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ABSTRACT 
An analytical study of natural convection boundary-layer flow along a vertical plate embedded in an anisotropic 
porous medium saturated by a non-Newtonian fluid has been conducted.  The principal axis of permeability 
anisotropy was oriented in oblique direction to the gravity vector.  A power-law variation of wall temperature 
was prescribed at the vertical plate, and in the Darcy-Rayleigh number limit (Rax > 100), a boundary-layer 
solution based on the integral relations approach was assumed.  Scale analysis was applied to determine the 
order of magnitudes involved in the boundary-layer regime. Analytical expressions were obtained for the 
boundary-layer thickness and the mean Nusselt number in terms of the governing parameters of the problem.  
When the power-law exponent was made smaller, the convective flow along the plate became stronger.  When 
the porous matrix was oriented such that the principal axis of higher permeability was parallel to the gravity, the 
convective heat transfer along the plate attained maximum value. 
 
1.  INTRODUCTION 
 Buoyancy-induced flows from vertical 
plate embedded in fluid-saturated porous med-
ia are of technological importance in oil recov-
ery, geothermal energy extraction, food and 
materials processing, dispersion of chemical 
contaminants, migration of moisture in insulat-
ion and grain storage, storage of radioactive 
materials, and ground water pollution, etc.  
 The problem of natural convection al-
ong a vertical heated plate with wall temperat-
ure varying as an arbitrary function of the dist-
ance from the origin has been considered [1].  
Several investigations have been undertaken to 
incorporate boundary and inertia effects of hi-
gh permeability media (excluded in Darcy’s 
model) by assuming the fluids saturating por-
ous media to be Newtonian.  In many enginee-
ring applications, fluids saturating the porous 
matrices are not necessarily Newtonian. 
 The problem of boundary layer free 
convection along an isothermal vertical plate 
in a porous medium saturated by power-law 
index fluid (non-Newtonian) has been studied 
numerically [2].  Double diffusion from a vert-
ical surface embedded in a porous medium sat-
urated by a non-Newtonian fluid has also been 
investigated [3].  The variation of wall temper-
ature, intensity of heat and flux of species at 
the wall depended strongly on the power law 
index [2, 3].  The porous media had been assu-
med isotropic, but, in several applications, the 
porous materials are anisotropic. 

 Natural convection in anisotropic por-
ous media has not been extensively studied, 
except within enclosures heated from the side 
where one of the principal axes of anisotropy 
of permeability was aligned with gravity [4, 5] 
or all the principal axes were inclined to grav-
ity [6, 7, 8]. In all the studies, anisotropy mod-
ified the convective heat transfer.  The effects 
of anisotropy on boundary-layer free convect-
ion on an impermeable vertical plate had been 
investigated using the method of integral relat-
ions.  The cases considered were coincident of 
the principal axes with coordinate axes [9], 
and arbitrary orientation of the principal axes 
[10].  When permeability in direction normal 
to the plate was found to be greater than perm-
eability along the plate, there was increase in 
temperature field. 
 The present paper describes an integr-
al method for obtaining approximate solution 
for natural convection from a vertical plate 
embedded in an anisotropic porous medium 
saturated by non-Newtonian fluid. A power 
law variation of wall temperature was specifi-
ed on the plate, and the permeability with pri-
ncipal axes was oriented in a direction oblique 
to the gravity vector as initial conditions.  
 Combining modified Darcy power-law 
model [11] and generalized Darcy law [7], the 
characteristics of the saturating flow through 
the porous matrix was used to describe the 
non-Newtonian fluid behaviour.  In large Ray-
leigh number limit, boundary layer equations 
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were solved analytically upon introducing a 
scale analysis to determine the order of magni-
tudes involved in the boundary-layer regime. 
 
