariance [15]. Such a feature will strengthen
the status of TGFTs as pertinent candidates for gravity
emergent scenario.

The paper is organized as follows. We recall in Sec. II
the main results concerning the renormalizability of ¢7 and
gog—tensor models as proved in [12]. Section III is devoted
to the study of the one-loop B-function of the ¢¢-model
and Sec. IV addresses the computation of the same quan-
tity, this time at higher order loops, for the ¢$-model.
Finally, an appendix gathers technical points useful for
the proof of our statements.

© 2013 American Physical Society
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II. ABELIAN TGFT WITH GAUGE INVARIANCE

This section addresses a summary of the results
obtained in [12]. We mainly present the model and its
renormalization.

TGFTs over a group G are defined by a complex field ¢

over d copies of group G, i.e.,
@ Gd_>C (gl)" 'rgd)' (1)

The gauge invariance condition [13] is achieved by
imposing that the fields obey the relation

o(hgy,....hgs) = ¢(g1,....84, VYV HEG (2

For Abelian TGFTs, one fixes the group G = U(1). In the
momentum representation, the field writes

o(gr,....80) = ng[p]eiploleiploz --eeraba 9, €10,2m),
p

S 84) > e(gy, ..

where we denote ¢[,] = @15... ‘= @(p1, P2, - .., pg), With
pr € Z and g, = €% € U(1).

The generalized locality principle of the TGFTs consid-
ered in [12] requires us to define the interactions as the
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sum of tensor invariants [3]. From now, we will focus on
d = 6, 5, and define two models described by

84[(0’ ¢]

6

_ 1

= Z 4’1234565(2 Pi)(P2 +m*)@oas6 + 5/\51,} Vil’
Pir-Ps i

3)

5
Sel@ 1= > @rous 5(2 Pi)(l?2 +m?) @1o3s

P1-sDs l
I 65 1 1
+ 5/\41 V4‘1 + 5)\4’2 V4y2 + §A6’1 V6,1 + /\6,2 V6,2r
4)
where 8(3¢ p;) should be understood as a Kronecker

symbol 524”’0 and p?> = Y9 p?, d =6, 5, respectively,
and where the interactions are of the form given by

6 _ - - .
Vil = Z¢1234569012'3’4'5’6’€01'2’3’4'5'6’<P1'23456 + permutations, (%)
le
5 . - - .
Vi = Z€012345¢12’3’4'5’€01'2’3’4’5'€D1’2345 + permutations, (6)
Z]Z
. 2
Vip = Z§012345€012345 , (7
Z5

Vo1 = ZSZ’ 12345 P 112345 P12/3/4's P12/34/5 P172r3ignsy P127374»s» T permutations, @

ZIS
V6,2 = Z¢54321 P112345 @5/4’3’2’1’¢1”2”3”4”5/¢1”2”3”4”5”¢12/3’4/5” + permutatlons. (9)

Z]S

The “permutations” are performed on the color indices.
The vertices are graphically represented in Figs. 1 and 2.
As one notices, there are two kinds of lines in the vertices.
The first type are parametrized by 1,2,...,d and one
external half-line without any number. Call by 0 the color
of this half-line.

The propagator of each model reads:

1 d
C([p])=dpz+mza(§pi), d=65 (10)

i=1
and it is represented graphically as a line with d strands,
see Fig. 3.

A Feynman graph is a graph composed with lines of
color O (propagators) and vertices. Hence, whenever we
refer to a line in the following it will be always a 0-color
line and G is an uncolored tensor graph in the sense of
[3,18] which have d-strand lines of color O.

Let £ and F be the sets of internal lines and faces of the
graph G. The multiscale analysis shows that the divergence

6

L\
—

FIG. 1. Vertex representation of ¢¢-model.
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\ 5

Vi

FIG. 2. Vertex representation of ¢%-model.

degree of the amplitude of a graph associated with both
models can be written

0w (G)=2L—F+R (11)

where L = |L|, F =|F|, and R is the rank of matrix
(e, L E L, f € ), defined by

1 if /[ € fand their orientation match,

—1 if / € fand their orientation do not match,

Elf(g) =
0  otherwise.
(12)

The following statement holds [12]:

Theorem 1. The models ¢¢ defined by S, and ¢¢ defined
by S¢ are perturbatively renormalizable at all orders.

