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Abstract. In this paper, we show that the Otto’s metric on a location-
scale model defined on a Riemannian manifold is a warped Riemannian
metric. This has been done by assuming that the location-scale model
is invariant under the action of some Lie group. The obtained result is
applied to the von Mises-Fisher model and to the Riemannian Gaussian
model.
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1 Introduction

Let (M, gar) and (N, gi) be two Riemannian manifolds of positive dimensions. Given
a positive smooth function f on M, the warped product B = M x ¢ N, is by definition
the manifold M x N equipped with the warped product Riemannian metric ¢ =
gnr + f2gn(see [1]). Warped product plays important roles in many fields such as
differential geometry, physics and information geometry. In information geometry,
warped product is an efficient tool to find the expression of the Rao—Fisher information
metric of location-scale models defined on high-dimensional Riemannian manifolds.

Information geometry began as the geometric study on a statistical model P which
is a set of probability distributions. A fundamental idea of information geometry is
to identify the statistical model P to its parameter space which is assumed to be a
manifold. Therefore, a Riemannian structure on P can be defined on its parameter
space and a natural one is given by the Rao—Fisher information [2]. Said et al. [10]
showed that the Rao—Fisher information metric of any location-scale model defined
on a Riemannian manifold is a warped Riemannian metric, whenever this model is
invariant under the action of some Lie group.

In this paper, we are interested in the Otto’s metric, which has been introduced
in [9] to give a gradient flow on Wasserstein space. Lott [6] studied the Riemannian
geometric structure of Wasserstein space and performed some valuable geometric
calculations on that space using Otto’s metric. Considering this metric on a set
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of probability distributions, Ogouyandjou et al. [7] proposed a family of torsion-
free a-connections that coincide with the Levi-Civita connection when o = 0. The
present contribution investigates the geometry of location-scale models equipped with
the Riemannian Otto’s metric. We show, under some assumptions, that the Otto’s
metric of any location-scale model defines a warped Riemannian metric.

The rest of the paper is organized as follows: Section 2 is devoted to some prelim-
inary results. In Section 3, we give the main result on the geometry of location-scale
model. In Section 4 and Section 5, we focus on the applications of the result to the
von Mises-Fisher model and to the Riemannian Gaussian model.

2 Preliminaries

Let (M, R) be a Riemannian manifold and L denotes the Lie group of the isometries
of M. We define an action of L on M by:

g-x=g(x) VYge L, VoxeM.

Let Kz be the subgroup of L which consists of the elements k£ such that k- = Z.
For each k € K3, the derivative dzk of k at the point Z is a linear map of the tangent
space Tz M of M at . The map k — dzk is a representation of Kz in Tz M, called
the isotropy representation.

The Riemannian manifold M is said to be a Riemannian symmetric space, if for
each T € M there exists an isometry sz € L, whose effect is to fix z and to reverse
the geodesic curves passing through Z. In addition, if the isotropy representation is
irreducible, that is, if the isotropy representation has no invariant subspaces in Tz M,
except {0} and Tz M, M is called irreducible Riemannian symmetric space.

Let M = M x (0, ), @ and /3 be positive smooth functions defined on (0, 00). A
warped Riemannian metric G on M can be defined as follows: for each z = (z,0) €
Ma

G, (U,U) = (a(o)uy)? + B*(0) Rz (u,u) YU € T, M,

where T, M denotes the tangent space of M at z and U = u,0, + u, with u, € R,

0y = 82 and v € Tz M. For instance see [10].

g
Given a manifold M, a location-scale model on M is a family P of parametric
probability distributions p(-|Z, o) on M (Zz € M and o € (0,00)), with respect to
the Riemannian density of M, such that the map (Z,0) — p (| Z, o) is injective:

P=A{p(|z):2=(z,0) € M}.
Throughout the paper, we will make use of the following notations:
e () will denote the function given by £(%)(2) = log (p (z | 2));
o d.0), the map = — d.¢® where d.¢(®) is the derivative of £(*) at the point z;
e dz¢™®) the derivative of the map (z,0) — %) (Z,0) with o fixed;

o (O, for u € Ty M, the map x — d. 0P u;
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e C(M), the set of all smooth real-valued functions on M.

The expectation E, of a function f on M with respect to the probability density
function p(+|z) is defined by:

B(7) = [ f@plalz) dvolus.

