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Abstract Dynamical properties of Prussian blue analogs

and spin-crossover materials are investigated in the

framework of a Blume–Emery–Griffiths (BEG) spin-1

model, where states ±1 and 0 represent the high-spin (HS)

state and the low-spin state, respectively. The quadrupolar

interaction depends on the temperature in the form

K ¼ akBT . Magnetic interactions are controlled by a factor

c ¼ J=K such that for c ¼ 0 (J ¼ 0), magnetic ordering is

not expected. The model is exactly solved using the Bethe

lattice approach for the equilibrium properties. The results

are closer to those calculated by numerical simulations

with suitable Arrhenius-type transition rates. The study of

relaxation processes of non-equilibrium HS states revealed

one-step nonlinear sigmoidal relaxation curves of the HS

fraction at low temperatures. We found that increasing the

magnetic interactions leads to the appearance of a plateau

in the thermal hysteresis as well as in the relaxation curves

of the HS fraction at low temperature.

1 Introduction

In recent years, a particular importance was attached to the

field of spin-crossover (SC) materials because of their

potential applications in memories, sensors, switches, and

display devices. For that purpose, the cooperative phe-

nomena where both SC and magnetic ordering are involved

have been studied intensively [1–5]. These materials are

particularly interesting because under various constraints

such as temperature, pressure, magnetic field, and light,

phase transitions between the low-spin (LS) diamagnetic

state and a high-spin (HS) paramagnetic state should occur

[6–8]. The change of the system thermal energy during the

spin-state transition leads to both electronic and structural

changes, often observed as a color and/ or magnetic mo-

ment change [1, 9]. When the interaction between mole-

cules is weak, the HS fraction changes smoothly with

temperature, whereas when it becomes strong, the system

exhibits cooperative phenomena [10]. Then, the change in

HS fraction becomes sharper and sharper with increasing

SC interactions strength. Of course, the interaction in SC

solids is purely due to the volume increase subsequent to

the metal–ligand distance expansion, which itself is the

result of the redistribution of the electrons between the

bonding t2g and the antibonding eg orbitals. In the dia-

magnetic (S ¼ 0) LS state, only bonding orbitals are

populated (t62ge
0
g), while in the paramagnetic (S ¼ 2) HS

state, the electronic configuration becomes (t42ge
2
g). Obvi-

ously, the elastic interactions are at the hearth of the ex-

istence of cooperative effects in SC materials, and so they

play a crucial role in the existence of the first-order tran-

sitions and the thermally induced hysteresis loops observed

experimentally. From the experimental point of view, it is

established that the SC transition involves both electronic
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transformation (spin and orbital) and structural modifica-

tions [11–14].

Theoretically, many interesting works have addressed

transitions in both static and dynamic properties of SC

transitions. Most of them are based on Ising-like models

[15–17], or more realistic descriptions, using elastic models

[18–20] or atom–phonon coupling models [9, 21, 22]. They

are accompanied by Monte Carlo simulations [23–25] or

method of molecular dynamics [26]. In the work [27], it was

found that Ising-like model is equivalent to Blume–Emery–

Griffiths (BEG) Hamiltonian with degenerate levels. More

recently, a BEG model with spin–phonon interactions has

been introduced and studied by corrective effective field

theory (CEFT) and Monte Carlo simulations for spin-

crossover materials [28]. There, the quadrupolar coupling

parameter K is assumed to depend linearly on the absolute

temperature T in the form, K ¼ aKBT . The effective ligand-

field strength D depends on the absolute temperature, the

degeneracy ratio between LS and HS states and the ligand-

field strength. In the present work, we consider the previous

model that we solve exactly within the Bethe-Peierls ap-

proximation. The model is defined on the Bethe lattice,

which is a recursive graph. The exact recursion relations

obtained are solved numerically, and different results are

compared with those obtained in the previous work. On the

other hand, dynamical properties of the model are computed

by using Monte Carlo simulations (MCS) [29, 30] with

suitable Arrhenius transition rates [31, 32]. These dynamics

have been proven efficient in reproducing qualitatively and

quantitatively experimental data [33–35]. The relaxation of

HS fraction shows typical sigmoidal shapes, associated with

one-step relaxations [33, 34, 36].

The paper is organized as follows. Section 2 is devoted

to the presentation of the model and a description of the

used calculation methods: Bethe Approximation (BA) and

Monte Carlo algorithm. In Sect. 3, we present and discuss

the obtained results. Section 4 contains the conclusion.