 
2.  MATHEMATICAL FORMULATION 
 The physical domain considered was 
steady heating of vertical impermeable plate 
embedded in a saturated non-Newtonian fluid 
with the porous medium characterised by ani-
sotropic permeability of ratio K* = K1/K2 and 
orientation angle θ  between horizontal direct-
ion and principal axis with permeability K2. 
 The coordinate system and flow model 
are illustrated in Fig.1.  The x-coordinate was 
measured along the plate with y-coordinate 
normal.  The gravitational acceleration g was 
opposite to x-direction, and the fluid and por-
ous medium were assumed to be in thermody-
namic equilibrium everywhere. The thermo-
physical properties of the fluid were assumed 
constant, except for density (buoyancy term) 
in the momentum equation (i.e. Boussinesq 
approximation). 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Fig. 1. Coordinate system and flow model (T is 
temperature, H is height of plate and δ is thickness 
of vertical boundary layer). 
 
 The model of laminar flow of a non-
Newtonian power-law fluid through the porous 
medium described by generalized Darcy law 
was written as [7, 11], 

a

K
V p= − ∇µ
r

                         (1) 

where  ( ) (n 1) /22 2
a u v −µ = ε + , and 

(n 1) / 2 (n 1) / 2 n
1 22 8 ( K K ) (1 3n)+ −ε = µ γ + , where 

V
r

is superficial velocity, γ  is porosity of me- 

dium, µa is apparent viscosity, µ is consistency 
index, n is power-law index, and u and v repr-
esent velocity components in x and y directio-
ns.  The rheological parameters µ  and n were 
assumed to be temperature independent. 
 The equations describing conservation 
of mass, momentum, energy and the state for 
the physical domain were respectively [12], 

 V 0.∇ =
r

          (2) 

( )
a

K
V p g= − ∇ +ρµ
r r         (3) 

( ). VT T 0∇ − α ∇ =
r

        (4) 

( )1 T T∞∞ρ = ρ −β −           (5) 

where T is local equilibrium temperature of 
fluid and porous matrix, g

r
 is gravitational ac-

celeration, p is pressure, α is thermal diffusiv-
ity α = k/(ρcp)f, k is thermal conductivity of 
fluid/porous matrix combination, (ρcp)f is heat 
capacity of the fluid, β is coefficient of thermal 
expansion of the fluid and ρ is density. 
 The boundary conditions associated 
with the governing eqns. (2 – 5) were 
       for wy  0: v  0, T  T   T     Axλ∞= = = = +       (6) 

      and y  : u 0, T T∞→∞ = =                    (7) 

where the prescribed wall temperature Tw was 
a power function of distance x from the edge 
of the plate, A and λ  are positive constants, 
and T∞ is temperature of the porous medium 
far away from the wall.  If constant heat flux 
was prescribed at the plate, then λ = n/(2n + 1) 
and 0λ =  for the isothermal plate [3]. 
 The symmetrical second-order perme-

ability tensor K  was defined as, 

( )
( )

2

2 2

2
1 2

1 2 2 1

1 2  

 

K cos K sin K K cos sin
K

K K cos sin K cos K sin

θ θ θ θ

θ θ θ θ

−
=

−

 +
 + 

   (8) 

 Eliminating the pressure term by the 
curl of eqn. (3) and substituting eqn. (2) a sin-
gle momentum equation obtained was, 

( )a

a

u u v v
c b cu bv

y x y x x

1
a

  ∂µ∂ ∂ ∂ ∂+ − − = − + ∂ ∂ ∂ ∂ µ ∂  
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1

T
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Where  2 2*a cos K sin= θ+ θ , 2 2*b sin K cos= θ+ θ ;   
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and *1
c (1 K  )sin 2

2
= − θ      (10) 

3.  SCALE ANALYSIS OF MAGNITUDE 
OF VARIABLES 
 The boundary-layer regime for which 
fluid motion was restricted to a thin layer δ  
along vertical plate, momentum eqn. (9), and 
the boundary-layer hypothesis could only be 
used when the conditions; 

u v
a c

y y

∂ ∂>>
∂ ∂

, u u
a c

y x
∂ ∂>>
∂ ∂

, u v
a b

y x

∂ ∂>>
∂ ∂

, 

( )a
1

T
K g c u b v

y x∞
∂µ∂ρ β >> − +

∂ ∂
, and 

( )a
1

T
K g a u c v

y y∞
∂µ∂ρ β >> − +

∂ ∂
 were satis-

fied.  For boundary-layer approximations at 
large Rayleigh number, governing eqns. (2 - 4) 
become conservation equations,  

u v
0

yx

∂ ∂+ =
∂ ∂

                               (11) 

