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INTRODUCTION

Recently, in order to investigate commutative non-associative algebras,
authors in [5] introduce the so-called Jacobi-Jordan algebras that are commu-
tative algebras satisfying the Jacobi identity. Those algebras were first defined
in [I2] and since then they have been studied in various papers [3), 4} [6, [8] under
different name such as Jordan algebras of nil rank 3, Mock-Lie algebras, Lie-
Jordan algebras or pathological algebras. It turns out that the commutativity
and Jacobi identity satisfied by the product of an algebra (A, x) induce two
relations x*(yxz) = —(zxy)*z—yx(r*xz) and ox(y*z) = —(x*xy)*xz—(r*2)*y
for all x,y, z € A, called respectivelly left Lie-type identity and right Lie-type
identity.

This motivated us to introduce and study in [I1] a new type of nonasso-
ciative (super)-algebra called left or right Lie-type superalgebra. A left (resp.
right) Lie type superalgebra consists of a Zg-graded vector space U := Uy dUj
endowed with an even bilinear map [, | : U ® U — U such that [Us,Ug] C
Upip for all o, B € Zy and [z, [y, 2]] = —[[z,y], 2] — (=1)=W [y, [z, 2]] (resp.
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[z, [y, 2] = —[[=, y], 2] — (=1)¥I2l[[z, 2], 9]) for all 2, y, z € U. Tt is called sym-
metric Lie type superalgebra if it is simultaneously a left and right Lie type
superalgebra. Lie type superalgebras can be seen as generalization of Jacobi-
Jordan (super)-algebras introduced in [5] which are sub class of the class of
Jordan algebras that plays an important role in physics (see [10]). In fact,
unlike Jacobi-Jordan (super)-algebras, Lie-type superalgebras are not neces-
sary (super)-commutative. For more details about Jacobi-Jordan algebras
(see [5, @ 3]).

In this paper, we introduce and study extension and crossed module of
Lie type superalgebras. We give a characterization of extension in terms of
two bilinear applications and characterize the notion of isomorphism between
two extensions in terms of linear applications satisfying some properties. The
notion of trivial extension is defined and studied. By following [7] where the
authors studied crossed modules of Leibniz algebras, we define crossed module
for Lie type superalgebras that we call Lie type crossed module. The notion of
normalized, linked and bilateral Lie type crossed module are defined and we
also characterize the equivalence of two Lie type crossed modules. A homology
and cohomology theory of Lie-type superalgebras is introduced and the first
degree cohomology group is given in term of equivalent class of the so-called
restricted trivial extensions.

In [I1], we studied quadratic Lie-type superalgebras that are Lie-type su-
peralgebras (U, [, ]) endowed with a nondegenerate, supersymmetic and in-
variant bilinear form B. We notice that the invariant or associative property
of B that is B([z,y],z) = B(z,[y,z]) for all x,y,z € U, plays an important
role in the study of quadratic structure of Lie-type superalgebras. But the
fact that the bracket of Lie-type superalgebras is not necessary supercom-
mutative allows us to define a new type of invariant of B by B([z,y],z) =
(=1)*W B(y, [z, z]) called left super-invariance that is different from the as-
sociative property.

Another purpose of this paper is the study of the so-called pseudo quadratic
Lie type superalgebras. A Lie type superalgebra is said pseudo quadratic if
it is endowed with a nondegenerate, symmetric and left super-invariant bilin-
ear form. We show that any pseudo quadratic Lie type superalgebra (U, [, ])
induces a Jacobi-Jordan superalgebra (U, A). By using the double extension
extented to Lie type superalgebras, we study pseudo quadratic Lie type su-
peralgebra (U, [, ]) and the associated Jacobi-Jordan superalgebra (U, A).

This paper is organized as follows. The first section is devoted to the defini-
tions and elementary results. In Section 2, we study homology and cohomol-
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ogy of Lie type superalgebras. In Section 3, we define extension and crossed
module of Lie type superalgebras and characterize these notions in terms of
linear and bilinear applications. We give a characterization of the notion of
isomorphism between two Lie type crossed modules and the notion of equiva-
lence between extensions of Lie type superalgebra. The notion of normalized
and bilateral Lie type crossed module are defined and studied. In Section 4,
we define left super-invariance for a bilinear form and by using the notion of
double extension, we study pseudo quadratic Lie type superalgebras and the
induced Jacobi-Jordan superalgebras.

Throughout this paper, all vector spaces and algebras considered are de-
fined over an algebraically closed field K of characteristic zero.

NOTATIONS: In this paper we shall keep the same notation as in [2].

1. PRELIMINARIES

In this section we give basic definitions and elementary results about Lie-
type superalgebras and Jacobi-Jordan superalgebras.

DEFINITION 1.1. Let U := Uy & Uj be a Za-graded vector space endowed
with a bilinear map [,] : Y ® U — U such that [U,,Us] C Uysp for all
o, € Zs. Then (U, [, ]) is called left Lie type superalgebra if

[.ZE, [y,Z]] = _[[x’y],z]_(_l)‘$||y‘[y’ [‘CL'?ZH V€ u\:v|7 yE Z/{|y|7 kS ua (11)
and (U, [, ]) is called right Lie type superalgebra if
[fL‘, [yaz]] = _[[xay]7Z]_(_l)lynz‘[[l'vz]ay] Vo e u\a:|7 Y€ Z/{|y|7 kAS z/l|z| (12)

The superalgebra (U, [, ]) is called symmetric Lie type superalgebra if it
is simultaneously a left and right Lie type superalgebra.

REMARK 1.1. Let (U, [, ]) be a left Lie type superalgebra. Define the bi-
linear map {, } : URU — U by {z,y} = (—1)1*¥[y, z], then (U, {,}) is a right
Lie type superalgebra. Therefore the category of left Lie-type superalgebras
is isomorphic to the category of right Lie-type superalgebras.

Let (A,-) be a superalgebra. We define the anti-associator of A by the
trilinear application Aasso: A® A® A — A by Aasso(x,y,z) =z (y-z)+
(z-y)-zforall z,y, z € A. The superalgebra (A, -) is said to be anti-associative
if Aasso(z,y,z) =0 for all z,y,z € A.
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ExXAMPLE 1.1. Let (U, -) be an anti-associative superalgebra. If we define
the bilinear map [, | : U @U — U by [z,y] =z -y + (=1)=¥ly . 2 for z € Ul
and y € Uyy|, then (U, [, ]) is a right Lie type superalgebra.

A homomorphism f : U4 — W between two Zo-graded vector spaces is said
to be homogeneous of degree o € Zy if f(Ug) € Wyqp for all f € Zy. Given
three Zs-graded vector spaces U, W and H, a bilinear map g : : @ W — H
is said to be homogeneous of degree a € Zy if g(Ug, W) € Hayp4 for all
B,y € Zs. The degree of a homogeneous linear or bilinear map f is denoted by
| f]and f is said to be an even (resp. odd) map if | f |= 0 (resp. | f |=1). For
any left Lie-type superalgebra (U, [, ]), the left and the right multiplication
L and R defined by L.(y) := [z,y] and R.(y) := (—1)I*I¥[y, z] satisfy the
following relations:

LeMMA 1.1. (1) Ly, = —LeoLy—(—1)#W Ly oL, forallz € Uy, y € Uy,;
(ii) R[x,y] =—L,o Ry — (_1)|x\|y|Ry oR, for all x € Um,y S U‘y|;

(iii) Ripy = —Lzo Ry — (~D)lWIR, o L, for all x € U,y € Upy;
(iv) Ryo Ry = Ryo L, for all x € Uy, y € Uy,

Proof. Straightforward computation. i

The left centre Z'(1/) and the right centre Z"(U) are defined by Z!(U) =
{z € U,[z,U] = 0} and Z"(U) = {z € U,[U,xz] = 0}. Define by Ker(lf)
the subspace generated by elements of the form [x,y] — (—1)I*I¥[y, 2] where
T € Uy and y € U, For any left Lie-type superalgebra (U, [, ]), it holds

LemMA 1.2, (i) Ker(U) C ZYU);
(ii) Z'(U) is a two sided ideal and Z"(U) is a sub-superalgebra.

