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1 Introduction

Let us consider the following nonlinear cooperative elliptic system

(S)











−∆pu= am(x)|u|p−2u+bm1(x)h(u,v)+ f in R
N,

−∆qv=dn(x)|v|q−2v+cn1(x)k(u,v)+g in R
N,

u(x)→0,v(x)→0 as |x|→+∞.

(1.1)

Here ∆pu :=div(|∇u|p−2∇u),1< p<+∞, is the so-called p-Laplacian operator. The pa-
rameters a,b,c,d are nonnegative real parameters. The functions h and k :R2→R are con-
tinuous and the weight functions m,m1,n,n1, have some properties which will be speci-
fied later.

Under suitable conditions on the functions h and k, we investigate necessary and
sufficient Maximum Principle conditions and existence results for problem (1.1). The
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Maximum Principle is intended in the sense that, if f ,g≥0 a.e. in R
N then u,v≥0 a.e. in

R
N for any solution (u,v) of (1.1).

It is well known that Maximum Principle plays an important role in the theory of
nonlinear equations (cf. [1, 2],... for a survey) and in the literature, many works have
been devoted to the investigation of Maximum Principle for linear and nonlinear coop-
eratve elliptic systems (cf. [3–9]). For specific interest for the present investigation are the
previous works in [10] and [9] where the Maximum Principle for problem (1.1) has been
dealed in the framework of some two variables functions of the type h(s,t)= |s|α |t|βt and
k(s,t) = |s|βs|t|α or of some one variable functions h(s) = |s|βs and k(s) = |s|αs, α and β

being nonnegative real parameters satisfying appropriate conditions.

More specifically, our purpose in the present work is to generalize those previous
results to a more wide class of functions h and k.

The paper is organized as follows: In the preliminary Section 2, we specify the re-
quired assumptions on the data of our problem and we collect some need results relative
to the principal positive eigenvalue of the p- Laplacian operator. In Section 3, we give our
result on the Maximum Principle; this result paved the way to yield an existence result
for (1.1) in Section 4, by using an approximation method. In Section 5 we present some
related results to this work and an example of functions h,k for which our result applies.

2 Preliminaries

Throughout this work, we will assume that 1< p,q<N and

(H1) m,n>0;m∈L∞

loc(R
N)∩LN/p(RN) and n∈L∞

loc(R
N)∩LN/q(RN).

(H2) 0<m1(x),n1(x)≤ [m(x)]
α+1

p [n(x)]
β+1

q .

(H3) f ≥0 and f ∈L(p∗)′(RN); g≥0 and g∈L(q∗)′(RN).

(H4) b,c≥0; α,β≥0; α+1
p + β+1

q =1.

(H5) The functions h and k satisfy the sign conditions

t·h(s,t)≥0 and s·k(s,t)≥0 for all (s,t)∈R
2,

and there exists a constant Γ>0 such that

{

h(s,−t)≤−h(s,t) for t≥0 and for all s∈R,

h(s,t)=Γα+β+2−p|s|α |t|βt for t≤0 and for all s∈R,
{

k(−s,t)≤−k(s,t) for s≥0 and for all t∈R,

k(s,t)=Γα+β+2−q|s|αs|t|β for all s≤0,t∈R.
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Here p∗= Np/(N−p) and q∗= Nq/(N−q) denote the critical Sobolev exponents of
p and q respectively; p′ is the Hölder conjugate of p.

We denote by D1,s(RN) (with 1<s<N) the completion of C∞
0 (RN) with respect to the

norm

||u||D1,s(RN)=

(

∫

RN
|∇u|s

)
1
s

.

D1,s(RN) is a reflexive Banach space and it can be shown (cf [11]) that

D1,s(RN)={u∈Ls∗(RN) :∇u∈ (Ls(RN))N}

and for any positive weight w ∈ L∞

loc(R
N)∩LN/s(RN) the following embeddings hold

(cf. [12–14])

D1,s(RN) →֒ Ls(RN) and D1,s(RN) →֒ Ls(w,RN),

where Ls(w,RN) is the Ls space on R
N with the weight w.

By solution (u,v) of (1.1), we mean a weak solution, i.e (u,v)∈D1,p(RN)×D1,q(RN)
with











∫

RN
|∇u|p−2∇u·∇w=

∫

RN

[

am(x)|u|p−2u+bm1(x)h(u,v)+ f
]

w,
∫

RN
|∇v|q−2∇v·∇z=

∫

RN

[

cn1(x)k(u,v)+dn(x)|v|q−2v+g
]

z
(2.1)

for all (w,z)∈D1,p(RN)×D1,q(RN).
Note that by the above embeddings, every integral in (2.1) is well-defined. Regularity

results from [15, 16] on general quasilinear equations imply that such a weak solution
(u,v) belong to C1(RN)×C1(RN). It is also known that a weak solution of (1.1) decays to
zero at infinity (cf. [12, 17]).