2 Model and methods

2.1 The model Hamiltonian

Following reference [28], the Hamiltonian of the spin-1

BEG model that is considered reads:

H ¼ �J
X

hi;ji
sisj � K

X

hi;ji
s2
i s

2
j þ D

X

i

s2
i � h

X

i

si; ð1Þ

where each spin si ¼ 0;�1 is located at a site i of the lattice,

hi; ji indicates nearest neighbors (NN) pairs. The first sum is

over the interacting nearest neighbors, J denotes the mag-

netic interaction parameter. The parameters K and D are the

quadrupolar interaction constant and the effective ligand-

field strength, respectively. h is an external magnetic field

that acts one the system. The Zeeman effect [37] is con-

sidered in the model [27] with the presence of an external

field h. In the model, s ¼ 0 denotes the non-magnetic low-

spin state, while s ¼ �1 corresponds to the magnetic high-

spin state. Degeneracies of non-magnetic and magnetic

states are different. Actually, the spin states are fictitious

spin states and not true spins. In fact, the spin value s ¼ 0 is

affected to the LS state and the spins s ¼ �1 are associated

with the HS state. In the problem, the degeneracy ratio g of

the true spin is included in the ratio of the effective de-

generacies between the HS and the LS states [28]. The

degeneracy ratio g originates from the difference in the

molar entropy between LS and HS states. The parameter g

depends on the temperature through the phonon density of

the lattice. In the following, it is taken as a constant.

In the model, K ¼ akBT ; D ¼ D� kBT lnðgÞ represents

the effective difference of the crystal fields in the LS and the

HS states. More precisely, D corresponds to the difference of

ligand-field energies between the two spin states. The D pa-

rameter is indeed written so as to favor the LS state at low

temperature. The HS state, which appears at high tem-

peratures where the lattice is softer, needs thermal excita-

tions, which have been taken into account in the quantity

�kBT lnðgÞ which enters in ‘‘the ligand field energy’’ as an

effective contribution toD, reflecting the entropic effects. In a

more elaborate model,D depends both on the true ligand-field

and the elastic intermolecular interaction strengths as

demonstrated in Ref. [27]. Here, the transition temperature in

the absence of magnetic field and magnetic interactions is

given by T1=2 ¼ D=kB lnðgÞ. Within the used parameter val-

ues, D ¼ 400 K and g ¼ 100, the obtained transition tem-

perature is � 86 K. However, in true PBA compounds, which

can be photo-excited until � 100 K, the transition tem-

peratures are ranged between 240 and 300 K [38–42]; so our

energy gap between the LS and the HS states is pretty small.

In this work, we are mostly interested in the out of equilibrium

properties of PBA, like the relaxation of photo-induced

metastable HS states and how their time dependence is af-

fected by the magnetic interactions. Changing D value will

not change the qualitative behavior of the obtained results.

The model is solved using two well-known methods of sta-

tistical mechanics: the Bethe lattice approach [43] and Monte

Carlo Simulations based on Arrhenius dynamics [33–35].

2.2 The Bethe lattice approach formulation

A Bethe lattice is a regular tree, i.e., a connected graph

without circuits. Historically, it takes its name from the fact

that its partition function is exactly that of an Ising model

in the Bethe approximation [43]. In the past, the Bethe

lattice has been widely used in solid state and statistical

physics for modeling various systems because of its
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recursive and uniform structure. It often reflects the

essential features of spin models when the conventional

mean field approach failed [44–48]. It consists of a central

spin s0 which may be called the first-generation spin. This

spin has a number z of nearest neighbors, which form the

second-generation spins. Each site of the second generation

is joined to z� 1 nearest neighbors. Thus, the second

generation has zðz� 1Þ nearest neighbors, which form the

third generation and so on to infinity as shown in Fig. 1.

In order to calculate the order parameters, one first uses

the partition function given by [49]:

Z ¼
X

expð�bHÞ ¼
X

Spc

PðSpcÞ ð2Þ

where PðSpcÞ can be thought of as an unnormalized

probability distribution over the spin configuration and

b ¼ 1=kBT . If the Bethe lattice is cut in some central point

with a spin s0, spin of type s, then it splits up into z

identical branches, i.e., disconnected pieces. Each of these

is a rooted tree at a central spin s0. This implies that Pðs0Þ,
with Spc ¼ s0 of a spin configuration with the spin value s0

at the central site, can be written as :

