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3D Tensor Field Theory: Renormalization
and One-Loop (3-Functions

Joseph Ben Geloun and Dine Ousmane Samary

Abstract. We prove that the rank 3 analogue of the tensor model defined
in Ben Geloun and Rivasseau (Commun Math Phys, arXiv:1111.4997
[hep-th], 2012) is renormalizable at all orders of perturbation. The proof
is given in the momentum space. The one-loop ¥- and S-functions of the
model are also determined. We find that the model with a unique coupling
constant for all interactions and a unique wave-function renormalization
is asymptotically free in the UV.

1. Introduction

The approaches to one of the most important problems in physics, namely
the quantum gravity (QG) conundrum, have evolved a lot since the last
two decades. The most known contender having some undeniable results is
certainly String Theory [1] whereas alternative approaches! like Asymptotic
Safety scenario [2], Noncommutative Geometry [3], Dynamical Triangulations
[4] and Loop Quantum Gravity (LQG) [5] have also drawn a lot of attention
of theorists from the mid-1990s ([5-8]) when, in fact, the String’s revolution
enchanted most of the physics community.

In the meantime, another framework starts to build up around the
Sakharov’s idea (1965) of an “emergent” theory of gravity (see [9] for a review).
Mainly “emergent” refers to a phenomenon which is only induced and not fun-
damental. The analogy with hydrodynamics as emerging from laws of molec-
ular physics is commonly used as an illustration. This idea, somehow rooted
in condensed-matter physics and statistical physics, suggests only, but very
originally, that the quantization of the spacetime background metric should
be addressed in some independent way than the ordinary study of fluctuations
around the flat metric configuration. In fact, it is well known that the latter

1 We include Supergravity and M-Theory within the String approach as theories invoking
extra symmetries or dimensions.
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type of quantization leads inexorably to a non renormalizable quantum field
theory using Einstein—Hilbert action [10-12]. So far, results on the QG domain
are various and are greeted with more or less success. Nevertheless, the idea of
an emergent spacetime was welcome as pertinent and still perpetuates through
the years [13].

Coming back to the mid-1980s, the so-called random matrix models, ini-
tially motivated by string theoretical considerations, become on their own a
concrete proposal for statistical models for QG in 2D [14]. Soon after, they
were followed by their tensor analogue for D > 2 QG [15-17]. However, the
latter works experienced difficulties, because one of the main analytical tool,
namely the 1/N expansion, was crucially missing. In last resort, only numeri-
cal results can be properly achieved. All these endeavors appropriately realize
the idea of an emergent theory of gravity (in short, in 2D, random matrix
models are theories of random triangulations of surfaces and summing on such
triangulations amounts to sum over the geometries of these surfaces. These
models possess a phase transition toward a “continuous phase” geometry: the
so-called conformal geometry coupled to Liouville gravity [14]).

The framework of tensor fields for addressing the QG issue was cor-
rectly stated in [18,19] for a D-dimensional lattice version of 3D Euclidean
gravity. The prime idea was not so much focused on the understanding of
an extended version of statistical analysis of matrix models for tensors but
rather to introduce a discrete version of a simplified and “flat” (BF) model
of gravity valid in dimension higher than 2. Substituting the integral over
all D-dimensional manifolds by a sum over all D-dimensional simplicial com-
plexes, the ensuing models generate perturbatively all D simplicial complexes
providing the tensor analogues of the successful matrix models. Fields here
are defined over several copies of an abstract Lie group which, by Fourier
transform, yield tensor components. Depending on the dimension, to each ten-
sor is associated a simplex and vertices provide fusion rules and exchange
of momenta as in ordinary quantum field theory. A key point of this for-
malism is that these tensors should be constrained to satisfy specific rules
of invariance enforcing the flatness condition of the gluing of the simplices
at the vertices. A generic link was later found between these lattice mod-
els and another fast-growing field: the spin foam models which embody the
covariant version of the LQG program [20,21]. Thus, was born a new line
of investigation for QG: the so-called group field theory (GFT) [22,23]. The
partition function of GFT sums over both topologies (dictated by the topol-
ogy of Feynman graphs as simplicial manifolds) and geometries (encoded in
the amplitude of these graphs) of a given manifold. GFT claims to be a
theory of quantization “of” spacetime itself [23]. This leads, once again, to
the problem of obtaining an emergent spacetime at some proper continuum
limit.

The GFT framework appears very appealing for performing quantum
field theory computations and, naturally, the question of its renormalizabili-
ty was first systematically addressed [24,25]. Many other interrogations arose
concerning the GFT formalism. “How to control divergences ?” and “why the
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most important contributions in the partition function would be of the form
of a “large” and “smooth” spacetime like the one, we experience?” were fre-
quently asked. In fact, all these interrogations could have been only satiated
by finding a 1/N expansion for tensor models.

The renormalization program for GFT made its first steps and nota-
ble facts have been sorted out concerning power-counting theorems of both
ordinary GFTs and more involved GFT models in relationship with 4D QG
[26-30]. In the meantime, a drastic improvement concerning the topology
of simplices dual to the Feynman graphs has been proved by Gurau by
introducing the colored version of these GFTs [31,32]. In [33], it appears
clear that relevant operators of the Laplacian form [34] were missing in
the 3D Boulatov GFT action [18,19] and, so, should be added in all GFT
actions before discussing of their renormalizability. The renormalization anal-
ysis for these type of GFTs proves to be a computational challenge. Con-
cerning the symmetry analysis of GFTs, some efforts have been made to
show that they possess a quantum group symmetry [35], that they satisfy
peculiar Ward identities [36] and that, associated with translation invariance,
there exists a conserved classical energy momentum tensor for the colored
GFTs [37].

The real breakthrough of the story occurs with the major discovery by
Gurau of the analogue of 1/N expansion both for GFTs and independent
identically distributed tensor models (see [38,40] and more other references
therein, [41] for a short review of the subject and [42] for a complete over-
view of the subject and more developments based on this 1/N expansion).
Dominant graphs were identified [43] and are associated with simplices of the
sphere topology. Important developments followed: the generalization of the
Witt—Virasoro algebra (without central charge) for infinite-dimensional tree
algebras [44], the tensor generalization of the Ising model in any dimension
[45], the determination of the universal character of random tensor models
generalizing the Wigner—Dyson law for random matrices [46]. Furthermore,
based on the above developments and for the first time, a 4D QG model, even
though simplified, has been found renormalizable at all orders of perturbation
theory [47]. Let us readily mention that it is not clear in which sense General
Relativity could be recovered from the said model (this is why one calls it
simplified). However, it is not hopeless to encounter coordinate invariance and
more geometrical properties of the background space emerging through the
rich structure of that model [48].

