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In this paper, we study a finite element computational model for solving the interaction between a fluid and a poroelastic structure
that couples the Stokes equations with the Biot system. Equilibrium and kinematic conditions are imposed on the interface. A
mixed Darcy formulation is employed, resulting in continuity of flux condition of essential type. A Lagrange multiplier method is
used to impose weakly this condition. With the obtained finite element solutions, the error estimators are performed for the fully

discrete formulations.

1. Introduction

The paper presents a computation friendly finite element
formulation of coupled fluid motions at a free-poroelastic
interface, where Navier-Stokes equations are employed for
free fluid and Darcy’s law is used for the permeable material.
A reliable and efficient a posteriori error estimator is ana-
lysed. This is a challenging multiphysics problem that has a
wide range of applications, including processes arising in gas
and oil extraction from naturally or hydraulically fractured
reservoirs, designing industrial filters, and blood-vessel in-
teraction. In these applications, it is important to model
properly the interaction between the free fluid with the fluid
within the porous medium and to take into account the
effect of the deformation of the medium. For example,
geomechanical effects play an important role in hydraulic
fracturing, as well as in modeling phenomena such as
subsidence and compaction.

The free fluid region can be modeled by the Stokes or
Navier-Stokes equations, while the flow through the de-
formable porous medium is modeled by the quasi-static Biot
systems of poroelasticity [1]. The two regions are coupled via
dynamic and kinematic interface conditions, including

balance of forces, continuity of normal velocity, and a no slip
or slip with friction tangential velocity condition [2-10].
These multiphysics models exhibit features of coupled
Stokes-Darcy flows and fluid-structure interaction (FSI)
[11-15].

The well-posedness of the mathematical model based on
the Stokes-Biot system for the coupling between a fluid and
a poroelastic structure is studied in [16]. A numerical study
of the problem, using a Navier-Stokes equations for the
fluid, is presented in [11, 17], utilizing a variational multi-
scale approach to stabilize the finite element spaces. The
problem is solved using both a monolithic and a partitioned
approach, with the latter requiring subiterations between the
two problems.

Finite element analysis of an arbitrary Lagran-
gian-Eulerian method for Stokes/parabolic moving interface
problem with jump coefficients has been studied in [18]. The
authors in [19] studied a numerical solution of the coupled
system of the time-dependent Stokes and fully dynamic Biot
equations. They established stability of the scheme and
derived error estimates for the fully discrete coupled scheme.
Numerical errors and convergence rates for smooth prob-
lems as well as tests on realistic material parameters have
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been presented. In [20], Jing Wen and Yinnian He con-
sidered a strongly conservative discretization for the rear-
ranged Stokes-Biot model based on the interior penalty
discontinuous Galerkin method and mixed finite element
method. The existence and uniqueness of solution of the
numerical scheme have been presented. Then, the analysis of
stability and priori error estimates has been derived. The
numerical examples under uniform meshes which well
validate the analysis of convergence and the strong mass
conservation are presented. A staggered finite element
procedure for the coupled Stokes-Biot system with fluid
entry resistance has been studied by Bergkamp et al. in [21]
while Ambartsumyan et al. in [22] studied flow and
transport in fractured poroelastic media using Stokes flow in
the fractures and the Biot model in the porous media. In
Section 6 in [23], fully discrete continuous approximation
has been proposed for the weak coupled mixed formulation.
For the discretization of the fluid velocity and pressure, the
authors have used the finite elements which include the
MINI-elements, the Taylor-Hood elements, and the con-
forming Crouzeix-Raviart elements. For the discretization
of the porous medium problem, they choose the spaces that
include Raviart-Thomas and Brezzi-Douglas—Marini ele-
ments. An a priori error analysis is performed with some
numerical tests confirming the convergence rates.

A posteriori error estimators are computable quantities,
expressed in terms of the discrete solution and of the data
that measure the actual discrete errors without the knowl-
edge of the exact solution. They are essential to design
adaptive mesh refinement algorithms which aqui-distribute
the computational effort and optimize the approximation
efficiency. Since the pioneering work of Babuska and
Rheinboldt [24-27], adaptive finite element methods based
on a posteriori error estimates have been extensively
investigated.

In [28], we have proposed a family error indicator for
semidiscrete approximation for the Stokes-Biot system. To
the best of our knowledge, there is no a posteriori error
estimation for the Stokes-Biot fluid-poroelastic structure
interaction model for fully discrete finite element methods.
Here, we develop such a posteriori error analysis for the fully
discrete conforming finite element methods. We have got a
new family of a local indicator error @ (see equation (59) in
Definition 3) and global ® (equation (60)). The difference
between this paper and our previous work [28] is that our
discretization is fully discrete formulation. As an advantage,
the error indicators in this work are more accessible to
computation.

