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Abstract: In this research work, we opt for the static spherical symmetric metric. Thus, taking into account the own
gravitational field of elementary particles, we have obtained exact static spheric symmetric solutions of the nonlinear spinor and
gravitational fields equations. The nonlinear terms in the spinor lagrangian density characterize the self-interaction of a spinor
field. We have investigated in detail equations with power and polynomial nonlinearities. In this case, we have obtained exact
regular solutions which have a localized energy density and limited total energy (soliton-like solutions) only if the mass
parameter in the spinor field equations is equal to zero. In additional to this, the total charge and the total spin are bounded. We
have also shown that in the linear case, soliton-like solutions are absent. But in the flat space-time, the obtained solutions are
soliton-like configurations. Therefore, the proper gravitational field of elementary particles, the geometrical properties of the
metric and the nonlinear terms in the lagrangian density play a crucial role in the purpose to get the regular solutions with
localized energy density and limited total energy.
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more details, please, refer to [1]. In the research work
entitled "Geometrization of electromagnetism in tetrad-spin-
connection gravity”, carried out by Nicodem J. Poplawski
[2], it proved that the metric-affine lagrangian of Ponomarev
and Obukhov for the unified gravitational and electromagnetic
field is linear in the Ricci scalar and quadratic in the tensor
of homothetic curvature. Applying the variational principle

1. Introduction

In many models elaborated in the pure science in order
to describe the configuration of elementary particles, the
gravitational theory is absent. We can cite for example
super symmetry super strings (SUSY) model, the standar
model (SM) and the theories of great unification (GUT).

These models of elementary particles adequately describe
obervations. However, these models postulate the value
of particle masses and do not use the concept explaining
relationship among these masses. The elementary particles
have been extensively examined at the level of special
relativity, firstly, in the context of Abelian theories and
later in non-Abelian theories. In this case, the influence
of gravitational theory is not taken into account.  For

to the lagrangian with the tetrad and spin connection as
dynamical variables, it is shown that the field equations are the
Einstein-Maxwell equations if the electromagnetic potentiel is
related to the trace of spin connection. It also proved that
as in the Ponomarev-Obukhov [3] formulation, the generally
covariant Dirac lagrangian gives rise to the standard spinor
source for the Einstein-Maxwell equations, while the spinor
field obeys the nonlinear Heisenberg-Ivanenko equation with
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the electromagnetic coupling. This author generalizes that
formulation to spinors with arbitrary electric charges . The
exact self-consitent particle-like solutions to the equations
governing the interacting system of nonlinear scalar and
electrodynamics fields in General relativity are obtained and
investigated by the reseach group composed of Yu.P.Rybakov,
G.N.Shikin and B.Saha [4]. Their research highlights that the
equations of motion admit a special kind of solutions with
sharp boundary known as droplet. For these solutions, the
physical fields vanish and the space-time is flat outside of the
critical sphere or cylinder. Note that the mass and the electric
charge of these configurations are zero. In a remarkable
research work on soliton, A. Adomou and G.N.Shikin [5]
have obtained exact plane-symmetric solutions to the spinor
field equations with nonlinear terms which are arbitrary
functions of the invariant S = 7). Taking into account
the proper gravitational field of elementary particles, they
have studied in detail equations with power and polynomial
nonlinearities.  Later, the research group composed of
V.Adanhoume, A.Adomou, F.P.Codo and M.N.Hounkonnou
[6] have done an extension of the previous work. In their
research work entitled ” Nonlinear Spinor Field Equations
in Gravitaional Theory: Spherical Symmetric Soliton-Like
Solutions”, they have obtained the spherical soliton-like
solutions. They have also studied the regularity properties
as well as the asymptotic behavior of the energy and charge
densities. The plane-symmetric solitons of spinor and scalar
fields are studied by B.Saha and G.N.Shikin [7]. They have
considered a system of nonlinear spinor and scalar fields with
minimal coupling in general relativity. The nonlinear term in
the spinor field is given by an arbitrary function depending on
the bilinear spinor forms S = 1) and P = (i)7°1). As
for the scalar lagrangian, it is chosen as an arbitrary function
of the scalar invariant 2 = ¢ ¢ that becomes linear when
2 — 0. The spinor and scalar fields in question interact with
each other by means of a gravitational field. The gravitational
field is given by a plane-symmetric metric. They have obtained
exact plane-symmetric solutions to the gravitational, spinor
and scalar field equations. They have also investigated the
role of gravitational field in the formation of the configurations
with limited total energy, spin and charge. In general, they
have proved that the choice of spinor field nonlinearity can
lead to the elimination of scalar field contribution to the metric
functions, but its contribution to the total energy unaltered.
A.Adomou, Jonas Edou and Siaka Massou [8] have obtained
exact static plane-symmetric solutions to the spinor field
equations with nonlinear terms which are arbitrary functions
of invariant I, = P? = (i1)y°y)?, taking into account their
own gravitational field. They have shown that the initial set
of the Einstein and spinor field equations with a power-law
nonlinearity have regular solutions with a localized energy
density of the spinor field only if m = 0 (m is the mass
parameter in the spinor field equations). Equations with power
and polynomial nonlinearities are studied in detail. In this case
a soliton-like configuration has negative energy. They also