The proof of this statement rests on a power counting
theorem which can be summarized by the following
table giving the list of primitively divergent graphs
(for precisions and notations, see [12]):

1

d

FIG. 3. Propagator of d-dimensional tensor model.

N o(G) 000G Cig—1 wiG)
ot 4 0 0 0 0
20 0 0 2
¢ 6 0 0 0 0
40 0 0 1 (13)
40 0 1 0
2 0 0 0 2
2 0 0 0 1

Table: Divergent graphs of models ¢¢ and gog

with N the number of external fields, w(G) the degree of
the colored extension of the graph G, w (0 G) the degree of the
colored extension of the boundary 9 G of the graph G, C; the
number of connected component of the boundary graph 0G.

Using this table, we are now in position to compute
renormalized coupling equations.

III. ONE-LOOP B-FUNCTION OF ¢*-MODEL

This section is devoted to the one-loop evaluation of the
B-function of ¢¢. To proceed, we enlarge the space of
coupling constants so that (3) becomes

6
Sl ol= @1234563(2 Pi)(P2 + m?) @ 123456

P1>--- D6

1
+

N

6
S AoipVer, (14)
p=1

Only at the end will we perform a merging of all coupling
at the same value A4, = A4;. Thus by introducing a
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distinction between the colors, p = 1,2, ..., 6, the combi-
natorics becomes less involved.

We have the following theorem:

Theorem 2. At one-loop, the renormalized coupling

constant associated with A4 is given by

1972

EN

X =\, + AT+ 0(A3), with

(15)

such that the B-function of the model with single wave

function renormalization and single coupling constant is

: — _ 1972
given by 8 = N

We now prove Theorem 2. Let Z be the wave function
renormalization which writes:

8b2 p=12..,6, (16)

where 2 is called the self-energy or the sum of all ampu-
tated one-particle irreducible (1PI) two-point functions
which must be evaluated at one-loop. The derivative on
3, is with respect to an external argument. The B-function
of the model gog is encoded by the following quotient

I',(0)
Z2
where I'y is the sum of all amputated 1PI four-point

functions computated at one-loop and at low external
momenta that we symbolize by a unique argument (0).

A= — 22, (17)

ATp =

PHYSICAL REVIEW D 88, 105003 (2013)

6

FIG. 4. Tadpole graphs 7).

A. Self-energy and wave function renormalization

Having a look on (16) only is relevant the dependance in
some color p of 3. We will evaluate only this part in the
self-energy at one-loop. For two sets of external arguments
[/] and [b'], one has

S([6] [b']) = (@yepio = 2 KgAg(b] [b']), (18)
g

where K is a combinatorial factor and A is the amplitude
of the graph G. At one-loop, there exist six tadpole graphs
Tp, p =1,...,6, that contribute to the relation (18). For
instance 7 is represented in Fig. 4. We start by applying
the Feynman rules to obtain the tadpole amplitude

1

T (5

11p1+b2+m
1

= MPZ 7
_ "4/'2

i lpl-i-(zl 1p,+bp)2+blz,+m2

1

We denote this sum by

41"‘(2 lpt)2+2b Z 1p1+2b2+m2.

(19)

SOESSY [(é p?) + (g p,-)2 + Zbipi + b+ m2]71 (20)

Pi-oPs

and the amplitude of the tadpole T, is given by

AT=

P

i=1

—ﬂso(bp). 1)

The combinatorial weight of these graphs T, is Ky, = 2. Also after introducing S°(b), an equation

22;‘ 1 Di +4b

So(b) Z

P4

implies that

+(z lp)2+2b21 1p1+2b2+m2

(22)
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2 Q0
I8b) _ g0 4 ggo2, (23)
ab?
where
4 4 2 4 5
SHOEEY [(Z p%) + (Z p,.) +2b p;+2b7 + m2] (24)
Plronpal Ni=1 i=1 i=1
and

S, pi +2b)?