The idea of defining a renormalizable and emergent theory of gravity
using the tensor approach has matured through years [48] and belongs to a
particular pattern extending progressively the renormalization group (RG)
analysis from local graphs like in the ¢} model, to the vector cases for
condensed-matter systems, then to the matrix cases like in noncommutative
field theory [49-53] incorporating already nonlocality and, now, to higher-
dimensional tensor theories. The model of [47] is nonlocal and defined over
copies of the compact group U(1), hence, does not have infrared (IR) diver-
gences. It is built by first integrating four colors (out of five) in the colored
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model [31] and choosing the last color to be dynamical with respect to [33].
Considering the 1/N expansion, it is known that only certain contributions in
the effective action called “melonic” (this terminology refers to [43]) will be not
suppressed in power-counting. It remains to truncate the effective action for
obtaining relevant and marginal operators of the melonic kind. After analyzing
the divergence degree of an arbitrary graph at a given order of perturbation
theory, only graphs determined by particular boundary data but having also
a regular internal structure turn out to be divergent. This is the “generalized
locality” principle for tensor graphs and only those graphs should be renormal-
ized by standard interpolation moves on external data. Interestingly, a peculiar
anomaly arises in the expansion. The authors of [45] interpreted this term as
matter fields appearing in that 4D gravity model. Renormalization group (RG)
flows have been not computed for the model and these deserve indeed to be
understood. As it can be easily realized, the combinatorics of such a model
becoming very involved should be cautiously handled. The present contribu-
tion is a step toward the computation of the RG flow of that 4D QG.

In this paper, we address the RG flows of coupling constants of a ten-
sor model in 3D related to the above 4D model. This model has been briefly
outlined in [47] but its renormalizability has been not yet proved. This is an
initial property that we need to investigate before computing any flow. We
prove that this 3D tensor model over U(1)? is renormalizable at all orders of
perturbation. The proof is thoroughly done in the momentum space. This is in
contrast with the renormalizability proof of the anterior 4D model which was
performed in the direct space. In the momentum basis, the interaction remain
of the same form of as in the direct space yielding factorized graph amplitudes,
somehow, more suitable to perform the different optimizations occurring in the
multiscale analysis. Hence, using a different basis also convey to a new per-
spective on these tensor models in general. In the second part of this paper,
we compute the one-loop - (governing the RG flow of the wave-function ren-
ormalization) and S-functions (governing the RG flow of interaction coupling
constants) and analyze the RG flows of the different coupling constants. We
emphasize that it is not necessary to go beyond one-loop computations, since
the leading order corrections determine the RG flows of coupling constants if
the O-function is not vanishing at this order. The model obtained by merging
all coupling constants to a unique one which is, somehow, the most natural
model that proves to be asymptotically free in the UV. This feature might be
related to the universal Gaussian behavior of these tensor models discussed
in [46].

The plan of this paper is as follows: the next section defines the model
and states our two main results. Section 3 is devoted to the multiscale anal-
ysis and the achievement of a crude power-counting theorem which will be
dissected in Sect. 4. The renormalization of primitively divergent graphs will
be performed in Sect. 5. The calculations of - and g-functions and RG flows
of coupling constants are detailed in Sect. 6. Section 7 gives a summary of our
results and an outlook of this work. An appendix gathers further details on
some results used through the text.
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2. Rank 3 Tensor Model Over U(1)

Let us consider four complex three-rank tensor fields over the group U(1), ¢
U(1)3 — C. The index a = 0,1,2,3 is called color. In Fourier modes, ¢* can
be expanded as

@a(gl,g%gg) _ Z (pf‘pj]eipleleip202eip303,

a .

pjEL
ei € [07271—) and [p]] = (plvaaPS)» (1)
where the group elements g, = e¢* € U(1) = S'. From now on, we write
$lag = P35 pyps and define a theory in the momentum space with a first

kinetic part regarding the colors a = 1,2 and 3,

3
Glinsl28 — Z Z Pla3 Plas, (2)
p; a=1
where the sum in p; is performed over all momenta values, for j = 1,2,3.
We do not assume any symmetry under permutation of arguments of these
tensors.
The ordinary colored theory [31] is defined by an interaction which can
be read off in momentum space as

gint — § Z @?23 @3345 @%26 99241 +A Z 85?23 @:§45 @g% 952417 (3)

pPj pj

the parameters A and A being the coupling constants.

We emphasized here an important point concerning these tensor models.
The momentum space is in “exact duality” with the direct space in the fol-
lowing sense: up to an inessential constant (a power of 27 coming from spatial
integrations), interactions in direct and momentum spaces share exactly the
same form. This is contrast with other local theories or even nonlocal the-
ory like in noncommutative field theory [53] for which the vertex possesses a
delta function of momentum conservation. Although nothing prevents to per-
form the renormalization in the direct space, the main point for switching in
momentum space is that the graph amplitudes get factorized in a different and
useful way as we will see.

The polar point here is to take a particular kinetic term with respect to
the color 0 such that,

3
S0 — Z Plos ( Z as|ps| + m) Plazs (4)
p]' s=1

where |ps| denotes the absolute value of ps and as are positive wave-function
coupling constants. Hence, the field of color 0 is assumed to be propagating.?
Note that also, the model described by (4) is slightly different from the direct

2 Remark that a direct space formulation corresponding to such a momentum space
kinetic term can be defined by a reduced operator acting on each strand as —idg¢(0) =
2 pez Ip|é(p)e’?? | where ¢(p) is the Fourier mode of ¢.
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FiGURE 1. Propagator

3D analogue of [47]. The latter could be only reproduced by fixing all a4 to a
given value.

We use the same procedure of [44] which mainly performs an integra-
tion of the partition function with respect to all colors save one. One gets an
effective action for the last tensor ¢° in the form

Z= /duc[wo} oS, (5)

where duc[p®] stands for the Gaussian measure with covariance C' =
(3", aslps| +m)~! (represented in Fig. 1) and the effective interaction finds
the form

(A

. NE foD) 2w ]
gro=% Syng) N O g 0 (6)
B

the sum in B is performed on all “bubbles” which are connected vacuum graphs
with colors 1 up to D = 3 and p vertices; f(p, D) is a function of the number
of vertices and the dimension; w(B) := ;g is the sum of genera of sub-
ribbon graphs called jackets J of the bubble, and Trz[p"¢°] are called tensor
network operators. Graphs with w(B) = 0 are called melons [42] and non me-
lonic contributions defined by w(B) > 0 become suppressed from (6). Thus, it
is sufficient to only focus on the melonic sector of the theory. As in [44], one
attributes a different coupling constant to different tensor network operators
and simply rewrites (omitting the color index 0)

AB

gm0 — XB: Sym(B) Toleel (7)

We truncate the above series and will consider only those relevant to marginal
terms guided by renormalization conditions. Thus, in the following, we will
consider the effective interaction terms made of monomials with order at most
four:

Sy = Z Pp1,p2,ps Ppys,p2,ps Pp1spar s Ppi1,pyr g + PErMutations. (8)
P;
The last term “permutations” means that we include also other terms by
performing a permutation over the six momentum arguments (Fig. 2).
By introducing the UV cutoff A on the propagator which becomes C*,
the action and partition function of our model are then defined by

3
S = NSy + OT Soa + 3 CT 5 Suna, 2 = / dublg] 5", (9)

s=1
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FIGURE 2. Vertices of the type Vj

where

Saq = Z@[pj]@[pj], S0 = Z@pj (|Ps ) (10)

pj
where the symbols CT’s are coupling constant counterterms defined by the
difference between the renormalized and bare couplings. More precisely, CT{?1

is a mass counterterm and CT '2.0 18 @ wave-function counterterm.
The main results of this paper are given by the following statements:

Theorem 1. The model defined by (9) is renormalizable at all orders of per-
turbation theory.