Proof. See [11, Lemma 2.6]. 1

The fact that Ker(i) € Z'(U) implies that [[x,y], 2] = (—=1)=I¥/[[y, z], 2]
for z,y,z € U. One can sees that an analogous result of Lemma holds for
right Lie-type superalgebras. In fact, if (4, [, |) is a right Lie-type superalgebra
then Ker(U) C Z"(U). Therefore

[z, [y, 2] = (1), [2,9]]) Vo €Uy, y €Uy, 2 €Uy (1.3)
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DEFINITION 1.2. Let U be a left Lie-type superalgebra and V' a Zy-graded
vector space. A representation of U/ over V is a couple of even linear maps
(¢, A) where ¢, A : U — End(V') such that

Pley] = P * by — (_l)lx‘lylSOy Oz,
Ay = —Pa - Ay — (_1)|xlly|/\y A

/\[x,y] = —Px - /\y - (_1)|z||y|/\y c P,

for all homogeneous elements xz,y € U. If o = X\ = 0, the representation is
called trivial representation. We denote Rep‘L} the set of all representations of
U over a given Zo-graded vector space V.

ExaMPLE 1.2. Let U be a left Lie-type superalgebra. Then according to
Lemma (L,R) € RepZ and is called the adjoint representation or the
regular representation of .

Let (U,[,]) be a left (resp. right) Lie type superalgebra, V :=V; @ Vi a
Zs-graded vector space and (i, \) a representation of ¢/ in V. Then the even
bilinear application ¥ : U @ U — V is said to be an even bi-cocycle of left
(resp. right) Lie type superalgebra with respect to (¢, A) if for all z,y,z € U
we have

Vi, [y, 2)) + (e, 9], 2) + (D (y, [, 2)) + eu (v, 2)
+ (1) Wy ((a, 2)) + (=)D (p(2, ) = 0
(resp.
Y(a, [y, 2)) + (e, y] 2) + (D[, 2], ) + a0y, 2))
+ (=D N (2, 1)) + (_1)|$Hy|)\y(¢(x, 2))=0).

Let (U, [, ]) be a left(resp. right) Lie type superalgebra, V a Zg-graded vector
space and ¢ : Y @ U — V an even bilinear map. Then, the Zs-graded space
U :=U 3DV endowed with the product

[z +uy+oly =[xyl +¢(x,y)  Voyeld, u,veV
is a left (resp. right) Lie type superalgebra if and only if

D(x, [y, 2]) + (@, y) 2) + (=)Wl (y, [z, 2]) = 0
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(resp.
Wi, [y, 2]) + o ([z,9],2) + (D ([, 2], 9) = 0).

Moreover, (U, [, ]) is a symmetric Lie type superalgebra if and only if
(U, 1, ]) is symmetric and v is an even bi-cocycle of U with respect the trivial
representation such that

O(x, ly, 2]) = (=)D y([y, 2] w) - Va,y,zeu.

In this case 1 is called an even Lie-type bi-cocycle of U on the trivial /-module
V. We denote by (Zriype(U,V)); the set of even Lie-type bi-cocycles of U on
the trivial «/-module V.

LEMMA 1.3. Let U be a left Lie-type superalgebra. Then U is a right
Lie-type superalgebra if and only if

[, [y, 2] = () WHD[[y 2] 2] Va,y,zeu. (1.4)

Proof. See the proof of [I1, Lemma 3.1]. 1

According to the above lemma, a Lie-type superalgebra is symmetric if
and only if relation (1.4 holds.

DEFINITION 1.3. A Jacobi-Jordan superalgebra is a Zs-graded vector
space J = J5 ® J; endowed with an even bilinear map [, ]| : 7 ® J — J
such that [T, Jg] € Ja+p for all o, f € Zy and

L. [z,y] = (=)W, 2] for all € Tials Y € Ty
2. (=)=, [y, 2]) + (1) W[y, [z, 2]) + (=)W, [2,9]) = 0 for all
T € Jpaps Y € Tyy 2 € T z-

ExamMpPLE 1.3. ([1]) The (2n + 1)-dimensional Heisenberg Jacobi-Jordan
superalgebra h(2n + 1,K) = (hg @ b1,:) where bz @ b1 = {e1,...,en} ®
{fi,---, fn, 2} and

ei-fi=ficeir=2 Vi=1,...n.

Every Jacobi-Jordan superalgebra is a Lie-type superalgebra. A Lie-type
superalgebra (U,[,]) is a Jacobi-Jordan superalgebra if and only if
Ker(U) = {0}.
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2. HOMOLOGY AND COHOMOLOGY OF LIE-TYPE SUPERALGEBRAS

In this section we study homology and cohomology of right Lie-type
superalgebras.

DEFINITION 2.1. A Zs-graded vector space V := V; @ Vi is called right
U-module if it endowed with an action [, | : V @ U — V such that

[U? [az,y]] = _[[U?:‘C]vy]_(_l)‘xl'yl[[U7y]vl‘} Va € u\wh Y€ u\y|a velV. (21)

Let us consider the canonical surjection ¢ : U — U := U/[U,U] and V
a right U-module. We define C,,(U, V) :=V @ (p(U))®" for all n € N. Then
one can easily see that C), (U, V) is a U-module through the following action

[’U ® T ® T9 ® v ® Invx] — (—1)‘x|21<k<n|mk|[v’ $] ® 1 ® . ® T
forall v@r @z2@ -+ ®@xn € Cp(U, V) and z € Uy
In the sequel for simplicity, we denote by g ® 1 @22 ®- - - ® x,, an element

of C,,(U, V) with zg € V.
Let 6 : Cr,(U, V) = Cpr_1(U, V) be the application defined by

n
5(x0, a1, ... an) = Z(_1)|1j|20<l<jlml|[x0’xj] ®  QF Q- Q-
j=1
where the sign = over a variable x means that x has to disappear. Let z =

To R R @ xy € Cp(U,V) for any integer n > 0 and y, z € U%®. Then we
have the following relations:

ProposITION 2.1. (i) d(z®y) =dz®y+ [z,y];
(i) [z®y,2] = (~1)¥F[z, 2] @ y;
(iii) 0[z, y] = —[bz, yl;

(iv) 62 =0.
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Proof. For relation (i), let us set 41 = y. We have

$(z®yY) =060 ®@T1 ® Q@ Ty ® Tpi1)
n

— (_1)|$1|Zo<l<j‘xl|[$0’$j] R QLR+

+
uary

<.
Il
-

(_1)|zj|20<l<j|$z\[:L.O’:Ej] @ @@ ®Tnt1

I
NE

1
+ (_1)‘xn+1|2?:1‘xl| [1-07 mn_,’_l] ® T ® e ® T

.
Il

n
= Z(_1)|mj|20<l<j‘wl|[l»0,l»j]®...®fj®... Ry
=1

<

+ (—DEi=ll gy 2 @ ®@ - ®@ 2
=0z ®y+[z,yl.

For the second relation, we set z,41 = y and with a simple calculation we
obtain

TRy, 2l =[20@21® - ®@ Ty ® Tnyi1, 2]

(_1)|Z|Z?:+11‘$i‘ 20, 2] @ - @ T ® Tnsy

= (_1)|z|\:vn+1|+|z|Z?:1\:vi\ [20,2] ® -+ @ Tp ® Tpy1
(=)Wl il 2@ @ e, @y = (D) [z 2] @y,

For relation (iii), we shall proceed by induction over n. For that let us recall

that since U := U /[U, U] is abelian, then for all z,y € U, the relation ([2.1))
becomes

[[v,], 9] = —(=D)F¥[[v, y], 2] (2.2)
If n =1 then z = o ® x;. Hence according to (2.2)) and relation 2, we have

6([z, y]) = 6([zo @ 21, 9])

= (=))W § [z, y] @ 21)
= —|[[xo,x1],y] = —[oz,y].