To conclude this preliminaries section, let us briefly recall some properties of the spec-
trum of −∆p with weight to be used later (cf. [13, 18]). We denote by

λ1(m,p) :=min

{

∫

RN
|∇u|p : u∈D1,p(RN) and

∫

RN
m|u|p =1

}

(2.2)

the unique principal eigenvalue of

{

−∆pu=λm(x)|u|p−2u in R
N,

u(x)→0 as |x|→+∞; u>0 in R
N,

(2.3)

and by ϕ1(m,p)∈D1,p(RN)∩C1(RN) the associated positive eigenvalue such that

∫

RN
m|ϕ1(m,p)|p=1.
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It is well known that λ1(m,p) is simple and isolated. It is also known that any eigenfunc-
tion of (2.3) associated to a positive eigenvalue different from λ1(m,p) changes sign in
R

N.
Here and henceforth, the Lebesgue norm in Lr(RN) (for r > 1) will be denoted by

‖·‖r and the usual norm of D1,p(RN) by ‖·‖. The weak convergence in D1,p(RN) is
denoted by ⇀. We will denote by Φ= ϕ1(m,p) (respectively by Ψ= ϕ1(n,q)) the positive
eigenfunction associated to λ1(m,p) (respectively λ1(n,q)) and normalized by

∫

RN
mΦ(x)p =

∫

RN
nΨ(x)q =1. (2.4)

The positive and negative parts of a function u are respectively defined as u+=max{u,0}
and u−=max{−u,0}. Equalities (and inequalities) between two functions must be un-
derstood a.e. in R

N .

3 Maximum principle

We assume that 1< p,q<N and also that hypothesis (H1) is satisfied. We begin by con-
sider the problem

{

−∆pu=µm(x)|u|p−2u+h(x) in R
N ,

u(x)→0 as |x|→+∞.
(3.1)

The following result was proved in [12, 13].

Proposition 3.1. (1) Let h ∈ L(p∗)′(RN). If µ < λ1(m,p) then (3.1) admits a solution in
D1,p(RN).

(2) Let h∈L(p∗)′(RN) with h≥0 a.e. in R
N and h 6≡0.

(a) If µ∈ [0,λ1(m,p)[, then any solution u of (3.1) is positive in R
N.

(b) If µ=λ1(m,p) then (3.1) has no solution.

(c) If µ>λ1(m,p) then (3.1) has no positive solution.

Using [15, 16], one also has the following regularity result.

Proposition 3.2. For all r>0, any solution u of (2.3) belongs to C1,γ(Br), where γ=γ(r)∈]0,1[
and Br is the ball of radius r centred at the origin.

Let
a1(r) := inf

Br

k1(x) and a2(r) :=sup
Br

k2(x), (3.2)

where

k1(x) :=

[

n1(x)

n(x)

]

β+1
q
[

Φ(x)p

Ψ(x)q

]
α+1

p
β+1

q

, k2(x) :=

[

m(x)

m1(x)

]
α+1

q
[

Φ(x)p

Ψ(x)q

]
α+1

p
β+1

q

.
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We denote by a1∞ = limr→+∞ a1(r) and a2∞ = limr→+∞ a2(r). Let set

Θ=
a1∞

a2∞

. (3.3)

The following inequalities can easily be proved.

Θ≤
a1(r)

a2(r)
for all r>0 and 0≤Θ≤1. (3.4)

We now turn to our first main result, i.e the validity of the Maximum Principle (in
short (MP)) which is stated as follows.

Theorem 3.1. Assume that hypothesis (H1)–(H5) are satisfied. Then the (MP) holds for (1.1) if

(C1) λ1(m,p)> a,

(C2) λ1(n,q)>d,

(C3) [λ1(m,p)−a]
α+1

p [λ1(n,q)−d]
β+1

q >b
α+1

p c
β+1

q .

Conversely, if the (MP) holds, then (C1), (C2) and (C4) are satisfied, where

(C4) [λ1(m,p)−a]
α+1

p [λ1(n,q)−d]
β+1

q >Θb
α+1

p c
β+1

q .

Corollary 3.1. If p= q and m≡n a.e in R
N , then the (MP) holds for (1.1) if only if (C1), (C2)

and (C3) are satisfied.

Proof of Theorem 3.1. The proof borrows ideas from [3, 9, 10]. We give it below.
The condition is necessary.
Assume that the (MP) holds for system (S). If λ1(m,p)≤ a then the functions f :=

(a−λ1(m,p))m(x)Φp−1 and g :=0 are nonnegative, however (−Φ,0) is a solution of (1.1),
a contradiction with the (MP).

Similarly, if λ1(n,q)≤ d then the functions

f :=0, g :=(d−λ1(n,q))n(x)Ψq−1

are nonnegative and (0,−Ψ) is a solution of (1.1), which is a contradiction with the (MP).
So, we assume that λ1(m,p)> a and λ1(n,q)> d. If one of the coefficients Θ,b or c

vanishes, then (C4) is satisfied. We will then assume that Θ 6=0, b 6=0, c 6=0 and that (C4)
does not hold, i.e.,

[λ1(m,p)−a]
α+1

p [λ1(n,q)−d]
β+1

q ≤Θb
α+1

p c
β+1

q . (3.5)

Set

A=

(

λ1(m,p)−a

b

)
α+1

p

and B=

(

λ1(n,q)−d

c

)

β+1
q

.
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Then, by (3.5), one has AB≤Θ, which clear implies that Aa2∞ ≤ 1
B a1∞. One deduces that

there exists ξ∈R
∗
+ such that

Aa2∞ ≤ ξ≤ (1/B)a1∞ .