( )n 1K gn T
u

y a y
∞ρ β∂ ∂=

∂ ε ∂
               (12) 

2

2
T T T

u v
y y

∂∂ ∂+ = α
∂ ∂ ∂x

     (13) 

 By eqn. (10), and assuming H and δ 
are the x and y scales in the boundary-layer  
( Hδ<< ), the conservation eqns. (11 - 13) requi-
red the functional balances, 
u v

~
H δ

,    
1n 1

u T
a ~ K g

u

1
− ∞

∆ρ β
δ ε δ

,  

 
H

T
u

∆  and  
T T

v ~
∆ ∆α
δ δ

  

where ( )wT T T∞∆ = −  is characteristic scale of 

temperature, and temperature drop across the 
boundary layer was of order one. 
 Solving the balance for , uδ  and v , 

1/ (2n) 1/ (2n)

H
~ H R aa

−δ                   (14) 

1 / n 1 / n
H

u ~ R aa
H

−α
                  (15) 

1/ (2n) 1/ (2n)

H
~ R aaH

v −α                   (16) 

4. DEFINITIONS & CONDITIONS 
 The validity of boundary layer analysis 

was considered.  A modified Darcy Raylei-gh 
number, RaH, based on height of the plate was 
defined as, n n

H 1Ra K g TH= ρ β∆ εα  [2]. 

 A stream function ψ  related to veloci-
ty components was defined as [8]  

u , v
y x

∂ ψ ∂ ψ= = −
∂ ∂

     (17) 

such that the continuity eqn. (11) was satisfied, 
and scale for the stream function written as, 

H

1/ (2n) 1/ (2n)~ R aa
−ψ α                  (18) 

 The local Nusselt number, 
HNu , defi-

ned as the heat transfer over pure heat conduc-
tion through the vertical plate was scaled as, 

1/ (2n) 1/(2n)
H H

hH
Nu Ra a

k
~ −=      (19) 

where ( )h q/ T Tw= − ∞  is local heat transfer 

coe-fficient, and ( )
y 0

q k/ T/ y
=

= − ∂ ∂  is local 

surf-ace heat flux at the heated plate. 
 For isotropic porous medium where 
K* = 1 (i.e. a = 1), scales for the stream functi-
on were reduced to double diffusion boundary 
layer over vertical plate embedded in porous 
region saturated by non-Newtonian fluid [3]. 
 The results would be valid only when 
the vertical boundary-layer was thin ( Hδ<< ), 
i.e. for 

H
R aa >> . From boundary layer conditi-

onal requirements of eqns. (14) - (16), and the 
results of order-of-magnitude analysis, the bo-
undary layer hypothesis was valid only when 

the conditions 
1/ n (n 1) / 2n

Hb Ra a −<<  and 

1/(2n) (2n 1) / 2n
H

c R aa −<<  were satisfied. 

 
5.  METHOD OF SOLUTION 
 The governing equations were solved 
to obtain analytical expressions for the bound-
ary layer thickness and mean Nusselt number 
in term of the governing parameters.  The gov-
erning eqns. (11) - (13) and boundary conditi-
ons eqns. (6) and (7) were integrated by the 
Karman-Pohlhausen method to obtain the heat 
transfer rate through the vertical plate. 
 Integrating eqn. (10) with limits y = 0 
to Y (region where Y δ≥  is situated in the free 
stream), and considering boundary conditions, 

n 1 g
)

nK
u (T T

a
∞

∞
ρ β

= −ε
                       (20) 
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 From continuity eqn. (11), the energy 
eqn. (13) was re-written as, 

( ) ( )
2

2uT vT
y

T
yx

∂ ∂+ = α
∂ ∂

∂
∂

      (21) 

and upon integrating over the region × Hδ , 
where ( )/ 0y y δ∂ ∂ = = , yielded 

0 y 0

d T
uT dy

d yx

δ

=

 ∂= −α  ∂ ∫      (22) 

Substituting eqn. (20) into eqn. (22) and re-
arranging, 

1

0

1/n
(n 1)/n

y 0

K gn d
dy

y a dx

δ
+∞

=

   ρ β∂ Φ−α = Φ   ∂ ε   ∫   (23) 

where T T∞Φ = − . 