Pðs0Þ ¼ exp½bð�Ds2
0 þ hs0Þ�gznðs0Þ: ð3Þ

Similarly,

Pðs1Þ ¼ exp½bð�Ds2
1 þ hs1Þ�gzn�1ðs1Þ: ð4Þ

Now we define :

gnðs0Þ ¼
X

s1

exp bðJs0s1 þ Ks2
0s

2
1 � Ds2

1 þ hs1Þ
� �

� ½gn�1ðs1Þ�z�1; ð5Þ

gn�1ðs1Þ ¼
X

s2

exp bðJs1s2 þ Ks2
1s

2
2 � Ds2

2 þ hs2Þ
� �

� ½gn�2ðs2Þ�z�1 ð6Þ

where

gnðs0Þ ¼ gn�1ðs1Þ: ð7Þ

Hence,

Pðs0Þ ¼ Pðs1Þ:

As an example, the calculation of gnðs0Þ yields

gnð�1Þ¼exp½bð�JþK�DþhÞ�½gn�1ð1Þ�z�1

þexp½bð�JþK�D�hÞ�½gn�1ð�1Þ�z�1þ½gn�1ð0Þ�z�1;

ð8Þ

gnð0Þ ¼ exp½bð�Dþ hÞ�½gn�1ð1Þ�z�1

þ exp½�bðDþ hÞ�½gn�1ð�1Þ�z�1 þ ½gn�1ð0Þ�z�1:

ð9Þ

The recursion relations are obtained from the ratios of the

gn functions for spin-1 as follows:

Xn ¼
gnðþ1Þ
gnð0Þ

; Yn ¼
gnð�1Þ
gnð0Þ

ð10Þ

Xn�1 ¼ gn�1ðþ1Þ
gn�1ð0Þ

; Yn�1 ¼ gn�1ð�1Þ
gn�1ð0Þ

: ð11Þ

From Eqs. (7), (10), (11), it follows:

Xn ¼ Xn�1; Yn ¼ Yn�1: ð12Þ

Now, we can calculate the magnetization (m) and the

quadrupolar moment (nHS ¼ q fraction) on the lattice,

m ¼ Z�1
1

X

s0

s0Pðs0Þ; q ¼ Z�1
1

X

s0

s2
0Pðs0Þ ð13Þ

After some calculations, we obtain :

m ¼ exp½bð�Dþ hÞ�Xz
n � exp½�bðDþ hÞ�Yz

n

1 þ exp½bð�Dþ hÞ�Xz
n þ exp½�bðDþ hÞ�Yz

n

; ð14Þ

q ¼ exp½bð�Dþ hÞ�Xz
n þ exp½�bðDþ hÞ�Yz

n

1 þ exp½bð�Dþ hÞ�Xz
n þ exp½�bðDþ hÞ�Yz

n

: ð15Þ

Then, the phase diagrams for a given coordination number

z are obtained by studying the thermal variations of the

order parameters. The most common phase transitions are

of second order and first order type for most systems. The

second order phase transition temperature, Tc, is the tem-

perature at which the total magnetization goes to zero

continuously. In order to calculate the first-order phase

transition temperatures, we need the analysis of the free

energy expression F ¼ �kBT ln Z which is given in terms

of the recursion relations by:

F ¼ � 1

b
z� 1

2 � z
lnAþ 1

2 � z
lnAþ lnB

� �
; ð16Þ

where

A ¼ exp bð�Dþ hÞ½ �Xz�1
n þ exp �bðDþ hÞ½ �Yz�1

n þ 1

and

B ¼ exp bð�Dþ hÞ½ �Xz
n þ exp½�bðDþ hÞ�Yz

n þ 1:

s0

1s

s2 s

2

3

3s

s1

s

s3

s2s 23

s3

s1

s

s s s33s3 3

s2

s

s

3

s3

s

2

3

Fig. 1 A Bethe lattice with sites of coordination number z ¼ 3
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In the thermodynamic limit, ðXn;YnÞ converges to the fixed

point ðXs; YsÞ. In this case, substituting Xs; Ys in Eqs. (14)–

(15), one obtains :

m ¼ mðXs; YsÞ; q ¼ qðXs; YsÞ:

Numerically, multiple solutions of (Xs; Ys) may exist. The

stable solution is obtained from the minimum value of the

free energy. Others correspond to unstable or metastable

states. The substitution of the stable solution (Xs; Ys) into

the expressions of m, q and F yields their true values.