Since the function a1(r) (respectively a2(r)) is decreasing (respectively increasing) on R
∗
+,

one has

Aa2(r)≤Aa2∞ ≤ ξ≤
1

B
a1∞ ≤

1

B
a1(r) for all r>0.

But for any x∈R
N , there exists r>0 such that

Ak2(x)≤Aa2(r) and
1

B
a1(r)≤

1

B
k1(x).

Consequently, choose ξ such that

Ak2(x)≤Aa2(r)≤ ξ≤
1

B
a1(r)≤

1

B
k1(x)

for all x∈R
N , i.e.,

Ak2(x)≤ ξ, ∀x∈R
N , (3.6)

B

k1(x)
≤

1

ξ
, ∀x∈R

N . (3.7)

Next, let us set

ξ=

(

c
q
1Γq

c
p
2 Γp

)
α+1

p
β+1

q

,

where c1 and c2 are positive constants.
From (3.6) and (H4), we have

[λ1(m,p)−a]m(x)[c2Φ(x)]p−1≤ Γ
α+β+2−pbm1(x)[c2Φ(x)]α [c1Ψ(x)]β+1

for all x∈R
N , which implies ( by using (H5))

[λ1(m,p)−a]m(x)[c2Φ(x)]p−1≤−bm1(x)h(−c2Φ,−c1Ψ)

for all x∈R
N . Similarly, from (3.7) and (H4), one has

[λ1(n,q)−d]n(x)[c1Ψ(x)]q−1≤Γ
α+β+2−qcn1(x)[c2Φ(x)]α+1[c1Ψ(x)]β

for all x∈R
N , and consequently (using (H5)), we get

[λ1(n,q)−d]n(x)[c1Ψ(x)]q−1≤−cn1(x)k(−c2Φ,−c1Ψ)

for all x∈R
N . Hence

f (x)=−[λ1(m,p)−a]m(x)[c2Φ(x)]p−1−bm1(x)h(−c2Φ,−c1Ψ)≥0
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for all x∈R
N and

g(x)=−[λ1(n,q)−d]n(x)[c1Ψ(x)]q−1−cn1(x)k(−c2Φ,−c1Ψ)≥0

for all x∈R
N , are nonnegative functions and (u,v)= (−c2Φ,−c1Ψ) is a solution of (1.1).

This is a contradiction with the (MP).
The condition is sufficient
Assume that the conditions (C1), (C2) and (C3) are satisfied. Let (u,v) be a solution

of (1.1) for f ≥0, g≥0 and suppose that u− 6≡0 and v− 6≡0.
Multiplying the first equation in (1.1) by u− and the second one by v− and integrating

over R
N, we get

∫

RN
|∇u−|p = a

∫

RN
m|u−|p−b

∫

RN
m1(x)h(u,v)u−−

∫

RN
f u−,

∫

RN
|∇v−|q =d

∫

RN
n|v−|q−c

∫

RN
n1(x)k(u,v)v−−

∫

RN
gv−.

Then
∫

RN
|∇u−|p≤ a

∫

RN
m|u−|p − b

∫

RN
m1(x)h(u,−v−)u−,

∫

RN
|∇v−|q ≤d

∫

RN
n|v−|q − c

∫

RN
n1(x)k(−u−,v)v−.

Using (H5), one has

h(u,−v−)u−=−Γ
α+β+2−p(u−)α+1(v−)β+1,

k(−u,v)v−=−Γ
α+β+2−q(u−)α+1(v−)β+1.

Consequently, we get

∫

RN
|∇u−|p ≤ a

∫

RN
m(x)|u−|p+bΓ

α+β+2−p
∫

RN
m1(x)(u−)α+1(v−)β+1,

∫

RN
|∇v−|q ≤d

∫

RN
n(x)|v−|q+cΓ

α+β+2−q
∫

RN
n1(x)(u−)α+1(v−)β+1.

Combining the variational characterization of λ1(m,p) and λ1(n,q) with Hölder inequal-
ity and assumptions (H2), (H4) , we have

[λ1(m, p)−a]
∫

RN
m(x)|u−|p ≤bΓ

α+β+2−p

(

∫

RN
m(x)|u−|p

)
α+1

p
(

∫

RN
n(x)|v−|q

)

β+1
q

,

[λ1(n,q)−d]
∫

RN
n(x)|v−|q ≤ cΓ

α+β+2−q

(

∫

RN
m(x)|u−|p

)
α+1

p
(

∫

RN
n(x)|v−|q

)

β+1
q

, (3.8)

Let us show that we have necessarily u−=v−≡0, which will yield a contradiction.
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• If
∫

RN m(x)|u−|p=0 or
∫

RN n(x)|v−|p=0 then, using the fact that m,n>0, and (3.8),
we get u−=v−≡0, and the conclusion follows.