In [7], the Otto’s metric I is defined on the model P as follows: for each z = (Z,0) €
M,

(2.1) I.(U,U)=E.R (gradx d.(V U, grad, d ¢ U) YU € T. M,

where grad, denotes the Riemannian gradient with respect to x.

3 Main results

In this section, we show that Otto’s metric on a location-scale model defined on the
Riemannian manifold M is a warped Riemannian metric. To do this, we assume that
M is an irreducible symmetric space under the transitive action of the Lie group L
and that the location-scale model P is invariant under the action of L. The invariance
condition of the model P under the action of L is:

(3.1) plg-z|g-z,0)=p(x|Z,0)Vg€cL,

where g - © denotes the action of g € L on x € M. This identity is equivalent to the
following relation:

(3.2) E,.f=E.fog YfeC(M) Vel
where the function f o g is given by f o g(x) = f(g- x), (see [10]).
Proposition 3.1. [10] , If Condition (3.2) holds, then
95l (2) 0g =0,V (g7 - 2) and dz €V 0 g = dy-1.560) 0 dzg™t.
If g = sz, then
A (2) 08z = A () and dz JAQR- Y I—— (O
Using this proposition, we prove the following result.

Proposition 3.2. If Condition (3.1) holds, then for all uw € Tz M, we have:

(3.3) (grad, Dyt (z)) o g =dg - grad, Ol (g1 2),
(3.4) (grad, dfé(')u) og=dg- grad, (dgfl,fﬂ(')(digfl u)),
(3.5) (grad, D, ") (2)) o sz = dsz - grad, 0,0 (2),
and

(3.6) (grad, dig(‘)“) 0 sz = —dsz - grad, (djﬂ(‘)u).
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Proof. Set u € T; M. First, note that for all z € M: (grad, 9,1 (2)) o g(z) € Ty.. M
and (grad, d¢(z)u) o g(z) € Ty.; M. For any v € T,., M, we have:
Ry.o ((gradz 9,0 (z)) og(x), v) =Ry (gradx 9,00) (2)(g - x), v),
= (dg20, ) ()) v,
by the definition of Riemannian gradient. From the chain rule,
dy (age<'>(z) o g) = g0y () (2) 0 dyg,
and composing at right-hand side of the equality by (d.g)~!, we get:
dy.w05 L) (2) = dy (050 (2) 0 g) 0 (dug) ™.
Hence
Ryo ((grad, 0,60 (2)) 0 g(2), v) = du(0509) () 0 9) - ((dag) "),
= da0o ") (97" 2) - ((dag)

= R, (grad, 0,0™ (g7 - 2), (dz9)~'v),
= Ry (dg - grad, 0,09 (g7 - 2)(x), v),

*11)) by Proposition 3.1,

since ¢ is an isometry of M. Thus,
(grad, 9,01 (2)) o g(x) = dug - grad, 9,49 (g~ " - 2)(x),
= (dg - grad, aaf(')(g_l . z))(gc),

and (3.3) is proved.
Next, for all v in Ty., M,

Ry ((gradm dslOu) o g(x), v) = A (detOu o g) - [(dog)~" - 0],
=R, (gradz (dztOu 0 g)(2), (dug) ™" .U),
= Ry (dxg - grad, (dz(Ou 0 g) (), v),
= Ry (dg - grad, (dz00) 0 g u) (x), u).
Then, from Proposition 3.1, we have for any u € T M:
(grad, dz¢")u) o g = dg - grad, (dz¢") o gu),
= dg - grad, (dg-1 200 - (dog ")),

which is (3.4).
Let’s now prove (3.5) and (3.6). Taking g = sz in (3.3) and (3.4) give:
(grad, 308(')(2)) 055 = dsz - grad, 9,00 (s31 - 2),
= dsz - grad, 0,01 (2),
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and
(grad, dz0)u) o s; = ds; - grad, ( dy-1 00 - (do(ss) " u)),
= —dsz - grad, (djﬁ(') u),
where s;' -2 = z and dzs; ' = (dzsz)~' = —1I. Then,
(grad, 806(')(;2)) 05z = dsgz - grad, 9,01 (2)
and

[gradw (dif(')u)] 08z = —dsz - grad,, (dif u)

47

O

Theorem 3.3 (Main Theorem). Let (M, R) be an irreducible symmetric space under
the transitive action of the Lie group L of its isometries and P a location-scale model
invariant under the action of L. The Otto’s metric I of the model P is a warped

Riemannian metric given by:

(3.7) L (U, U) = (alo)us)* + B2(0) Rz (u,u) YU € T, M,
with
(3.8) a?(c)=E.R (gmdz 9, (2), grad, 806(')(2)) ,
and

L|r,
(39 §() = Telmaar)
where I.|7.p denotes the restriction of I, to T, M and 0, := %.