Theorem 2. The model obtained from (9) by identifying as = a is asymptoti-
cally free in the UV direction.

3. Multiscale Analysis

We begin with the multiscale analysis which will lead to a prime (or crude)
power-counting theorem. From that theorem, we will be able to identify the
“dangerous” graphs for which the renormalization program should be per-
formed. The first step is to find the behavior of the propagator with respect
to high- and low-momentum scales, then, using this result, we should find an
optimal way to bound graph amplitudes in the most general manner.

3.1. Propagator Bound

Consider the kinetic term of the action. The kernel of the propagator is

3 -1r s
C([pS]v[p;D = lza8|ps +m [Héps,p§‘|v (11)
s=1 s=1

the notation 5([}78}, [p.]) referring to 5([p17p27p3], (D], Ph, p5]).
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Introducing a Schwinger parameter, we get the integral form of the prop-
agator as

o0

Cllp). ) = [ dae oot (12)
0

In the following developments, only is needed the small distance or high
momenta behavior of that propagator. We do not have the infrared diver-
gence problem from the compactness of U(1). This is reflected in the direct
space (Fourier transform of the above), for instance, by the fact that the mass
can be put to m = 0 and this will cause no difficulty with the zero mode of the
propagator. Working in the momentum space, in full generality, it is better to
consider a non-vanishing mass; otherwise low momenta will cause a divergence
n (12). Nevertheless, as mentioned earlier, this situation is actually not rele-
vant for the remaining analysis which solely focuses on the UV sector of the
theory.

The next stage is to introduce the slice decomposition of the propagator
in the form:

c=3C i=12.. 13)
1=0

Cy = / dave=lSes aalpal-m]
1
Mot

Ci = / da 6—0[22:1 as‘ps"‘l‘m]’ M c N (14)
M—i

The following proposition is direct
Lemma 1. For all © € N, there exists a large constant K > 0 such that
C; < KM e M 'IXios aslpsl+m| (15)

The ultraviolet cutoff can be imposed by summing the slice index i up
to a large integer called A in the slice decomposition (13). Thus,

A
ch=>Y"a, (16)
1=0

and the ultraviolet limit consists in taking A — oo. One calls Cy and C the
IR and UV propagator slice, respectively. For simplicity in the following, we
omit the superscript A.

3.2. Optimal Amplitude Bound: Prime Power-Counting

Let G be a connected amputated graph with set of vertices V (of any kind for
the moment) of cardinal V' and L set of lines of cardinal L = |£|. The bare
amplitude associated with G is of the form
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_ JulA, CTs1, CTy;2:0]

(17)
Z(ch ] Pur(e),s ) H 5PUb7p,, .

Pv,s \LEL vEV; s

where f,[A\, CTh 1,CT;.9.0] is a function of some product of coupling parame-
ters, S(G) is a symmetry factor, Du(e),s are momenta involved in the propagator
which should possess a vertex label v(¢) hooked to a given line ¢ and a strand
label s; p, s are the same momenta, but now, involved in the vertex which
should bear both vertex v and strand s indices; dp, . p,, is the Kronecker
symbol (we keep here formal notations but, while dealing with a category of
vertex Vy, Vs, this symbol might depend on the vertex type and the number
of strands s could vary from one category of vertices to the other; however, as
we will see below, after some momentum summations, we do not need to track
all these indices to get a crude power-counting); p = (i1,142,...,1,) is called
momentum assignment and gives to each propagator of each internal line £ a
scale iy € [0,A]; the sum over p is performed on all assignments. From the
point of view of the effective series expansion [54], the function f,, collects all
the effective couplings corresponding to the attribution p. Given an amputated
graph, we simply have external vertices (where test functions or external fields
can be hooked). By convention, we fix all external line scales at ioxy = —1.
Ag;y, will be the core quantity and the sum Ag = 3 [f.(A, CT.)/S(G)]Ag;.
can be done only after renormalization in the standard way of [54].

We would like to perform the momentum sums in the p, s in an “optimal”
way. For that purpose, let us quickly review what should be expected from the
ordinary theory. Given p and a scale i, we consider the complete list of the
connected components G¥, k = 1,2,...,k(i), of the subgraph G; made of all
lines in G with the scale attribution j > 4 in p (note also that the meaning of
i and k are radically different even though we keep simple notations for these
quantities when writing Gf ). Such subgraphs are called high or quasi-local and
are the key objects in the multiscale expansion [54]. There is a partial (inclu-
sion) order on the set of G¥ and Gy = G. The abstract tree made of nodes
as the G¥ associated to that partial order is called the Gallavotti-—Nicold tree
[65]. G is the root of that tree. To an arbitrary subgraph g, one assigns two
quantities:

ig(p) =infu(p),  eg(p) = sup i) (18)

leg l external line of g
A subgraph g can be viewed as G¥ for a given p if and only if i, (1) > i > ey(p).
In the direct space formalism, one considers a spanning tree® T' of the graph
G. Associated with T are position variables that one integrates to give decay
factors to the product of propagator lines. The key point is to optimize the

3 This is by definition a subgraph formed by lines passing through all vertices without
forming closed loops.
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bound over spatial integrations by choosing the tree T to be compatible with
the Gallavotti—Nicolo tree. This is achieved by taking the restriction Ti’C of T
to any G¥ such that TF is again a spanning tree for G¥.

Coming back to our situation and for simplicity, we assume that no wave-
function counterterm appears in the graph. Adding them at the end will be an
easy task. One notices that the vertex operator is a product of delta functions
and, hence, Ag factorizes in term of closed or open strand line that we call
“faces”. Let F be the set of faces of G. It decomposes in a set Fi,; of closed
(or internal) faces and another set Feyt of faces connected to external vertices.
We have

|-7:| =F= Ent + Fext7 Ent = |]:int |a Fext = |-7:ext |, (19)
and
3 .
‘Ag;u S K/n H M_u Z H [H 64i257Q£eS] e_M*te [zs a5|q3|+m]
el qs ¢el Ls=1
<k a3 e et (20)
lteL a5 feFtef

where af|gs| is the wave-function quantity now bearing a face label f. The
bound (15) has been also used to get (20).
The following cases may occur:

(i) The face f € Fint, then the face amplitude is qu o™ Cees M7 aglas],
Given 7 = mingecyi¢, this amplitude can be optimized as, up to some
constant 9,

S e e M arlasl < 30 M aslal — g O(M). (21)
qr q

(ii) the face f is open, then all sums in g5 can be performed and yield O(1).