 Introducing transformations obtained 
by boundary-layer scales, the transformation 
profile of unknown function η was 

( ) wΘ η = Φ Φ                    (24) 

where yη = δ  and T Tw w ∞Φ = − . 

 After algebraic manipulations, eqn. 
(23) became, 

1/2

1/(2n) 1/(2n)
x

2n J 1/nn
x (2n 1) n I

Ra a−δ −=
+ λ+

 
 
 

     (25), 

an expression of modified Darcy-Rayleigh nu-
mber based on the permeability 

1K  and dista-

nce x from the edge of the plate where 
J (0 )= − Θ /       (26), 

( n 1) / n
1

0
I ( )d+= η ηΘ∫     (27), 

and n n
x 1Ra K Axλ+

∞= ρ β εα . 

Hence, eqn. (25) is in good agreement with 
eqn. (14) predicted by the scale analysis. 
 The expressions of I and J (eqns. (26, 
27) depended on temperature profile ( )Θ η , 
therefore, I and J can be constants if the profile 

( )Θ η  is determined.  By the boundary therm-
al condition eqns. (12) and (13), the temperat-
ure profile satisfied the relations, 

(0) 1(a);Θ =  (1) 0(b)Θ =                  (28) 
The method of solution adopted was choosing 
expression of the temperature profile Θ , whi-
ch satisfied conditional eqn. (28). 
 The value of Θ  decreased from 1 to 0, 
as η  increased from 0 at different values of 
anisotropic parameter a of porous matrix and 
power-law index n of saturating fluid.  From 

eqn. (25), the boundary layer thickness, δη , 

was expressed as, 
1/ 2

1/ n 1/(2n)2n J
n n a

(2n 1) n I
−

δ
 

=  + λ + 
    (29) 

 The local heat flux q along the vertical 
plate then became 

y 0

k Jww (0)
T

q k k  
y =

  Φ Φ∂  =− −Θ   ∂ δ δ 
= =/     (30) 

and by combining eqns. (19), (25) and (30), 
local Nusselt number xNu  was rewritten as, 

1/2
1/n 1/(2n) 1/(2n)

x x

(2n 1) n
Nu IJn Ra a

2n
− −+ λ+ = 

 
    (31) 

Equation (31) is compatible with eqn. (19) 
obtained by scale analysis. 
 
6.  RESULTS 
 The integral method was validated by 
comparing values of parameter 1/2(Ra )Nu /x x  

shown in Table 1 with values from solution of 
the full governing boundary-layer equations 
using both consistent numerical procedure and 
similarity method when the porous matrix was 
anisotropic in permeability [10].  Settingλ = 0 
in the limit of constant wall temperature when 
the porous matrix was saturated by Newtonian 
fluid (n = 1), the solution presented in the pre-
sent analysis was in agreement with results re-
ported [10]. 

Table 1. Values of 
1/2

/( )xNu Rax  by different method 

for 1n =  at constant temperature at wall ( 0λ = ). 
 

  
Heating the plate by constant thermal 

flux [3], λ depended on power-law exponent of 
fluid saturating the porous matrix, expressed 
by (2 1)/ +=λ nn .  Therefore, in the limit of 
Newtonian fluids (n=1), and for λ = 1/3.  Table 
2 shows the result obtained by integral method 
as compared with similarity solution. 

 
     *a K=  

    ( 90θ = o
) 

( )1 / 2
Nu Rax x  

Similarity 
solution 
[10] 

Integral method  

( )( )1 / 22IJ a
 

= 
 

 

0.1( 1.0)<  1.404 1.337 

1.0 (isotropic) 0.444 0.423 

10. (> 1.0) 0.140 0.134 
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Table 2. Values of ( )1/2
Nu Rax x  by different methods 

for n = 1 and constant heat flux at the wall (λ = 1/3) 
 

 
   *a K=  

 ( 90θ = o
) 

 

( )1/ 2
Nu Rax x  

Similarity  
solution 10] 