Proof. Since I is bilinear and symmetric,

L (U, U) =1, (05, 05)u2 + 21 (g, u)ug + I, (u,u),

with U = u, 05 + u € T, M with u, € R and u € Tz M. We shall prove the following

relations,

(3.10) 1.(0,,0,) = a*(0),

(3.11) L.(8,,u) =0,

(3.12) I(u,u) = B*(0) Rz (u,u),

where a?(0) and 3%(o) are given by (3.8) and (3.9).
We shall first prove (3.10). From (2.1),

1.(8,,0,) =E.R (gradz 4,69 8,, grad, d, o) ac,) ,
R

(3.13) =E, (gradw 9, (2), grad, agf(')(z)) .



48 K. L. Chitou, F. Djibril Moussa, A. Gbaguidi Amoussou, C. Ogouyandjou

We shall show that the right-hand side of (3.13) does not depend on z. Let f denote
the function defined by f(z) = R, (grad, 0,0\")(2), grad, 0,¢(*)(z)) and set a?(z) =
E.f. For all g € L, we have from (3.2):

(3.14) ®(g-2)=Eg.f=E.fog.
For all z € M,
f09(@) = Rya (grad, 0,099 (g - 2), grad, 9,690 (g - 2)),
= Ry, (dyg - grad, 00 (2), dypg - grad, dfﬁ(z)(z)), by Proposition 3.2
=R, (gradm 808(“5)(2;), grad,, 808(“5)(2')), since ¢ is an isometry of M
(3.15) = f(x).
Substituting (3.15) in (3.14) yields:
(g - 2) = ?(2).
Since L acts transitively on M, for all Z; and Zo in M, we have
o?(21) = a*(2),

where 21 = (Z1,0) and 29 = (Z2,0). Then, the right-hand side of (3.13) does not
depend on Z so that we get (3.10):

I.(05,0,) =E.R (gradwagﬁ(')(z), gradwagﬁ(')(z)) = a?(0).
Now let’s prove (3.11). We have:
(95, u) =E,R (gradm (d-00) w), grad, 8(,5(')(2)) ,

Let h denote the function under the expectation. Applying (3.2) with g = sz yields:
(3.16) 10y, u) =E,h =E;,.h=E, (hosz),
since sz -z =2z. Forallz € M,

(hos2)(@) = Royo (grad, (d=00D0), grad, 0,604(2))

=R, .0 (—dwsi - grad, (dzf(x) u), dysz - grad, 8(,5(9”)(,2))

= —R, (grad, (d.0™) u), grad, 9,07 (2))
(3.17) = —h(x).

where the second equality follows from Proposition 3.2 and where the third equality
follows from the fact that sz is an isometry of M. Replacing (3.17) in (3.16), we get

L0y, u) =E,h =0.

(3.12) is a consequence of Schur’s lemma. As I,|7. s and R are two bilinears forms
on T; M with Rz definite positive, then for all k € Kj:

(3.18) Rz(u, u) = Rz(dzku, dgku) and I, (u, uw) =1, (dzku, dzku)
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The first equality holds because k is an isometry of (M, R). To obtain the last equality,
first recall that

I (u, u) = E. R(grad, (d-£") ), grad, (d-£0) v) ).
Denoting by j the function under the expectation and applying (3.2) yield
(3.19) L(uu)=E,j=E,1,j=E,jok™!
since k~! -z = z for k € K. For all x € M, by Proposition 3.2, we have:
jok ™ (z) = Ry-14 (gradm (dzﬂ(k_l'w)u), grad, (dzﬁ(k_l“)u) ) ,
=Ry (dwkflgradx (dzl™ (dzk u)), dok~grad, (ds(*) (diku))),
(3.20) ~ R, (gradw (dal™ (dak ), grad, (ds™ (dsk u))) ,

because k is an isometry of M and k-z = z. Then, we get (3.18) by subtituting (3.20)
in (3.19). (3.18) means that I,|r, p and Rz are invariant by the isotropy representa-
tion. Hence, applying the Schur’s lemma, one can find some positive multiplicative
factor 32, such that:

(3.21) I (u, u) = 8% Rz (u, u).
We have to show that 32 is given by (3.9). Taking the trace in (3.21),
tr(L. |7, ) = B2 tr Ry = B%dim M.