Hence, in the above amplitude (20), only terms involving Fi,, should be taken
into account. We obtain

|AQ;M| < K™ H M Z H o™ Xeer M=) aylq;|

leL a5 fEFint
0
< K'n H H M1 H K”M“f, (22)
leLi=1 fE€Fint

where [y is a strand of f such that ¢;, = infjc ;. It can be therefore inferred
that

ilf

|Ag;#| < K/nK//Fim H ﬁM—l H HM
LeLli=1 fEFiny i=1

< KmKNF‘“‘ H H M1 H H M

Lel (i,k)EN?/LeGk fE€Fint (i,k)EN2/l;€GF
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L1(i=15)

1
6=} o

1 2
G, ={L1} 0 0 G, ={} fl=fsl, 3,54} 2={s2, 53, s4'}

1 2
G=(1 e 0 G =2

[ \ / 1
‘ l, €206, I, (L15)=
/ \ 0 G, =(L1213) 2 €Ny hILL=g

sh :

141=9)

e l/ | I, €RNG, 1,212=7
0 G ={L121314 o NG, L1 d
N Iy €216, L0105

lp €06, 1 [L9={s4}

1 =
0 G =GB lp €2NG, 1y (L01={st}

L2(i=12)

FIGURE 3. A graph with a multiscale expansion (L1 is at
scale i = 15, etc.) and its Gallavotti-Nicolo tree; the face f1
(in red) is external and the face f2 (in green) is internal. [ is
the strand element at given scale ¢ which should optimize the
bound (color figure online)

< K/nK//Fim H M*L(Gf) H H H M

(i,k)EN? (4,k)EN? feFiny NG 1€ fNGE
< KM Fine H M~ LG+ Fine (Gf)’ (23)
(i,k)€EN2

where L(GF) and Fi, (G¥) denote the number of internal lines and internal
closed faces of G¥. In the last step, during the bound optimization, one uses
the fact that the Iy € f N GY gives a single strand the scale of which is the
minimum among the scales of the lines which occur in f N G¥. Note that
the face f N G¥ can be an open face. In such a case, [; being the minimum of
the scales of the closed face f cannot occur in the f N G¥, hence, the product
inlye fn Gf is empty. Thus, the last product yields nothing but the number
of elements of the internal closed faces of G¥ (when the closed face f becomes
totally embedded in the G¥ such that I; € G¥; see Fig. 3).

Compounding all constant factors coming from the momenta sums, we
get a bound of the graph amplitude at a given attribution pu as

|Agy| < K™ [ MEE)+Fms (61, (24)
(i,k)
where K is some constant and n is the number of vertices of the graph. We
recall that the above amplitude is assumed to be without wave-function count-
erterms. Adding these counterterms in the form of V{, vertices, the following
statement is straightforward:
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Lemma 2 (Prime power-counting). For a connected graph G (with external
arguments integrated versus fized smooth test functions), we have

|Agy,| < K™ [ M€, (25)
(i,k)

where K and n are large constants,

3
wa(GF) = =L(G) + Fint (G) + > _ Vio(GF). (26)

s=1

The quantity wq(G) is called the divergence of the graph G and provides
also the power-counting. In the sequel, we aim at analyzing this quantity for
a general connected graph G.

4. Analysis of the Divergence Degree

The analysis of the divergence degree is made in two steps: the first by trans-
lating wq(G) in topological quantities and the second by refining the obtained
result in a convenient manner. From these two steps, we provide an exhaustive
list of divergent graphs.

4.1. Power-Counting in Topological Terms
We recall some definitions ([43,47,56]):

Definition 1. Consider G a 3 dimensional graph.

(i) The colored extension of G is the unique graph G.q1or Obtained after restor-
ing in G the former colored theory graph ([47, Definition 1], here illus-
trated in dimension 3 in Fig. 4).

(ii) A jacket J of Geolor is a ribbon subgraph of G.o1or defined by a cycle (Oabc)
up to a cyclic permutation (see Definition 1 of [43] and an illustration
given by Fig. 5). There are three such jackets due to the dimension 3.

(iii) The jacket J is the jacket graph obtained from J after “pinching” that
is the procedure consisting in closing all external legs present in J (see
Section 3.2 of [56] for the general definition of “pinching” for external
strands; here, the pinching of a jacket is illustrated in Fig. 5). It is always
a vacuum graph.

(iv) The boundary 0G of the graph G is the closed graph defined by verti-
ces corresponding to external legs and by lines corresponding to external
strands of G (see Section 3.2 of [56] as well as a drawing in Fig. 6). Here,
it is a vacuum graph of the 2-dimensional colored theory, hence a ribbon
graph. It is also its own and unique jacket.

Some comments are in order. In general, the boundary graph of a tensor
graph of rank D is a closed tensor graph or rank D — 1. The notion of jacket for
the boundary graph can be defined as in the ordinary situation as a cycle of
colors. The fact that the boundary graph is defined as a closed graph implies
immediately that all jackets are closed.
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3 0 3 0
0( .'
3 0
FIGURE 4. A graph G (left) and its color extension Geolor
(right) in simplified notations: each line of color « = 0,1,2,3

corresponds to a propagator in the colored theory, i.e.
J dpc () @fa3053, and vertices are defined by Eq. (3)

WUel @is

FIGURE 5. The jacket J (0123), ribbon subgraph of the col-
ored graph Geolor (Fig. 4) and the pinched jacket J associated

with J
C@ - -
0g 0g 0G=1J

FIGURE 6. The boundary 9G of G and its rank two or ribbon
structure

Let G be a graph. Let Vj be its number of o* vertices, V5 the number of
vertices corresponding to mass-counterterms 2, V.o the number of vertices
corresponding to wave-function counterterms |p,|p?. The graph possesses also
L number of lines and Ngy external fields. Using the above notations, the
following statement holds:

Theorem 3. The divergence degree of connected graph G is given by

Wd(g) = *VQ - %(Nezt - 4) - Zgj+98g - (Cag - 1)5 (27)

J
where the sum is performed on all jackets J of Geolor, g5 is the genus of the
jacket J associated with J, gog is the genus of G and Cpyg is the number of
connected components of the boundary graph 0G.
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Proof. There is a relation between the numbers of lines of external legs and
of vertices for G: 4V, + 2(V5 + ZS 1 Vi) = 2L + Ney; . Concerning Geolor, its
number of vertices Vg, .. and number of lines Lg,,,,. satisfy

3
1
VGeoor =4Va+2 (V2 +Z VSI;Q) v Lgegor =LA Lint; Georor = 9 (4Vgcolor — Next )v
s=1

(28)

where Lint.g,.,., denotes the number of internal lines of Geolor Which do not
appear in G. Fg_, ., the number of faces of Gcolor, can be partitioned not only in
the number F' of faces of the initial graph but also in additional faces Fint.g,.,..
proper to the colored graph and not appearing in G. We write

Fg oo = F + Fing ; Geolor * (29)

There are three jackets in Geoor- Each face of the graph Geoor is shared by
two jackets. Summing over the jackets, one, therefore, has >, F; = 2Fg_ .
Meanwhile, concerning number of vertices and lines, we have V; = Vg_ . and
lines Ly = Lg,,,.., respectively.

