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Abstract—This paper presents a Method of Moment (MoM)
formulation for the two-dimensional analysis of array-fed meta-
surface (MTS) antennas. In the considered problem, the MTS is
only modulated along one direction and translationally invariant
along the other one. The MoM is first formulated for the case
of a MTS of finite length fed with an array of active elements,
with no particular constraint on the feed spacing, nor on the
weight associated with each element. Then, the methodology is
particularized to the case of a periodic MTS fed with an infinite
array of active elements of same amplitude, with constant feed
spacing and linear phase shift between elements. In both cases,
the implementation is closely analysed and simulation results are
shown to cross-validate both approaches. It can be concluded
that the implemented methodologies can provide very fast and
accurate results.

Index Terms—Metasurface (MTS), array, Method of Moments
(MoM), periodic.

[. INTRODUCTION

Metasurface (MTS) antennas consist of a grounded dielec-
tric slab on which sub-wavelength metal patterns of varying
size and orientation are printed [1]-[3]. A feeder is integrated
inside the dielectric layer and generates a surface wave (SW)
that propagates within the layer. This SW is progressively
perturbed by the modulation of the MTS, which can produce
a well-controlled radiation pattern by leaky-waves (LWs) [4],
[5]. The analysis of MTS antennas is made difficult because
of the many sub-wavelength details of its electrically large
surface. To that aim, efficient numerical methods based on
Maxwell’s equation in their surface-integral form have been
developed in the literature, such as the Method of Moments
(MoM) [6], [7]. In this method, the MTS layer is accurately
modeled as a spatially modulated sheet impedance lying on
a grounded substrate [8]-[11]. The MoM has been widely
exploited for the analysis of MTS antennas fed at a single point
[5]1, [9], [11]. Recent works have also considered multiple
feeds to improve the conversion efficiency of the antenna
[3], or to create multiple beams [12], [13]. However, their
number is always very limited (typically less than 10 feeds).
In this paper, we propose to analyse MTS antennas fed with
an array of several feeds within the dielectric slab, and with
no constraint on the total number of feeds. We will mainly
focus on their efficient numerical simulations. Such structures
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could offer new possibilities in the design of MTS antennas,
such as providing beam scanning [13]. In particular, we are
interested in structures that are modulated along one direction
only, and infinitely invariant along the other direction, which
corresponds to a two-dimensional (2D) problem. This type of
MTSs will be named one-dimensional (1D) MTSs, and this
paper will focus on their efficient analysis as they allow a first
simplified and relevant analysis of array-fed MTS antennas.
The methodology could then be extended to the study of more
complex structures with 2D modulation. A special attention
will be given to periodic MTSs, both at the feed and impedance
sheet levels.

The paper is structured as follows. Section II describes the
Method of Moments (MoM) formulation for the 2D analysis
of 1D MTS antennas. Then, Section III shows and analyses
simulation results obtained with the previously detailed codes.
Finally, conclusions are drawn in Section IV.

II. METHOD OF MOMENTS

The MoM for the analysis of modulated MTS antennas has
been well studied in the literature [5], [8]-[13]. It consists in
determining the current distribution supported by the antenna
for a given excitation and impedance model of the MTS. It is
typically done by solving the electric field integral equation
(EFIE) [8]. This section shows how the MoM formulation
can be simplified for the case of 1D isotropic MTS antennas
that are modulated only along the z direction, and infinitely
invariant along y. The MTS has a finite length [ along =,
and is printed on an infinitely long dielectric slab of relative
permittivity €, and thickness dg45. Both layers are infinitely
long and invariant along y. Each excitation is modeled as a
wall (along y) of vertical elementary dipoles (VEDs) located
in the middle of the substrate (z = —dgup/2). A cut of the
considered structure is shown in Fig. 1. In this particular case,
the current distribution and the tangential electric field on the
MTS are z-oriented. Thus, the EFIE simplifies to [14]:

/ G*(z,2") J*(2') da’ — Zs(x) J*(z) = —EF () (1)
ZI)/
where the x exponent refers to the = component of each vector.
The incident electric field is denoted as E, J* is the current
distribution, G** is the Green’s function of the grounded slab,
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Fig. 1. 1D isotropic MTS antenna modulated along z. The MTS has a finite
length [ along x, and is infinitely invariant along y. Each excitation is modeled
as a VED wall (along y).