Then (.| )
2 _ 2 _ (M
G s T

Let’s now show that 52 is not depend on Z. Taking Z; and Z in M, we have to show
that

(3.22) 8% (z1) = B (22),

where z1 = (Z1, 0) and zo = (T2, o). We have:

n

(323) tr(IZ2|Ti2M) = Z Izz (6i7 62‘),
i=1
where (e1, €9, - -+, €,) is an orthonormal basis of 75, M. As the action of L on M is

transitive, there exists g € L such that:
Tog =g 2.
Using this, we get:

(3.24) L, (eisei) = Iz (ei,6;) =Eg., t =K, tog,
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where t = R (grad, dz, ") e;, grad, dz,¢") e;). For all z € M,
tog(z)=Ry.s (gradgC dp, 09 ¢, grad, dg, 09 e ),
=Ry (dzg grad,, (dilﬁ(w)(diggfl ei)),dzg grad, (dilﬁ(I)(d@g*I ei))>,
= R, (grad, (ds, 09 (A9 " €5), grad, (ds, (9 (diyg " €1) ).
where the second equality holds by Proposition 3.2 and (3).
Replacing the last equality in (3.24) yields
L, (e;ei)=E, R (gmdgC (dz, €9 (dzpg™" ei)), grad, (dz, €9 (dzpg™" ei))>
= L., (da, 97" €i, day g7 " i)

Then (3.23) becomes

(3.25) tr(Ly |y 0r) = Y Loy (deyg ™' €, dayg ™€)
=1

To complete the proof, note that dz,g~ ! e; is in Ty, M since dz,g~! maps an element

of Tz, M to an element of Ty—1.5, M = T3, M. Therefore, for all 1 <4, j < n, we get:

Rfl (d562971 €, dfczgil ej) = Rgfl-iz (dfzgil €i, de.gil ej)
(3.26) = Rz, (cir ¢5).
Since the family (eq, ez, -+ -, €,) is an orthonormal basis of Tz, M, the equality (3.26)
shows that (da—mg_1 e1, dg,g tea, -, dp,gt en) is an orthonormal basis of Tz, M.

Then, (3.25) becomes

n

tr(Izz|T52M) = Z IZl (dngfl Ciy dfzgil ei) = tI‘(IZl ‘TflM)'
=1

From this, we obtain (3.22). O

4 Application to the von Mises-Fisher model

In this section, we give an application of Theorem 3.3 to the von Mises-Fisher model.

Definition 4.1. The von Mises-Fisher model is a location-scale model P defined on
S™~1 the unit sphere of R (n > 3) given by: for all p (-|z,n) € P

(41) p(x\f, 77) = €xXp [UD (1'7 :f) - 7/} (77)] Vz € Snila URS (Ov OO),
where
(4.2) D(x,7) = (z,%) and ¢(n) = vlog (2m) +log (n' ™ I,—1(n)) ,

with (-, -) denoting the Euclidean product of R and I,,_; denoting the modified Bessel
function of order v — 1, with v = n/2.
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Remark 4.2. The parameter space of the model is not of the form M x (0,00). So,
Theorem 3.3 can’t be directly applied to the von Mises-Fisher model. To remedy
this, one identifies the parameter space of the model to R™ (see [10]). In the following
proposition, we call warped Riemannian metric I on R™\{0}, the pull-forward of the
warped Riemannian metric on S*~! x (0,000) given by (3.7) via the diffeomorphism

(@,n) = ni.
L (U,U) = (a(n) uy)® + 52 (n) Re(u,u) U € TR,
where z =z and U = u, Z+nu, with € (0, o), z € S"™ !, u,, € Rand u € T;S" 1.