The next stage is to pass to topological numbers associated with the
graphs. The Euler characteristic of a ribbon graph can be only defined if the
graph is closed. This is the reason why we need to consider pinched jackets
J. After closing all external half-lines of open jacket graphs J, we are in the
presence of closed ribbon graphs J for which the above topological number is
well defined. For the resulting jacket J. , we have

Vi=Vy, Ly=_Ly, (30)

hence, J has the same number of vertices, the same number of lines as J, but a
different number of faces. The number F'; of faces of J finds the decomposition
F5 = Fmt Fext .7 where Flnt 7 is equal to Fint;s the number of internal
faces of J and F, .7 18 the number of additional closed faces entailed by the
pinching procedure

The Euler characteristic of J affords

Fint;]""FextJ 2—-295-Vy;+L,. (31)
F, ;.7 can be further divided into F; nt:J. G0 the number of closed faces belong-

ing to G and F;

int: J: Georor? the number of closed faces belonging to Geolor and
not to G:

F, F

int ; J; Geolor *

j_ int;j;g+ (32)

Summing over all jackets, we have
Z(F‘int ; j; g +‘Fmt J Geolor +Fext J) 2Ent 1Y +2Ent Geolor +Z ext ; I (33)
J J

where, we recall that Fin ., g, is the number of faces issued from Geolor and
not appearing in G and Fiy g is the number of closed faces of G.
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The quantity Fiy. ..., can be computed explicitly: each p* vertex con-
tains 4 internal faces coming from the coloring (and not present in G) and each
2 type vertex contains three of them. Then, one has

3
Ent; Geolor — 4V4 + 3 <V2 + Z ‘/S/;Z) . (34)

s=1

Besides, using (28), we have

1
Y (-Vi+Ly)=3 (Vgcolo, - QNext)

J

3
1
—3 <4v4 +2(Va+ Y Vig) - 2Next> . (35)

s=1

Summing over J in (31), and using the above relation, we get from (33)
and (34)

3 1
Fint;g =2V4 — 7 Next +3 — > 95 5 > Feid (36)
J J
We re-express »_; F, . 7 in terms of topological numbers of the boundary
graph 0G. The boundary 9G is defined from its number of vertices Vyg and
lines Lpg such that

Vag - cht 5 LBQ - cht . (37)
The external legs of the initial graph G have three strands and we have
3Next = 2Foxt - (38)

The boundary graph is a closed ribbon graph, thus, G has a single and closed
jacket. Note that a boundary graph may have several connected components.
We get from the Euler formula

2Csg — 29ag = Vag — Lag + Fag, (39)

where Fyg and Cyg are, respectively, the number of faces and of connected
components of 9G. Tt is simple to deduce from (37) and (38) that Log — Vog =
Next /2 and, from the latter and the above Euler formula, one recovers
1
Fog = 2(Cog —1) = 2959 + 2+ 5 Next (40)
We remark that

Fext H j = Fag’ (41)
J

because each face of the boundary graph is uniquely represented in a unique J.
Indeed, we recall that a face of the boundary 9G can be represented by a color
triple (Oab); a face (0ab) belongs to a jacket J if J is the form (Oach). A jacket
being a cycle this implies that ¢ should be fixed (Fig. 7). Then evaluating (41)
via (40) and inserting the result in (36), it can be inferred
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@ =

FIGURE 7. A face (highlighted) of 9G (boundary graph of G
Fig. 4) labeled by colors (013) and the unique pinched jacket
J (0123) which possesses this face (color figure online)

3 1
Entg—Q‘/él ext +3 - ZQJ ( Odg_l)_298g+2+2Next)

= 2Vi — Nexs +2*29J (Cag — 1) + gog- (42)

Inserting the latter in wq(G) = —L + Fing,g + Vi, where L = (1/2)[4Vy +
2(Va + Zi:l Vi) — Next], we finally get (27) which achieves the proof of the
theorem. ]

The quantity

=Y g5+ gog — (Cog — 1) (43)
J
should be analyzed in detail, since, mainly, the classification of divergent
graphs relies on its behavior. The next section is devoted to this study.

2. Bounds on Genera

This section undertakes the study of the quantity — > ; g5+ gag which turns
out to be the central object capturing the behavior of the divergence degree.
From that result, we will be able to classify the primitively divergent graphs
in a next stage.

The strategy here follows mainly the same that was adopted in [47]: we
perform a sequence of 0k-dipole contraction [38,57,58] of a given graph and
scrutinize the genus change under such moves.

Let us give a flavor of the following combinatorial analysis before start-
ing it. A k-dipole contraction on a colored vacuum graph [38] generalizes to
the tensor case, the so-called line contractions along a tree for matrix ribbon
graphs. Performing such a sequence erases all bubbles with melonic structure
and one gets another graph which can be called a Filk rosette [59] of the tensor
kind. The degree of that graph w(G) = > ; g7 is the same as the degree of the
initial graph, since the genus of each jacket along this sequence of contractions
is preserved.

In the present case (and also in [47]), starting from a colored theory
with colored graphs, we do not perform arbitrary k-dipole contractions but,
at first, k-dipole contractions involving all colors but 0. The result is a graph
with the same degree as previously claimed. In particular, erasing all melonic
contributions yields exactly a graph of our starting theory. In a second step,
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FIGURE 8. 0k-dipole contractions

we start what we call a 0k-dipole contraction involving, now, the last color 0
(a precise definition will be given below). Under such a contraction, the graph
may or may not change degree. We should analyze in detail the consequence
of performing the contraction. The main points revealed in [47] were: (1) the
boundary graph coincides with the resulting graph obtained after any full
0k-dipole contraction in an arbitrary sequence and removal of external struc-
ture of a given graph; (2) under a single 0k-dipole contraction, the genus of
a jacket never increases; (3) the sum over all jackets of differences between
genera of these jackets before and after contraction is always bounded from
below by a fixed constant.

In the present context, we actually expect the same properties for graphs.

Definition 2 (0k-dipole and contraction). We define a 0k-dipole, k = 0, 1,2, 3,
as a maximal subgraph of G.oor made of k + 1 lines joining two vertices, one
of which of color 0. Maximal means the 0k-dipole is not included in a 0(k +1)-
dipole.

The contraction of a 0k-dipole erases the k+1 lines of the dipole and joins
the remaining 3—k lines on both sides of the dipole by respective colors (Fig. 8).

We summarize in the following proposition a basic fact about the bound-
ary graph (the proof is totally similar to that of Lemma 3(Graph Contraction)
in [47])

Proposition 1 (Graph contraction). Performing the mazimal number (4Vy —
Next)/2 of Ok-dipole contractions on Geolor in any arbitrary order and eras-

ing the external legs and the remaining open faces of G leads to the boundary
graph 0G.