• If
∫

RN m|u−|p 6=0 and
∫

RN n|v−|p 6=0, then from (3.8) and using the fact that (α+1)/p
and (β+1)/q are Hölder conjugate exponents we have

[λ1(m,p)−a]

(

∫

RN
m(x)|u−|p

)

β+1
q

≤bΓ
α+β+2−p

(

∫

RN
n(x)|v−|q

)

β+1
q

,

[λ1(n,q)−d]

(

∫

RN
n(x)|v−|q

)
α+1

p

≤ cΓ
α+β+2−q

(

∫

RN
m(x)|u−|p

)
α+1

p

, (3.9)

which implies

[λ1(m, p)−a]
α+1

p

(

∫

RN
m(x)|u−|p

)
α+1

p
β+1

q

≤b
α+1

p Γ
(α+β+2−p) α+1

p

(

∫

RN
n(x)|v−|q

)
α+1

p
β+1

q

,

[λ1(n,q)−d]
β+1

q

(

∫

RN
n(x)|v−|q

)

β+1
q

α+1
p

≤ c
β+1

q Γ
(α+β+2−q)

β+1
q

(

∫

RN
m(x)|u−|p

)

β+1
q

α+1
p

. (3.10)

From assumption (H4), one easily derives that

(α+β+2−p)
α+1

p
+(α+β+2−q)

β+1

q

=(α+β+2)(
α+1

p
+

β+1

q
)−(α+1)−(β+1)=0. (3.11)

Then multiplying both inequalities in (3.10), one has:

[λ1(m,p)−a]
α+1

p [λ1(n,q)−d]
β+1

q

[(

∫

RN
m(x)|u−|p

)(

∫

RN
n(x)|v−|q

)]
α+1

p
β+1

q

≤b
α+1

p c
β+1

q

[(

∫

RN
m(x)|u−|p

) (

∫

RN
n(x)|v−|q

)]
α+1

p
β+1

q

and consequently
[

[λ1(m,p)−a]
α+1

p [λ1(n,q)−d]
β+1

q −b
α+1

p c
β+1

q

]

×

[(

∫

RN
m|u−|p

)(

∫

RN
n(x)|v−|q

)]
α+1

p
β+1

q

≤0. (3.12)

Since assumptions (C1), (C2) and (C3) hold, and m,n>0, one deduces that u−=v−≡0,
a contradiction.

By applying regularity results of [15, 16] and the maximum principle of [19], one has
in fact u>0 and v>0 a.e. in R

N .
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4 Existence of positive solution

In this section, we prove the existence of positive solutions for (1.1) under conditions (C1),
(C2) and (C3). The technique used here have been previously developed in [3, 10, 20]. It
combines Leray-Schauder fixed point argument with an approximation method.

So, for ǫ∈]0,1[, we define the following expression

Xn :=m(x)
|un|p−2un

1+|ǫ1/pun|p−1
, X :=m(x)

|u|p−2u

1+|ǫ1/pu|p−1
,

Yn :=m1(x)
h(un,vn)

1+ǫ|h(un ,vn)|
, Y :=m1(x)

h(u,v)

1+ǫ|h(u,v)|
,

X′
n :=n(x)

|vn |q−2vn

1+|ǫ1/qvn|q−1
, X′ :=n(x)

|v|q−2v

1+|ǫ1/qv|q−1
,

Y′
n :=n1(x)

k(un,vn)

1+ǫ|k(un ,vn)|
, Y′ :=n1(x)

k(u,v)

1+ǫ|k(u,v)|
.

One has the following result which will be useful later.

Lemma 4.1. If (un,vn) converges to (u,v) in Lp∗(RN)×Lq∗(RN) then

(i) Xn →X in Lp∗
′

(RN), Yn →Y in Lp∗
′

(RN), where p∗
′
= pN

N(p−1)+p
.

(ii) X′
n →X′ in Lq∗

′

(RN), Y′
n →Y′ in Lq∗

′

(RN), where q∗
′
= qN

N(q−1)+q
.

Proof. We give the proof for (i), the same arguments hold for the proof of (ii).
Since un→u in Lp∗(RN), then there exists a subsequence denoted (un) such that un→u

a.e on R
N and |un(x)|≤ |l1(x)| a.e. on R

N for some l1∈Lp∗(RN). Hence

Xn(x)→X(x) a.e. in R
N, as n→+∞

and

|Xn(x)|≤m(x)|un(x)|p−1≤m(x)|l1(x)|p−1 in Lp∗′(RN),

which implies, the by dominated convergence theorem, that Xn →X in Lp∗′(RN).
Moreover, since vn → v in Lq∗(Ω) there exists a subsequence still denoted (vn) such

that
{

vn(x)→v(x) a.e. on R
N ,

|vn(x)|≤ |l2(x)| a.e. on R
N with l2∈Lq∗(RN).