§2(b) = . 25
0= 2 S T (S pP + B 5+ 28+ T 9
Then (18) is reexpressed as
6
(b)) = =D Ay, SUb,). (26)
p=1
We have the following relation (see Appendix A for details):
o1 77.2 0 77.2 00 e—ozm2
) = "1, s20)="_1, I=/ da® 27
0 =7 0=z dat @)
then
923[b] 1272
_ = 4/\4,p(S01 (bp) - 2S02(bp))|[b]=0 = )t4,p1' (28)

55

Using the fact that the tadpole amplitudes are symmetric with respect to the external variables, we reduce all coupling
constants to the same value, i.e., A4, = A4, and get the wave function renormalization as

by s1=0

12772
Z=1-—Z I+ 0. (29)

55

B. Four-point functions

The 1PI four-point function amplitudes I'y ,, p = 1,2, ..., 6, are given by

Ty, (0. [']) = (@p, 211, B, e1n,)imt = D KgAg ([P [0]), (30)
g

where [b];, [b'];, j = 1, 2, are the external strand indices. Using the cyclic permutation over the six indices p, the four-
point functions are explicitly given by

Lyi(by, ..., be, b, ..., b)) = (P123as6 P1234'5'6 P 1123456 P 123456/ ) 1 p1s (31)
Lyo(by, ..., b b, ..., by) = (@123456 P 1123456 P 123456/ ©12345'6) 1 pi» (32)
Ly5(by, -+, be bl -+, by) = (@123456 91123456 P 1123456 P1234'56) 1 p1s (33)
1ﬁ4,4(bly ..., b, b'p ce bé) = <¢123456¢’1/2/34/5/6/951/2/3/4’5/6/90123/456>t1P1’ (34)
Lys(by, ..., b b, ..., bg) = (P1o3ase P 1123456 P112/3a's'6! P12/3456) | p1s (35)
Lu6(by, ..o, b bl .o, bg) = (@i1o3ase P 123456 P112'34's'6' P1/23456) 1 pr- (36)

At one-loop, there is a unique graph contributing to Iy ,. It is of the form given by Fig. 5. The combinatorial factor of this
graph is always Kg, = 2 -2 - 2. Using the Feynman rules the amplitude of a four point graph with external indices b, ,, and
b,,, on the faces transmitted from left to right in Fig. 5 is
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6 5 4| 32 2\ 3| 4] 5/6] 6[5 4 32 2| 3| 4] 56

FIG. 5. The melonic one-loop four-point graph G.

2
AGP (blp’ b2p)

,,,,,

1 5
o i+ b
ZS 1[7, +b2 +m2 (lel 2p)

1
(37)
F 1Pz + b + m?
which becomes, after setting b p = bzp =0,
/\2
A, (0,0) = 2 5°(0). (38)
4 242
We obtain
[4(0) = =4 + A389(0) + O(A2)
)
= —As t+ —/\ﬁ] + O()\i). 39)

V5

The renormalizable coupling constant is finally given by

_ I4(0,0) — 1977
72 TS EM
This result shows that the ¢¢ model is asymptotically free

in the UV regime. The B-function at one-loop of the model
reads from (40):

A = NI+ 0. @0

1972
B=——r.
55

IV. TWO-LOOP B-FUNCTIONS
OF THE ¢¢-MODEL

(4D)

In the ¢%-model, there are two types of coupling con-
stants and so we must evaluate two renormalized coupling
equations. In order to compute the B-functions of the gog
model it is important to note that the vertices of the type
Ve, are parametrized by five indices p = 1,2, ..., 5, and
the vertices contributing to Vg, are parametrized by ten
indices pp’ = 1.2, 1.3, 1.4, 1.5,23,24,25,34,3.5,4.5.
The couple pp’ will be totally symmetric, i.e., pp’ = p’p.
For simplicity, the graphs of Fig. 6 represent henceforth the
vertices of q:g model. For the same combinatorial reasons
evoked above, we enlarge again the space of coupling and
write (4) as

PHYSICAL REVIEW D 88, 105003 (2013)

Ve Voo

FIG. 6. New graphical representation of vertices Vg and Vg ,.