Integral method 
1/ 2

( ( ) )IJ a=          

0.1( 1.0)<  2.1465 2.0564 

1.0 (isotropic) 0.6788 0.6503 
10. (> 1.0) 0.2146 0.2056 
   

 
 Figure 2 shows the local Nusselt num- 

ber parameter ( )1/ (2n)
x xNu / Ra , given as a funct- 

ion of anisotropic permeability ratio *K and 
inclination angle θ of principal axis of porous 
medium, for wall heated isothermally (λ = 0) 
and for different values of n, where in the limit 
of Newtonian fluid (n = 1) the data agreed wi-
th reported results [10]. 
 The influence of anisotropy orientati-
on θ on local Nusselt number, Nux, is present-
ed in Fig. 3 where the plate was heated isothe-
rmally (λ = 0) and dilatant fluid (n = 2) satura-
ted the porous matrix for values of *K . 
 Fig. 4 shows the effect of modified 
Darcy-Rayleigh number RH, on mean Nusselt 
number

0 HuN −  for K* = 10, θ = 90º, and for 

different power-law indexes n, when the plate 
was heated by a constant flux. 
 From eqn. (19), 0 HuN −  over the vert-

ical plate of height H was deduced as, 

0 HNu − = 0 H
H

h
k

−            (32) 

Where ( )H

0 H w
0

h qdx H T T− ∞= −∫    (33) 

and( )wT T∞−  is mean temperature difference 

along the vertical plate. 
 Combining eqns. (25), (30) and (32),  

1/ 2
( (

0 H H

1 2
2 1/(2n)

n )/n n 1)/n
1/( n)

(2n 1)

2 1

n

n ( )
Nu IJ R a−

−
+ +

+ λ +

+λ  = 
  

where n n
x 1 wRa K (T T ) H∞ ∞= ρ β − εα  is modified 

Darcy-Rayleigh number based on mean temp-
erature difference ( )wT T∞−  over the vertical 

surface.  Equation (34) is also compatible with 
eqn. (19). 

 The asymptotic behaviour of the temp-
erature profile at neighbourhood of the vertical 
plate, indicated that suitable expression of the 
temperature distribution temperature could be 
written as, 

217 12
( ) 1

5 5
Θ η = − η + η      (35) 

to satisfy the boundary condition eqn. (28). 
 
6.  DISCUSSION 
 Steady state natural convection along 
vertical plate embedded in an anisotropic por-
ous medium where the principal axes were not  

 
Fig. 2. Variation of local Nusselt number over the plate 
versus K* for values of θ and n when λ=  0. 
 

 
Fig. 3. Effect of anisotropic orientation angle θ on local 
Nusselt number for n = 2 and values of K*, when λ =  0. 
 

 
Fig. 4. Variation of 0 HNu − , over plate versus RH for θ = 
90°, K* = 10 and values of n, where λ = n/(2n+1)  

(34)
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coincident with the gravity vector, and were 
analysed on the basis of modified Darcy pow-
er law model [11] and generalized Darcy law 
[7].  In the boundary-layer regime, an integral 
method valid for non-Newtonian fluids was 
developed, and the results obtained were in 
agreement with the order of magnitudes deter-
mined by scaling analysis.  The mean Nusselt 
number was obtained as a function of modified 
Darcy-Rayleigh number, power law index of 
fluids and anisotropic parameters of the porous 
medium. 
 The parameter Nux/(Rax)

1/2n depended 
on the heating process (temperature profile thr-
ough the constants I and J), and a = cos2

θ + K* 
sin2
θ (anisotropic parameters).  Fig. 2 illustra-

tes the observation for the curves in dashed 
lines (in the limit of a pseudoplastic fluid n = 
0.5), and in dotted lines (in the limit of dilatant 
fluid n = 2 saturating the porous matrix). 
 When θ = 0° (a = 1), Fig. 2 indicates 
that for each value of n, Nux/(Rax)