(4.1)

The function h being continuous, one has

Yn(x)→Y(x) a.e. in R
N, as n→+∞
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and

|Yn(x)|≤m1(x)|h(un,vn)|≤Dm
α+1

p n
β+1

q |l1|
α|l2|

β+1 in Lp∗′(RN),

for some constant D which depends only on Γ ( cf. (H5) ), and the conclusion follows by
using the dominated convergence theorem.

We are now in position to give the main result of this section

Theorem 4.1. Assume that (H1) – (H5), (C1), (C2), (C3) are satisfied. Then for all f ∈
L(p∗)′(RN) and g ∈ L(q∗)′(RN), the system (1.1) has at least one solution (u,v)∈ D1,p(RN)×
D1,q(RN).

The proof will be given in several steps. It is partly adapted from [3,10,20]. We choose
r>0 such that a+r>0 and d+r>0. The system (1.1) is then equivalent to











−∆pu+rm(x)|u|p−2u=(a+r)m(x)|u|p−2u+bn1(x)h(u,v)+ f in R
N ,

−∆qv+rn(x)|v|p−2v= cn1k(u,v)+(d+r)n(x)|v|p−2v+g in R
N ,

u(x)→0, v(x)→0 as |x|→+∞.

(4.2)

For ǫ∈]0,1[, let us introduce the system :











−∆puǫ+rm(x)|uǫ|p−2uǫ=m(x)H(uǫ,)+m1(x)Ĥ(uǫ,vǫ)+ f in R
N,

−∆qvǫ+rn(x)|vǫ|q−2vǫ =n(x)K(vǫ,)+n1(x)K̂(uǫ,vǫ)+g in R
N,

uǫ(x)→0, vǫ(x)→0 as |x|→+∞,

(4.3)

where

H(s)=(a+r)|s|p−2s(1+ǫ
1
p |s|p−1)−1, Ĥ(s,t)=bh(s,t)(1+ǫ|h(s,t)|)−1 ,

K(s)=(d+r)|t|q−2t(1+ǫ
1
q |t|q−1)−1, K̂(s,t)= ck(s,t)(1+ǫ|k(s,t)|)−1 .

Lemma 4.2. Under the hypothesis of Theorem 4.1, system (4.3) admits at least a solution (u,v)
in D1,p(RN)×D1,q(RN).

Proof. The arguments are similar to those in the proof of Lemma 4.3 in [9, 10]. We will
only indicate below the main steps.

One starts a first step by constructing a couple of sub-super solution for (4.3). Indeed
the functions H,Ĥ, K and K̂ are bounded, so there exists a constant M>0 such that

|H(u)|≤M, |Ĥ(u,v)|≤M, |K(v)|≤M, |K̂(u,v)|≤M

for all (u,v)∈ D1,p(RN)×D1,q(RN). Let ξ0 ∈ D1,p(RN) (respectively η0 ∈ D1,q(RN)) be a
solution of

−∆pu+rm(x)|u|p−2u=(m(x)+m1(x))M+ f
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(respectively −∆qv+rm(x)|v|q−2v=(n(x)+n1(x))M+g), and let ξ0 ∈D1,p(RN) (respec-
tively η0 ∈D1,q(RN)) be solution of

−∆pu+rm(x)|u|p−2u=−(m(x)+m1(x))M+ f

(respectively −∆qv+rm(x)|v|q−2v=−(n(x)+n1(x))M+g). The existence of (ξ0,η0) and
(ξ0,η0)) is proved in [21]. Moreover (ξ0,η0) (respectively (ξ0,η0)) is a super solution (re-
spectively sub solution) of system (4.3) since

−∆pξ0+rm(x)|ξ0|p−2ξ0−m(x)H(ξ0)−m1(x)Ĥ(ξ0,v)− f ≥0,

−∆qη0+rn(x)|η0|q−2η0−n1(x)K̂(u,ξ)−n(x)K(η0)−g≥0,

−∆pξ0+rm|ξ0|
p−2ξ0−m(x)H(ξ0)−m1(x)Ĥ(ξ0,v)− f ≤0,

−∆qη0+rn(x)|η0|
q−2η0−n1(x)K̂(u,ξ)−n(x)K(η0)−g≤0,

for ∀v∈ [η0,η0],∀u∈ [ξ0,ξ0]. In a second step, let us define an operator T on the set K=
[ξ0,ξ0]×[η0,η0] by T : (u,v) 7→ (w,z) such that











−∆pw+rm(x)|w|p−2w=m(x)H(u)+m1(x)Ĥ(u,v)+ f in R
N ,

−∆qz+rm(x)|z|q−2z=n1(x)K̂(u,v)+n(x)K(v)+g in R
N ,

w(x)→0, z(x)→0 as |x|→+∞.