Let us assume now that the relation is true up to some integer n. Let 2’ := 2®2
an element of Cy,1(U, V). Hence according to (i), (ii), relation (2.2) and the



LIE TYPE SUPERALGEBRAS 9

induction hypothesis, we have

ola!, 2] = 6([z @ 2,9)) = (—)WIFl5([z,y) © 2)
= (—)MF(6S[z, y) @ 2 + ([, 9], 2])
= — ()M 5z, y] @ 2z + (= 1)z, y], 2]
= —[bz ®z,y] — [[z, 2], ]
=-Pz®z+[z2,y] = —[6z®2),y] = [0,y
then the relation yields for n + 1, and this proves the relation 3). Finally in
order to prove that 6% = 0, we proceed by induction. For n = 2, by using the
Lie-type identity (1.2)) and the fact that 4/? is abelian, we have
52(.%‘0 ®xr1 ® xQ) = 5([$0,$1 (% .1‘2] + (—1)'501”962'[1'0, $2] X xl)
= [[zo, 1], 22] + (—1)1*111%2l[m, 23], 1]
= —[zo,[z1,22]] = 0.
Let us assume that the result is true up to some integer n. Let 2’ = 2 ®@y €

Cni1(U, V) where z € C,,(U, V) and y € U®. With the help of relation 1), 3)
and the induction hypothesis, we have

62(2') = Rz @ y) = 60 y)) = oz By + [z,y))
=66z ®@y) +0[z,y] = S’z @y + [6z, Y] + [z, Y]
and this proves that 62 = 0. 1

The above result shows that & defines a differential of degree —1 over
Cn(U,V). Then we have the complex (Cy(U,V),d) which the homological
groups are called Lie type homological groups of U with coefficients in V' and
are denoted by H,(U,V). We obtain a similar result to the case of Leibniz
homology concerning the homological groups of degree 0 and 1.

LEMMA 2.1. Ho(U,V) = V/[V,U®] and if V is a trivial module then
Hi(U, V)=V U

Proof. The proof is straightforward. |
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Let U be a Lie type superalgebra and V := V5 & Vi a Zg-graded vector
space. For n € N, define by C"(U,V) := Homg (U ® (U®)®" V). Then
C™(U,V) admits a structure of U-module through the following action

(f o) y@ne @) =DMy 2lene @y

forallz € U, yRy1®---Qyp € URUP)®". Let D, : C™(U, V) — C™ LU, V)
defined by

n+1
Dnfxo @11 @+ @ Tpy1) = Z(_l)‘xj‘zo<l<j|zl|f([$0,-Tj] R QTR+ ).
j=1

The application D defines a differential over the graded U-module C*(U, V).
In fact we have the following result

PROPOSITION 2.2. D? = 0.

Proof. 1t’s sufficient to notice that for all integer n, we have D,, f = fd,41
and according to 4) of Proposition we obtain D? = 0. |

Indeed, we obtain the cochain complex (C*(U, V'), D) and the cohomolog-
ical groups denoted by H*(U, V).

3. EXTENSIONS AND CROSSED MODULES OF LIE TYPE SUPERALGEBRAS

In this section, we introduce and study the theory of extension and crossed
module for Lie type superalgebras. In particular we characterize these notions
with more explicit objects such as bilinear applications satisfying some condi-
tions. The cohomological group H'(U, V) is investigated through a particular
type of extension.

3.1. EXTENSIONS OF LIE TYPE SUPERALGEBRAS. Let (U,[,]) and
(Ui, ],]) be two Lie type superalgebras. Let m : Ui — U an epimorphism
and V := Ker(m). Then the ideal V admits a structure of U;-module via the
action (v,z) € V@ U; — [v,x2] € V. Moreover if V is an abelian Lie type
superalgebra, then V admits a structure of &/-module through the following
action

v-x = [y,v] Ve elU, ye U such that z =7y. (3.1)

Conversely if V admits a structure of ¢/-module through the action defined in

(3.1)), then V is abelian.
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DEFINITION 3.1.1. Let U be a Lie type superalgebra and V a right U-
module. An extension of & by V is an exact sequence

0—V-uh U —0, (3.2)

where U is a Lie type superalgebra and V becomes a U;-module that can be
considered as an abelian Lie type superalgebra.

ExaMmPLE 3.1.1. Let (£,[,]) be a Lie type superalgebra. Then U is an
extension of U /ey by Ker(U). In fact we have the following exact sequence

0 — Ker(U) == U — U /xerqr) — 0.

The U-module V is called the kernel of the extension (3.2) and the Lie
type superalgebra U; can be identified by V @ U. In what follows, we give an
explicit description of the notion of an extension of &/ with kernel V.

THEOREM 3.1.1. An extension of U by V is equivalent to the set of two
even bilinear applications a : U QU — V and ¢ : U ® V — V such that

(i) Oé(IL‘, [‘T/a:E/,D + ¢($7 oz(:z:’,:n”)) = —Oé([iL',{L‘/],l'”) - [Oé(l',l'/), 1://]

= ()P (2, 2", 2") = (=D a(z, 2"), 2],
(ii) (;5(:6, ¢(x/7v)) = —</>([$7$/]7’U) - [(;5(:6,@),.%/]

for all © € Uy, ' € Uy, " € Ujpr) and v € V.

Proof. Let 0 — V —+ Uy — U — 0 be an extension of U by V. The
Lie type superalgebra U is identified by V @ U. Since V is a right U/-module
and an abelian superalgebra, then there exists two even bilinear applications
a:UR®U —Vand ¢ : U ®V — V such that the bracket of U is given by

[(z,v), (z',v)] = ([z, 2], a(z,2") + ¢(z,0") + [v,2']) V(x,v), (2',0v") € Uy.

By applying the Lie type identity (1.2]) to ((z,0),(2’,0),(z”,0)) we obtain
the relation 1). For the relation 2), we apply the Lie type identity (1.2)) to
((x’ 0)7(1:/’ 0)7(07 /U))' I

DEFINITION 3.1.2. Two extensions 0 — V sty S U = 0 and

0=V U = U — 0 of U by V are said to be equivalent or isomor-
phic if there exists a homomorphism 1 : Uy — Us such that the following
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diagram
0 V ' su - U 0
| | | (33)
0 N VRN RN SN ¥ 0

is commutative. In other words 7’ 09 = 7 and ¥ o = ¢'.

One can easily sees that the application 1 of the definition above is bijec-

tive. In the sequel, the extension 0 — V — Uy — U — 0 will be identified
by the couple («a, ¢) of Theorem

PROPOSITION 3.1.1. Two extensions («, ¢) and (o/,¢') are equivalent if
and only if, there exists an even linear application A : U — V such that

Mz, 2']) + a(z,2") = o/ (z,2') + ¢/ (z, \a') + [ Az, 2] Ve, o' elU.

Proof. Let i : Uy =UBYV — Uz = UDYV be a bijective application between
the two extensions. The commutativity of the diagram and the fact that
i and ¢ are injective imply that (V) C V and ¢(U) C U + V. Hence there
exists a linear application A : & — V such that for all (z,v) € U; we have
Y((z,v)) = (z, Az +v). Since 1) is compatible with the brackets of U; and Us,
then we have

¢([($70)a (xlao)]) = W(l‘ao), ¢(x/v 0)] V(:L‘,O), (x/7 O) €U
Sl (([x7x/]7 a(m,w’))) - [(l‘, )\.’L’), (‘T/7 )‘x,)]
& ([z, 2], X[z, 2"]) + a(z,2)) = ([x, 2],/ (@,2") + ¢'(x, \a') + [Az,2]) .

Hence A\([z,2']) + a(z,2") = o/ (x,2") + ¢/ (z, A\a’) + Az, 2'] for all z, 2" e U. 1

An extension («, ¢) of U by V is said to be trivial if V is a trivial ¢/-module
and ¢ = 0. Let («,0) be a trivial extension of ¢ and denote ap the restriction
of the bilinear map a over U ® U%®. We call (ap,0) the restricted trivial
extension of U by V.