2.3 Dynamical aspects

Upon thermal fluctuations, several dynamics with micro-

scopic transition rates could be considered for the study of

spin-crossover materials [31, 35, 50]. Among them, the

Arrhenius and Glauber dynamics are indicated. Following

[33, 34], we consider Pðfsg; tÞ as the probability of ob-

serving the system in the configuration fsg ¼ ðs1; :::; sNÞ at

time t. This probability evolves in the course of the time

following the master equation:

oPðfsg; tÞ
ot

¼ �
XN

j¼1

Wjðsj ! s0jÞPðfsgj; sj; tÞ

þ
XN

j¼1

Wjðs0j ! sjÞPðfsgj; s0j; tÞ
ð17Þ

where fsgj denotes the configuration of all spins excepted spin

sj,Wjðsj ! s0jÞ the probability per unit time for transition from

the configuration fsgj to fs0gj. Wjðsj ! s0jÞ and Wjðs0j ! sjÞ
may fulfill the detailed balance condition at equilibrium (see

Refs. [31, 32]). Wjðsj ! s0jÞ is chosen proportional to

expð�bEjÞ, where Ej ¼ �Jsj
P

i si� Ks2
j

P
i s

2
i þ Ds2

j � hsj.

Spins si are nearest neighboring spins of spin sj.

In spin-crossover problems, the transition between the

molecular LS and HS states takes place over an energy

barrier that originated from the strong vibronic coupling

inside molecules [18, 51]. Obviously, the local volume

change is due to occupation of eg (antibonding) orbitals,

which leads to 10 % [27] increase in the metal–ligand

distance at least for Fe(II) SC compounds, while for

Fe(III), this expansion is much smaller, due to the weak-

ness of the vibronic interaction strength between the elec-

tronic and the vibrational degrees of freedom inside the

molecule. However, the global volume change of the lattice

in a cooperative way, i.e., in a very narrow temperature

interval, is clearly due to the elastic interactions. The

elasticity, combined with the local volume changes, pro-

duces a cooperative global volume change, which in turn

generates a mechanical lattice instability when the system

reaches some threshold temperature (in the way LS/HS

transition) at which the LS state becomes unstable [51–54].

For the simulations, the standard Monte Carlo algorithm

[29, 30] is used. The simulation propagates as follows. An

initial spin configuration of the system is chosen. The

evolution of this configuration is attempted on a randomly

selected site j. Then, the energy Ej is calculated. Due to the

three spin states of the system, the transition probability is

taken in the form (see Refs. [33, 34, 55]):

Wjðsj ! s0jÞ ¼
1

3s
e�bEj ð18Þ

where 1=s denotes the effective intramolecular frequency

associated with the ‘‘spontaneous spin reversals,’’ which

provides the time scale of the dynamics.

According to the thermal activation spin-flip process, it

depends on the temperature as follows:

1

s
¼ 1

s0

e�bEa
0 ; ð19Þ

where 1=s0 is the ‘‘intrinsic’’ frequency spin-flip process

between HS/LS states taken as constant and Ea
0 denotes the

intramolecular vibronic energy barrier.

In the following, s0 is set to 500 s. After that, a random

number 0� r� 1 is chosen and the spin-flip move is ac-

cepted with the calculated probability Wjðsj ! s0jÞ. The

obtained configuration is submitted for the second

simulation step. After a suitable number of Monte Carlo

moves nMC found to be about 2 � 103L2 Monte Carlo steps

(MCS) where L is the system size, stationary values of

physical quantities of interest are calculated using a sta-

tistical averaging procedure. Thus, the nHS fraction is given

by:

nHS ¼ L�2
X

s

nð�Þs; ð20Þ

where nð�Þs ¼ nðþÞs þ nð�Þs and nðþÞs=nð�Þs denote the

number of up/down spins of the configuration fsg. For the

magnetization, nð�Þ in the previous formula is replaced by

nðþÞ � nð�Þ.

3 Results and discussions

3.1 Metastable states and phase diagrams

First, a and c are set to zero in Eq. (1). The high-spin

fraction nHS becomes then the key order parameter of the

system. Equations (14) and (15) have been solved nu-

merically. In Fig. 2a, we display results on nHS calculated

using the recursion relations as a function of the absolute

temperature for varying values of the parameter a and for

selected values of g and D. For increasing values of a, the

HS state is stabilized as found in reference [28]. At low

values of a, nHS continuously increases with temperature.

T. D. Oke et al.

123

Author's personal copy



For large values of a associated with cases of high con-

tribution of spin–phonon interactions and lattice elastic

constants, the HS state is reached through a jump in the

behavior of the nHS. Therefore, the transition is of first

order. The latter becomes sharper and sharper as the

quadrupolar parameter a increases. It then appears that, the

spin transition occurs either by a continuous transition or

through a first-order transition. As observed in several

previous works, nHS increases and tends to the value 1 at

high temperature. The equilibrium temperature Teq is ob-

tained when both HS and LS states are equipopulated, i.e.,

nHS ¼ 1=2.