Z is the isotropic surface sheet impedance model of the MTS,
and z, 2’ refer to the positions of observation and source,
respectively. In the MoM, the unknown current distribution is
decomposed into a weighted sum of x-oriented basis functions:

N
T (@) = in F'(x) 2)
n=1
where 4,, is the weight associated with the n-th basis function
7. In this work, the basis functions are chosen to be Gaussian
functions [9]:

1 _(I_I"n)2

' (z) = e 202 3)

oV 2w

where o and p,, denote the standard deviation and mean of the
n-th basis function, respectively. Those parameters are chosen
such that there are around 20 basis function per wavelength,
and the basis functions cross each other around —1dB from
their top. Their relatively local spatial behavior justifies their
choice for representing the current. Those functions admit a
closed form Fourier transform given by:
—o2 ki

Fp(h) = bt 52 .,

where k, is the spectral coordinate. Inserting (2) in (1) and
testing the fields with the same basis functions (Galerkin test-
ing) allows one to build the MoM linear system of equations:

(Zg — ZrBc) t = 5)

where Zq is the substrate matrix, Zrpc is the impedance
boundary condition (IBC) matrix, ¢ is the vector containing the
unknown current coefficients, and v is the excitation vector.
It can be shown that their mathematical expressions read as:

1 - ~ -
o | E k) G ) B (k) ke

ZG(ma n) = o0 .

Zige(m,n) = /Fg‘(z) Z(x) F™(x) dz (7

x

v(m) = ?1 / Bilky) B (—ky) ks @®)
T ka

where F}" refers to the n-th testing function. Since the layered

Green’s functions [15], the incident electric field [16], and the

basis and testing functions have analytical Fourier transforms,

Z¢ and v are computed in spectral domain. A path in complex

k. plane must be used for those integrations as the Green’s
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functions and the excitation both contain poles in spectral
domain [17]. Because of the choice of the basis and testing
functions, the matrices Zygc and Zg have symmetric and
symmetric Toeplitz structures, respectively. This can be ex-
ploited to speed up the computation time for the matrix filling.
Note that, given the Gaussian shape of the basis and testing
functions, many entries of the IBC matrix will be negligible
(sparse matrix). In practice, interactions between basis and
testing functions centered sufficiently far apart should not be
computed and can directly be set to zero, which speeds up
the IBC matrix filling. If the impedance model of the MTS is
periodic, many entries of the IBC matrix will be similar, which
allows for an even faster evaluation of this matrix. Finally,
note that any feeding law, such as an irregularly spaced and
weighted array of VED walls within the dielectric slab, can
be considered by simply adding the contribution of each VED
wall to the incident electric field. Once the current distribution
is found, the spectral electric field can be obtained as:

E%(ky) = J®(ky) G™(ky) + E;(ks) 9)

It is of interest to investigate the case of a periodic MTS
fed with an array (along z) of VED walls of same amplitude
with constant feed spacing a, but with linear phase shift —
between consecutive elements. Since the MTS is supposed to
be infinitely long, the MoM can be extended to the so-called
periodic MoM developed for the analysis of infinitely periodic
structures [18], [19]. In this case, the antenna can be seen as
the infinite repetition of a reference cell and its corresponding
reference feed, as shown in Fig. 2. Consequently, basis func-

A
v v ' A [ [ '
| el2 i e“"t o le :e‘””t :e‘m"t V| dsiap
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reference cell and feed

Fig. 2. 1D infinite isotropic periodic MTS antenna modulated along z. The
reference cell and the corresponding reference feed are highlighted in blue.