obtained exact static plane-symmetric solutions to the above
spinor field equations in flat space-time. It is proved that in
this case soliton-like solutions are absent. The same authors
[9] pursue the precedent work in a remarkable paper appeared
in November 20th 2019. They have worked on the static
spherical symmetric metric. In this metric, they have obtained
spherical symmetric soliton-like solutions to the spinor field
equations with nonlinear terms which are arbitrary functions
of I, = P? = (i1)v°4)?, taking into account their proper
gravitational field. Equations with power and polynomial
nonlinearities are investigated in detail. It is shown that the
initial set of the Einstein and spinor field equations with a
power-law nonlinearity have regular solutions with a localized
energy density of the spinor field only if m = 0 (m is the
mass parameter in the spinor field equations). In this case a
soliton-like configuration has negative energy. They have also
obtained exact static symmetric solutions to the above spinor
field equations in flat space-time. It is proved that soliton-like
solutions exist in this case. They have examined the role of
gravitational field in the formation of the field configurations
with limited total energy, spin and charge.

The rest of the paper is organized as follows. Section 2
deals with basic equations and their general solutions which
represents the methods. We get exact spherical-symmetric
solutions of Einstein and spinor field equations in general
relativity theory, considering the proper gravitational field of
elementary particles in the section 3. Section 4 addresses the
analysis of the results by choosing a concrete form of nonlinear
terms in the spinor lagrangian density. Concluding remarks are
outlined in section 5.

2. Methods: Einstein and Spinor Field
Equations

We start this section with the general form of the
lagrangian density for the self-consistent system of spinor and
gravitational fields:

R
L = —+1L
2)(+ Sp

= g 5V = V) i + Ly (D)
where Ly is the nonlinear part of the spinor field lagrangian;
R is the scalar curvature, x = 8g4G is Einstein’s gravitational
constant and G is Newton’s gravitational constant. Ly =
G(I,) is an arbitrary function depending on the invariant
function I, = S% + P? = (")) g (V7" ).

In the present analysis, the gravitational field is defined by
the static spherical symmetric metric under the form:

ds® = e27dt? — e2de? — e*P[dh* + sin® 0dp?]).  (2)

The signature of the metric (2) is considered as (+1, -1, -1,
-1 ) and ¢ = 1 as the unit of the speed of light . The metric
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functions «, 8 and v are some functions depending only on by the following expression
&= % where r stands for the radial component of the spherical
symmetric metric. They obey the coordinate condition given a=20+r. 3)

The matricial form of the metric tensor g,,,, associated to the metric (2) is

e 0 0 0
0 —e2 0
gl =10 o e 0 @
0 0 0 —e*gin?0

Varying (1) with respect to the metric tensor g,,,,, we obtain the Einstein’s field equations in the metric (2) under the condition
(3) having the forms [14]

Go = (28" =28 = %) — e = —xT} 5)
Gl = (28 +8%) — e = T} (©6)
Gy = e (B"+9"—28'Y - B%) = XT3 (7
Gi=Gs, T;=T; ®)

where prime denotes differentiation with respect to the spatial variable £ and T is the energy-momentum tensor of the spinor
field.

From the lagrangian (1), applying the variational principle, we obtain the spinor field equations for the functions ¢ and 1) as
follows

YV 1 — mw+2s w+2 P‘96 ¥ =0, ©)
- 8G 8G -

; n _ 2 9P AP —

iV )y +map — 28 ('“)Id) 2zPaJ'y P =0, (10)

with I = S2 and J = P2.