PROPOSITION 3.1.2. Let (a,0) be a trivial extension of U by V. Then
ar € Ker(Dy).
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Proof. Let x € U and 2/,2” € U®. According to the first relation of
Theorem m and the fact that U2 is abelian we have

//|

DO[R(.’E,LU,, IEH) = aR([$a $/]71ﬂ) + (_1)\9:’||$ O‘R([xvx”]?x,)

= —ag(z,[2',2"]) =0
which implies that ar € Ker(Dp). 1

LEMMA 3.1.1. Two restricted trivial extensions (ag,0) and (a/z,0) of U
by V are equivalent if and only if o/, — ag € Im(Dy).

Proof. According to Proposition (3.1.1), we have (a,0) and (o/,0) are
equivalent if and only if there exists an even linear map A : i/ — V such that

Az, 2’| = o/ (z,2") —a(x,a’) for all z, 2’ € U, that is (¢/ —a)(z, 2’) = A([z, 2]).
Hence (o/y — ar)(z,2’) = X[z, 2']). Therefore o/ — ar € Im(Dy) 1

The following result gives the cohomological group H*(U, V).

THEOREM 3.1.2. Let (U,[,]) be a Lie-type superalgebra and V a U-
module. The isomorphic class of restricted trivial extensions of U by V is
isomorphic to HY(U, V).

Proof. The result follows from a combination of Proposition [3.1.2] and

Lemma 3111 1

3.2. CROSSED MODULES OF LIE TYPE SUPERALGEBRAS. Let (U,[,])
be a Lie type superalgebra. A homogeneous endomorphism f of U is called
(=1, —1)-superderivation if

f(lz, ) = =[f @)yl = )Wz, fo)] - VeeU, yely,.

The set of all (—1,—1)-superderivations of U will be denoted by
(—1,—1)_SDer(U).

DEFINITION 3.2.1. A crossed module of (U, [, ]) is a triplet (W, d, ) where
W is a Lie type superalgebra, d : Y/ — VW an even morphism and n : W —
(—1,—1)_SDer(U) an even linear map such that

(2) n([w,w']) = =n(w') o n(w) = (=) In(w) o n(w') for all w € Wy,
w' € W|w/‘;
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(b) d(n(w)(u)) = [du,w] for allueU, w e W;
(¢) n(du)(u') = [u,u] forall u,u’ € U.

In what follows, we characterize crossed modules of Lie type superalgebras.
For that, let us set

P = coker(d) L = Ker(d) and V =Im(d).
We have the following properties:

LeEmMA 3.2.1. (i) £LC Z"(U) and d € Aut(V);
(ii) V is a left ideal of W and P is a complement of V in W;
(iii) U and L are P-modules through n.

Proof. For relation (i), it’s clear that d € Aut(V). Moreover from relation

(c) of Definition we have [U, L] C n(dL)(U) = 0 because dL = 0. Then
L C Z"(U). For the second relation, according to relation (b) of Definition
[B.2.3] we have

VW] = [dU), W] € d(n(W)U)) € Im(d) =

then V is a left ideal of WW. One can easily see that P is a complement of V
in W. Finally, relation (a) of Definition and the fact that d(n(P)(L)) C
[dL, W] = 0 imply that & and L are P-modules through 7. I

Hence a crossed module (W, d,n) of U leads to the following exact sequence

i d g

u w

0— L P—0 (3.4)

where U can be identified by £ &V and W by P & V. The crossed module
(W, d,n) is called Lie-type crossed module of kernel £ and cokernel P or for
simplicity, a (£, P)-Lie-type crossed module.

Let (W, d,n) be a (L, P)-Lie-type crossed module. We have the following
result:

THEOREM 3.2.1. The (L, P)-Lie-type crossed module (W, d,n) is equiva-
lent to a set composed by a structure of W-module over L, an automorphism
d of V, two even bilinear maps a: V®V — L and 9 : P ® V — L such that

(i) a(v, [7/7 U”]) = _[a(vv Ull),/Z)”] - a([v7 UILU”) - (_1)|DIHUH|O‘([07 UH]? U,)
~(=1)Ma(v, "), 1],
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(ii) no(p @ [v,v']) + [a(v,"), p] = —a(d ™ [dv, pl,v") — [m0(p ® v), V]
—(=1)"Pla(v, ddv, p]) ,

(iii) no([p, p'lP) = —m0(@) © no(p) — (—=1)IPIP'lng(p) o no(p')
for all v € V|v|, v e VW|’ v’ e V|v//‘ and p € ’P‘p|, p/ S 73|p/|.
Proof. Since U can be identified by L&V, [£,V] C L and L C Z"(U), then

there exist bilinear applications [, ]y : V®V — V and a: V®V — L such
that the bracket of U is given by

[(z,v), (2/,0)] = ([x,7"] + a(v,v), [v,V]y) Y (z,v), (2, v) e LDV.

By applying the Lie type identity to the triplet ((0,v), (0,v),(0,v")) we
obtain the relation (i).

For (ii), since W = P @& V and n(w) € End(L) for all w € W then
nW)(V) = n(P)(V) + n(V)(V). Moreover, according to relation (b) of Defi-
nition [3.2.1] we have

nMV)(V) =n(d)(V) = [V,U] = V.V = [V, Vly + a«(V, V).

Since n(P)(V) C LBV, then there exists a bilinear application g : PRV — L
such that

n(p)(v) = nv(p)(v) +no(p)(v)

where 7y (p)(v) is the component in V of n(p)(v) for all p € P and v € V.
According to the relation (b) of Definition we have

d(n(p)(v)) = d(mv(p)(v)) + d(no(p ® v)) = d(nv(p)(v)) = [dv, p]

and since d € Aut(V) then ny(p)(v) = d~*[dv, p]. This implies that n(p)(v) =
d=Y[dv, p] + no(p ® v). From the fact n: W — (-1, —1)_SDer(U) we have

n(p)([v,v']) = —[n(p)(v), '] — (=PI v, 5(p)(v)]

<= n(p)([v,v]y + a(v,v') = —[d " [dv, p] + no(p @ v), ']

— (=1)/P Ny, = a', p] + mo(p @ )]
= d '[d[v,v'],p] +no(p @ [v,V]) + [a(v,'), p] = —[d " [dv, p], V']

— [mo(p @), 0] — (1) w, a=a', p)] — (—1)PI" v, 5 (p @ )]
= d7[d[v,v],p] +m0(p @ [v,0')) + [a(v,v'),p] = —~[d"[dv, p], ']

— a(d ™ [dv,p),v") — [no(p @ v),v'] — (~=1)PI[v,d~ [, p]]

— (=)o (v, d M [dv', p]) — (1) [o, no(p @ v')]
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a projection over U of the later relation gives us the relation (ii). The relation
(iii) is obtained from relation (a) of the Definition |

In the sequel, a Lie type crossed module (W, d,n) will be denoted by the
exact sequence (3.4) or by the triplet (d, «,n9) of the Theorem

DEFINITION 3.2.2. Two Lie type crossed modules 0 — L u 4

WL>77—>OandO—>£i—>U’i)WW—>P—>Oareisomorphicor
equivalent if there exists an isomorphism ¢ : U — U’ such that the following
diagrams:

0 L u 45w _"su y 0
I | | (33)
0 LT uw Y ow " u 0

and
weld —1— U

Imm®wl lw (3.6)
weu —1

are commutative.

PROPOSITION 3.2.1. Two Lie type crossed modules (d, «,n9) and (d',d/,
n,) are equivalent if there exists an even linear map 6 : V — L such that
(1) a(v,v') +0([v,v']) = [v,d " Ldv'] + o (d' L dv, d " dv'),
(2) mo(p®v) +0(d"[dv,p]) = [Bv,p] +15(p © d'"'v),
(3) [l,d '] =[I,d "].