tions are only used on the reference cell and are implicitly
repeated in the other cells with their appropriate phase shift,
which drastically reduces the number of unknowns. Given the
periodicity of the structure, spectral integrations are simplified
into summations over Floquet wavenumbers, which speeds
up the implementation and removes the need for the contour
deformation. Their expressions are given by:

“+o0

Zalmm) == S° EP(-KD) GUOD) FLGD) (10)
p=—00
o(m) = —+ io Ey(kD) F™(—k2) (11)
a =
where k% are the Floquet wavenumbers defined as:
ky = v +p2i (12)
a a

Authorized licensed use limited to: Univ Catholique de Louvain/UCL. Downloaded on February 26,2025 at 12:05:55 UTC from IEEE Xplore. Restrictions apply.



Because of the sampling on the wavenumbers, the substrate
matrix Z¢g is no longer symmetric, but it keeps its Toeplitz
structure. The IBC matrix computation is unchanged as it
is computed in space domain, but one should keep in mind
that the basis functions are implicitly repeated in consecutive
cells, within a phase shift. Because of this repetition, the IBC
matrix loses its symmetric structure. Note that, as the current
and electric field are periodic in space domain, we know
that their Fourier transform will be sampled, with sampling
at the Floquet wavenumbers. In fact, we know from antenna
array theory that the total radiation pattern will be the product
between the array factor (AF), taking into account the effect
of the array of excitations, and the embedded element pattern
(EEP), which corresponds to the pattern of the antenna when
only the reference feed is excited [20]. As the AF admits an
analytical expression which simplifies into a Dirac comb for
the case of an infinite array, it justifies the sampled aspect
of the current and electric field. In general, one might be
interested in obtaining the EEP of the infinite MTS to predict
the behavior of the total pattern by multiplying it with the
analytical expression of the AF. To that aim, paper [21] has
shown that the unknown spectral current sampled at some
specific Floquet modes k2 = 1)/a+2mp/a for excitation of the
reference cell only, can be obtained from the spectral current
of the structure when all cells are fed with consecutive phase
shift —1) between cells. Thus, the implementation can rely
on the previously explained periodic MoM code, which must
be solved for many phase shifts to build the total spectral
current. This current can be regarded as the superposition of
many spectrally shifted Dirac combs [22]. As the MoM matrix
depends on the imposed phase shift, it should be computed for
every direction of observation. However, the substrate matrices
for opposite phase shifts will be transposed, which can be
exploited to speed up the implementation. In addition, one
can save computation time by precomputing the IBC matrix
interactions between the testing function (reference cell) and
the basis functions in the reference cell and in (sufficiently
close) other cells located at the left of the reference cell, and
by saving all the results without applying any phase shift.
Given the periodicity of the structure, interactions with basis
functions to the right of the reference cell can be directly
deduced from the previous computations. Then, whenever the
periodic MoM is called, the IBC matrix can be evaluated
very fast simply by multiplying the precomputed results with
their corresponding phase shifts. As a last general comment,
special attention must be given to the convergence of the
integrations and summations for building the MoM linear
system of equations. In particular, it is necessary to evaluate
the required bounds and sampling rate for a fast and accurate
computation of the integrals and summations.

III. SIMULATION RESULTS

This section shows and analyses simulation results obtained
with the previously detailed MoM codes. For all the simula-
tions, we will consider an operating frequency of 24 GHz, and
a dielectric slab of thickness dg;,p, = 1.524 mm and relative

permittivity €, = 3.66. The MTS sheet impedance modulation
is given by:

Zs(x) = jXo (1 + M sin 27z /p)) , (13)

with Xy = —772.5 Q the average impedance, M = 0.4
the modulation depth, and p = A\/2 the periodicity of the
impedance, where \ is the free-space wavelength. First, a
single excitation at the center of the antenna is considered
to evaluate the impact of the MTS length. Then, examples
of a MTS fed with a regular array of phase shifted elements
of same amplitude is shown. Each of the following results
has been obtained in less than one second on a conventional
desktop computer.