The general form of the metric energy-momentum tensor of the spinor field is

T = %g””(%ﬂﬂ/} + U0 Vuth — Vbt — Vyihyp) — 8% Lsp (11)

Using the spinor field equations for the functions ¢ and 1), Lg,, becomes

- 1 - - 0G oG oG
BV b = i) = SV, mi) + G(S,P) = 25T — 205+ G(S, P) = =2, 5 + G(S,P) (12)

l\D\»—l

Taking into account (14), the nonzero components of the tensor 7} are:

10 =T =T§ = ~Ls, = 21;% —G(S, P). (13)
- - dG(S, P
= L@V - Vi) + 2L, 2555, ), (149

In flat space-time, the Dirac’s matrices ¥* are determined by the following expressions
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I 0 ; 0 ot 0 -1
S0 _ ~i , =5 _ A5
2o G) (s ) e (S )

where I is the two order unity matrice and o* are Pauli’s matrices defined as follows

0 1 0 —i : 1 0
1 _ 2 _ 3 _—
Ae(o) (U)o h)

In curved space-time, the Dirac’s matrices y* are defined in the following way.
Using the equalities
W) = €u()a,
Guv (f) = eZ (f)ef’, (g)nab

where 714, = diag(1, —1,—1, —1) is Minkowski’s metric [15, 16, 17], ey, (&) are tetradic 4-vectors, we obtain

The general form of the spinor affine connection matrices is

1

Fu(f) = ngﬂ(aﬂe(bj'eg - FZO’)’Y(S’YU)

where I'), ; are Christofell symbols.

The expression (17) leads to

1 s oo 1 4y 1 g im0
Lo =—ge 39y, Ti=0, Ty=gce 358, Ty=_(e77775°5" 8 sin0 +5°5" cos0)

121

5)

(16)

a7

(18)

In (9)-(11), V, is the covariant derivative of spinor [13, 14]. V,, is linked to the spinor affine connection matrices I",,(£) by

90 _
Vap=—-Tuwp or V= 6—;{1 +I

From (16) and (18), the Einstein’s sommation gives

1
YT, = —g(e_o‘o/ﬁl + 7% P cot )

Taking into account (19) and (20), the spinor field equations (9) and (10) lead to the following expressions

1 .
ie_a"yl(ag + =)+ E”yze_ﬁw cot @ — (m — D) +iE(S, P)y*y = 0,

2 2
a1 1, - i_zfﬂ_ - 5 -
ie™5" (9 + 50/) + 57% P cot 6 + (m — D) —iB(S, P)y"% =0,
where e e
D(S, P)=25— E(S,P)=2P—
(S? ) Sd[ru7 (S7 ) d_[v

From (21), when ¢(§) = V5(§) with 6 = 1, 2, 3, 4., we obtain the following system of equations

X .
Vi + 5a'Vi - %ea*’u cot O + ie®(m — D)Vi — Ee®Vy = 0,

19)

(20)

2n

(22)

(23)

(24)
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Vs + on3

Vy + cuVQ—fe

Vi + aV1
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=BV cot § + ie®(m — D)Va — Ee“V = 0, (25)
BV, cot O — ie® (m — D)V5 4+ Ee*V; =0, (26)
feo‘ BV, cot 0 — ie “(m — D)Vy+ Ee*V, =0, 27)

Let us remark that in order to solve the set of equations (24)-(27), we must determine D(S,P) and E(S,P) and then S and P as
functions of (), In the following section, we shall resolve the fundamental fields equations. 122

3. Results

This section deals with the general solutions of the basic
equations established in the previous section.

From (24)-(27), it is possible to write the equations for the
functions S = 11, P = ipy°1 and R = 1)5°3" ) as follows

S"+a'S+2Ee*R = 0 (28)
R +d'R+2(m—D)e*P +2FEe*S = 0 (29)
P +d'P+2(m—D)e*R = 0 (30)
The first integral for the system (28)-(30) is
P2 R? 4 8% = Ae 228 = —i A = const. (31)

g11

The expression (31) comes to confirm that the spinor field
of elementary particles and the own gravitational are linked by
nature. Also, the same relation proves that the consideration
of the proper gravitational field is very important in purpose to
obtain solutions having the interest physics properties.