We restrict the analysis to the only significant situation of graphs with-
out any two-points vertices of the kinds V; and V/,* and aim at studying
the change in genus of a single closed jacket under a dipole contraction.

4 We can first analyze graphs for which one performs a full and maximal contraction of all
2 type vertices into a single line. After, the case including such vertices can be derived by
re-inserting (2 vertex chains from that point.
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We write
Geolor — géolorv J— le 957 — 95 (44)

The analysis of the sum of differences between genera before and after the
contraction will be a corollary of that result.

Consider a colored connected graph Golor, & fixed 0k-dipole and the con-
tracted graph G/, ., which may or may not be connected. After a contraction,
the numbers of vertices and lines meet the following modifications:

V-V =V-2 L—L =L-4, (45)

whereas the number of connected components may change from ¢ = 1 to ¢’ < 3.
The other ingredient entering in the definition of genus is the number

of faces. The change in faces can be handled by another notion of pair types

associated with dipole contractions (Appendix A.1). The key observations are
summarized by the following statements:

Lemma 3 (Decreasing genera). Given a pinched jacket j, we have

Proof. See Appendix A.1. d
Lemma 4 (Genus bounds). We have
95> 906, 95— 3gag € N. (47)
J

Proof. A complete sequence of 0k-dipole contractions on the graph G yields the
graph 0§ (see Proposition 1). Using Lemma 3, any genus of any pinched jacket
J decreases along that sequence of contractions. Finally, the pinched jacket
coincides with the boundary graph® itself G, which proves (47). The factor
of 3 appearing in the second statement of (47), come from the fact that there
must exist at least three jackets J (in the sequence) generating the boundary
graph which possess a greater genus. Indeed, if (abc) defines the boundary
graph cycle (obtained after contracting the color 0, such that a, b, ¢ # 0), then
three jackets (Oabc), (aObc) and (abOc) contract back on (abc). Some of the
“ancestors” (placed upstream with respect to the sequence of contractions)
of these three jackets or the three jackets themselves should possess a genus
strictly greater than gsg. O

4.3. Divergent Graphs

We always assume that G # () hence Cyg > 1. Furthermore Cpg < Nexs /2,
because each connected component must have at least a non zero even number
of external legs.

After an analysis (the details of which are collected in Appendix A.2),
the following table gives a list of primitively divergent graphs:

5 This results from Proposition 1; since after a full sequence of contractions G — G, any
pinched jacket of G should have a projection in 9G. However 9G is unique so that the con-
clusion is immediate.
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TABLE 1. List of primitively divergent graphs

Next Va gog Cog — 1 > 797 wa(9)
4 0 0 0 0 0
2 0 0 0 0 1
2 1 0 0 0 0
2 0 0 0 1 0

We emphasize the fact that the anomalous term of the form ([ ¢?)([ ¢?)
occurring in four dimensions [47] does not appear here. One could claims that
in higher dimensions, more anomalous might be present. From the above table
characterizing all dangerous contributions, we are in position to address the
renormalization program for these amplitudes and this is the purpose of the
next section.

5. Renormalization

The renormalization procedure of primitively divergent graphs could be imple-
ment in the way of [47] if one switches to the direct space using techniques
developed in [52,54]. We equivalently perform the renormalization procedure
in the momentum space in a similar way of [53].

The renormalization schemes corresponding to any primitively divergent
contribution given by Table 1 have to be studied. Nevertheless, the procedure
remaining similar at a given number of external legs, we will only treat the
following cases:

(i) Next = 4 yielding wq(G) = 0 (first line of Table 1);

(ii) Next = 2 yielding wq(G) = 1 (second line of Table 1).
We emphasize that even though the above cases (and for the first situation,
for a given vertex configuration) will be discussed, the analysis performed in
the following can be carried out for all possible cases and affords the same
conclusion.

5.1. Renormalization of the Four-Point Function

Consider a four-point function subgraph G¥ characterized by the first line of
Table 1 and equipped with four external propagators. The graph is such that
gog = 0, hence has a boundary graph of the melonic type. The pattern fol-
lowed by external momenta are necessarily of the form Vj (Fig.2). Denoting
external momenta data by p7*, f =1,2,3,1',2,3, we assign to each p$* an
external or boundary face (there are six of them). Calculations will be only
made for the initial configuration of the Vj vertex given by (8). It will be
obvious that for any other permutation, the derivations will lead to similar
conclusions.

Let A4(GF) be the amplitude of the resulting graph. Note that the exter-
nal leg indices are at scale j; which must be strictly smaller than ¢ the scale
index of the quasi-local subgraph G¥.
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Using the face factorization, A4(GF) can be written (alleviating nota-
tions, henceforth, p, refers directly to the absolute value |p;| and the reference
graph G¥ will be dropped) as

A4[{p?xt ] = Z/ [Hdage—azml
Py £
x{ [ H e_(ZZef Ot()afps}Xt‘| [ H e_(zeef ae)ﬂfpf‘| }7 (48)

fEFext fE€Fnt

each ay € [M~% M=%+ ¢ runs over all lines of the graph. Referring to an
external line, we will use instead [. Hence, d; can be either an external index
ji or an internal one 4. In particular, for all f € Fi,; in the second product,
ay is at scale iy > j;.

Next, we single out the exponent alp}?‘t for each independent external

face, where a; € [M~7t, M ~71*1] such that, we can write a given external face
amplitude as

o~ ey ag)agpft e~ (ata)apF =iy ag)asp§ ) (49)
Noting that all ay, in the sum, are now at scale i, > j;, and p‘}"t ~ M7t we
perform a Taylor expansion for each external face as
e*(Z/{ef al’«)afp?m

1
S [1 < D oz€> asp§” /dte*t@eaﬂ#l O“Z)afp;;] . (50)
0

(ef/t#1

ext

Rewriting (50) as e~ (Seer @)asPF™ = g=(otar)aspf™ (1 _ R$], where R is
the remainder of the Taylor expansion, we substitute the latter expression in
the initial amplitude A4[{p$* }]. In loose notations, the result is

A4[{P?Xt ]:Z/ [Hdageafm] {[ H e(az+az')a_fP§Xt]
pf L

fEFoxs

ll— >R+ Y R‘}’“R?ft-...“ I1 e@eew)afpf” (51)

fEFext f»f,eFext feFint

Collecting the leading order contribution, one has

Ao =3 [ [Hdageaém]
pf 14
x{l H e_(al+all)afp?Xf] [ H e(zeefag)afpf‘|}

f€Fext fE€Fins
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= {/ lHdalealm] H e(a”r“l’)“f'l’?“}
1

fE€Fext

X{Z/[Hda[eaem] H e—(Zzefaz)afPf}_ (52)

L#£1 fE€Fint

The first factor corresponds to a vertex hooked to four external propagators,
since it can be recast in a mere form

/[Hdale—alnL][ H e—(al+al/)afp?xt]
l

fE€Fext
:/ [Hdall {e—all(a1p1+a2p2+asp3+m)e—a12(alp’1+a2p2+a3p3+m)
l

o~z (a1pi+azph+asps+m) ;—au, (arp: +azph+azph+m) } ) (53)

The second factor coincides with the logarithmically divergent internal contri-
bution given by the power-counting theorem. Hence, A4[{p§i"t }+; 0] determines
a log-divergent counterterm participating in the vertex renormalization.