In Fig. 2b, we compare results obtained by CEFT

(dashed line) [28], KMC (open circles) [28] and by an

exact mapping of the model onto the WP model in the

previous work [28] with those by the Bethe approximation

(dotted line). The Bethe lattice approach generates results

that look better than those by CEFT. Above the transition

lines, the system lies in the HS state with magnetically

disordered configurations, and below, the diamagnetic

phase prevails.

In Fig. 3, we show the validity limits of the Bethe lattice

approach scheme by comparing its results in the absence of

magnetic ordering with those obtained through exact cal-

culations by a mapping of the system onto a WP model

[15]. It emerges that higher are the coordination number z

and interactions in the model, more important are dis-

crepancies between both results. In the following, we re-

strict our calculations to low values of z, say 3 and 4.

Now, let us study the influence of the Zeeman effect on

the spin transition. From Fig. 4a, one notices that for

a ¼ 0, increasing h just shifts the nHS curve to the low-

temperature region. This situation decreases the spin-tran-

sition temperature and stabilizes the HS state. At constant h

(e.g., h ¼ 40), increasing a still have the same effect on the

system. It leads the continuous spin transition to a sharp

0402
0

0,2

0,4

0,6

0,8

1

1 1,5 2 2,5 3
0

0,1

0,2

0,3

Teq
Δ

Parameter α

CEFT

BA

Teq exact

z=4
g=10
γ=0

0

0.25

0.5
0.751

1.752

LS

HS

g=10

γ=0
Δ=75

(a)

(b)

nHS

Temperature (K)

1.25
1.5

KMC

K

Fig. 2 Thermal behaviors of the high-spin fraction nHS for some

selected values of the model parameters (a). Jumps appear in the

curves for a	 1:25. In (b) results by Bethe Approximation are

compared with those from reference [28]. The results appear better

than those by CEFT [28]. Different curves in (b) are obtained by

solving numerically the equation nHS ¼ 1=2
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Fig. 3 Finite-temperature phase diagrams in the (a, Teq=D) plane by

two different methods: BA (closed circles) and exact calculations [28]

(line; see text) for g ¼ 10, c ¼ 0. a z ¼ 3; b z ¼ 4; c z ¼ 6; d z ¼ 40

and selected values of z. Higher are the coordination number z and

spin–phonon interactions in the model, more important are discrep-

ancies between results by both methods
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first-order transition. Figure 4b shows clearly that Teq is a

decreasing function of h at constant D. Accordingly, the

volume of the HS state increases under the Zeeman effect.

This property may be of high technological use. The exact

free energy [56–58] of the system is calculated for some

selected values of h (Fig. 4c) and D (Fig. 4d) as a function

of a. The corresponding curves show in both panels, the

existence of a fixed point. An analysis of this crossing point

which is associated with F ¼ 0 indicates that it corresponds

to the onset of first-order transitions in the model. Sur-

prisingly, this onset is independent of D and h. Trends of

different results show that when h decreases or D increases,

the diamagnetic phase has less and less magnetic species

spins �1 or þ1 and the LS state is stabilized.

In the following, HS units are considered to interact

magnetically in the system. Phase boundaries are deter-

mined, and corresponding phase diagrams constructed

(Fig. 5). The second-order phase boundaries are obtained

when the total lattice magnetization vanishes. At the first-

order transition temperatures, both m and q show discon-

tinuities in their behaviors. The positions of the TCP differ

slightly from those found by CEFT in reference [28] and

indicate the existence of tricritical lines. Both methods

yield similar temperature phase diagrams.

3.2 Non-equilibrium relaxation paths

In view to derive dynamical properties of the system, the

numerical simulation procedure described above with Ar-

rhenius dynamics is considered to solve the kinetic equa-

tion of the system. These dynamics have been proven

efficient in studying relaxation processes for HS $ LS

spin-flip [31]. A sample of size L ¼ 100 is considered. The

individual spin-flip rate between the HS and LS states is

fixed to 2 � 10�3s�1. The generated results on the thermal

evolution of the HS fraction with thermal fluctuations are

compared with those by BA. The observed agreement

looks interesting. One should, however, notice that due to

the absence of short-range correlations in the analytical

approach in the low-temperature range, the results should

only coincide in the high temperature regime. In the cal-

culations, the intramolecular energy barrier Ea
0 is set to zero

in equation (19). As in previous works, at high temperature,

nHS tends to 1.
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As previously demonstrated by several authors [1, 9],