The schedule of the paper is as follows. Section 2 is
devoted to notations and basic results that are used
throughout the document. Our main results regarding a
posteriori error analysis are stated in Section 3. We prove
that our indicator errors are efficient, reliable, and then
optimal. The global inf-sup condition is the main tool
yielding the reliability. In turn, the local efficiency result is
derived using the technique of bubble function introduced
by R. Verfiirth [29] and used in similar context by
C. Carstensen [30]. Finally, this paper is summarized with
further works in Section 4.
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2. Preliminaries and Notations

2.1. Stokes-Biot Model Problem. We consider a multiphysics
model problem for free fluid’s interaction with a flow in a
deformable porous media, where the simulation domain
Qc R4 d=2,3,is a union of nonoverlapping regions Q f
and Q,,. Here, Q) is a free fluid region with flow governed by
the Stokes equations and €, is a poroelastic material gov-
erned by the Biot system. For simplicity of notation, we
assume that each region is connected. The extension to
nonconnected regions is straightforward. Let I'r, = 0Q
noQ, (see Figure 1).

Let (u,, p,) be the velocity-pressure pairin Q,, * = f, p,
and let 77, be the displacement in (),,. Let >0 be the fluid
viscosity, let f, be the body force terms, and let g, be external
source or sink terms. Let D(uf) and of (uf,pf) denote,
respectively, the deformation rate tensor and the stress
tensor:

D(u;) = %(Vuf +val),
(1)
op(uppy) = —ppl+2uD(uy).

In the free fluid region Q, (uy, py) satisfies the Stokes
equations:

~Veo,(uspr)=£f; inQ;x(0,7T], (2)

V'llf=q]c, ianX(O,T], (3)

where T >0 is the final time. Let o, (11p) and o, (qp,pp) be
the elastic and poroelastic stress tensors, respectively:

“e(”p) = AP(V : ’7P)I + zf‘pD(”p)’
(’p(”p’Pp) = Ge(”p) —ap,l,

where 0 <A, <A, (%) <A and 0 < pryi <t (X) < phpyg are
the Lamé parameters and 0 <a <1 is the Biot-Willis con-
stant. The poroelasticity region (2, is governed by the quasi-
static Biot system [23]:

-V %(’717’ Pp) =f,

(4)

(5)
UK 'u, +Vp, =0, inQ,x(0,T],

0 .
a(sopp +av- np) +V-u,=q, inQ,x(0,T], (6)
where s, >0 is a storage coefficient and K is the symmetric
and uniformly positive definite rock permeability tensor,

satisfying, for some constants 0 <k, ;, <k, .

Ve e RY,

T T T (7)
k& E<EKx)E<k, & & Vxe Q,.
Following [1], the interface conditions on the fluid-
poroelasticity interface I' -, are mass conservation, balance
of stresses, and the Beavers-Joseph-Saffman (BJS) condition
[31] modeling slip with friction:
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FIGURE 1: Global domain €} consisting of the fluid region Q and
the poroelastic media region Q) separated by the interface I'f,.

2y =0 r 0,T 8
Uy - nf ot +up -n, =0, on fpx(> 1, (8)
omy+o,n, =0, onl,x 0,77, 9)
—(afnf) ‘ny=p, onlg, x (0, T], (10)
) — K—l aﬂp
<(gfnf “Ty,j = Hogp\ L llf—ﬁ T
oanpx(O,T],
(11)

where n and n,, are the outward unit normal vectors to 0Q ¢
and 0Q), respectively, 77 ;, 1<j<d -1, is an orthogonal
system of unit tangent vectors on I'y,, K; = (K7;;)- 75,
and ag>0 is an experimentally determmed friction
coefficient.

Here, equations (8) and (9) represent mass conservation,
equation (10) is the balance of normal forces, and equation
(11) is the Beavers-Joseph-Saffman conditions. We note
that continuity of flux constraints the normal velocity of the
solid skeleton, while the BJS condition accounts for its
tangential velocity.

The above system of equations needs to be com-
plemented by a set of boundary and initial conditions. Let
[;=00;n0Q and ', =0Q,N0Q. Let I, —FDUFN We

assume that for s1mp11c1ty homogeneous boundary
conditions,
u; =0, oanx(O,T],
1, =0, onFPx(O,T],
D (12)
Py =0, oan x (0, T],
u,-n,=0, onl"gx(O,T].

To avoid the issue with restricting the mean value of the
pressure, we assume that |[T2| > 0. We also assume that ' is
not adjacent to the interface I'y,, i.e., d1st(FD I'fp)=s>0.
Nonhomogeneous displacement and velocity COIldlthIlS can
be handled in a standard way by adding suitable extensions
of the boundary data. The pressure boundary condition is

natural in the mixed Darcy formulation, so nonhomoge-
neous pressure data would lead to an additional boundary
term. We further say that the initial conditions are as follows:

pp (X’ 0) = pp,() (X),
Mp (x,0) =

, (13)
Npo(X), InQ,.

Equations (2)-(10) consist of the model of the coupled
Stokes and Biot flows problem that we will study below.