Let us now study the system of the invariant functions
(28)- (30) considering massless elementary particles (m=0)
and setting

Po(§) = e P(£); 50(€) = e*S(£); Ro(€) = e R(S).

Inserting (32) into (28)-(30) we get the following system in

(32)

Py; So and Ry:
Sy +2Ee“Ry = 0 (33)
R —2De®Py+2Ee*S;, = 0 (34)
Py—2De*Ry = 0 (35)
The previous system leads to the differential equation:
P()Pé — ROR6 + S()S(/) =0. (36)

The first integral of the equation (36) is

— R24 52 = Ay, (37)

with Ag being constant.
Then multiplying (33) by D(S,P) and (35) by E(S,P) and
combining the results, we obtain
DS, + EP,=0 (38)

Taking into account the expressions for D(S,P) and E(S,P)
(23) we find

SESO—%QPCZGP(; =0 (39)
dl,
The equation (39) implies that
SSy + PPy =0. (40)

When we multiply (40) by e*& and taking into account
(16), we get the equation
SOS(/] + PQPé =0 41

which has the first integral given by the following relation

P2y 52 = A? 42)
where A; being integration constant.
Since Py = e*P and Sy = e*S, from (32), we deduce
I,(6) = P? + 8% = Afe 2, 43)
By substituting (42) into (31), we obtain
Ry=+/A? - A, where A} —-A>0. (44)
It follows that
R(€) = Age @ with  A2= A2 - A. (45)

VA2 — S2 due to (42),

Taking into account (23) and Fy =
the expression (33) becomes

dSo T . G
s A/ A - 53 As g =0

(46)
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The equation (46) has the first integral

So(€) = —AysinQ(€), S(€) = —A,e*OsinQ(¢)  (47)

where
Q&) = 4A, 316:1 As = const. (48)
Introducing (47) into (42), we get
Po(&) = Arcos (), P(€) = Are™* cos Q(€).  (49)

Using the spinor field equation in the form (21) and the
conjugate one in the form (22), we obtain the following
expression for 77! from (16)

T! =mS — G(I,) (50)

In the following paragraph, we shall solve the Einstein
equations by determining the expressions of the metric
functions «(€), B(€) and v(€). In view of TY = T3 for 13,
the difference of Einstein equations (7) and 5 implies

6// _ fy// _ 62/3-&-27_ (51)
H 3 2
a() = 5(5 Iel
2+ C
8(6) = g0l

The equation (51) may be transformed to Liouville equation
type [9]. Then, the equation (51) has the solutions

H 2 H 2
B(&) = Z(1+ 5) In CTh it e (1+5)7(5)~ (52)
H H
= e ey Y
H and C being integration constants.
The function T has the form
%sinh[h(f +&)),h>0

%Sin[h(é“ +&)],h<0

h being an integration constant and &; another nonzero
integration constant.

Taking into account (53), (54) and (3) we obtain the
following expressions between the metric functions «(&), 5(&)

and 7(§)

H
MO E T &) 43
C
16) = s (56)

The equation (6) is the first integral of the equations (5) and (7). It is also a first order differential equation. Substituting (52)

and (58) into (6), we get the following expression

(4 + 30)2 e2a

(o) = (3C2 +8C +4)

For a concrete analytique form of the function G(1

4+2C
e1+3C (=) _

x(mS - G(1,))] (57)

»), we can define the metric function «(§) from (57). Considering massless

elementary particles, i.e. m = 0, without losing the generality [11], the general analytical solutions of the equation (57) is

d
/ e jgc =+£(+&), &o = const. (58)
Tomasaee\/ et U 4 XL,
Let us now pass from «(¢) to I,,(€) . Taking into account (43), we have
A 1 dI
@ = 2L go= (59)
VI, 21,
Inserting (59) into (58), one gets the following solution
/ dly +2A,(E+ &), & t (60)
= = const.
_ (4+30) \/»\/ ! 0/ 0

V3C248C+4

Let us remark that, knowing the analytical form of G(

4+’3C’ + XG(

v)