Sele, ] = Z @12%455(2 Pz) P>+ m?) @125
b

P 5

+ = ZAﬁl pVeip T Z)tozpvézpp
pp’

+ 3 Z)l4,1;p Vit T 3 ZA4,2V4,2- (42)
P P

We have the following theorem:
Theorem 3. The renormalized coupling constants Ag7]
and Ag} satisfy the equations

e — ), + 9;73 A2 T+ 12(31‘%1_ + %)w%\(,,])lﬁ,z]’
+ 0L A357), (43)
and
Ass = Aex t 4(311\7/8_ 11) m AL T+ s —— g1 A2 ]’
+ 02,7, (44)
p=0,1,23

A. Self-energy and wave function renormalization

The following proposition holds:
Proposition 1. The wave function renormalization of the
model is given by

57 80 5 eu
Z=1_T/\611 (31\/— 8) 3)1621/+0(/\ 6’217)1
(45)
p =0, 1,2, and where I’ writes
0 (oo —2am?
- / [ Pa’ (46)
o Jo

T P % TQ?W" Tfi;/w’

FIG. 7. Divergent tadpoles graphs of ¢$-model.
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Proof: The graphs contributing to the self-energy are of the form listed in Fig. 7. The amplitude corresponding to the
tadpoles graphs 7', with the external strand index b, is given by the following relation

)\61 5(21 1Pz +b ) 5(2? 1qi +b ) Ag,1;
A (b) =~ =52 3 s T s = s e @)

where

NOESY {[Zpk (Zpk) +2b2pk+2b2+m:| [qu <qu) +2quk+2b2+m:| '}. (48)

P1P2.P3
q1-92-93

Using the combinatorial number associated to the tadpole graph 7., given by Ky, = 3, the sum of 1PI two-point
functions are given by

Q61(b,) = 347, (by). (49)

Similarly, the amplitude corresponding to the tadpole graphs T5,;, and T3, , are respectively given by relations

ATZH/,(b]) /\621p Z Z [5(21711)’5( 5 CI4) 5(2 lqz+b) :|

..... =1 qz + b2 + m
1 5(2 qi + X pi+ b))
— At n. {( )( ll i =111 )}Z—)\ ) S]Z(b), (50)
6’2’“)1)1;’4 Lot )t m? g+ L p) bt m? oxlp :
q1:92-93
and
S pi + b)) St +b,)
b, b —A L : = —A621,83(by, b,), 51
Ar,, (b1, b)) = 621pz 1p,+b2+mzz Ry~ 62:1p5 (b1, b)) (5D
where
4 4 2 172 2 ’ 2 4 5 4
20 = S (Xt (Zn) wm) (Za+(Za) r2Xar(En) -2 n
P02 s LN k=] k=1 k=1 k=1 k=1 k=1 k=1
4 2 .
—ZZkaqk+2b2+m2) } (52)
k=1 k=1
and
3 3 ) 3 _ir 3 3 ) 3 _1
SBb, by =Y {[Z P+ (Z pk) +2b ) pp+2b7 + m2] [Z @+ (Z qk) +2b" ) g + 267 + mz:l }
prprs k=1 k=1 k=1 k=1 k=1 k=1
(33)
|
The combinatorial factors are Kr,, = 1 and Kr,, = 1. The wave function renormalization of the model is
Therefore the sum of these contributions yield given by
06,2(b1’ bp) = ATZ;U,(bl) + ATl,p(blr bp)' 54 Z= 8172 Eﬁ(bl) p)lbl =b,=0 (56)

Combining the relations (49) and (54), we get a part of ~ Using Appendix B, we have the following relations:

the self-energy involving the variable b
Q (b1)lp,=o Sl As 117,
61 =
S4(by, by) = 3Ar,, (b)) + D [Ar,, (b)) + Ag,, (b, b,)] ab2 = .

p —2am?
_ Y L P
£ O, A7), (55) Ll N N
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80

Q b, b —) =
abz 621, by - -0 — (W_

5
) /\62]/1]/
(58)

We restrict from now the coupling constants in each sector
such that Ag 1., = Ag; and Ag».,, = Ag, so that the wave
function renormalization is

573 80
7 ﬂ—(

4 76! 31J_
+ 0(AFAg,"),

5
Z=1- ) 3)\6211

(59
p=0,1,2.0

B. Six-point functions

The initial calculation of the six-point functions shows
that they prolifer quickly [19]. However, in the present
gauge invariant model, which is more constrained, several
of these should be nonrenormalized because either are
convergent (pay attention to the fact that gauge invariant
models are less divergent than the ordinary one) or turn out
to violate the face-connectedness condition [see discussion
below and (9)] [10,12].