Proof. Let v : U 2 LBV — U = LBV be an isomorphism between U
and U’ such that the diagrams and be commutative. According to
the commutativity of the diagram , we have 1) o4 = ¢’ o Id, then for all
x € L, Y(x) = x. Moreover, since ¢(v) € LDV’ for all v € V then there exists
a linear application 6 : V — £ such that

Y(l,v) = (I + 0v,1p(v)) V(l,v)e LBV
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where 1y, (v) is the component of ¥ (v) in V'. We have ¢y (v) = d'"ldv. In
fact, according to the diagram (3.5) we have
Idyy 0 d(0,v) =d o(0,v) <= (0,dv) =d (6v,¢(v))
< (0,dv) = (d'0v,dy(v))
= dv=dvy(v),
hence 1y (v) = d'~'dv. Therefore, we have ¥(l,v) = (I + v,d'~'dv). The
compatibility of 1 with the brackets implies that
$[(0,v), (0,0)] = [¢(0,v),%(0,v")]
= 4 (a(0,0), [0.0ly) = [(B0,d dv), (00, d"~ o)
= (a(v,v') +0([v, v'ly), dHd([v,0']))
= ([ov,d'dv'] + /(" dv, d 7 dv'), [d dv, d T do']y)
which proves the first relation.
For relation 2), the commutativity of the diagram ({3.6|) implies that for all
pRvEPX®Y we have
Yon(p®v) =n"o(Idy ®v¥)(p@v)
= P(d v, pl +m(p @) = 7' (p® v) + 1 (p @ d " dv)
— no(p®@v)+ 6(d dv,p]) + ddv, p|
= [0v,p] +d'd'd dv,p] + no(p ® d " dv)
no(p @ v) + 0(d~dv, p]) + d'"dv, p]
= [0v,p] + d'~"[dv, p] + my(p @ '~ dv)
a projection over £ of the later relation gives us no(p ® v) + 6(d=*[dv,p]) =
[0v, p] + 15 (p @ d'~ o).
Let v € Vand ! € L. According to the commutativity of the diagram (3.6))
we have Y on(v @ 1) = 1 o (Idy @ ¥)(v ® 1) hence ¥ (n(v)(l)) = n'(v ® 1),

therefore ({1, d~"v]) = [1,d""]. Since [l,d~'v] € £ then [I,d~'v] = [I,d"~v].
This proves relation 3). 1

DEFINITION 3.2.3. A Lie type crossed module (W, d,n) of (U, [, ]) is said
to be:
e normalized if d = Idy,

e bilateral if £ C Z(U).
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By adapting the characterization of isomorphism between two Lie type
crossed modules (see Proposition [3.2.1]) to the normalized crossed modules,
we obtain the following result:

COROLLARY 3.2.1. Two normalized Lie type crossed modules (o, n9) and
(a/,m,) are isomorphic if and only if there exists an even linear map 6 : V — L
such that

(1) a(v,v") + 0([v,v']) = [Bv, V] + o (v,0'),
(2) mp@v)=mno(p@wv)+0v,p] - [Ov,p].

Define by B(p,p’) = [p,?']p — [p, p'] where [p,p']p is the component in P
of the product in W of p and p’. The following result gives a characterization
of bilateral Lie-type crossed module.

PROPOSITION 3.2.2. A bilateral Lie type crossed module (W, d,n) of ker-
nel £ and co-kernel P is equivalent the set composed by bilinear applications
a: VRV —=Landny: P&V — L such that

(1) a(v, ', 0"]) = —a([v, '], v") = (=1 a((v, "], );
(2) a(v, [p,v]) = (=P a(v, [V, p]);

3) no([p, Pl ® v) — v, d™'B(p,p')) = —no(p' @ d~[dv,p]) — [no(p @ v), p']
— (=)l lpe(p @ d=[dv, p']) — (1) PPV o (p' @ v), pl;

(4) mo(pe[v, v')+a(v,v'), p] = —a(d[dv, p|, ") =(=1)PI"la(v, d ', p]).

Proof. The relations (1) and (4) can be obtained respectively from rela-
tions (i) and (iii) of Theorem [3.2.1] by using the fact that a(v,v’) € £ C Z(U)
for all v,v" € V.

For (2), let v € V|, v' € V) and p € Py, Since W is a right Lie-type
superalgebra then according to relation we have

v, [p, '] = (=), (o', p]],
hence
a(v,[p, ') + [v, [p, v']lv = (=D)Pa(v, W/, pl) + (=) P[0, [/, plly

which implies that a(v, [p,v']) = (=1)PIla(v, [/, p]).



LIE TYPE SUPERALGEBRAS 19

Let p € Py, p' € Py and I +v € LDV, we have then

n(lp. )L +v) = n(@) on(p)(1) — (=PI In(p) o n(p') (1) = n(p) o n(p)(v)

— (=)PIPIp(p) o n(p')(v)

= —n()([l,p]) — (=1)P"In(p)([1,p]) — n(p)(d~*[dv, p])
—n(p)(no(p @ v)) — (—=1)PIPIn(p)(d~[dv, p'))
_(_1)|pllp\ (p)no(p’ @ v))

= —[[L,pl,p] = ()PP, p'], p] — d~[[dv, p], P
—no(p’ ® d~'[dv, p))
— [no(p @ v),p') — (~1)PIPId[dv, p'), p]
— (=)l (p @ d~dv,p)) — (—=1)PIP Vo (' @ v), p)

= (1, Ip. Pl + d [dv, [p,p]] = no(p ® d~*[dv, p])
— (@ v),p') — (~1)P¥In(p @ d~'[dv, p'])
— (—1)PI o (p ® v), p].

On the other hand

n(lp, PN +v) = n(lp, p'lp) (1 +v) = n(Bp,p) (1 +v)

= n([p, p'lp)(1) +n([p, P'lp)(v)
—n(B(p,p"))(1) = n(B(p,p"))(v)

= (I, p,P1p] + d~dv, [p, p'lp] + mo([p, P'}p @ v)
— [1,d™'B8(p,p")] — [v,d"" B(p, p')]
= [L,[p,P'lp] + d" ' dv, [p, lp] + no([p, 'l @ v)
— [v,d™"'B(p,p)ly — a(v,d"" B(p, p"))
which implies relation (3). |

In what follows, we define and study another relationship between two Lie-
type crossed modules of a Lie-type superalgebra. In fact we study the notion
of linked bilateral Lie-type crossed modules and characterize this relation.

DEFINITION 3.2.4. Let (MCy) : 0 — £ - U % W =5 P — 0 and
(MCy) : 0= £ U “25 W' 5 P — 0 be two bilateral Lie type crossed
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modules. (MC}) and (MCy) are said to be linked if there exist Lie type
superalgebras homomorphisms ¢ : U — U’ and ¢ : W — W such that the
following diagrams

0 L— vy 1w "Ly 0
| | | | (37)
0 Ly LW Ty 0

and
Weld —— U

¢®wl lw (3.8)
Weou N U’
are commutative.

The following result gives a characterization of two linked bilateral Lie
type crossed modules.

PROPOSITION 3.2.3. Two Lie type crossed modules (MC1) and (MC5)
are linked if and only if, there exist even linear maps f : V — V' andg:V — L
such that

(1) afv, o) +g([v,v]) = o/ (f(v), F(v")),
(2) mp(p® f(v)) +[g(v), p] = no(p ® v) + g(d*[dv, p)),
3) f(B(p,p)) = B(p.pP)-

Proof. Recall that U 2 LAV, U X LAV WP @YV and W =PV .
According to the commutativity of the diagram , we have ¢(z) = x and
(v) € LBV for all x € L and v € V. Therefore, there exist even linear
maps f:V — V and g : ¥V — £ such that ¢(x +v) = 2+ f(v) + g(v) for all
r+vel.

Let z+v € U and 2’ +v' € U. Then by using the compatibility of 1) with
the brackets and the fact that £ C Z(U), we obtain

Y[z +v,2" +0']) = [z +v), (@ + )]
[v,0']) = [f(v) + g(v), f (V) + g(v")]

v, 0) + f([v, 0'l) + g([v, o']) = o/ (£(0), F () + [f(v), F()]y
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which implies that o/(f(v), f(v")) = a(v,?v’) + g([v,v']). Hence we have
relation (1).