The remaining terms in (51) should be analyzed. Proving that the first
subleading order contribution improves the power-counting will be a sufficient
condition to ensure the convergence of the subsequent product terms. The first
subleading term is of the form

Ry = Z/ [Hdaee_af7’bl { [ H e—(az+au)afpj‘“1
pr l

f€Fext

1
X[_ Z ( Z O‘Z)afp?(t/dte_t(zle”uzO‘Z)afp?“]
0

fE€Fuxs LEf/1#£

x[ H e~ Ceey ae)afpf]} (54)

fE€Fins

and can be bounded by

|Ry| < KM*(i(G?)*e(Gf))Z/ [Hdaeeaem] [ H e—(Zggfaz)afPf]7
pPf L

fE€Fint
(55)
where K is some constant (which could depend on the number of inter-

nal lines of the graph and number of external faces). Note that the inte-
gral over t yields just a factor of O(1). Also remark that, we used optimal

bounds such that p'}"t < M e(G?), and, for any internal decay, one assumes
that ay < M~UP) | recalling that e(GY) = sup,j; and i(GF) = inf e gr ie.
The factor M—((GH—e(G) guarantees that the power-counting Mwa(GH=0
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(which corresponds to the last sum, up to some constant) is improved and will
bring the sufficient decay to ensure the sum of momentum attributions in the
standard way of [54].

5.2. Renormalization of the Two-Point Function

We consider a graph G¥ with two external legs with topology as dictated by
one the corresponding rows of Table 1. Note that the boundary data pEXt , f =
1,2,3, now follow the pattern of a simple mass vertex. Only, the case of a
two-point graph with a linear divergence will be treated, since the subtrac-
tion of log-divergent cases can be recovered easily from the same analysis by
restricting the Taylor expansion at less order.

Let A2[{p7*}] be the full amplitude associated with the graph G} with
external propagators. Having defined all tools in the previous analysis of
Sect. 5.1, we perform the following expansion of any boundary face ampli-
tude occurring in Az [{p§* }] as

Lef/t#

2 1
Z ay afPEXt] /dt et Beep/en a@)“fpe}m]. (56)
0

Lef/ Ll

The same (56) can be rewritten as e~ (Zees @)arP7 — o—(@to)arpf (1 4
Sext + R;’c"t]. Substituting this expression in the initial amplitude yields

GXt Z/ Hdale a;m‘| {[ H e(az+al’)afp?t‘|

fEFoxt
14+ Z Sext + Z R?xt + Z (S;xt —‘,—R?Xt)(SeXt ext) +...
JE€Fext fE€Fext o' €Fext

[ H e(ZZEfaf)afpf]}. (57)

feFint

As expected, the leading order contribution A2[{p$* };0] is mainly of the fac-
torized form (52) with, in the present instance, the first factor appearing as

/lHdale_a’m][ H e_(a”’“l’)afpefx”]
I

fE€Fext

:/ [Hdal‘| e~ i1 (@1p1taspatazps+m)—au, (a1pi+azpa+azps+m) (58)
1
and the second factor bringing a linear divergence. Clearly, this term belongs
to a mass renormalization.
The remaining task is to prove that the higher-order terms improve the
power-counting. Let us focus on the following
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A/ {pext} 0 Z/ Hdaee aem]
{[ II - <az+aw>afp?“] [— > (2 eagpy

fEFext fEFexy LESf/LA]

% [ H o~ ey f"i,)afpf‘| } (59)

fEFint

which can be seen as a wave-function renormalization. Indeed, we can recom-
pose it as

A/ [{pext O] _ _Z

s=1

{[/ [Hdal] e~y (a1p1tazpatazpz+m)  —ai, (a1pr1+azpatazpz+m) o pext]

l

lZ/[Hdage—“m]( 3 ag> 11 e—(ZZEm)afpf]}’ (50)

£l Lefs JL#] fEFint

where the first factor is nothing but a wave-function type contribution (and
renormalizes as) and the second factor is log-divergent. The latter statement
is justified by the fact that the factors ), f. /e 0 brought by the derivatives
are of order M ~* which annihilates the internal divergence degree which was
linear.

As another consequence of the decay of ), F/01 Ot ANy monomial in
Sy of order higher than 2 in (57) is simply convergent.

Next, the first-order remainder term is of the form

Ry = Z/ lHdaee_aeml { [ H e_(al+az’)afp?Xt]
Py ¢

fE€Fext
21
) Z H( Z O‘€> afp'?{t] /dt(l t)et(zeq/#zadafpi’“]
fE€Fext tef/i#l )
X[ H e Xees O‘Z)afpfl } 1)
JfE€Fint

Using the fact that p‘}Xt < M—<(G)) whereas ap ~ M~ with i, > e(G¥), for
¢ #£ 1, we find the following optimal bound for the above term as

|Ro| < KM~ 2(i(Ghy— e(G’“))Z/ [Hdaée azm}[ H e(ZEEfag)(lfp‘f‘|7

é#l fEFint
(62)



J. Ben Geloun and D. O. Samary Ann. Henri Poincaré

where the integral over ¢ yields again a factor of O(1). We recognize, in the last
sum, the linear divergence associated with the two-point graph at ¢ = 0. Hence,
this term is convergent and will ensure the summability of scale attributions.

All the rest of terms are manifestly convergent from the fact that they
involve only product of convergent terms. Finally, the summability of the scale
attributions can be performed in the way introduced in [54].

5.3. About Enlarging and Reducing the Space of Couplings

It is worthwhile to discuss how the (perturbative) renormalizability of the ini-
tial model can be extended to different models with various degrees of anisot-
ropy between colors. Different classes of models are obtained by just putting
a different coupling for each term or conversely identifying the different cou-
plings.

Renormalizability is triggered by the coherent combination of three ingre-
dients: a multiscale analysis, a locality principle and a power-counting theorem.
The issue raised above can be rephrased as “is a given class of theory with
particular anisotropies stable or not under the RG flow?”.

Consider the renormalizable model defined by the action written in terms
of (4) and (8), which we call in the following discussion (I). The model has
many wave-function couplings, namely a,, and one single-interaction coupling,
A (the mass is always kept fixed in the next developments).