At the end, we will focus on the six-point functions
which are face-connected graphs of type Vg; — Vg, and
Ve — Ve, see Fig. 8. This will be used for the calculation

PHYSICAL REVIEW D 88, 105003 (2013)

Glp@ ) GQ;PP’

I
i O

FIG. 8. Face-connected divergent
gog—model.

G/

2;pp )

six-point  graphs  of

of the sum of 1PI six-point functions I's ;., and I's 5., /. The
renormalized coupling constant equations for AgY., and
/\rg‘z“;lp, are defined by

Aen — F6,1;p (O’ O) Aren . I16,2;pp'(0’ O)
6,1ip 73 ’ 6,2;pp" 73 .
(60)
Proof of Theorem 3

The first part of this proof is about the evaluation of
amplitudes of various graphs of Fig. 8. We introduce some
formal sums:

3 3 0y 3 5 1
= 3 (Sor (o em) (Zar+ (Za) o)
P1:P2P3 \k=] k=1 k=1 k=1
q91-92-93
31 2 2\ 72 S 2 2 : 2\t
=3 (zpk (z ) ) (Tt (Ze—a0) + (o) +m)
P1:P2:P3 1 k=1 k=1
q1-92-93
2 2 4 2 5\ 2 4 s 4 2 5\ !
- S (Za(Sa-a) < (Sa) +n) (Za+(Za) ) 61
P1P2 k=1 k=1 k=1 k=1
491-92:93-94
A calculation yields, at low external momenta,
/\é Lip
Ag,,0,...,0) —GZXmKQ§3=3aA@m§, (62)
1
Ag, ,0,...,0)= gA6,1;pz)t6,2;pp’KGM/531 = 3/\6,1;;7[ > /\6,2;,7,;']531, (63)
' p'#p
1
AG;;/,/,/ (0, . > 0) - g(A@l;P + /\6,l;pl)A6,2;pleG;:/w,S3 - 2(/\6,1;,0 + /\6,1;p/))\6,2;pp/s3’ (64)
%Wﬂywm=AMM{Z%mf+ZAMM}§+§u (65)
p#p p#p'
Kg, = 33.22 Kg, = 3.3, Keg =3-2 (66)
p pp 2pp!

105003-8
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The contributions to I' ., are obtained from G,,, and
G.pp- Using these, we get

L61,,(0,...,0)
= —Ag1p + Aé,l;p[mﬁ,l;pﬁ + 3[ D A@z;pp,]sﬂ]
p'#p
+ 0L A3, (67)
The contributions to I' 5., are obtained from G’ and
2 pp
G3.p'- One finds
F6‘2;pp/(0, ey 0)
= —Ag2pp T 2()‘6,1;/J + ’\6,1;/1’))‘6,2;/)/1’53
+ Aaz;pp,[ D Nesps D, /\6,2;,3,[,](53 + §31)
p¥Ep p#p'
+ O0(AA5,7) (68)

Reducing to the smaller space of couplings Ag ., = Ag
and Ag ., = Ago, We get

FG’](O, ey O) = _/\6,1 + 6/\%1S3 + 12/\6,1)\6,2S3l
0051455,
TG’Q(O, ceey O) = _)‘6,2 + SA%;Z(SS + SSI) + 4A6,2A6,1S3

+ 0L A3, (69)
Asymptotically, we can obtain the relation
3 3
$="1 S'=I=T (70)

V31

(see Appendix B for more detail). At one-loop the renor-
malized coupling constant Ag’} and AgY) are given by
49 5

+ Z) A A I
AT ) ek

9 3
e — Aoy + %/\2,11’ + 12(

+ 0L, A5D), (71
and
178 11 1173
Al = )+ 4(— + _)77_3)\2 I+ —— A A I
6.2 6,2 31\/3—1 8 6,2 4 6,1746,2
+ 0L A5 (72)
O

C. Discussion

(i) Letus come back to the subtle issue about the notion
of connectedness in this theory. The correct notion of
connectedness should be the one of face connected-
ness. Several graphs which a priori are divergent
should not renormalize any coupling constant.
For instance, graphs of the form given in Fig. 9 are
face-disconnected divergent six-point graphs. They

PHYSICAL REVIEW D 88, 105003 (2013)

G//

2;pp

FIG. 9. Face-disconnected and divergent six-point graphs of
@$-model.

do not contribute to the 1PI six-point functions. The
amplitudes of the graphs are

1
AG!/ (0, ey O) = §A6»1§PZA6,22PP/KG” S3
o'

2;pp! 2:pp/

= 3)%,1;,)[ > Aé,z;pp/]sﬁ (73)

p'#p

Ker =3-3. (74)

2pp!