A. Single excitation

Firstly, we consider a unique VED wall located in the
center of the MTS (z = 0,z = —dgqap/2) and simulate
the spectral electric field for different antenna lengths: | =
[10X, 20X, 100A]. Then, the periodic MoM code is used to
predict the behavior of the spectral electric field if the length
of the MTS is made infinite. Results are shown in Fig. 3. In all

3 2 -1
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(b)
Fig. 3. Spectral electric field obtained with the impedance defined in (13) for

different antenna lengths. (a) Finite MTS of length I = [10X, 20, 100]. (b)
Finite MTS of length [ = 100, and infinite MTS.

curves of Fig. 3(a), we observe peaks which correspond to the
main SW wavenumbers propagating in the MTS in the absence
of modulation (ks, = =+1.35kg) and their harmonics, as
predicted by the theory [23]. As the length increases, currents
and fields can propagate over a larger distance, resulting in
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sharper patterns. Eventually, we observe in Fig. 3(b), that the
pattern of a very long antenna converges to the one predicted
by the infinite array, except for a slight mismatch between
both curves due to the poles around k, = +1.26ky in the
case of a finite MTS. In fact, those poles are associated with
the fields propagating in the structure beyond the finite MTS,
in the infinite dielectric slab. This comparison contributes to
cross-validating both MoM codes. Then, the spectral electric

=0

0
ka /Ko

Fig. 4. Spectral electric field of a MTS of length [ = 20\ modulated with the
impedance defined in (13), for different feed locations: & = [—10A, —5X, 0].

field for the antenna of length | = 20\ has been simulated
for different feed locations: x = [—10\, =5\, 0]. Results are
shown in Fig. 4. It can be observed that the prediction of
infinite array becomes less valid for feeds located close to the
edges of the antenna. In particular, we can understand that
if the feed is in the left-side of the antenna, there is more
current propagating to the right than to the left of the feed.
So, the main positive SW wavenumber (+k;,,) as well as its
harmonics have a greater impact in the final pattern than the
main negative SW wavenumber (—kg,,) and its harmonics.

B. Array excitation

Secondly, we consider an antenna of length [ = 20\ with the
same set of parameters as previously, but excited with an array
of VED walls of same amplitude with feed spacing a = p =
A/2 and consecutive phase shift —i) between cells. There are
41 feeds in total, located at = = [—10A, —9.5), ..., 0, ..., 10A].
Results are shown in Fig. 5, for ¢ = [0, 7/4]. As expected,
we observe peaks in the spectral currents located at the
Floquet wavenumbers k2 = 1 /a + p27/a. However, the
peaks associated with 4k, and there harmonics are still
present because of the edge effects. If the antenna length was
infinite, the obtained spectral currents would be sampled at the
corresponding Floquet wavenumbers.

IV. CONCLUSION

This paper has presented the MoM formulation for the
2D analysis of 1D MTS antennas. The methodology is very
suitable to analyse any feeding network, where each excitation
is modeled as an infinite wall (along y) of VEDs inside the
dielectric layer. Because of the Gaussian shape of basis and
testing functions, many numerical accelerations have been

0
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Fig. 5. Spectral current of a MTS of length [ = 20\ modulated with
the impedance defined in (13), and fed with an array of 41 feeds of same
amplitude with a = p = A/2 and ¥ = [0, 7/4].

considered. In particular, the formulation was adapted for the
case of a periodic MTS fed with an array of VED walls
of same amplitude with constant feed spacing a, and with
linear phase shift —i) between consecutive elements. In this
case, the periodicity can be exploited to simulate efficiently
the response of the infinite array. Simulation results have
shown that the spectral electric field obtained for a sufficiently
long antenna converged to the one predicted by the infinite
array, except for poles only present if the MTS is of finite
length. In fact, those poles are associated with the fields
propagating beyond the MTS, in the infinite dielectric slab.
This comparison contributes to cross-validating both MoM
codes. It can be concluded that the presented tools allow a very
accurate and fast simulation of MTSs that are modulated along
one direction only. The methodology can then be extended for
the analysis of MTSs modulated along both directions.
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