Proposition 4.1. The Otto’s metric I of the von Mises Fisher model is a warped
Riemannian metric on the parameter space R™, given by

a? (n)dn? + 5% (n) R if z#0
I, = n—1 .
-1l if 2=0
where
i L (n) Ui L1 (n)
4. 2 = L= ]1 - 2y =L (n-1
13 =" —[1- ] F =T (-1 ),
and || - || denotes the Euclidean norm.

Proof. The model P is invariant under the action of the Lie group L. Indeed, for all
ge L:

plg-zlg-z,m)=exp[n(g-z, g-7) —¢ (),
= exXp [77 <x’ f) -9 (n)]a
=p(z|z, n).
In addition, S*~! is an irreducible symmetric space [3](Table II, p. 354). Then,
applying Theorem 3.3 to the model P and transferring the metric obtained on R™\{0}

we get:
L (U, U) = (a(n) uy)* + 6% (n) Rs(u,u) U € TR",

with U = u, Z + nu with u,, € R and u € T;S"~!, and where o? () and 52 () are
given by

(4.4) o*(n)=E, R (gradm ItV (2), grad, &ﬂ“(z)) ,

and

Llp s
(45) g(y) = Mo )

Note that the probability distributions related to the points (Z,0) are not considered
in P. Let’s show that o? () is given by (4.3). From (4.1), we have:

040 (2) = 0,(n D (v, 7) = ¥ (n)) = D (w, ) = &' (m).
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Replacing this equality in (4.4), we get:
(4.6) o? (n) =E. R (grad, D (-, z),grad, D (-, 7).
For all z € S* 1,
R, (grad, D (z, ), grad, D (z, )) = ||grad,, (z, Z)||*.

Here, note that the metric R considered on M = S™~! is the scalar Euclidean product
and D is given by (4.2). We have:

grad, (x, T) = tan grad, (z, Z),

where tan and grad, denote respectively the orthogonal projection on T;S"~! and
the gradient on R™. Then,

grad, (z, Z) = tan T =7 — (z, T) T,

by the decomposition TzR" = TS"~! + (TES”“)J' (see [8]). Consequently, by
Pythagora’s Theorem:

R, (grad, D (z, 7),grad, D (z, 2)) = ||z — (z, Z)||* = 1 — (z, 2)°.

Substituting this in (4.6), we get:

One can show that

B 1 n—-11L41(n)
4.7 E. (z, )2 = = + — =
(4.7) (@, 2)" =~ +— T ()

see for instance Appendix B of [10]. Then

o=t - )

Let’s show that 8%(n) is also given by (4.3). For this purpose, let (€;)1<i<n—1 be an
orthonormal basis of TzS™~!. Then

n—1
r(Llgsn1) = Y L (e, €),
=1

n—1
= Z E,R (gradI dz0e;, grad,, diﬁ(')ei), by (2.1)
i=1
n—1
(4.8) =E, R (grad, dz0Ve;, grad, dz(")¢;),

=1

by (2.1) and by the linearity of the expectation. We have:

(4.9) dzl®e; = Ry (grad, () (2), e;) = (grad, () (2), e;),
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where grad,; is the gradient with respect to Z. By (4.1):
(4.10) grad, (®)(z) = ngrad, (z, z) = n (z — (z, ) ).
Combining (4.9) with (4.10) we have for all z € S,

R, (gradx dfé(w)ei, grad,, dff(w)ei) = ||grad,, (77 <x —(z, T) T, ei>)\|27
= 772ngadx (<$ - <l‘, i'> z, ei>)||27

=7’ (1 - <x —(z, )z, {x — (2, T) T, e¢>ei>) :

gradac <‘T - <I7 j> z, 6i> = gradx <l’, 6i> - <3_53 ei> gradm <$, j>7

Indeed

=€; — <$, €i> xZ,

because (Z, e;) = 0. Then, taking the square of the norm and using Pythagora’s
Theorem, we get:

|lgrad,, <:1c — (z, T) T, ei>||2 =1— (e, x)Q,

- <x —(z, )z, ei>2 since (Z, e;) =0,

=1- <:1c —(z, )z, (x — (z, T) T, ei>ei>.
(

[
—_

Thus, replacing the expression of R, (grad, dz¢®)e;, grad, di,ﬁ(:”)ei) in (4.8), we
get:

=E.n? (n -2 —(x, f)z) ,
=n*(n—2+E, <x, %), b

:772( 1 1]y+1
n Iu 1

<

—
W~
\]

=

77))

n)
(odly n e )y,

A,\

Then,

n—12 n—
tr(fz\:njsn—l):n2<( nl) + nlziigz;)

Replacing this in (4.5) yields
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Let’s now prove that I, is well defined on the parameter space R™ of the model. Using
the power series development of modified Bessel functions [11], one can show that

L) 4 [1)? y
I, 1)  n(n+2) (2"> Ot

From this equality, we infer

s, n—1 4 1\? .
a”(n) = - (1—M(20>>+0(U),

and )
-1
o) = T Lo
Hence
. 9 ~n—1 . 9 _
(4.11) %%a (n) = - and %1356 (n) =0.

Let Uy € ToR™. Then there exists a vector field V' on R™ such that V (0) = Uy (see
[8]). For any point z # 0, V (z) € T.R™ can be written as

V(z)=u,Z+nu,
with u, € R, u € TzS"! and z = n & so that by Pythagora’s Theorem
IV () |I* = iy + 2 [l .
Then,
(4.12) lim w2 = lim [V () = VO = [Tl

Recall that
L (V (2), V(2) = &®(n) uj + 52(n) Ra (u, u).

Note that the point z = 0 corresponds to n = 0. Now, using equations (4.11) and
(4.12), we get:

. n—1

lim I, (V (), V (2)) = [|Uol|?.

z—0 n

Let’s then define a scalar product Iy on ToR"™ by:
n—1 9 "
Iy (UOaUO):T”UOH VU € ToR™.

To complete the proof, we have to show that for all vector field X and Y on R", the
map ¢ : R” — R defined by:

o? (n)unvn"‘ﬂz (n) (u,v) if 2 #0
9(z) = "X (0), Y (0) if 2 =0

n
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where z =0z, X (2) =u, Z+nuand Y (2) = v, T+ nv, is differentiable at the point
z = 0. Let denote respectively by Zy and z;(k € [1;n]) the components of Z and z in
R™. Using the chain rule [4], one can show that for any z = nz:

0¢(2) _106(2) _ B (n) 9{u,v)

= Vk € [1;n].
0z, n 0Tk n 0Ty [[ n]]
2
Then, since lim L(n) =0, we have lim 99 (2) =0
n—0 n z—0 62]@
On the other hand, we have
8Zk t—0 t
To see this, we use L’Hopital’s rule, by showing that
o¢ 99 (2) _
fim G600 0) =l g (ot 0 =l =52 = =0,
by the chain rule. Hence, ¢ is differentiable at the point z = 0. (Il

5 Application to the Riemannian Gaussian model

In this section, we find the expression of the Otto’s metric I of the Riemannian
Gaussian model as we did for the von Mises-Fisher model. We shall assume that M
is simply connected.

Definition 5.1. The Riemannian Gaussian model is a location-scale model P defined
on a Riemannian symmetric space of non-positive sectional curvature M by: for all
D ( |i‘7 77) € P)

(5.1) p(@lz, ) = exp [n(0) d* (x, 7) = (n(0))] Yz € M,
1

202"
In most cases of interest, the Riemannian Gaussian model is defined on a sym-
metric space and Theorem 3.3 can’t be applied to a model defined on a such space.

where d is the Riemannian distance, ¢ (1 (o)) normalizes p (z|Z, ) and n (o) = —

Proposition 5.1. Let (M, R) be an irreducible symmetric space such that the action
of L on M is transitive. Let P be the Riemannian Gaussian model defined on M.
Then, the Otto’s metric of the model P is a warped Riemannian metric given by

L (U,U) = (a () ug)? + 6% (n) Ra(u,u) VU € T M,

with
(5.2) a’(n) =4’ (n), = 4— ZE R,

where Ry are components of R with respect to the normal coordinate system at x.
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Proof. Let us first check the assumptions of Theorem 3.3. For g € L and p (-|Z,7n) € P,
we have
p(g-alg-2z)=exp [nd*(g-x, g-7)—¢ ()],
= exp [ndQ (J?, ‘f) - w (77)} ;

where z = (Z, n) and g -z = (¢ - Z, ). Then, the model is invariant under the action
of L on M. So, applying Theorem 3.3 to the model, the Otto’s metric turns to a
warped Riemannian metric which is given by