I,,), we can determine the analytic explicite form of the invariant function

I,,(¢). Furthermore, we can determine the metric functions a(€), 8(€) and (§) from the equation(43) and (56) respectively as

well as the functions S, P, D(S,P) and E(S,P).
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From (47) and (49), we define the functions D(S,P) and E(S,P) by the following relations
dG(L,) dG(1y)

- — 20, si —a(g) W)
D(S,P)=2S il 2C1sinQ(€).e i (61)
E(S,P) = 2Pd3§‘r”) =20, cosﬂ(g).e*a@%y”). (62)

Introducing (61) and (62) into (24)-(27) and considering m = 0 and W5(Q2(€)) = Vs()e2, § = 1, 2, 3, 4 where Q(¢) is
defined by (48), we get

Wi(Q) — ®(L,)Wy + iasin Q€)W —acosQEWs = 0 (63)
Wi(Q) + ®(1,)W3 + iasin Q(€)Wa —acos QE)Wy = 0 (64)
W3(Q) — ®(I,)Wa —iasin QE)W3 + acos Q)W = 0 (65)
Wi(Q) + ®(I,)W1 —iasin Q€)W +acosQE)We = 0 (66)
With &(1,,) = scz%i cotf,a = 2% and W;(2) = d(%é . yields the solution
dly 2
Here for simplicity, let us pass to the new functions Us(2) o o
in the system (63)-(66): Up+Uy = Koe MO 4 Kye O I, Ky = const (76)
Uy = Wi+We+Ws+ Wy (67)  with
2
Uy = Wi+ Wy—Ws—W, (68) I PR N L 77
2,4 2 a 4 + 402 gIGv . ( )
Us = W1 —Wo+4+Ws—-W,y (69)

Substracting equations (71) and (73) and using Y () =

Us — Uy, we obtain the equation
Uy = W —Wy—-Ws+W,y (70)

; 2 2 . _
Inserting (67)-(70) into (63)-(66) and summing the results, V" +iY' —[a® + ¢*(L,) +ip(1,)]Y =0.  (78)

we obtain the following set of equations:
The solution of the equation (78) is given by the following

U + iUy — [a® + ¢*(1,)|Us + ip(1,) Uz 0 (71)  expression

UY + iU — [a® + ¢*(I)]|Us — i¢(I)U, = 0 (72) Uy — Uy = Khe2MO 4 K K} K} = const. (79)

UY + iU — [a® + ¢*(1,)]|Us + id(1,) Uy 0 (73) Where

2
Uy + iU — [0 + ¢* (L)1 —ig(I,)Us = 0 (74) UL PR (1_ COth) &0

2 4 4C
Summing (71) and (73) and setting X () = U, + Uy, we 2dr,

have the differential equation ) ) .
Taking the realtions (76) and (79) into account, we deduce

X" 40X —[a® + ¢*(I,) — ig(I,)] X =0 (75)  the expressions of the functions U, and Uy as follows

1 . . ’ N

Us(©) = 5 [Faem O 4 e O 4 Jers ) 4 fperi©)| @1
1 , ,

U(9) = 3 {Kﬁmms) F KOt eri© K;@w(&)} (82)

We also obtain the differential equation of the function Z setting Z () = U; + Us and combining the equations (72) and (74)

7" —iZ' —[a® + ¢*(1,) + i¢(1,)]Z = 0. (83)
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The equation (83) has solution

Ui+ Us = K1 4 Kae™E) K K3 = const (84)
with
: 1 00\
1 CO
Ms=-+a2—-(1—- —— . 85
s ieye i (- B >

Choosing M (2) = Uy — Us, the difference of the equations (72) and (74) leads to

M" —iM' — [a* + $*(I,) — i (L,)]M = 0. (86)
Its solution is
Uy — Us = K0 4 KLes®© K! Kl = const (87)
where
: 1 0\’
, 7 co
s=—ta a2 -2 14+ —= ] . 88
"3 5 a* =7 ( 105 gg ) (88)

The expressions of the functions Uy (€2) and Us(Q) are defined from (84) and (86) as follows

1 . ’ ’

Ul (Q) — 5 |:K1€“Q(§) + K3e7“39(f) + Kierlg(f) + Kéersg(f)} (89)
1 , ,

Us(2) = 3 {Kleﬁ%) F KO 1 eri® Kéergﬂ@)} (90)

Let us remark that as the functions Us(2) are known, we can pass to the functions Ws(€2) and then to the functions V;s(§).
Thus, we have found the general solutions to the set of equations (24)-(27) for m = 0 containing eight integration constants K7,
K, K3, Ky, K1, K}, K} and K and an arbitrary function G(I,).