2.2. Weak Formulation. In this part, we first introduce some
Sobolev spaces [32] and norms. If W is a bounded domain of
R? and m is a nonnegative integer, the Sobolev space
H™(W) = W™2(W) is defined in the usual way with the
usual norm ||, and seminorm |[.|,,},. In particular,
H° (W) = L* (W), and we write || - |l for || llo- Similarly,
we denote by (-,-),, the L2(W)[L*(W)]¥ or [L*(W)]¥
inner product. For shortness, if W is equal to Q, we will drop
the index Q, while for any m>0, [-Il,.=1"1l,q.
|-l = llma,> and (,.), = (5-)q,, for = = f, p. The space
HJ (Q) denotes the closure of C (Q) in H™(Q). Let
[H”‘(Q)]d be the space of vector valued functions
v = (v{,...,v;) with components v; in H” (Q2). The norm
and the seminorm on [H™ (Q)] are given by

d 1/2
|MMZ<ZMMJ ’
i=0

d 1/2
2
Q= <Z|Vilm,0> .
i=0

For a connected open subset of the boundary
Ec E)Qf u aop, we write {.,.)p for the L? (E) inner product
(or duality pairing); that is, for scalar valued functions A and
0, one defines

(14)

Oy odyp = JE)Lads. (15)

In the following, we derive a Lagrange multiplier type
weak formulation of the system, which will be the basis for
our finite element approximation. Let

Vf :{Vf € Hl(Qf)dZ Vf = Oonrf},
W, = 1X(Q),

V= {Vp

W, = LZ(QP)’

€ H(div; Q,): v, -n, =0onT} }, (16)

X, ={£P eH'(Q,)" €, = OOnFP},

where H (div; Q ) is the space of LZ(Q ¥ _vectors with
divergence in L? (Q ) with a norm

IV, (i ) = IV, 19 - I (17)

We define the global velocity and pressure spaces as



V={v=(vpv,) €V xV,} (18)
w :{w :(wf,wp) € Wf X WP}’
with norms
2 2 2
”V“V = “vf”()f +|'VP”H(diV;QP)’ 19)

5 2 2
lwliy =Jwly, +lwsls,
The weak formulation is obtained by multiplying the
equations in each region by suitable test functions, inte-
grating by parts the second-order terms in space, and uti-
lizing the interface and boundary conditions.
Let

as(upvs) = (2uD(us), D(vy)),
a,(u,vy) = (UK~ 'u, p)n’
ay (&) = (26,0(11, ), (Ep)) ()‘pv'”p’v"fp>ap’

(20)

be the bilinear forms related to Stokes, Darcy, and the
elasticity operator, respectively. Let

b,(v,w)= —(V-v,w)g . (21)

Integration by parts in (2) and the two equations in (5)
leads to the interface term as follows:

Irf - —<0fnf’vf>rfp _<0PnP’ fP>rfp + <pP’vP ’ nP>rfp'

(22)
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Using the first condition for balance of normal stress in
(9), we set

A= ~(0fnf) ‘ng=p, onlf, (23)

which will be used as a Lagrange multiplier to impose the
mass conservation interface condition (8). Utilizing the BJS
condition (10) and the second condition for balance of
stresses in (9), we obtain

Irfp = aB]s(uf,atﬂP;vf,fp) + br(vf,vp, fp,)t), (24)

where

ays(up21pi V1) = Zwmsﬁ (uy=1p)

T (V= Ep) T,
b (Vv Epite) =<y omp (8, + V)
(25)

For the well- posedness of by, we require that

Aen=(V,- Mypr,, )'. According to the normal trace theo-
rem, since v, € vV, c H (div; Qp) then Vo nﬁ €
H 1?2 (BQP) Furthermore, since v,-n, =0 on I'Y and

dls(F ,T7p)2s5>0, then v, nID e H! (Tgp), (see, eg.,
[33]). Therefore, we take A = H /2(F »)-

The Lagrange multiplier Varratronal formulation is for
t e (0,T], find us(f) € Vy, pf(t) EWy u,(f) eV,
Py (t) € Wp,np(t) €X,, and A (t) €A, such thatpp(O) Ppo
and 77,(0) = 1,0, and for all vy € Vi, we e Wy, v, €V,
w, €W, Ep €X,, and p en,

“f(“f’vf) + “?(“p’vp) + “;(”p’ Ep) + “BIS(“f’ O3V f> fp)

+0y(vp pr) + bp(Vpr Pp) + 0By (8o Pp) + bc (v ¥ i) = (ff"’f)of

wp) - bp(“p’ wp) - bf(“f’ wf)

(500:Pp> wp)op = aby (0,1,

=(ap wf)Qf +(4p wP)QP’
br(uf, up,atﬂp; y) =0,

where we used the notation 0, = (9/0t).

The assumptions on the fluid viscosity ¢ and the material
coefﬁcrents K, Ay, and p, imply that the bilinear forms
af( ) a, Dy.,.), and a (- ) are coercive and continuous in
the approprrate norms In particular, there exist positive
constants ¢/, ¢?, ¢¢, Cf, CP, and C® such that

(8 .

(27)

(28)

vy HH (o)) = <ap(vpvy) WvpeVy, (29)
ar(vpa) <C vy (o sl 0,y P9 €V

(30)
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Cp”vP 22 (2,) Sa?(vp,vp), Y, €V (31)
af,)(vp,qp) SCp"VP 12 (QP)”qP 2(q,) Vv, q, € Vs

(32)

¢ Ep”;l (0,) <ay(§p) ¥ €X, (33)
as (£, 0,) <CJE, . (,) Col (o, Yol €Xp

(34)

where (29), (30), (33), and (34) hold true thanks to Poincaré
inequality and (33) and (34) also relies on Korn’s inequality.

In summary, from Corollary 3.1 in [23] (p. 7), the fol-
lowing result holds.