L (U,U) = (a (n) uy)* + 6% (n) Ra(u,u) VU € ToM,

where
o*(n) =E.R (gradw 87,€(')(z), grad, 8,,6(')(2')) ,
and (0| )
2 _ tr z| Tz M
B0 = —Gimar

Let’s show that a2 () and 32 () are given by (5.2). By (5.1)
grad, 9,0@ (2) = grad, d* (z, ) = —2 exp; ' (Z).
The latter equality can be found in [5]. By replacing this in (5), we get:
o*(n) =E.R (—2 exp, ' (Z),—2 exp, ! (f)) =4E, d*(z, 7),
since R, (exp; ! (Z), exp; ! (%)) = d? (x, %) (see [5]). Then, we show that
E.d (2, 2) = ¥/ (1)

Indeed, we have

/M exp [nd® (z, ) — 1 (n)] dvoly (z) = 1.
From this, we get by differentiation
(53) [ (@ @ 8) = () p (ale) dvolus ) =

A calculation of the left-hand side of (5.3) gives ¢’ (n) = E, d? (z, Z). Then, o? (n) =
44’ (n). In addition, by the definition of Otto’s metric

tr (Llr,m) =) I (ei; e),

v

Il
-

K2

I
NIE

E.R (gradm dfﬁ(')ei, grad,, dfé(')ei> ,
1

.
I

[
NE

] 1) e ] 1O e
1 E,R (gradw Rz (gmdgC 0 (2), ez) , grad, Rz (gradx 0 (2), eb)) ,

-
Il
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where (e1, ea, -+- , €,) is a frame on M at z. Let’s note first that
grad, Rz (gradl. (@) (), ei) = ngrad, R; (grad; d* (z, 2), €;),
= —2ngrad, Rz (expgl (z), ei) .

Let’s introduce the normal coordinate system h',---,h™ of Z relative to the basis
e1, -+ e (see [8]). Then

grad, R, (gradw (@) (2), ei) = —2ngrad, b’ (z),

ohi (z) 0
=200 B () g g |,
kel
o

l

x

Replacing this in the expression of tr (I.|r,as) and performing a short calculation
yield:

tr (L|myn) = 40°E. Y RuRik Ry,
ik

=4n* ) E.Rj,.
lk

Hence, 32 (n) is given by:
2
B (n) =4 % ZEzRir
1k

O

Now, let’s assume that M is not irreducible. Since M is simply connected, we use
the De Rham decomposition [3] (Proposition 5.5, p. 310) to write M as the product
of irreducible symmetric spaces

M =M x - x M,,

so that the metric R of M and the squared Riemannian distance d? can be expressed
as

(5.4) Rz (u,u) = Z Rz, (ui,u;),
and
(5.5) d*(z,2) = d? (z;,7:),

i=1

where u = uy +ug + -+ + up, x = (21, ,x,) and T = (Z1,- -+ ,Tp) with z; € M;,
Z; € M; and u,; € T, M;. In this case, the Otto’s metric of the Riemannian Gaussian
model is given by the following proposition.
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Proposition 5.2. Let M be a simply connected Riemannian symmetric space of the
compact type or the noncompact type and P a Gaussian Riemannian model defined
on M. We assume that the action of L on M is transitive. The Otto’s metric I of
the model P is a multiply-warped Riemannian metric which is given by:

L (U, U) = (a(m)uy)*+ Y B7 (n) Ra, (ui,u;) VU € ToM,
=1

where U = u,) O +u1 +ug+- - - +uy, with u, € R, u; € Ty, M; and where the functions
«a and B are given by:

2
02 (n) = 40/ () and 2 () = 4"" S Y,
1k

with z; = (fi,n) € M, x (0,00)
To prove the proposition, we use the following lemma.