In the following section, we shall analyze the equation (60) in details given the concrete form of nonlinear terms in spinor
lagrangian density.

4. Discussion
We choose the nonlinear terms in the lagrangian density in the form [11]:
G(I,) =X, n>1 on
where A and n are the parameters of nonlinearity and power of nonlinearity respectively. It is convenient to separately analyze

the two cases n = 1 and n > 1.
Forn =1 and X\ # 0, we have Heisenberg-Ivanenko type nonlinear spinor field equation given by the following expression

ie” 3 (9 + %o/)w + %ﬁ?e—% cot § — (m — 2X\L,apep) ¥ — 2X1, (Pap)y = 0, (92)

Substituting G(I,,) = A, into (60) with fjg% = 1, we obtain

242\/1+ A\ A2(4 +3C)
(3C2 +8C +4)

I,(§) = exp

&+ 50)] (93)

In this case, the energy density is given by the following expression

2A2\/1+ A\ A2(4 +3C)

0 _
To(6) = hex (3C% +8C + 4)

€+ %) (94)
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It then follows that the metric functions «(&), () and () are defined under the forms

a(é)=In A1 (95)

I

\/(3C2+8C+4)

B(€) =In A (96)

\/exp {“fm €+ fo)}

V/(3C2+8C+4)

C Aq

v(§) = () In (97)
4+ 3C \/exp [2,4%, /1+AxA2(443C) (€ + 50)]

V/(3C2+8C+4)
From (94), the distribution of the spinor field energy density per unit invariant volume is
f€) 15 (§)v/ =34

2A2\/1+ A\ A2(4 +3C)
(3C2 +8C +4)

~ Aexp (6 +&)| 9(€)sino (98)

where
8+5C
44-3C

Ay

e(§) =
\/exp {mwm " %0)}

V/(3C2+8C+4)

Note that the equation (92) possesses soliton-like solutions when G(I,,) = AI,. Indeed I, (£) is a continuous and bounded
function when ¢ € [0, £.], the quantities gog = €278, g1 = —€22(8), goy = —€2P() and g33 = —e?#() sin? @ are regular, the
spinor field energy density is localized, according to (94), and the total energy F = fo CT(€)\/—34dE is finite.

Then, forn > 1 and Ly = G(I,,) = A} we have

T
1
1,(§) = — o in > 1. (99)
1/ X)\Al sinh {W(n - 1)(§ + €O)j|

As for the energy density, it is defined by the following expression

TO(E) = A2n — 1) ! 0> 1. (100)

V/XAA? sinh [%(n -1+ 50)}

From (99) and (100), when & — 0, & = 0, we note that I,,(¢) — oo and T§(£) — oo. It is clear from (100) that the
energy density is not localized. In this condition the total energy is unlimited. Therefore, the soliton-like configurations are
absent.

Let us consider the expression for I,,(£) which follows from (40) when the nonlinearity of parameter A = —A% < O andn > 1.
In this case, we obtain:

L,(6) = ! 0> 1. (101)

xA2A? cosh? [ (453C)

Ferses(n — D+ &)
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We remark that I, (§) is a continuous and bounded function when £ € [0, &.].
Then, the energy density is defined by the following expression

n—1
1
TO(€) = —A*(2n — 1) in > 1. (102)
c
xA2 A2 cosh? %(n —1)(&+ &)
Let us consider the energy density per unit volume invariant:
LE) = T5(€)v/=3
) =y
= —A%(2n —1)¢(6) sin @ (103)
3C
XA2 A2 cosh? [%(” -1+ &)
where
_ _ 8+45C
1+3C
A
¢() = : ;

1

XA2A?2 cosh? [\/% (n—1) (§+50)}

Emphasize that the spinor field energy density per unit volume invariant I'(¢) is localized and the total energy E = |, o T(&)d¢
has a finite quantity.