structural/electronic cooperativity may sometimes give

bistability. In other words, at the vicinity of the first-order

transition, thermal hysteresis loop may be detected. To

check that, and precisely find the onset of the first-order

transitions, we heated the system sequentially from

T ¼ 25 K to T ¼ 40 K with a temperature step DT ¼ 0:1 K

and cooled it down to T ¼ 25 K. For the appearance of the

hysteresis loop, the equilibrium temperature Teq must be

smaller than the critical temperature of the corresponding

pure Ising model [27, 55]. One gets, as displayed in Fig. 6b,

a symmetric hysteresis loop. By comparing the loop ob-

tained by MC simulations with the one derived by BA, one

sees a remarkable agreement. The transition temperatures

are in the range of 36.05 and 36.60 K for the upward

branch, 27.6 and 27.40 K for the downward one, respec-

tively. The corresponding ratio of the width of the thermal

hysteresis loop by the two methods is about 0:92 which is

very close to 1. This shows the accuracy of the calculations

by the approximation method on the Bethe lattice in the

case of spin-crossover transitions. An increase in the pa-

rameter a enlarges the loop with a Teq shifted to lower

temperatures as observed in our previous work of Ref. [28].

These phenomena are typical of molecular bistable solids

[59] and select SC materials for promising applications eg.,

for information storage [60–62].

From here on, the relaxation dynamics of metastable

states of the system is concerned. In experiments, after an

irradiation event that saturates nHS, the relaxation process

is visualized at low temperature [63–65]. In the present

model, the system’s relaxation is simulated at different

temperatures at some selected values of c. The sample size

considered is still L ¼ 100 and more than ten independent

runs are used. Typical one-step relaxation curves are ob-

tained for nHS in Fig. 7. At T ¼ 18 K sigmoidal curves are

got with one-step relaxation (see Fig. 7a). We are far from

the plateau found around nHS ¼ 0:5 for T ¼ 20; 23 K (see

Fig. 7b,c). When c ¼ 0, the system lies in the HS state for a

long time before starting its relaxation. Things happen as in

a supersaturated fluid where fluctuations take long time to

create a supercritical nucleus of the new phase. Once over

this barrier, a fast exponential decay of the HS state is

observed. In this case, molecules pass from HS to LS in-

dependently of each other. But for values of nonzero c, one

gets a strongly interacting system. Relaxation curves are

self-accelerated in the initial stage of the process and be-

come increasingly steeper. This trend is observed in all

panels up to c ¼ 0:5. For c[ 0:5, the relaxation time in-

creases with c. nHS shows sigmoidal shape and its decay is

rather faster than what is found above 18 K. We check that

during the relaxation process, most microscopic events are

processes that decrease the system energy. Similar trends

are observed at T ¼ 20 K and 22 K excepted the existence

of a plateau around nHS ¼ 0:5 for c ¼ 0:75 (Fig. 7b,c). At

T ¼ 20 K, the plateau is simply a reflection of the down-

ward branch of the hysteresis loop. This is justified by the

results displayed in Fig. 8a where the equilibrium tem-

peratures are 29.80 and 20.40 K on upward and downward

branches, respectively. Obviously, at T ¼ 22 K, we are

inside the hysteresis loop and the relaxation time becomes

longer than for c� 0:5.

On the order hand, Nishino et al. [31] explained that the

relaxation from the HS–LS to LS state is governed by the

nucleation process [36] because HS–LS state is rather

strongly metastable. The nucleation of LS units appears

stochastically. Accordingly, the relaxation of HS–LS
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Monte Carlo simulations (MCS) with Arrhenius dynamics (open

circles) and the Bethe lattice approach (lines). In panel (b) non-

equilibrium hysteresis loop is computed for the parameter values

written in the panel using both methods: MCS (open circles) and

Bethe lattice approach (diamonds with dashed lines) in the range of

equilibrium temperatures (see text)
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metastable units should depend on the height of the energy

barrier and temperature. For c ¼ 0:75, below nHS ¼ 0:5,

the relaxation speed is accelerated accompanied by slow

concave relaxation to the LS phase. It is noticed that the

sigmoidal character progressively strengthens with in-

creasing exchange parameter c. At each inflection point of

the curves indicated by e(t9) and e(t10), the total energy

change DE is often zero (Fig. 7b,c). The corresponding

lattice topographies are obtained at t9 ¼ 5:98 s for

T ¼ 20 K and at t10 ¼ 56:63 s for T ¼ 22 K (see Fig. 8).

The proportion of free intermediate states HS–LS pairs

decreases as the temperature increases [50]. It is of the

order of 30.83 and 27.53 %, respectively. There, thermal

fluctuations act as a driving force for the appearance of the

new LS phase. Results are averaged over 20 independent
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Fig. 7 Relaxation curves from the HS state to the LS state for

selected values of c:0 (black); 0.25 (red); 0.5 (green); 0.75 (blue) at

different temperatures T ¼ 18 K (a); T ¼ 20 K (b) and T ¼ 22 K (c).