Lemma 5.3. Let P be a location-scale model defined on a product manifold M =
My x My X -+- X My, such that for any probability density function p (:|Z,n) € P:

(5.6) p(z]z) = Hpi (xilzi) Vo= (z1,--,2n) € M1 X -+ X M,,
i=1

where z = (T,n), z; = (Ti,m) € M; x (0,00) and where p; (+|z;) is a probability density
function with respect to the Riemannian density of M;. Then,

DU =y Y 0,07 (z0) + do 7V VU = uy 0y + u; € T, (Ml- % (0, 00) )
k=1

where € and {; are log-likehood functions given respectively by 0% (z) = logp (z|z)
and égwi) (zi) = log p; (x4]2;).
Proof. (of the lemma) From (5.6), we have:

n

(D (2) = 3" 67 ().

k=1

Taking the derivative at the point z in this equality and applying it to U = u, 0, +u;,
we get:

dADU =" d., (7 U,
k=1

- Zd%g;@“) (uy Oy + i),
k=1

=y > Ol () + D ey 07 .

k=1 k=1
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Then,

Al U =y 3 00 (21) + d, 0 ;.
k=1

Let’s now prove the proposition.

Proof. We have:

p(z]2) = exp [nd® (z, &) — 1 (n)] for z € M.

where z = (Z,n) € M. Since M is a simply connected Riemannian symmetric space,
we have from the decomposition of De Rham’s Theorem [3]

M =M x---x M,.

Then, we can write d? (z, z) in (5.11) as in (5.5) so that

p(z|z) = exp [ﬂzdf (Ti, @) — w(ﬂ)} ;

i=1
= exp and? (T, i) — Z%‘ (77)] )
i=1 i=1

= Hexp [nd? (2, 2:) — i ()],

where ¢; (n) = E, (dl2 (Z4, xz)) and the second equality holds by the following equality:

(0 (77) =E, (d2 (,@.’L‘)) =E. (Z dzz (mlvxl>> = Zlﬂz(n)
Then,
p(zlz) = sz' (zilz:) -

where z; = (Z;,n) and p; (+|2;) is the Riemannian Gaussian density with respect to
the Riemannian density of M;. Applying Lemma 5.3 to P, we get:

(5.7) d 0 U = U Z@nfff"')(zk) + diiﬂ(“)ui for U = u, Op + ;.
k=1
Using the bilinearity and the symmetry of I, we have:

n n n

(5.8)  L(UU)=ulL (9y,0y) + 2uy y_ L (Opwi) + > > L (ui, ),

i=1 i=1 j=1
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where U = u,0, + w1 + us + - - - + up, with u, € R, u; € T3, M. For i € [1;n],

L (9,,u) = E.R (gradx (d.£00,), grad, (dzﬁ(')ui)) ,

—E.R (gradx > 0,00 (2n), gradxidxiéz(.')ui> by (5.7),
k=1

=E.R (gradwiﬁnfg')(zi), gradggidfiﬁg')ui) by (5.4),

= IZ{, (&,,ui) .

From the identity of polarisation, we have:

1
L, (On,u;) = 1 [Izi (w; + Oy, u; + 0y) — Ly (us — Oy uy — 8n)]'

Then

1
(59) Iz (877,%-) = 1 [Izl ('LLZ + an,ui + 8,,) — IZm ('LLZ' — 877,u1- — 877)]

Since each symmetric Riemannian space M; is irreducible, Theorem 3.3 can be applied
to the Riemannian Gaussian model {p; (-|2;) }

(5.10) L (ugOy + ui, unOy + wi) = (i (n) un)2 + 63(”)Ril (ui,ui) s

2
where u; € Ty, M;, o2 (n) = 41; (n) and B2 (n) = 4 % Z E.,R},. Using this equality,
Lk
(5.9) becomes

L By wi) = o () + 87 (0) Ra, (ws,us) = [oF () + 57 (n) Ra, (wiyw) ).
Then,
(5.11) L. (0y,u;) = 0.
For (i,5) € ([1;n]) such that i # j, we have:
I, (u;,u;) =E,R (gradmdzf(')ui, gradxdzé(')uj> ,
=E.R (gradmdziﬁg)ui, grad, d
=0 by (2.1).

ﬁ(.'>uj) by (5.4),

Zj 7
Thus,
Using (5.11) and (5.12), (5.8) becomes

L (Uv U) = u127IZ (6773 877) + ZIZ’ (UZ,UZ) ;

i=1
n

= (o () un)* + ZIZT: (wi,u;)

i=1
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Then, by (5.10):

L (U, U) = (a (n) uy)* + Zﬁf () Rz, (ui; ui) .
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