Let us find the explicit form of the functions Vs(§), § = 1, 2, 3, 4. To this end, we must determine an explicit form of Us(§),
then W;(€) and subsequently Vs(&) = W;(€)e™ 22, We obtain:

1

Vl(f) = 4\/1471 _Klemﬂ(é) +K26r29(£) + ngr:sﬂ(f) +K4er4f2(§)_ v(€) (104)
Va(§) = 1711 :K;erimﬁ) + Kher2 MO 4 [t ersE) +K§1eriﬂ<€>: v(€) (105)
1 r -
V3(€) = W _Klemﬂ(ﬁ) + K3er39(£) _ KQGTQQ(S) _ men(é)_ v(€) (106)
Va(€) = 471.41 :Kieriﬂw KL _ g ni ) _ Kzflerame): () (107)
where 1
2n—2
1
v(§) = - i) (108)
\/ XA2A1 COSh {W(n — 1)(5 + 50)i|
and
4nAsv3C? +8C + 4 [ (4+43C) }
Q = — tanh | —————~—(n—1 + + As. 109

The expression of the function (€) is obtained by substituting G(I,,) = —A2I" in (48).
The following paragraph addresses the total charge and the total spin. ~
To this end, according to the expressions (104)-(107), let us write the components of the spinor current vector j* = Yy*):

30 = F(Q).e 7 (110)

Since the configuration is static, the another components j', j2 and 52 are null. The component j° determines the charge
density of the spinor field given by the expression:

(&) = (jos®)

N|=

— F(Q).e® (111)



128  Siaka Massou et al.: Soliton-Like Spherical Symmetric Solutions of the NonlinearSpinor Field equations in General Relativity

From (59), (91) and (110), we have

1
2(n—1)

1

0(§) = F() AT

XAQA% COSh2 [W(n - 1)(5 + 50):|

(4+3C) (112)

The charge density per unit invariant volume of the spinor field is defined by:

0(§) /=3¢ = F(Q)AII

1
2(n—1)

1

q&) =

The total charge of the spinor field is:

Ee
Q) = /O g(€)de

&c being the center of the field configuration.

It follows that from (113) and (113) the charge density
and the charge density per unit invariant volume are localized
because the integrands o(£) and ¢(£) are continuous and
limited functions when & € [0, {.]. Moreover, the total charge
is a finite quantity when the nonlinear term of the spinor field
is choosen under the form Ly = —A%]".

Then, the general expression of the spin tensor of the spinor
field reads [12, 13]

Sul/,s — i,& {’)/EO'/LV + O_/W,ys}w (114)
where " = (L)[y*y¥ —~¥y"]. The spatial density of
the spin vector S**9, i, k=1, 2, 3, is given by the following
expression

_ 1- ; ; Lo o
SZk"O — 11/) {,Yoo_zk —|—O’Zk’yo} 77[} — §¢7001kw (115)

From (113), we find the components of the spin tensor of
the spinor field as follows

1_
§120 — G130 — ( §23.0 §V570023V:;.e"1 (116)

We remark that the only nontrivial component of the spin
tensor is S230. It defines the chronometric invariant spin
tensor S>7 and the projection of spin vector S; on & axis
having the forms

SEO = (S230.5%0)F = F(@e ™ (117)
gc _
S =/ F(Q)e™*\/3_gd¢ (118)
0

Let us remark that the integrands in (113) and (118)
coincide. Thus, the total spin is also limited quantity as
the total charge. As a result, the geometry of the metric,
the nonlinearity of the spinor field and the own gravitaional
field play an important role in order to obtain a soliton-like
solutions with limited total charge and total spin. Theses
results are consistent with experimentaly results obtained in
the accelerator particles.

xA2A? cosh? [

¢(&)sinf

D (= 1)(E+ &)

(113)

5. Concluding Remarks

In this paper, we have obtained analytics spherical
symmetric solutions to the spinor and gravitational fields
equations which are regular with a localized energy density
and finite total energy only if the nonlinear terms in the spinor
lagrangian are under the form Ly = —A2I". It is necessary
to introduce the nonlinear terms, describing the field self-
interactions in the lagrangian, to take into account the proper
gravitational field of the elementary particles because without
them, the total energy of the spinor field diverges. Here,
the geometry of the metric doen’t not ignore. Contrarely in
the plane symmetric metric of space-time, in our research
work, the total charge and the total spin are finite quantities.
The following paper will deal with the nonlinear spinor field
equations of the invariant I+ = S? — P2 in the gravitational
theory.
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