(4.4)

From Lemma 4.1 and arguing similarly as in [9,10], one can easily show that T(K)⊂K and
T is continuous and compact. In order to conclude, we observe that the set K is convex,
bounded and closed in D1,q(RN)×D1,q(RN), so that one can apply the Schauder’s fixed
point theorem to T to get existence of solution for system (4.3). So Lemma 4.2 is proved.

Proof of Theorem 4.1. The proof will be given in three steps.

Step 1. Let’s prove that (uǫ,vǫ) is bounded in D1,p(RN)×D1,q(RN). Indeed assume that
‖uǫ‖→∞ or ‖vǫ‖→∞ when ǫ→0. Let

tǫ =max{‖uǫ‖;‖vǫ‖}

and

wǫ= t
−1
p

ǫ uǫ, zǫ = t
−1
q

ǫ vǫ.

We have ‖wǫ‖≤1 and ‖zǫ‖≤1 with either ‖wǫ‖=1 or ‖zǫ‖=1. Dividing the first equation

in (4.3) by t
1
p′

ǫ we get

−∆pwǫ+rm(x)|wǫ|
p−2wǫ=(a+r)m(x)|wǫ|

p−2wǫ(1+|ǫ
1
p uǫ|

p−1)−1

+t
−1
p′

ǫ bm1(x)h(tǫ

1
p wǫ,tǫ

1
q zǫ)(1+ǫ|h(uǫ ,vǫ)|)

−1+t
−1
p′

ǫ f . (4.5)
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Similarly dividing the second equation in (4.3) by (tǫ)1/q′ we get

−∆qzǫ+rn(x)|zǫ|
q−2wǫ=(d+r)n(x)|wǫ |

αwǫ(1+|ǫ
1
q uǫ|

α+1)−1

+t
−1
q′

ǫ cn1(x)k(tǫ

1
p wǫ,tǫ

1
q zǫ)(1+ǫ|k(uǫ ,vǫ)|)

−1+t
−1
q′

ǫ g. (4.6)

Testing equation (4.5) by wǫ and using (H5), we get
∫

Ω

|∇wǫ|
p≤a

∫

Ω

m(x)|wǫ|
p+bΓ

α+β+2−p
∫

Ω

m(x)
α+1

p |wǫ|
α+1n(x)

β+1
q |zǫ|

β+1

+(tǫ)
−1
p′

∫

Ω

| f ||wǫ|.

This implies, using the Hölder inequality,

∫

RN
|∇wǫ|

p≤a
∫

RN
m|wǫ|

p+bΓ
α+β+2−p

(

∫

RN
m|wǫ|

p
)

(α+1)
p

(

∫

RN
n|wǫ|

q
)

(β+1)
q

+(tǫ)
−1
p′ ‖ f‖(p∗)′‖zǫ‖p∗ .

Using the variational characterization of λ1(m,p) and the imbedding of D1,p(RN) in
Lp∗(RN) one has

‖wǫ‖
p ≤

a

λ1(m,p)
‖wǫ‖

p+bΓ
α+β+2−p ‖wǫ‖α+1

[λ1(m,p)]
(α+1)

p

‖zǫ‖β+1

[λ1(n,q)]
(β+1)

q

+c(p,N)(tǫ)
−1
p′ ‖ f‖(p∗)′‖zǫ‖p∗ ,

where c(p,N) is the constant of this imbedding. So, one gets

(λ1(m,p)−a)
(‖wǫ‖p)

β+1
q

λ1(m,p)

≤
bΓα+β+2−p(‖zǫ‖q)

β+1
q

λ1(m,p)
α+1

p λ1(n,q)
β+1

q

+t
−1
p′

ǫ

(

∫

Ω

| f |p
′

)
1
p′
(

∫

Ω

|∇wǫ|
p

)
−α
p

, (4.7)

and then

(λ1(m,p)−a)

(

lim‖wǫ‖p
)

β+1
q

λ1(m,p)
≤

bΓα+β+2−p
(

lim|zǫ‖q
)

β+1
q

λ1(m,p)
α+1

p λ1(n,q)
β+1

q

.

Hence

(λ1(m,p)−a)
α+1

p
(lim‖wǫ‖p)

α+1
p

β+1
q

λ1(m,p)
α+1

p

≤b
α+1

p
Γ
(α+β+2−p)( α+1

p )(lim‖zǫ|q)
α+1

p
β+1

q

λ1(m,p)(
α+1

p )2

λ1(n,q)
α+1

p
β+1

q

. (4.8)
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In a similar way with Eq. (4.6) and zǫ as test function, we get

(λ1(n,q)−d)
β+1

q
(lim‖zǫ‖q)

α+1
p

β+1
q

λ1(n,q)
β+1

q

≤ c
β+1

q
Γ
(α+β+2−q)(

β+1
q )(lim‖wǫ‖p)

α+1
p

β+1
q

λ1(n,q)(
β+1

q )2

λ1(m,p)
α+1

p
β+1

q

. (4.9)

Multiplying term by term the expressions in (4.8) and (4.9), and using (H5) we get

[

(λ1(m,p)−a)
α+1

p (λ1(n,q)−d)
β+1

q −b
α+1

p c
β+1

q

]

(

lim‖wǫ‖p
)

α+1
p

β+1
q
(

lim‖zǫ‖p
)

α+1
p

β+1
q

λ1(m,p)
α+1

p λ1(n,q)
β+1

q

≤0.