Theorem 1. There exists a unique solution (uy,ps,u,,
Pprt1ppA) € L2 (0,T; V) x L®(0,T; W) x L (0, T; V) x
W (0, T; W) x WH® (0, T; X)) x LY (0, T; A) to prob-
lems (26)-(28).

2.3. Finite Element Discretization. Let :7{ and 375 be shape-
regular and quasi-uniform partition of Q and Q,, re-
spectively, both consisting of affine elements with maximal
element diameter h. The two partitions may be nonmatching

ap(upnVin) + a5 (g Von) + a5 (1o )

at the interface I';,. For the discretization of the fluid ve-
locity and pressure, we choose finite element spaces
Vin € Vyand W), ¢ W, which are assumed to be inf-sup
stable. Examples of such spaces include the mini-elements,
the Taylor-Hood elements, and the conforming Crou-
zeix—Raviart elements. For the discretization of the porous
medium problem, we choose V,,,, ¢V, and W, cW, to
be any of well-known inf-sup stable mixed finite element
spaces, such as the Raviart-Thomas or the Brez-
zi-Douglas—Marini spaces. The global spaces are as follows:

Wi ={wy, =(wppwpp) €Wy x Wy}

We employ a conforming Lagrangian finite element
space X, € X, to approximate the structure displacement.
Note that the finite element spaces V¢, V, , and X, , satisfy
the prescribed homogeneous boundary conditions on the
external boundaries. For the discrete Lagrange multiplier

space, we take

(35)

Ay = Vo My, (36)

The semidiscrete continuous-in-time problem reads that
given p,; (0) and Nph (0), for t € (0,T7, find ug,(t) €V,
pf,h (t) € Wf,h’ up’h (t) € Vp,h’ Pp,h (t) € Wp,h’ f’]p)h (t) € Xp,h’
and A, (t) € A, such that for all v, € Vi), we), e Wy,
Vp,h € Vp,h’ u)p,h € Wp,h’ fp,h € Xp,h’ and Uy € Ah’

+ aB]S(uf,h) Otlp i3V f o fp,h) + bf(vf,h)pf,h) (37)
b (Vo Ppn) + 0y (Epo Ppn) +Br(¥ o Voo Epi ) = (ff,h’vf)h)nf +(Ep Ep,h)np’

(Soatppﬁ’ wp,h)np - “bp(at”pyh’ wp,h) - bp(“pﬁ’ wpﬁ) - bf(“f»h’wﬂh)

=(ap wf,h)of +(2p wp,h)op’

br(“f,h’“p,h)amp,h;yh) =0.

We will take p,;,(0) and 7, (0) to be suitable projec-
tions of the initial data p,, and 7.
We introduce the errors for all variables as follows:

€=Uy —Ugy,

€p=Up ~Upps

e =1, = Mo ()
€fp = Ps~Psh
€pp = Pp =~ Ppi

ey =A-A1,

The following results hold cf. [23].

(38)

(39)

Theorem 2 (a priori error estimation). There exists a unique
solution (W p> P W s Ppjis Npg M) i L (0, T; Vg ) X
L® (0, T; Wy ),) x LY(0, T; V) x WH (0, T; W ) x WH
(0,T;X,,) x L°(0,T;A,)  of the discrete problems
(37)-(39), and if the solution (uf,pf,up,pp,np,/\) €V, x

WexV,xW,xX,xA of the continuous problems
(26)-(28) is smooth enough, then we have
el (o (o)) e (o122 (0,))

e (or:m (a,)) +NeP”L°° (or:22(0,)) (41)

* uef (o2 (;)) * ”ek “LZ (0.1:8,)

<C(up ppatip pptip A’ >0,



Remark 1. For Wy, = (Ve WiV Wop §pphy) € LY
(0,T; V) x L®(0, T; W 5,) x L% (0, T5 V) x WH (0,
T; th) le (0,T5X,,) x L*(0,T; Ah) we can subtract
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(37)-(39) to (26)-(28) to obtain the Galerkin orthogonality
relation for all ¢ € ]0,T1:

a(eq(0),vp, (1) +a, (e ()&, (1) +ags(ef (1), 0,8, (£); vy, (), €, (1))

+ bf(vf,h (t).ep (t)) + bp(vp,h (t)e, (t)) + ocbp(fp ()¢, (t))

(42)

+be(v (0,7, (), €, (1), e, (1)) +(s09e,, () w,,, (1))

—ab, (3, (t)e, (£), w,,, (1)) -

2.4. Fully Discrete Formulation. For the time discretization,
we employ the backward Euler method. Let 7 be the time
step, T = N7, and let t, = nt, 0<n<N. Let §,.u" = (u" -
1" 1/7) be the first-order (backward) discrete time deriva-
tion, where u" == u(t,). Then, the fully discrete model reads

ar (“?h’vf,h) + a?(“;,h’ Vp,h) + a;('lg,h’ 517,11)
+ aB]S(u’},h’ 51’1;,11? Vi fp,h) + bf(vf,h’ P?,h)

+ bp(vp,h’ p;,h) + “bp(fp,h’ p;,h) + bF(Vf,h’Vp,h’ fp,h;/lz) = (f?’vﬂh)nf

(sO(STpp,h, wp,h)op - ocbp((STn;’h, wp,h) - bp(u;,h,
br (W o W Ootlpi i) =

We introduce the discrete-in-time norms as follows:

N 1/2
181 o0 = { T2 0"% |
o= (ZWE) -
I8l o) = max "] .

and the errors for all variables-in-time as follows:

B

€ = uyp —

n
—u

€ >

=u

s

14
e:l =y - ’l;,h’ 47)
¢ty =P =P
€y = Dp= Py
ey =A-A.

by(ep (0 wp (1) = by(es (D wyy (1) =

that given p , = p,; (0) and th =1, (0), find w) € Vi,
PrfhEwa Wi € Vs Pop € Wpw ”phEXph’ and
A, € Ay, 1<n<N, suchthatfgrallv h €EVipws, €Wy,

p,hGVP,h, thWPh, EthXph, andthAh,

(43)

+(f;’ EPJ‘)QP’
wpn) = bp(Wfwpn) = (4 wf,h)g, +(dp “’pyh)g; (44)
(45)

Remark 2. For n€{0,...,N} and W} = (vfh, wfh,vph,
ph’f h,‘uh)GthXthXV hX w hXX hXAh’ we
can subtract (37)-(39) to (43) and (44) to obtain the
Galerkin orthogonality relation:
no_n D
ag(€hvin) + ap (e &) + ams(€f 8€lsvE 0 85
n n
+by(Vipmer) + by (Vi) + aby (€, 5)
VAR
— aby (8¢, wh ) ~ by (€ w),) —by(€f,w],) =0.
(48)

3. Error Estimation

In order to solve the Stokes-Biot model problem by efficient
adaptive finite element methods, reliable and efficient a
posteriori error analysis is important to provide appro-
priated indicators. In this section, we first define the local
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and global indicators (Section 3.1) and then the lower and
upper error bounds are derived (Sections 3.4 and 3.5).

3.1. Residual Error Estimators. The general philosophy of
residual error estimators is to estimate an appropriate norm
of the correct residual by terms that can be evaluated easier
and that involve the data at hand. To this end, define the
exact element residuals.

Definition 1 (exact element residuals). Let n € {0,...,N}

and A (th’Pfh’ P ph’fpw!‘h)evfhxwfhx
Vo XW,, xX,, x A, be an arbitrary finite element
function. The exact element residuals over a triangle or

tetrahedra K € 7, and over E € &, (I's,) are defined by

Ry (W)) = £+ V-0 p(Vyw),),
R, k1 (W}) = f; +V- Up(fg,h’w;,h)’

-1
R, k2 (W}) = pK ™ vy, + VW,

Ryk (W) = ‘1} -V V;,h’

R,k (Wy) = CI; - 51(50“’;,11 +av. f;,h) +V. V;,w (49)
Rgpra (W}) = V?,h ‘Nep +(5T£Z + Vg,h) ‘N,
Ry po (Wi) = wp +(0 (Vi wip)nge) npp,

Re s (Wi) = 0y (Vi Wiy Jnp e + 0, (8

W )np,E’

Rgpra (W) () = (Uf (V?,h’ w;,h))Tf,E,j + pagys \/}?(V;,h - 51'52,;,) *TfEj

As it is common, these exact residuals are replaced by
some finite-dimensional approximation called approximate
element resi.dual.r*,g, Tk * € {f,ph Rppriv l €{1,2,3,4}.
This approximation is here achieved by projecting f ; and q

i = Px(f}):

djx = px(df)

While for all K € T 1> we take 7, and g} as the unique
element of [P!(K)]?, respectively, P! (K) such that

ij;,K(x) -q(x)dx = JKf; (x)q(x)dx, qe€ [[FD1 (K)]d)
(51)

respectively,

J qpx () (x)dx = j 4, (x)q(x)dx, VqeP'(K).
K K
(52)

Thereby, we define the approximate element residuals.

Definition 2 (approximate element residuals). Let
nG{O...,N} and Wh—(th,e{h,Vph,wPh, Ph’”h)€
Vin XWepxV,, x W, x X, ), X Ay, be an arbitrary finite
element function. Then, the approximate element residuals
are defined by

with P: L' (K) — R such that py (¢) =

on the space of piecewise constant functions in Q, and
piecewise P! functions in Q > more precisely forall K € 7 { ,
we take

1
K JK</>(x)dx.

rix (Wy) =fr+V- of(vfh,wfh)
Fpicr (W3) = e 4V 0,80 0,),
rox2(Wy) =K Vph +Vu, poh
rrxk(Wi) =qpx = V-V
7o (W) = qu - 8T(sowp’h +aVv- f;’h) +V. V;’h

(53)

Next, introduce the gradient jump in normal direction
by

- [(a(

{ Ven, s (U}) )~ Pral) -
Tinp (U3) = [(24D(

’7;,11) - P;,hl) ‘g

), ifEe&,(Q),
|, ffE€®,(Q,)
(54)

where 1 is the identity matrix of R¥“,



Definition 3 (residual error estimators). Let n € {0,..., N}
and Uy = (0}, ', W} s Py o 10 Apy) De the finite element
solution of the fully discrete problems (43)-(45) in
Vi XWXV XWX Xy XAy