In these calculations, Ea
0 ¼ 0. One can remark a one-step relaxation in

all three panels. A plateau in the domain HS–LS for c ¼ 0:75 (see

panels b, c) is observed. The length of the plateau in different panels

increases in this range of temperature. It is absent in panel (a). This

plateau where nHS appears almost constant may correspond to

situation where HS unit clusters population makes a random work

around an average value. The system within the plateau seems to be in

a metastable equilibrium state
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Fig. 8 Thermal non-equilibrium hysteresis loop computed for
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using Monte Carlo simulations (a). The next panels show snapshots of

LS units (white species) during the relaxation near the plateau at

T ¼ 20 K and T ¼ 22 K, respectively. Red and blue dots are
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respectively. Calculations are performed at the times t9 ¼ 5:98 s

and t10 ¼ 56:63 s, respectively, with Ea
0 ¼ 0 K. Other parameters are

D ¼ 400 K; g ¼ 100; c ¼ 0:75 and a ¼ 3:75
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runs. A rearrangement of the LS units occurs when passing

from one temperature to a higher one. A kind of coales-

cence occurs. So, for the same value of c, the effect of

correlations [66] decreases as the temperature increases in

the HS–LS domain. It is very interesting to analyze in the

hysteresis loop of Fig. 8a, the behavior of the system

during relaxation beyond 22 K. For c ¼ 0:75 and other

parameters fixed to their previous values, one gets Fig. 9

which shows the behavior of the magnetization m and the

fraction nHS at two temperatures: T ¼ 23 and 23:5 K. The

relaxation process normally occurs as before; only the

decay of the magnetization is much faster than for nHS and

becomes slower as the temperature increases (see both

panels). The plateau always appears and tends to disappear

(see panel b) when the temperature approaches

ðT1=2# þ T1=2"Þ=2 ¼ 25:10 K (Fig. 8a) where the relaxation

time is almost infinite, because one is close to the equi-

librium temperature at which the free energies of both HS

and LS phases are equal. So, this process does not only

depend on the height of the energy barrier, but also on the

temperature. Hence, the relaxation curves show the typical

sigmoidal shape for a cooperative process [31, 35, 67],

where the energy barrier progressively decreases, while the

relaxation proceeds. As in the thermally activated regime

of real spin-crossover complexes, the relaxation from the

HS state is faster at higher temperature [50] and for in-

creasing exchange coupling parameter [35] (see Fig. 10).

Figure 11 displays the thermal behavior of the high-spin

fraction nHS and the lattice magnetization m as functions of

c for a ¼ 0:5 and 3.75, respectively. All other parameters

are set to their previous values. For each value of a, nHS

curves shifted downwards when c increases. The opposite

occurs with the magnetization. There is a gradual conver-

sion for a ¼ 0:5; it becomes quite abrupt for a ¼ 3:75.

Figures 12 and 13 display snapshots of the system when

subjected to relaxation from HS to LS at T ¼ 18 K and

T ¼ 22 K, respectively. At T ¼ 18 K, Ea
0 is set to 120 K;

D ¼ 400 K; g ¼ 100; a ¼ 3:75 and c ¼ 0:5. One gets at

time t1 ¼ 6:43 s, 10 % of sparse LS nucleated units. At

T ¼ 22 K, with Ea
0 set to 70 K and other parameters

maintained to the previous values, one statistically gets

again 10 % of LS nucleated units at t5 ¼ 11:36 s. From

Figs. 12a–d and 13a–d, one assists to a kind of a two-

dimensional nucleation growth of LS units with the birth

and spread of numerous LS supercritical unit clusters. This

statement is strengthened by the increase in the size of the

small LS unit clusters observed at the initial stage of the
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Fig. 9 Relaxation curves from HS state to LS state and the

magnetization m within the hysteresis loop for c ¼ 0:75 at different

temperatures: T ¼ 23 K (a) and T ¼ 23:5 K (b). Values of other

parameters are written in the panels. On nHS curves, one can remark

the disappearance of the plateau when the temperature approaches

ðT1=2# þ T1=2"Þ=2 ¼ 25:10 K (see panel b). The relaxation of the

magnetization m is faster than for nHS
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relaxation process. The number of particles switching

within a given time interval increases since more and more

molecules populate the LS state. That is the basic

mechanism for the self-accelerated relaxation [55]. Such

phenomenon also called cooperativity is observed in sev-

eral spin-crossover systems [31].