(i1)) We now discuss the results of Theorem 3.
Equation (71) can be reexpressed as

AGH= A6 = BiAg ' = Braeideo I’
+ 0L 357, 75

where, at this order of perturbation, the B-function
splits into coefficients 8; and B;, given by
973 49 5
=——, =12/ —=+2)7.
P 4 P (31J3‘1' 8)
(76)
This clearly shows that AF} = Ag; proving that
this sector is asymptotically free, provided all cou-
plings are positive. In the same way, Eq. (72) can be
reexpressed as

63 = Ao = BaAgn I = BridgiAe I
01" (77)
where the B-functions B, and 3, are given by

178 11
= 4 ——+ )",
p2 (31\/§T 8)”

1173
4
(78)

B = —

The same conclusion holds for the sector Ag, which
is asymptotically free. Both relations (76) and (78)
show that the model with both interactions is
asymptotically free in the UV regime. Hence, gauge
invariant TGFT models of the form presented here

105003-9



DINE OUSMANE SAMARY

make sense at arbitrary small scales yielding, far in
the UV, a theory of noninteracting spheres. Indeed,
according to [3], all interactions presented here
(called melonic interactions) are dual with simpli-
cial topological sphere. The present results also
show that both models might experience a phase
transition when the renormalized coupling constants
become larger and larger in the IR. This feature
deserves full investigation.

(iii)) We will now discuss renormalized coupling
constants A7} and Ay3. We have already shown
that, at high scale, the bare values of coupling
constants Ag; and Ag, vanish. Further the diver-
gent four-point functions must not have more than
one vertex type V,, or V,,, the only divergent
graphs are those couples with Vg, or V¢ ,. Using
relations (71) and (72) we come to the conclusion
that

A= Ay + O A7), k=Tlork=2,

(719)

k=1lork=2.
(80)

A3 = Agn + ON5,00,0),

Then the ¢* sector is safe at all loops and the
B-functions are given by

Ba1 = Bsr = 0. (81)
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APPENDIX A: DIVERGENT SERIES
FOR ¢§-MODEL

Propostion 2. Let I = [§ da < be a logarithmically

o

divergent quantity in the UV regime. The series $°'(0) and
592(0) asymptotically write as

77.2

55

$01(0) = S2(0) = —_ 1. (A1)

2
T
Ky
V5

PHYSICAL REVIEW D 88, 105003 (2013)

The rest of this section is devoted to the proof of this
proposition. Let us recall the Schwinger formula: Let A
be a positive define operator and # is an integer then we get

1 — 1 0 n,—aA
G _a[o daae™*4, (A2)

For A=Y{_,pi+ G}, p)*+m? we arive at
expression

1 A 00
Y S =limlim Y | daa’e
A2 A—0 A'—0 A
[pleZ* [p14]
o A
= lim daalim —aA
A—=0J A A—0 Z ¢
[1714]
= [00 daae_“’"z e—2a[|p14|2+2?:1v’_<./_ p[p/-]’
0 [pilez?
(A3)
Ip1al® = 2=1 P%’ [pij] = (Pi» Di+1r - > Pj), i<j. We

have the following lemma
Lemma 1. Let —o0 < p < 0. For n — o0, uniformly in
any finite interval of positive 3, we get

(A4)

Proof. The proof of this lemma is given in [22]. (I
Noting that in the previous lemma g—» 0 as a=
M™% —0.Then ¥ _, e " = \/Z. Then

Z o 2ellpulP+ 3 pi)]

[plez?

B ,77 29 37 |47
2a\3a\Vda\5a
)

PN (A5)
We arrive at the expression
foo daae Z o 2ellpul+ 3L pip]
’ [piJez?
=%ﬁmd“%w=j—;f- (A6)

Finally S°(0) = 7% 1. Using the same argument, we get
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(Zk lpk) [ daa2 —am?