We define
O = [0, (U) + 0%, (U) + @, (U], (59)
where

n n 2 n 2
®?<,f (Uh) = h?(”rf,K (U,) 12(K) +“rf,1< (U 12(K)

+ Z hE”]E,nE,f(UZ)

Ee, (0,

(56)

2
L2(E)

0% (U3) = (s (O o+l D]} )
+ hi"curl[rp)K,Z (UZ)] iz ot ”er (Uy)

+ Z hE"]E,nE,p (UZ)

e, (Q,)

2
12(E)

(57)

and

O s (U}) =

Z hE"REvaJ (U3) iz (E)

Ee, (T,;)

+ Z hE"RE,pf,Z (U)

2
L% (E)
Ee, (T,/)

" z hE"RE,pf,a (Uh) iz (E)

Ee, (T,;)

d-1
Ees, (r,,) L7
(58)

Then, the residual error estimator is locally defined by

®p == min O}
K 0<n<N K

VK € 7. (59)

The global residual error estimator is given by

1/2
@::( D @i) : (60)

KeT,

Furthermore, denote the local approximation terms by

0= (G (U + i, (U] (61)

where

2
L2 (K)
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2 n " 2
Sy (UR) = iRy (UR) = (U
n 12 .
+ hé“Rf,K (Up) =71k (Uy) 2y ifK e 9‘{,,
n\2 n » 2
‘:K,p (U,) = hf("Rp,K,1 (U,) - oK1 (Uy) o
2 .
+ hEHRp,K (Up) = 1,1 (U}) ) ifK e J7}.
(62)
We set
Cic= i, o
i 12 (63)
{:: Z CK .
KeJ,

Remark 3. The residual character of each term on the right-
hand sides of (55)-(58) is quite clear since if U, would be the
exact solution of (2)-(10), then they would vanish.

3.2. Analytical Tools

3.2.1. Inverse Inequalities. In order to derive the lower error
bounds, we proceed similarly as in [30, 34] (see also [35]), by
applying inverse inequalities and the localization technique
based on simplex-bubble and face-bubble functions. To this
end, we recall some notation and introduce further pre-
liminary results. Given K € 7, and E € & (K), we let by and
by be the usual simplex-bubble and face-bubble functions
(see (1.5) and (1.6) in [29]), respectively. In particular, by
satisfies by € P*(K), supp(bg)SK, bg =0,0n0K, and
0<bg<l,onkK. Similarly, bp € P*(K),
supp (bp)cwy ={K' € 7,: E€ &(K')}, bg=0,0n0K~E
and 0<bp<1,inwg. We also recall from [36] that, given
k € N, there exists an extension operator L: C(E) — C(K)
that satisfies L(p) € Pk (K) and L(p)g=pVpe Pk (E). A
corresponding vectorial version of L, that is, the component-
wise application of L, is denoted by L. Additional properties
of by, by, and L are collected in the following lemma (see
(36]).

Lemma 1. Given k € N*, there exist positive constants
depending only on k and shape-regularity of the triangula-
tions (minimum angle condition), such that for each simplex
K and E € &(K), there hold

Igl<|pbi’]| sl V¢ € P*(K),
|9k, kst Il Vo € P (K),
Iyle<|or?v| <yl Vv e PE(E),

LWl + Bgl LW, x<hy Iyl Yy € PE(EB).
(64)

Lemma 2 (continuous trace inequality). There exists a
positive constant 3, >0 depending only on o, such that
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d
VI3 <BilvIgIvl g YK € T, ¥v € [H' (K)]".  (65)

3.2.2. Clément Interpolation Operator. In order to derive the
upper error bounds, we introduce the Clément interpolation

operator 1%: H} (Q) — @lz (7,) that approximates opti-
mally nonsmooth functions by continuous piecewise linear
functions:

9”;(?] ) :{VEC (Q): v|Ke[F" (K),VK € T andv =0, onaQ} (66)

In addition, we will make use of a vector valued version
of 1, that is, 1%: [H} (Q)]? — [P (T )], which is de-
fined component-wise by I2,. The following lemma estab-
lishes the local approximation properties of I, (and hence of
IOC]), for a proof (see Section 3 in [37]).

Lemma 3. There exist constants C,,C, >0, independent of h,
such that for all v € H} (Q), there hold

v -1 W] < CihgIvlpx), VK € T4,0.2¢m, )
v =14 D <Cohi*Wliaey  VE € &

where A(K) U{K' € 7, K'nK#@} and A(E):=
U{K' e 7,: K' nEak@}

3.2.3. Helmholtz Decomposition

AU W) = af(u;,v;) + a?(u;,vg) +

n n n
+or (V))&

FOW) = (£9)),,

)+ (508w ) -

Lemma 4 (see [7]). There exists C,>0 such that every

v, € H(div; Qf) can be decomposed as v, =w+ curlf5,
where w € [H L BeH' (Qy), [, p(x)dx =0, and
Bl

3.3. Error Equation. We set H=V xW;xV xW,
xprAandththfoth n X W, xX, thh

For n € {0,..., N}, let U" = (u, p';, u), pi, np,A")eH
and W = (v wf,vp,wp,Ep,y”) € I—fl ‘/;Ve define now the
operatorAby

bp(";’ p;) + “bp(‘%’ﬁ)