Since conditions (C1),(C2) and (C3) hold, one has:

lim‖wǫ‖
p = lim‖zǫ‖

p=0.

This yields a contradiction since ‖wǫ‖=1 or ‖zǫ‖=1, and consequently (uǫ,vǫ) is bounded
in D1,p(RN)×D1,q(RN).

Step 2. Let’s now prove that (uǫ,vǫ) converges strongly in D1,p(RN)×D1,q(RN) when ǫ

goes to 0.

From Step 1, we have that (uǫ,vǫ) is bounded in D1,p(RN)×D1,q(RN) and conse-
quently (uǫ,vǫ)⇀ (u0,v0) in D1,p(RN)×D1,q(RN). So up to a subsequence (uǫ,vǫ)→
(u0,v0) in Lp(m,RN)×Lq(n,RN), that is (m1/puǫ,n1/qvǫ)→ (m1/pu0,n1/qv0) in Lp(RN)×
Lq(RN) and consequently, there exists a function η∈Lp(RN),ζ∈Lq(RN) such that



























m
1
p (x)uǫ(x)→m

1
p (x)u0(x) a.e. in R

N , when ǫ→0,

n
1
q (x)vǫ(x)→n

1
p (x)v0(x) a.e. in R

N , when ǫ→0,

|m
1
p uǫ|≤η∈Lp(RN),

|n
1
q vǫ|≤ ζ∈Lq(RN).

(4.10)

Since m,n>0, we have

{

uǫ(x)→u0(x) a.e. in R
N, when ǫ→0,

vǫ(x)→v0(x) a.e. in R
N, when ǫ→0.

(4.11)

Clearly ǫ
1
p uǫ → 0,ǫ

1
q vǫ → 0 a.e. in R

N as ǫ → 0, and combining this fact with (4.10) and
(4.11), one obtains

m
∣

∣H(uǫ)
∣

∣=m
∣

∣|uǫ|
p−2uǫ(1+ǫ

1
p |uǫ|

p−1)−1
∣

∣≤m
1
p |m

1
p uǫ|

p−1≤m
1
p ηp−1∈Lp∗′(RN).

n
∣

∣K(vǫ)
∣

∣=n
∣

∣|vǫ|
p−2vǫ(1+|ǫ

1
q vǫ|

q−1)−1
∣

∣≤n
1
q |n

1
q vǫ|

q−1≤n
1
q ζq−1∈Lq∗′(RN),
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and

m(x)H(uǫ(x))→m(x)|u0(x)|p−2u0(x) a.e. in R
N ,

n(x)k(vǫ(x))→n(x)|v0(x)|q−2v0(x) a.e. in R
N,

as ǫ→0. So, applying the dominated convergence theorem we have:

mH(uǫ)→m|u0|
p−2u0 in Lp∗′(RN) when ǫ→0,

nk(vǫ)→n|v0|
q−2v0 in Lq∗′(RN) when ǫ→0.

Similarly we have

m1(x)Ĥ(uǫ(x),vǫ(x))=
m1(x)h(uǫ(x),vǫ(x))

1+ǫ|h(uǫ(x),vǫ)(x)|
→m1(x)h(u0(x),v0(x)) a.e. in R

N ,

and

n1(x)K̂(uǫ(x),vǫ(x))=
n1(x)k(uǫ(x),vǫ(x))

1+ǫ|k(uǫ(x),vǫ)(x)|
→n1(x)k(u0(x),v0(x)) a.e. in R

N,

when ǫ→0 and

m1

∣

∣Ĥ(uǫ,vǫ)
∣

∣≤Dm
1
p |m

1
p uǫ|

α|n
1
q vǫ|

β+1≤Dm
1
p |η|α |ζ|β+1∈Lp∗′(RN),

n1

∣

∣K̂(uǫ,vǫ)
∣

∣≤Dn
1
q |m

1
p uǫ|

α+1|n
1
q vǫ|

β ≤D|η|α+1|ζ|β ∈Lq∗′(RN),

where D is a constant depending only on Γ. Her again from the dominated convergence
theorem, we deduce that

m1Ĥ(uǫ,vǫ)→m1h(u0,v0) in Lp′(RN), as ǫ→0,

and
n1K̂(uǫ,vǫ)→n1k(u0,v0) in Lq′(RN), as ǫ→0.

In order to conclude to the strong convergence of uǫ in D1,p(RN), let us use (uǫ−u0) as a
test function in the first equation in (4.3). Then we get

∫

RN
(|∇uǫ|

p−2∇uǫ−|∇u0|
p−2u0)(∇uǫ−∇u0)

≤
∫

RN
(|∇uǫ|

p−2∇uǫ−|∇u0|
p−2u0)(∇uǫ−∇u0)+r

∫

RN
m(x)(|uǫ|

p−2uǫ−|u0|
p−2u0)(uǫ−u0)

=(a+r)
∫

RN
m(H(uǫ)−|u0|

p−2u0)(uǫ−u0)+b
∫

RN
m1Ĥ(uǫ,vǫ)− Ĥ(u0,v0))(uǫ−u0).