——f daa?e o

[daa
f daa’e ’“’”2—

1 © 2
+§j;) daa?eam Z

[11141624<

[]71 lez*

PHYSICAL REVIEW D 88, 105003 (2013)

4
|pual® +2 Z p,pj) allpulP+300L, ., pips]

Z » p,)e—zanmmz, ie; PiPS)
J

4
Z pzpje_za[lpl4|2+2?:|,,‘<jpil"/]
[pu]EZ* i=Li<j

_za[|l’14|2+2?=]}i<j pipjl

4
-2 2430 pip;
Z pip;e allpalP+3L, _ pipj]

[pleZ* i=1i<j

= Xl +X2,

with

4f daa’e _“’”2—

[1714]€Z4

(A8)
X 21‘/0061aa2e7‘”"2
275 o

4
% Z Z pipje_za[lp'4|2+2?:"f<f Pipj],

[plezti=Li<j

(A9)

and we get

To compute X, let us give the following lemma
Lemma 2. Let —oo < p < 0o. For &« — 0 uniformly in
any finite interval of constant ¢, we get

o0

Z peiap2+ch = i ze”:)
p==o0 ata (A11)
— 1 7 d
n,—ap*+2cp — n
p;wp ¢ 2""a‘/7dc(ce )

Using this lemma we get easily

372 3772
X, = - [ daale m( —)=——1
2= [ 5035 105
(A12)

Therefore, $%(0) = 7

_2a[IP'4|2+Z?:l.i<,/ P[P/]’

(AT)

APPENDIX B: DIVERGENT SERIES
FOR ¢$-MODEL

In this section, we will focus on the divergent terms of
the @$-model. Let us consider the functions Qg () and
Qg2 (b, b'). The partial derivative of () 1(b) and Q¢ , (b, b')
respect to external strand b participated to the expression
of the wave function. The goal of this part is the proof of

the following proposition

Proposition 3. Let = [> [0 d*a 2 he a
logarithmically divergent quantlty in the UV reglme. The
partial derivative of ()¢ ;(b) and ¢, (b, b') are respectively
given by

53
_Q | =" )l¢117, B1
5 6.1(D)p=0 1 Men (B1)
e 5]
—Q b,b/ —pl=0 — )\ /I
B2 6,2( )lb b'=0 31\/— T N62:1p
(B2)

The rest of this section is devoted to the proof of the above
proposition. We have

1 (Z Pk)
abz QDo = A1 '{T;@[Q«@@) Xo(P) )]
1 _ D Pk Xk
% [X(s)(q)] X5)(P) X<23>(q)}y >

where x(y(p) = 3r_, p? + (Z4_, pi)* + m*. By using
the Schwinger formula (A2), we find
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e A * *
[ adadﬁ e aX(3)(P) e IB/\’(3)(q)
2 (X(23)(p) xo@) 1 J; 2 2.

[ple?? [qler? [plez’ [qleZ’
me foo ae_“mze_ﬁ’"zdadﬂ 1 2—77 3—7T il 2—77 3—7T
o Jo 2a\3aV4a\2B\38V48
—Bm
j [ i dadp
a2 2
77_ 0 [0 e—Zam
= a2
4 /;) /0 « a?

3

T
=—17. B4
. (B4)

In the same manner, we get
2 1 foo foo > >
D (23 Py - f [ ale= e o= B P, B)dad], (B5)
(e X(3)(P) X(3)(CI) 2Jo Jo

lq)ez?
where
Plap)= Y (Z pk)ze—au(g)(p)—m% T o Bt
[plez’ lqleZ’

can be computed by using the following results:

2 ) 3 [7 2@ |37
—alye(p)—m?) = '_ g i B6
Z <Z pk) ¢ 8a 2av3av4a’ (B6)

[plez?
Z e Bxe@-m) — | 2m 3_77 (B7)
ez’ 28Y38\48
2
We get 3,13 XZIZ;)) )m:(q) = 14 I. A simple routine checking shows that
[q ]ez3 3)

Pk qk
Xt (P) < x&)(@)

=0. (B8)
Finally,
53

_Q D) po = o Ag 11 1.
ab 61()1)0 4 6,1;1

The second-order partial derivative of Qg ,(b, b’) with respect to the external strand b is written as