“bp(‘sfng’ w;)

(69)
= by(ul wh) = b (u}, wy) + bp(uf, up, 8,7 u"),
+(£58) + (@5 w)o, +(dp ),
AU, W") =F(W"), YW"cH (70)

Then, the continuous problems (26)-(28) are equivalent
to the following: forn € {0,..., N}, find U" € H such that we
have

We define the discrete version by the same way: find
U}, € H;, such that
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A(U,W}) =F(W}), VYW, eH, (71) Since for all ne{0,...,N} and W} cH,, A(U"-
i Wi) = 0, then from (70), we obtain

A(U"-UpL, W) =A(U" - U, W' - W)
=AU, W' - W}) - A(U, W' - W})
=F(W'-W}) - A(U,W'-W})
(652} =)o, + (€0 & = Eni)e,
H(dp - whn)o, +(d@pw) - whs), — AU W= W) o
=(FF = 5 Vi = Vin)o, + (6 = &5~ &),
+(a) = o wh = win)o, +(d) — dpnw) - w}i,h)gp

(a7} Vi, + B €= Ea) + (o~ 1)y + (e
~A(UL W' - w;).

w, = w;ﬁ)op

Now, we set

AU -ULW") = ) Ac(U"-U,L W"). (73)
KeT,

Then, from (72), we can write

A (U= UL W) o= (67 = £00V5 = Vin) g, i (6 = 6 85 = ) o

+(q; - q?,h’ w}l - w?‘,h)nan +(‘IZ - qz,h’ w

w” )
phjo,nk

+(f?’h,v? _V}’h)oan ( Ph’f f;»h)ﬂan
+(q?h’ w; - w?,h)gme +(q;,h’ wZ N w;h)QPnK - Ag (U, W' = Wy)
=Ry (U) = 1k (U V5 = Vi) i + (R (U) = i (Ui wly = wliy )

+(Rp,1<,1 (Uh) - IpK,1 (Up); 52 B f;J!)QPnK

(R (UR) = 7o (Up), wp, - wZ,h)oan + By (U, W' = W)),

where

B (U W'~ W) =(6)0v) Vi) + (BhaoEh = ) o

(75)
(0 = W) o+ (T 0~ W) A (U W = W),

3.4. Reliability of the A Posteriori Error Estimator. The first

Theorem 3 (upper error bound). Let U = (U")N o Such that
main result is given by the following theorem.

U" = (u}, pfhuf, Py 1y A") € H be the exact solution and
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U, = (Up),Ly with Uj = (] T P o Wopo Ppo Moo M) € Hy,
be the finite element solutzon Then, there exist a positive
constant C,,,., such that the error is bounded globally from
above by

“U - U ||l°° (0.1;H,) < Cupper (O + O (76)

Proof. Let n€{0,...,N}. We consider the residual equa-
tion (73), and we set W" = (v?,w?,vg, wz, E;,y”). We take

By (U}, W' - W}) =( ;,K’V; _v;,h)(zme (

o WY

Therefore, integrating by parts element by element, we
may write

12
B (UL W' - W) = Y Yoo 78)
i1
where

Y k= (rf,K (UZ)N; - v?)h)oan’

Y,k = (rp,K,l (UZ),fZ - E;,h)QPnK’

Yk = _(rp,K,Z (UZ)’WZ - w;>h)QPmK’
Yy = —(curl &) (UZ)’ﬁ; _ﬂz,h)QPmK’
sk = (rf,K (UZ)’w;)anK’

Yok = (”p,K (UZ)’w;)QPnK’

Y7,K = Z

gy (U VG = V5,
e, (0, nK)
-

1
)E’
Ee, (Q,nK)

Vo= 2 (Rupra (U (V) = Vin) - mp)p

=
I
i

(]E ng, p(Uh) f“

Ee, (T;,)
Y= D (Repsa () (Vi =Vis) myp),
e, (T;,)
Yik= Y (Reprs (U (& -&0))p
Ees, (1))
d-1

(Reppa (UR) GV = Vi 7))

Y= - Z
i=1

Ees, (1;,)
(79)

Thus, from equations (74) and (78), we obtain

pio b

11

Wi = (vfh,O v h,O f »0)  with th —ICI(V ) and
E"h —IOI(E”) ks \ ¢ H (div; Q,), then by Lemma 4, v,
adm1ts the decomposmon vg w), + curl B where
wie [H'(Q,)]" and " e H'(Q,) with [, B"(x)dx =0
and ||w ol o f]d+||/3 It 0,y < ChlVylly - We consider
Vi = Wy, +cur By with wPh = ICl(wp) anc%q ﬁr’:h =
ICI([S) Thus, vj, -V, wy) + curl (ﬁp—ﬁp,h).
Now, we recall

_(w

gg,h)QPnK (77)

) i~ A (U W= W)

A (U" = U W) = (R (U) — 1k (Up) v = v;,h)ﬂan
+(Ry (U3) = 7 (U), wy — w;xh)ﬂjnK
+(Rp,l<,1 (UZ) -

+ (RP,K (Ul;) -

12
+ Z Nik-
i=1

IpK,1 (UZ)) 5; - Eg,h)op nK

TpK (UZ)’ “’2 - w;h)ﬂan

(80)