1/2n is consta-
nt and independent of K*.  Hence, the local 
heat transfer in the boundary-layer regime dep-
ended only on Rayleigh number Rax based on 
permeability K1 along the plate, and was not 
affected by magnitude of permeability K2 in 
the direction normal. 
 As shown in Fig. 2, for θ = 90º (a = 
K*) permeability K2 was aligned along the pl-
ate while permeability K1 was in orthogonal 
direction, and the resulting local Nusselt num-
ber depended strongly on permeability ratio 
K*.  The trend follows since Rax was based on 
K1 being perpendicular to the plate; which is 
not appropriate parameter for the situation.  
Therefore, considering eqn. (31) and the Ray-

leigh number ( 2
n nRa a K g A/ /( )∞

λ+= ρ β εαx x ) 

based on permeability K2 along the plate, Nux 
becomes independent of K*. 
 For θ = 45º, K* becomes larger as va-
lue of Nux decreases, since for a given Raylei- 
gh number (i.e., a given value of K1) an increa-
se in K* corresponded to a decrease in K2, res-
ulting in a weaker convection flow and heat 
transfer rate [10]. 
 In isotropic medium (K* = 1, a = 1), 

1/ 4
x xNu (Ra/ )  is independent of θ. The 

symmetry of the results with respect to θ = 90º 
as shown in Fig. 3 is evidenced by the 
governing eqns. (9) and (13) and boundary 
conditions eqns. (6) and (7); i.e. if ψ(x, y) and 

T(x, y) are solutions for RaH, K* and θ, then 
ψ(x, 1-y) is a solution for RaH, K* and π - θ. 
 For the range 0 < θ < 90º and K* < 1, 

Fig. 3 indicates that 1/4
x xNu (Ra/ )  is minimum 

at θ = 0º, for which permeability in vertical 
dire-ction is minimum, but is maximum at θ = 
90º.  The inverse is observed for K* > 1 where 
the convective heat transfer is maximum at θ = 
0º and minimum at θ = 90º.  The observation 
can be demonstrated for the solution 

1/ 4
x xNu (Ra/ )  = 0.8436/a1/4. 

 Taking first derivative of 1/4
x xNu (Ra/ )  

with respect to θ and equating to zero,         
(K* - 1)sin2θ = 0, such that a maximum or a 
minim-um occurs for θ = 0º and θ = 90º. 

 The second derivative of 1/4
x xNu (Ra/ )  

with respect to θ equals 1.6872(1-K*) when  
0θ= °, and 1.6872 (K*-1)(K*)-5/4 when 90θ = °.    

 When K*>1 (K*<1), 1/4
x xNu (Ra/ ) is 

maxi-mum (minimum) at θ = 0º and minimum 
(maximum) at θ = 90º. Therefore, a maximum 
(minimum) convective heat transfer is reached 
when orientation of the principal axis with hig-
her permeability of anisotropic porous medium 
is parallel (perpendicular) to the gravity, as 
reported on the effect of anisotropic permeabi-
ility of arbitrary orientation on the convective 
heat transfer in a vertical porous cavity heated 
isothermally from the side [6, 7]. 
 The exponent in power law variation 
was expressed as λ = n/(2n + 1), and the plots 
in Fig. 4 are straight lines with different gradi-
ents depending on n.  A higher power-law in-
dex requires large modified Darcy-Rayleigh 
number for the boundary-layer regime. When 
Rayleigh number is large or power-law index 
is small, the convective heat transfer becomes 
stronger.  The deduction agrees with the find-
ings obtained for a boundary-layer natural co-
nvection in a vertical porous layer filled with a 
non-Newtonian fluid [12]. 
 
7.  CONCLUSIONS 
 The convective flow along a vertical 
plate embedded in an anisotropic porous medi-
um saturated by non-Newtonian fluid is consi- 
derably affected by anisotropic parameters of 
permeability ratio K* and inclination angle θ  
the principal axes, and the index (n) of non- 
Newtonian saturating fluid. 
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 A maximum (minimum) convective 
heat transfer along the vertical plate was obtai-
ned when the porous matrix was oriented such 
that the principal axis with higher permeabili-
ty was parallel (perpendicular) to the vertical 
direction. 
 When the modified Darcy-Rayleigh 
number was made larger for lower power-law 
index (n < 1 characterizing shear-thinning flui-
ds), the convective heat transfer through the 
vertical plate became stronger, a concept use-
ful in choosing fluids for given applications. 
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