Two interacting remarks emerge. The first one concerns the

relaxation time. At small thermal fluctuations (Fig. 7a), all

relaxation curves converge and relaxation times remain almost

unchanged although relaxation paths are initially different,

excepted for c	 0:75. The relaxation time appears to be in-

dependent of c as long as thermal fluctuations are limited.

Second, in Figs. 7b,c the relaxation curves change trend for

nonzero value of c at about nHS ¼ 0:5 with a plateau. The

shape of the relaxation curves is then influenced by the mag-

netic interaction parameter c. Moreover, the temperature is an

important factor in this range. The plateau appears and be-

comes stressed. More calculations are certainly necessary to

understand these different findings and to check wether the

present relaxation dynamics can be fully described within the

2D-nucleation theory.

4 Conclusion

Static and dynamical properties of SC and PBA materials

have been phenomenologically addressed in this work.

Two methods are used: Monte Carlo simulations with
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Fig. 11 Thermal behaviors of the high-spin fraction nHS (panels a, c)

and the magnetization m (panels b, d) at some selected values of c:
1.5; 2.; 2.5 and 0.25; 0.5; 0.75 for a ¼ 0:5 and a ¼ 3:75 respectively.

For increasing temperature T and magnetic interactions c, nHS curve

shifts to the left whereas the curve of the magnetization m decreases

and shifts to the right. In the panels a and b, gradual conversion

occurs but in other panels the transition is first order (see text). Values

of other parameters are written in the panels
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Fig. 12 Snapshots of system configuration at T ¼ 18 K at different

relaxation times: t1 ¼ 6:43 s; t2 ¼ 15:70 s; t3 ¼ 184:00 s and

t4 ¼ 686:34 s. White clusters correspond to those of LS units whereas

the red (spin þ1) and blue (spin �1) dots consist of HS unit clusters.

As it appears evident, nLS increases in the course of the time. In a, b, c
and d, respectively, 10, 20, 40 and 55 % of the lattice are occupied by

LS units. Values considered for other parameters are: D ¼ 400 K;

g ¼ 100; a ¼ 3:75; c ¼ 0:5 and Ea
0 ¼ 120 K
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Fig. 13 Snapshots of the system configuration at T ¼ 22 K at

different relaxation times: t5 ¼ 11:36 s ; t6 ¼ 28:73 s; t7 ¼ 330:09 s;

t8 ¼ 1277:34 s. Corresponding percentages of LS units are also: 10 %

(a); 20 % (b); 40 % (c); 55 % (d). Values considered for other model

parameters are: D ¼ 400 K; g ¼ 100; a ¼ 3:75; c ¼ 0:5 and

Ea
0 ¼ 70 K. Colors have the same meaning as in Fig. 12
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Arrhenius dynamics and the Bethe lattice approach. Both

methods yield results that are in agreement with those from

Ref. [28] concerning the high-spin fraction and different

phase transitions. When the magnetic interactions are

weak, the only one transition observed is the diamagnetic–

paramagnetic transition. It becomes of first order when the

spin–phonon interaction becomes important. By the Bethe

approximation method, the only one difference observed is

that the critical temperatures are slightly lower with respect

to those by CEFT calculations [28].

In the dynamical case, an hysteresis loop at the vicinity

of the first-order transition is obtained. We have studied the

relaxation from the fully saturated non-equilibrium HS

state for weak magnetic interactions and at relatively low

temperatures. This simulates the relaxation from the photo-

excited saturated high-spin state. It is found that the re-

laxation of the HS fraction is of two types. First, fast re-

laxation from HS to HS–LS state occurs for increasing

magnetic interactions. The initial sigmoidal shape due to

Arrhenius transition probabilities in the Monte Carlo

simulations that is typical for spin-crossover compounds is

recovered. A slow relaxation follows from the HS–LS to

LS state. Second, at low temperature, the relaxation occurs

for a too long duration time, and a plateau appears in the

HS–LS domain. LS unit clusters are formed and get bigger.

These clusters later coalesce as in a two-dimensional nu-

cleation mechanism. The study of the statistics of LS

species and aggregates in the model parameters’ space may

help to understand the key growth mechanisms that occur

during the decay of the metastable HS state. Beyond that, it

will be interesting to study the system dynamics relying on

the free energy dynamics. Indeed, writing dm
dt

¼ � oFðm;qÞ
om

and dq
dt
¼ � oFðm;qÞ

oq
, where F denotes the free energy of the

system [67], new interesting developments leading to novel

properties of the SC materials can be obtained.
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