Coercivity of operator A leads to inf-sup condition as
follows:

A(U" - U, W)

- (81)
W[

[u" - UZ”Hh < sup
W'eH

By consequently, identities (73) and (80), inf-sup con-
dition of operator A (81), Cauchy-Schwarz inequality, es-
timation of Lemma 4, and the approximation properties of
Lemma 3 imply the required estimate and finish the proof.
O O

3.5. Efficiency of the A Posteriori Error Estimator. For
K e 7, we set

Hy, (K) =V, (K) x W, (K) x V., (K)

(82)
XW 0 (K) % X, (K) x A (K),
where

VoK) = {v i Vi € Vb
W (K) = {w e wyy € Wp s
Vou(K) = {meK Von € Vph} (83)
W,n(K) = {wph|K wy,, €W, }

X, (K) = {fp,h|K: fp,h € Xp,h}’

Ay (K) = {Ayi Ay € Ay}
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The family estimator (O )k, is consider efficient if it
satisfies the following theorem.

Theorem 4 (lower error bound). Let U = (U”) _o such that
U" = (uf, ﬁf,up,p 15> A") € H be the exact solution and
U, = (Uh) with U = (s P ph’pph’rlph’ Ay) € H,
be the ﬁmte element solutzon Then, there exist a positive
constant C,,,, such that the error is bounded locally from
below for all K € ), by

GKSCIOW |lU_Uh|ll°° Z (K ? (84)

KCwK

(0,131, (K))

where Wy is a finite union of neighbouring elements of K and
I e, (k) is the product norm.

Proof. 'The lower bound is proved using the standard
elementwise integration by parts, namely, error equation of
Section 3.3 (i.e., identity (73) and equation (80)) and some
inverse estimates of Lemma 1 (cf. [38] for details). O

4. Discussion

In this paper, we have discussed a posteriori error estimates
for a finite element approximation of the Stokes-Biot system
where homogeneous boundary conditions are employed.
The approach utilizes a fully discrete conforming finite el-
ement method. A residual type a posteriori error estimator is
provided, that is, both reliable and efficient.

In a future paper, we will study the influence of non-
homogeneous boundary conditions on the a posteriori error
indicators presented in this work. Further, it is well known
that an internal layer appears at the interface I';, as the
permeability tensor degenerates; in that case, anisotropic
meshes have to be used in this layer (see, for instance, [10]).
Hence, we intend to extend our results to such anisotropic
meshes.

5. Nomenclatures
(i) Q c R4 d € {2,3}: bounded domain

(ii) Q,: the poroelastic medium domain
(iii) Qf = QN0

(iv) Iy, =0Q,N0Q,

V) I, = aQ*\Ffp, ¥=f,p

(vi) ny(respectively, n,): the unit outward normal
vector along 0Q) (respectively, 0Q),)

(vii) u £ the fluid velocity in Q f
(viii) py: the fluid pressure in Q ¥
(ix) LIS the fluid velocities in Q,
(x) Py the fluid pressure in Q,
(xi) In 2 D, the curl of a scalar function w is given as
usual by curlw = ((0w/dx,), — (0w/dx,))"
(xii) In 3 D, the curl of a vector function w = (w,,
w,,ws;) is given as usual by curlw:=Vxw,

Journal of Mathematics

namely, curlw = ((0w;/0x,) — (Ow,/0x;), (0
w,/0x5) — (0ws;/0x,), (Ow,/0x,)— (0w,/0x,))

(xiii) P¥: the space of polynomials of total degree not

larger than k
(xiv) ) triangulation of Q

(xv) T the corresponding induced triangulation of

Q,, x€ {f, p}

(xvi) For any K € 9, hy is the diameter of K and
pk = 2rg is the diameter of the largest ball
inscribed into K

(xvii) h = maxg.g, hrand o), = maxg.q, (hg/py)
(xviii) &: the set of all the edges or faces of the
triangulation

(xix) & (K): the set of all the edges (N = 2) or faces
(N = 3) of a element K

(xx) &), = Ugeg, &(K)

(xxi) A (K): the set of all the vertices of a element K
(xxii) Ay = Ugeg, N (K)
(xxiii) For & ¢ Q, &,(o/) ={E € &,: E Cc d}
(xxiv) For E € &;,(Q,), we associate a unit vector n,

such that ng, is orthogonal to E and equals to
the unit exterior normal vector to 0Q,,

=€ {f, p}
(xxv) For E € &),(Q,), [¢]y is the jump across E in the
direction of ng,

(xxvi) In order to avoid excessive use of constants, the
abbreviations x<yand x ~ y stand for x<cy
and c¢,x<y<c,x, respectively, with positive
constants independent of x, y or 7,

(xxvii) 0, = (0/9,)

Gocviii) I8l o = [ 16 ()I%ds]

(xxix) [19ll oo 0.1:x) = esssupoeer I (Bllx
(xxx) [[Bllwrco (0.7:5) = esssupo,r {19 ()l x> 10,6 (1)l x}
(xxxi) ||¢||12°° (0,T;X) = maxy, nl¢" [l x

(Goexi) Il 0.7 = (7 o 13002

(xxxiii) || - IIHh: product norm on H,,

(oxxiv) |-, k! local product norm on H, (K).
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