For relation (2), let p € P and v € V. According to the commutativity of
the diagram , we have

no(@@y)(p@v)=¢onpav)
= 7' (¢(p)(W(v )) ( (p)(v))
— 7 (p)(f(v) + ¥ (d™H[dv, p] + no(p @ v))
= 1'(p)(f(v)) + ( )( (v)) = no(p @) + f(d~"[dv, p]) + g(d " [dv, p])
= [

)
d'Hd f(v),p] + no(p @ f(v)) + [9(v), D]
=no(p®v) + f(d [dv,p]) + g(d " [dv, p]),

hence 7 (p ® f(v)) + [9(v), p] = 10(p @ v) + g(d~[dv, p]).
For the proof of relation 3), let p,p’ € P. The compatibility of ¢ with the
brackets of YW and W' gives us

o([p, p']) = [o(p), ()] <= ¢(lp,p'lp — B(p, ")) = [p, ']
= [p,?lp — f(Bp. D)) = p. 0] — B (p.p)
— f(Bp,p))=Fp7).

4. PSEUDO QUADRATIC LIE TYPE SUPERALGEBRAS AND THEIRS
ASSOCIATED JACOBI-JORDAN SUPERALGEBRAS

In [I1], we studied quadratic Lie-type superalgebras that are Lie-type
superalgebras (U, [, ]) endowed with a nondegenerate, supersymmetric and
invariant bilinear form B. We notice that the invariant property of B that is

B([z,y],z) = B(x, [y, 2]) Va,y,z €U (4.1)

plays an important role in the study of quadratic structure of Lie-type su-
peralgebras. But the fact that the bracket of Lie-type superalgebras is not
necessary supercommutative allows us to define a new type of invariance of B
called left super-invariance that is different from the one in relation (4.1).

In this section, we aim to investigate Lie-type superalgebras endowed with
a nondegenerate, supersymmetric and left super-invariant bilinear form B.
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DEFINITION 4.1. Let (U, [, ]) be a Lie-type superalgebra and BY : U ®
U — K a bilinear form. Then B% is said to be

e supersymmetric if BY(x,y) = (—1)1*IW B9 (y, 2) for all z € Ug)s y € Upy;
e nondegenerate if B (z,y) = 0 for all y € U implies z = 0.

DEFINITION 4.2. Let (U, [, ]) be a Lie-type superalgebra. A bilinear form
B over U is left super-invariant if

B ([z,y),2) = (=) WIBY (y,[2,2]) V& €Uy, y €Uy, z €Uy

If (U,[,]) is endowed with nondegenerate, supersymmetric and left super-
invariant bilinear form BY, then (U, [, ], BY) is called pseudo-quadratic Lie
type superalgebra.

We can notice that the definition of left super-invariance is equivalent
to say that for all * € U, we have L, is BY-supersymmetric that is
BY (Ly(y), z) = (=1)*¥I B9 (y, L,(2)) for all z € Uy, y €Uy and z € U,

LEMMA 4.1. Let (U,[, ], BY) be a pseudo-quadratic Lie type superalge-
bra. If moreover BY is invariant then (U, [, ]) is a Jacobi-Jordan superalgebra.

Proof. Let x € U,y € U}, and z € U|,|. Then

B ([2,y) = (~1)" My, a], 2) = B (2. y),) = (~1) B ([y,a], 2)
= (=Dl (g, 2, 2]) — (1) B (y, [, 2]) = 0,

and since B is nondegenerate then [z, y] = (—1)I*I¥[y, z]. Hence (U, ][, ]) is
a Jacobi-Jordan superalgebra. 1

Let (U,[, ], BY) be a pseudo-quadratic Lie type superalgebra. Define the
even bilinear application A : U @ U — U by

BY ([$,y],2) = BY (.%',y/\Z) Vz e Z/{|w\7 Yy EZ/{M, z GUM;

(U,N) is a superalgebra and will be called the induced superalgebra of
W[, B).

In what follows, we shall establish some properties of the induced super-
algebra and show that the induced superalgebra of any pseudo-quadratic Lie
type superalgebra is a Jacobi-Jordan superalgebra.
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PROPOSITION 4.1. Let (U, [, |, BY9) be a pseudo-quadratic Lie type super-
algebra and (U, N\) the induced superalgebra. Then we have:

(1) (U, N) is a Jacobi-Jordan superalgebra;
(2) 2N (yNA2)=[r,yNz] forallz €Uy, y € Uy, 2 € U;
(3) Ly is a (—1,—1)-superderivation of (U, \) that is

[ZE,y/\Z] = _[IE?y] Nz— (_1)|CEHy|y/\ [IE?Z] Vo e u\xh yE Z/{|y|7 KAS u|z|7
(4) for alln € N\ {0} we have L7, = L™ ' L., where La(y) = x Ay.

Proof. Let x € U,y € U,z € U, and t € Uy. Let us show first the
super-commutativity of (U, A)

BY (z,ac Ay — (=1)llvly A x) = B9 (z,x Ay) — (=1)PIVBY (2 y A 2)

BY ([z,4],y) — (=1)#IW B9 ([z, 4], 2)
(
(

~DFIEBY (@, [z,y]) — (~1)F B9 ([z, 4], 2)
DI (B9 (a2, ) = B (@, [2.4]) = 0.

and since BY is nondegenerate then z Ay = (—1)|z”y|y/\x. Hence the product

A is supercommutative. Let us show that zA(yAz) = —(zAy)Az—(—1)l¥y A
(x A 2).

BY9(t,xA(yAz)+ (@ Ay)Az+ (=Dl A (2 A z))
= BY([[t, 2], 9], 2) + BY([t,x Ay],2) + (1) B9([[t,y], 2], 2)
(=)D (B9 (g, [[t, 2], 2] + [t . 21) + (<) mwtz D
_ (_1)\y|(\wl+\tl)(3ig(y’_(_1)\xllt\[z’ it, 2]] + (1)t 2, ))
(DD (B9 (g, (1)L, 21,2+ ()1 e, 2] ]) ) =0,

which implies that z A (y A 2) = —(z Ay) Az — (=1)I#I¥y A (2 A 2). Therefore
(U, N) is a Jacobi-Jordan superalgebra. Let us show that x A (yAz) = [z, yAz]

— 1)yl +[¢]

— 1)yl =+t

B9 (t,x Ay Az) =[x,y Az]) = B9 ([t,x],y Az) — (=D)FIIBY ([, 1],y A 2)
= B ([[t, a],y], 2) — (1)1 B9 ([[2,4], 9], 2)
— Bis ([[t,x] - (—1)|z|‘t|[az,t],y} ,z) =0,
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and the fact that B is nondegenerate gives us A (yAz) = [x,yAz]. A similar
computation of (2) gives us relation (3). For relation (4), we will proceed by
induction over n. If n = 2 then according to (2) we have

Li,(y) =z A(zAy) =[z,5 Ay =Ly - Lpo(y)

therefore L3, = Ly - Lpg.
Let us assume that L%, = L" 1. L, and show that Lt = L Lpg. By
using the relation (2) above and the induction hypothesis, we obtain

Lyt (y) = Lia(wAy) = Ly Loa(a Ay)
= Ly e A (@Ay) = Ly (lza Ay)) = Lio Laa(y).
Therefore, we have LY = L - L, for all n. € N\ {0}. 1

The above proposition shows that the superalgebras (U AU, A) and (U A
U,[,]) are the same and the existence of a nondegenerate, supersymmetric and
left super-invariant bilinear form over Lie-type superalgebra (U, [, ]) induces
over the underlying Zs-graded vector space U a structure of Jacobi-Jordan
superalgebra. The following result gives the expression of the product A of
the induced Jacobi-Jordan superalgebra.