Using then the inequality

‖x−y‖p ≤ c[(‖x‖p−2x−‖y‖p−2y)(x−y)]
s
2 [‖x‖p+‖y‖p]1−

s
2 ,
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where x,y∈R
N , c= c(p)> 0 and s= 2 if p≥ 2, s= p if 1< p< 2 (cf. e.g. [22]), one easily

obtains that uǫ→u0 in D1,p(RN). In a similar way we can show that vǫ →v0 in D1,q(RN).

Step 3. From the strong convergence of (uǫ,vǫ) in D1,p(RN)×D1,q(RN) and a classical
result in functional analysis (cf. [21]), we derive that











−∆pu0+rm(x)|u0|p−2u0=(a+r)m(x)|u0|p−2u0+bm1(x)h(u0,v0)+ f in R
N ,

−∆qv0+rn(x)|v0|q−2v0=(d+r)n(x)|v0|q−2v0+cn1(x)k(u0,v0)+g in R
N,

u0(x)→0,v0(x)→0 as|x|→+∞,

which can be written again as











−∆pu0= am(x)|u0|p−2u0+bm1(x)h(u0,v0)+ f in R
N,

−∆qv0=dn(x)|v0|q−2v0+cn1(x)k(u0,v0)+g in R
N,

u0(x)→0,v0(x)→0 as |x|→+∞.

(4.12)

This achieves the proof of Theorem 4.1.

5 Related results and example

5.1 Related results

1. The results obtained here are still valid when the second part of assumption(H5)
has changed as follows

{

h(s,t)=Γα+β+2−p|s|α(t)β+1 for t≥0 and for all s∈R,

h(s,−t)≤−h(s,t) for t≤0 and for all s∈R,
{

k(s,t)=Γα+β+2−q(s)α+1|t|β for s≥0 and for all t∈R,

k(−s,t)≤−k(s,t) for s≤0 and for all t∈R.

2. Results obtained above can be established in a similar way for the following prob-
lem











−∆pu= am(x)|u|p−2u+bm1(x)h(v)+ f in R
N ,

−∆qv= cn1(x)k(u)+dn(x)|v|q−2v+g in R
N ,

u(x)→0,v(x)→0 as |x|→+∞,

(S′)

under the assumptions that

(H1) m,n>0;m∈L∞

loc(R
N)∩LN/p(RN) and n∈L∞

loc(R
N)∩LN/q(RN).

(H2) 0<m1(x),n1(x)≤ [m(x)]
α+1

p [n(x)]
β+1

q .
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(H3) f ≥0 and f ∈L(p∗)′(RN); g≥0 and g∈L(q∗)′(RN).

(H4) b,c≥0; α,β≥0; 1
p+

β+1
q = α+1

p + 1
q =1.

(H5) The functions h and k are continuous and satisfy the sign conditions

s·h(s)≥0 and s·k(s)≥0 for all s∈R,

and there exists a constant Γ>0 such that
{

h(−s)≤−h(s) for s≥0,

h(s)=Γβ+2−p|s|βs for s≤0,

{

k(−s)≤−k(s) for s≥0,

k(s)=Γα+2−q|s|αs for s≤0.

5.2 Example

Many illustrative examples for the results obtained in this paper can be easily constructed.
We just give one below

h(s,t)=

{

|sins|α|arctant|βt for t≥0 and for all s∈R,
|s|α |t|βt for t≤0 and for all s∈R.

k(s,t)=

{

sα+1e−αs|arctant|β for s≥0 and for all t∈R,
|s|αs|t|β for s≤0 and for all t∈R.

It is easy to see that the functions h and k are continuous and satisfy condition H5 as well,
so that the results obtained in this work can be applied.
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References

[1] Gilbarg D. and Trudinger N. S., Elliptic Partial Differential Equations of Second Order,
Springer-Verlag, Berlin, 1983.

[2] Protter M. H. and Weinberger H., Maximum Principles in Differential Equations, Prentice
Hall, Englewood Cliffs, 1967.
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[8] Fleckinger J., Hernandez J., and De Thélin F., On maximum principle and existence of posi-
tive solutions for some cooperative elliptic systems, J. Diff. and Int. Equa., 8 (1995), 69-85.

[9] Serag H. M. and El-Zahrani E. A., Maximum principle and existence of positive solutions
for nonlinear systems on R

N , Elec.J.Diff.Equa., 2005(85) (2005), 1-12.
[10] Leadi L. and Marcos A., Maximum principle and existence results for elliptic systems on

R
N , Elec. J. Diff. Equa., 2010(60) (2010), 1-13.

[11] Kozono H. and Sohr H., New a priori estimates for the stokes equation in exterior domains,
Indiana Univ. Math. J., 40 (1991), 1-27.
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