92 1 1 4 2
22 Qb Bl = 42, B yCim e~ ey 1 ]
2775 ,2;1p!
ab s X (P) Lxt.(a P Xo.4(@ P)
q1:92
1 1
n Z [ (Z Pk) :I } (BY)
P1-P2:P3 X(3)(P) X(3)(P) X(3)(Q)

q1-92:93
where

m m 2 n 2 n m
Xoun)( @ P) =D a} + (Z qk) + 2(2 pk) =2 pe D g+ mk.
k=1 k=1 k=1 = k=1
Let us compute the series Y 7+ Y e ——and ¥ Y cpn—1 Qi 62 P gino the Schwinger
p PEL &g €17 57 [(q.p) X(P) PEL! £uqEL” ) (p) Xonar) g £

formula we can write that
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1
pEZ* qET? X(z 4)(‘1, p) X(4)(p)

= [7 [ e e daapQia. p)

where

Qap) =3 Y e bslar e,

[pleZ* [qlez?

eatran@n-mt) — [T 2T oS pr.
2\ 3«
Moreover, Q («, B) is given by

2 4 2 2 7 2 [7 [7m [7 [7
B+, P -Blpul — [T [ZT T T T T
Q(a, B) = \’20[ 3a 2 e k \/2&\’3&\/ a\’a’\’a”\’a'"’

Now by lemma 2, we reach

lqlez?

[plez*
where
4 4 b? b?
a=2B+-aqa, b=B+=-a, a=a-——, b=—-b+—,
3 3 a a
b/Z bIZ b//Z
a/l — al _ -, bl/ — b/ + _/’ a/l/ =a i
Then for @ = B we get
JWa T e Sla
3’ 10° 17° 24’
and
2 107 (177 247
Q@) =75 M\/m\/m\/m
Finally,
—2am 3
>3 e
pEZ4 qezz X(z 4)(‘1, p) X(4)(p) '\/_ \/ﬁ

2 - 4 2 0o 00
I i — Xy Pi) _ l f / dzaazefza’"z’}{(a o)
v qer X@(P) Xto4)@ D) 2 Jo Jo

(B10)

(B11)

(B12)

(B13)

(B14)

(B15)

(B16)

where R(a, @) =Y 0 ¥ yerr (i) ax — 22=1 p)?e”*xes(@p)=m?) g=alxw(p)=m*) This quantity can be written as

R(a, a) = — Z Z _a(X(Z,A)(qu)_mz))e_0(()((4)(17)_’"2)
pEZ* qEZ2
-3 S (|q12|2 + (z pk>2)e—a()(<z,4)(q»p)—mz)e—a(m)(p)—mz)
pEZ* qE7? k
_ / 27 (Y, pk) o alpuP+(E, PP
€Z4 aa 3a
2
a Z Z <|CI12|2 + (Zpk) )e*01()((2,4)(11%)*"12)e*a()(m)(P)*mz)
pEZ* g7 k
= Rl + Rz,
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where

PHYSICAL REVIEW D 88, 105003 (2013)

R, — - / 2_7Te—-a<zkpk>2 o alpl (X, o)
Ba 3ar

eZ“

and

2
- Z Z (|q12|2 + (Zpk> )ei0‘()((2,4)(‘],17)*'"2)6*!1()((4)(17)*"12)'
k

pEZ* g7

The additional contribution R can be evaluated as

R — / 2T (Y, piP | p-allpul+(X, po?)
da 3a

)EZ“
/ /277 o leS pr—alpul £ 4 Z (Zl’k) NG —alp]m]
3a EZ4 pEZ4
=R+ Rp (B13)
In the above expression
, 2m 107 177 247
3a 10a 17a\24a\31a a4\/_1
and
' )2 ~Ta(Y, p?—alpl
e’ 3 « Pk 1417
614
We also have
2 4 18772
— ——a(z P —alpulr —
_ » ) e, R . (B19)
pé(% ¢ 310393
Therefore, R, = %3—] and then R, = W Using the same above argument, we can prove that R, = %3—1
Finally, it is straightforward to check following relation
| Ca-Shop?_us 520)

p€Z4 qezz X(4)(p)

X(32,4) (Q; 12
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