PROPOSITION 4.2. Let (U, ][, ], BY) be a pseudo quadratic symmetric Lie
type superalgebra. Then the induced product A : U QU — U is given as follow

r ANy =xzxy—P(z,y) Ve,yelU

where x %y = % (lz, 9] + (=)Wl y, 2]) and o € (Ziie(U,U)); -

Proof. Set u(xz,y) = [x,y] — x Ay. Then we have p(z,y) € Z"(U) for all
x,y € U. Indeed, let t,z € U. We have

B([z, u(, y)]; t)
= BY([z [,y]],t) - BY([z,z A yl.t)
= B[z [2,y]],t) -
[, y]],
|

( (- 1)I (lzl+lyD) zg(x/\%[z t])
= BY([z, [z,y]],t) — (- 1)It| |z|+ly!) BY9([[2,1], %], )
= (=)D B (g, ), [z, 1)) — (~1) D B9 (12, 1], 2], )

)
= (—=1)Plel+DHelvl Big (g 1 12, 4]]) — (=)D B9 ([, 4], 2], v)
= (=1) I+ DHIHED Big (2., [z, 4]], ) — (=D)HG=HWD B9 ([[2, 4], 2], v)
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— (_1)IrI\ZI+\yHtIBig([x’ [,t]],y) — (_1)|tl(|w\+|yl)Big([[z7t]’x]jy)
— (—1)|t‘(|$|+|y‘)Bi9([[z,t],:c],y) _ (_1)It\(|x\+|y|)Big([[z’t]’x]’y) -0

and the fact that B% is nondegenerate implies that u(x,y) € Z"(U) for all
x,y € U. According to Proposition the product A is supercommutative.
Therefore, for all z € U, and y € U,| we have

TAy = % (x Ay (—=1)llly A J;)
= 5 (l22) = ot ) + (1), 2] = ()W, 2))
= 2 (1291 + Ry 1) = 2 (it 9) + ()M, ) )
=zxy — (),
where
1

wey = o (Il + DY), 9ey) = 5 (ny) + (DFIYa(, 2)).

Since A and * are supercommutative and satisfy the Lie-type identity then v
is a bi-cocycle of (U, A) with value in Z"(U). 1

LEMMA 4.2. Let (U,[, ], BY) be a pseudo quadratic symmetric Lie type
superalgebra. Then the application A\ : U @ U — U is a bi-cocycle of (U, [, ]).

Proof. Let x € Uy,y € U,z € U, and t € Uy. We want to show
that = A [y, 2] + [z, y] Az + (=1)PI¥y A [z, 2] = 0 and [y, 2] Az +y A [z, 2] +
(=1)l#l1#l[y, 2] A z = 0. For the first relation we have

B9 (1, ALy, 2]+ [o,y] A 2+ (~1) Iy A [o, 2])
= BY (t,x Ay, 2]) + B9 (t, [z, y] A 2) + (=) WIBY (4 A [z, 2])
= B9 ([t,a], [y, 2]) + BY ([t, [, 9]], 2) + (=)W B9 ([t, 9], [z, 2))
= BY([[t,],y), 2) + BY ([t, [z, 9]], 2) + (=) BY ([, [t, 4], 2)
= B ([[t,2], 5] + [t o, ] + (- 1) M[a, [t,]],2) = 0,
the fact that B% is nondegenerate gives us
Ay, 2]+ [z, y] Az + (=D)Ey Az, 2] =0

and by proceeding in the same way we show the second relation. N
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4.1. INDUCTIVE DESCRIPTION OF PSEUDO-QUADRATIC LIE TYPE SUPER-
ALGEBRAS. In this subsection, we continue our study of pseudo-quadratic
Lie type superalgebras. We extend the notion of double extension to pseudo-
quadratic Lie type superalgebras by using central extensions and representa-
tions. we give an inductive description of pseudo-quadratic Lie type superal-
gebras.

LEMMA 4.1.1. Let (U, ][, ], BYY) be a symmetric pseudo-quadratic Lie type
superalgebra and v € End(U)5. Then the bilinear application ¢ : U @ U — K
defined by ¢(x,y) = B (y(x),y) is a bi-cocycle if and only if

¥ (2, 9]) = = [z, v(@)] = (D [y, v(@)] Vo €U, y Uy
and
(¥ =) (U,u]) =0,
where 7 is the adjoint of v with respect to B%.

Proof. Let © € U,y € Uy and z € U|;. By using the fact that BY is
supersymmetric and left super-invariant, we have

bl [y, 2]) + ¥yl 2) + (1) (y, [, 2]) = 0
= B (y(2), [y, 2]) + BY ([, 9]), 2) + (1) B (3(y), [, 2]) = 0
— (—=D)FWBY ([y,1(2)],2) + BY (v([z,9)), 2) + BY ([2,7(y)], z) = 0
= B (y (2. y)) + e,y @) + (D) [y, ()], 2) =0,

and since B is nondegenerate this equivalent to v ([z,y]) = — [z, v(y)] —
(=1)l! [y, 4(z)] . On the other hand, we have

W (x, [y, 2]) = (= 1)AWHDy ([y, 2], 2)
= BY(y(2),[ly.2]) = (-1 WD B (3 ([y, 2]), z)
= BY(x,5(ly,2))) = BY (z,7([y. 2]) & [y, z)) = 1([y, 2]) -

This proves the lemma. |

LEMMA 4.1.2. Let (U,[,]) be a Lie type superalgebra, V a Zs-graded
vector space and 1 : U @ U — V a bi-cocycle. Then the spaceld :=U DV
endowed with the product

[+ u,y +w] = [z,y] + ¥ (x,y) Ve+u,y+weld
is a Lie type superalgebra.
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Proof. Straightforward calculation. [

The Lie-type superalgebra U constructed in the Lemma is called
central extension of U by means of ).

LEMMA 4.1.3. Let (U,[,]) be a Lie type superalgebra, H a Zo-graded
vector space and (¢, \) € RepY. Then the space Uy := U @& H endowed with
the product

[z+h, y+1] = [z, y]+oe (R)+ (1) WIN(B) Vath e U), y+h € Wh)y

is a Lie type superalgebra.

Proof. Straightforward calculation. [

Given a vector space H, we denote H* the dual space. The ground field K
admits a Zo-graduation as follows

K=K ® Kz with K=K and Kj={0}.
The pseudo-quadratic Lie type superalgebra (U, [, ], BY) is called even (resp.
odd) pseudo-quadratic Lie type superalgebra if | B |= 0 (resp. | BY |= 1).

The following result gives the double extension of pseudo-quadratic Lie type
superalgebra.

THEOREM 4.1.1. Let (U, [, ], B"Y) be a symmetric pseudo-quadratic Lie
type superalgebra, H = Ke an one dimensional Zs-graded vector space, ¥ €
End(U)y and (F,G) € Rep¥, such that

(1) ([, y]) = — [z,9W)] = (DI [y, y(2)] for all z € Uy, y € Uyy;
(2) (v—) (U,U])=0;
(3) Fx . Fy = Gac . Fy, F[x,y] = G[:p,y] and Fm . Gy = Gw : Gy .

Then the space U = H & U & H* endowed with the product
(hta+ L0 4y + 9] = [yl + BY (y(2).y) € + Fa(W) + ()G, ()

is a symmetric Lie type superalgebra.
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Proof. Set ¢ : U @ U — H* defined by o (z,y) = BY(y(x),y)e*. Then
according to Lemma and the relations (1) and (2) we have 1 is a bi-
cocycle. Hence by Lemma the space U := U @ H* endowed with the
bracket

[z + fy+ 9] = [z,y] + ¥(x,y) = [,y] + BY(v(x),y)e*

is a Lie type superalgebra. Now let us define F,G : U — End(H) by F, s =
F, and G, = G,. Since (F,G) € Rep% then it is clear that (F, G) € RepY.
Therefore, according to Lemma the space U := U ® H endowed with
the bracket

@+ f)+h@+g) +H] =[x+ fy+ g+ Faors(W)+ ()G, 4(n)
= [z, y] + ¥(2,y) + Fo(h') + (-=1)"¥ Gy (h)
= [z,y] + BY9(v(z),y)e* + F, (1) + (-1 G, ()

is a Lie type superalgebra. And by using (3), one can easily sees that U is
symmetric. 1

The triplet (F,G,~) in the above theorem is called context of double ex-
tension and the Lie-type superalgebra U/ is the double extension of U by H by
means of (F, G, 7).

In what follows, we will show that odd pseudo-quadratic Lie type super-
algebra can be constructed from a finite number of odd pseudo-quadratic
Jacobi-Jordan superalgebras via the notion of double extension.

THEOREM 4.1.2. Let (U,[, ], BY) be a symmetric odd pseudo-quadratic
Lie type superalgebra such that Ker(U)g # {0}. Then U is isomorphic to a
double extension of a Lie type superalgebra.

Proof. Since Ker(U)s # {0} then there exists 0 # e € Ker(U); and the
fact that B is a nondegenerate odd bilinear form implies that there exists
0 # d € U such that BY(e,d) = 1. Set H = Ke,V = Kd and £ = (H @ V) .
Following the same way as in the proof of [I1, Theorem 6.3], one can easily see
that Y = HBEDY and H' = HOE is an ideal of U. Therefore [£,£] C HDE.
Hence

[z,yle = [z, 9] = Y(z,9)e  Va,yef, (4.2)
where ¢ : EQE — Kand [, |¢ : EQE — €. By using the Lie-type identity
of (U,],]) and relation we show that (€,[, |¢) is a symmetric Lie-type
superalgebra and 1 is a bi-cocycle.
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Sinceld =H®EDY and Ht = H @ € is an ideal of U then the bracket
of the Lie-type superalgebra U is given by

[z,d] = afe + £(x) with af € K, ¢ € End(€),
[d,z] = ale + 6(x) with a? € K,6 € End(€),
[d,d] = ae+ xo+ A\d where a, A € K,xg € £.

Define the applications ¢, ¢ : & — End(H) by p.(e) = afe and ¢, (e) = ale
for all * € &p. By proceeding in a same way as in the proof of
[11, Theorem 6.3], we show that (p,¢,&) is a context of double extension
of £ by H. Hence £ = H & € & H* is a double extension of (€, [, ]¢, BY) by
H by means of (¢, ¢,&) where ng is the restriction of BY over £ ® £. It is
easy to see that £ is isomorphictoUd =HE&ERYV. 1

COROLLARY 4.1.1. Let (U, [, |BY) be a symmetric odd pseudo-quadratic
Lie type superalgebra which is not a Jacobi-Jordan superalgebra. Then U
can be obtained from a finite number of Jacobi-Jordan superalgebras via the
double extension.

Proof. The proof is analogous to the one of [I1, Corollary 6.4]. 1§

4.2. THE JACOBI-JORDAN SUPERALGEBRA (U, A). In the previous sub-
section, we have proved through an inductive description that the study of
odd pseudo-quadratic Lie type superalgebras can be reduced to the study
of pseudo-quadratic Jacobi-Jordan superalgebras. Then it is necessary to
study pseudo-quadratic Jacobi-Jordan superalgebras. For that study, we
will reconsider the double extension defined above with some modifications
because unlike Lie type superalgebras, Jacobi-Jordan superalgebra (U, A)
are supercommutative . Moreover, since all pseudo-quadratic Lie type su-
peralgebras (U, [, ], B") is isomorphic to a double extension of a pseudo-
quadratic Lie type superalgebra (&,[, ¢, BY) (see Theorem , we shall
investigate the relationships between the Jacobi-Jordan superalgebra (U, A)
induced by (U, [, ], BY) and the Jacobi-Jordan superalgebra (£, A¢) induced

by (&,[, le, BY).

DEFINITION 4.2.1. Let (U, A) be a Jacobi-Jordan superalgebra and V =
Vo @ Vi a Za-graded vector space. A representation of U in V is given by an
even linear map ¢ : U — (End(V)); such that

Pany = —Pz " Py — <_1)‘x”y‘§0y * Pz Va e u|:r:\ Y € Z/{|y| :
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LEMMA 4.2.1. Let (U, A\) be a Jacobi-Jordan superalgebra and ¢ € Rept.
Then the space U & V endowed with the product

(x+u)A(y+v)=xAy+ p(v) + (—1)‘x|ly‘4py(u)

for allz+u € (UDV) |, and y+v € (UDV )}y, is a Jacobi-Jordan superalgebra.

lyl>
Proof. Straightforward computation. 1

The following result gives the double extension of a Jacobi-Jordan super-
algebra.

THEOREM 4.2.1. Let (U,N) be a Jacobi-Jordan superalgebra, H a Za-
graded vector space, ¢ € Rep% and ¢ : U @U — H* a bi-cocycle of (U, N).
Then the space U :== H & U & H* with the product

(htzt+ )R +y+9)=aAy+dey) +eall) + (~1) W, (h)
forallh+z+ f € Z/N{m and W +y+g¢€ Z;l|y‘, is a Jacobi-Jordan superalgebra.

Proof. The proof is analogous to the one of Theorem |

The couple (¢, ) is called JJ-context of double extension and the Jacobi-
Jordan superalgebra U obtained in the Theorem is called the JJ-double
extension of (U, A\) by H by means of (¢,).

Given a symmetric odd pseudo-quadratic Lie type superalgebra (U, [, |,
B%¥) such that Ker(U)y # {0}, let (U, A) be the Jacobi-Jordan superalgebra
induced by (U, [, ]). According to Theorem U is isomorphic to a dou-
ble extension H @& £ @ H*. Consider the Jacobi-Jordan superalgebra (&, Ag)
induced by (&,[, J¢). Then we have the following result:

THEOREM 4.2.2. The Jacobi-Jordan superalgebra (U, \) is the JJ-double
extension of (€, Ng).

Proof. Since Ker(U)g # {0} and B% is odd and nondegenerate then, there
exists 0 # e € Ker(U)y and d € Uy such that BY(e,d) = 1. Put H = Ke,
V=Kd and &= (H V)"

By using the fact that B is odd and nondegenerate we obtain U = H @
£ ® V. Let us show that H=* is an ideal of (U, A). Let a € Ker(U)qf, ® € Uy
and y € Uy, then we have B*(y,aNx) = BY([y,a],x) = 0, therefore aAz = 0
because B* is nondegenerate. Which implies that Ker(U) C Z,(U), and since
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H C Ker(U) then H is an ideal of (U, A). Therefore one can easily show that
HE =H @ E is an ideal of (U, A).

Hence the product in (U, ) is given as follow, let = € &, and y € &
then

ey = (DY Ne =2 ney + e e,
Ye 1 EQRE K, Ne:ERE—E,

cAd=(-DFldAz =7(z)+ Ax)e, 7eEndE), Ae&,
dAd=0  because dAd=(—1)Mdrnd=—drd.

Let us show that (€, Ag) is a Jacobi-Jordan superalgebra induced by (€, [, |¢).
Let x € £,y € &y and z € &, by using relation (4.2) in the proof of Theorem

we have
B¢ ([x,yle.2) = B ([w.ylu — (. y)e, z) = B ([z,y], 2)
=B (z,yAz) = BY (z,y Ae 2 + Ve(y, 2)e) = ng (z,y N¢e 2)

therefore (€, A¢) is a Jacobi-Jordan superalgebra induced by (€, [, |¢). Let us
consider now the application ¢ : (€, Ag) — End(H)g defined by ¢, (e) = A(z)e.
It is clear that if x € & then A(x) = 0 because ¢, changes the degree of e. If
x € & then since BY is odd and d € U, we have

0= BY (x Ad,d) = BY (n(z) + Mz)e,d) = \(z),

hence A(z) = 0. Which implies that ¢ is a trivial representation of (£, Ag) in
‘H. Moreover, from the relation

e Ay = (D)WY ne =2 ney +de(z,y)e

we can deduce that g is a bi-cocycle of (£,Ag). Therefore, (p,1¢) is a
JJ-context of double extension of (£, Ag). and according to Theorem [£.2.1]
we obtain that the JJ-double extension (H & & @ H*, A) of (€,A\¢) by H by
means of (p,1g). One can easily sees that (U = H & € & V,A) is isomor-
phic to (H & € @& H*, A). This implies that (U, A) is the JJ-double extension
of (£,1ne). 1
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