In addition to the model (I), let us discuss three other basic classes of
models:

(1) The most general “anisotropic” model which has different couplings for
each interaction and different wave-function couplings; hence, in this
model, the main parameters are (Ae=1,23, @e=1,2,3);

(2) The model with “anisotropic interactions” which has different interaction
couplings but a single wave-function coupling (Ae=1,23, @e=12,3 = @);

(3) The “isotropic” model which has a single coupling for interactions and a
single coupling for kinetic terms (Ae=1,2,3 = A, Ge=1,2,3 = ).

Note that all these theories are continuously connected by parameter
deformations. However, the interesting question is whether these classes are
stable under the renormalization group flow.

All models (1)—(3) share a common feature with the model (I) studied so
far: their multiscale analysis and power-counting theorem are identical, since
those are written without the explicit knowledge of the coupling constants. All
what is required to perform a power-counting is the type of propagator decay,
the vertices and lines combinatorial properties and gluing rules and these are
exactly the same for these models. One can call these theories “power-counting
renormalizable” to this respect.

However, as previously emphasized, the renormalizability is also about a
locality principle that ought to be satisfied by the model. This feature can be
also called “replicability” or “surviving property” along scales of the model.
The locality principle in a just renormalizable model with marginal terms
with n-valent vertices ensures, roughly, that any log-divergent n-point function
with external data of the same form of a given interaction should renormalize
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the coupling of this interaction. This principle holds immediately either for
a unique coupling or different ones for marginal terms. Indeed, one has just
to decide, in any situation, to affect the renormalized coupling constant of a
given vertex all divergent terms with akin external data. Even for a unique
coupling shared by several interactions, this can be explicitly done. Of course,
from the point of view of the RG flow, the RG equations can be very involved
(the following analysis performed at one-loop does not displays this feature
but it certainly occurs are further loops) and each renormalized coupling is
generally dependent of many (if not all) couplings. The key point is that they
can be, at least, written in an unambiguous way, for one or many coupling
constants for the interaction.

The actual and only issue during the renormalization occurs potentially
with the locality principle for relevant terms. In the present story, relevant
terms are two-point functions® given by the second line of Table 1. Note that
the second and third lines consist in marginal two-point functions and so can
be simply handled by the mass renormalization.

Consider model (I) as starting point. Performing a Taylor expansion of
two-point functions around their local part (in the way already introduced in
Sect. 5.2) yields two important corrections: a zeroth-order linearly divergent
contribution which again contributes to the mass and a first-order log-diver-
gent contribution involving asp®* . For each two-point function, one finds that
the second kind of correction has two features: (A) it can be identified with a
term present in the Lagrangian and (B) it should contribute to the wave-func-
tion renormalization Z; of the model.

Note that, for theories (I) and (1) having many coupling constants
@e=1,2,3, there is no ambiguity to renormalize independently each of these
couplings by the above log-contribution of any two-point function and, so,
to define Z,. This is totally independent of the presence of several coupling
Ae=12,3- It becomes immediate that (I) and (1) satisfy a locality principle for
two-point functions and, therefore, are renormalizable.

Let us focus on model (3) assuming that Ac = A, and a. = a. Condi-
tion (A) above is fulfilled, since (60) can be reached in any case. However,
due to the fact that we have a single wave-function coupling, Condition (B)
changes drastically. It should be replaced by (B’): the local log-divergent con-
tribution of the two-point function should define a unique wave-function ren-
ormalization Z independent of the strand index s. One notes from (60) that
the log-divergent term actually involves the strand index s (see the last line
where a0 is integrated). This issue can be overcome by a permuta-
tion of the vertices present in the theory. The latter statement is understood
in the sense that given a graph which is not symmetric in the strands, there
always exists a set of graphs (with the same number of vertices, lines and the
same degree of divergence) identical by color permutation to the former. This
simply holds, by permutation, the vertex indices V4,1 — Vio — V3. Hence,
if the next-order correction of a two-point graph has an amplitude A% (60)

6 In several other contexts, they are always the most diverging ones.
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depending on s = 1, the same correction has two partners of the same form
for s = 2,3. Adding these restores the symmetry in s and entails that the self-
energy X[p$t, p§*t p$*] (the sum of all amputated 1PI two-point functions
at external momenta p®*) should be a symmetric function in all strands. The

wave-function renormalization
1 “t ext ex 1 Xt ext | ex
Z=1- Eapi:xt S[p$r, pd*t, ps th:,;t:O =1- gapgxt SpTY, pst s t]|p:);¢:0
1 X X X
=1- gapgxt Z[pi t’pg t’pg th::/ct =0 (63)

should not depend on s. By expanding X[b$*", 05", b5 | order-by-order and
even though the latter is symmetric, the fact that the Z keeps a fixed value for
all derivatives Opexe cannot be met unless all couplings coincide: Ac = A. This
condition clearly holds for the model (3) and, therefore, the latter is renorm-
alizable. In contrast, the model (2) having distinct A is not stable under RG
flow: starting from a bare action in the class (2), one ends up with an effective
action in the general class (1).
Let us discuss, finally, the following peculiar partly anisotropic theory.

(4) Consider the model with two interaction couplings and two different wave-
function couplings such that Ay # Aa = A3, a1 # as = as; note that we
could have chosen any symmetric situation.

The model (4) is interesting because we do not choose the easy case to
let all as to be different (which will obviously lead to renormalizability along
with theories (I) and (1)), but we choose instead two wave-function couplings
as = a3 # aq. This model is renormalizable because it lies exactly in between
the two different situations so far carried out.

Merging the sector as = az and following the above analysis step by
step, it is direct to find the necessary condition Ay = A3 for having a unique
wave-function renormalization Zy = Zs. We conclude that the model (4) is
renormalizable.

The model (4) is interesting by itself for the remaining analysis on (3 func-
tion. Indeed, it is related to two renormalizable models which are, furthermore,
asymptotically free (see next section):

(4) M # X2 =X3=0, a1 # az = as;
(4”) 0= )\1 75 )\2 = )\3, a1 75 as = as.

It is not excluded that there exist other renormalizable theories in this

framework. The above analysis illustrates the richness of tensor field theories.

6. One-Loop ~-, B-Functions and RG Flows

This section starts the second part of our analysis which aims at calculat-
ing the so-called 7- and g-functions governing coupling constant RG flows of
the model. We will restrict the study at one-loop, since it is well known that
important properties (like asymptotic freedom for instance) of the model can
be inferred even at this approximation.
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The U(1)? model described, so far, has a unique coupling constant asso-
ciated with all vertices V. It is interesting to relax that condition and study
the same model in full generality by assigning to each vertex a different cou-
pling constant. According to the discussion of Sect. 5.3, the model obtained
in this way is again renormalizable. The RG equations for the renormaliz-
able model (3) (from Sect. 5.3) can be inferred from this extended model.
Meanwhile, RG equations for models (4’) and (4”) have to be computed with
slightly modified method. Moreover, we introduce a symmetry factor due to
the internal symmetry of the vertices: each coupling constants will be of the
form —\./2, e =1,2,3.

In the following, the basic quantities (the self-energy and I'*-function)
are first computed in full generality (i.e., within the framework of model (1))
and then, we will particularize these on three reduced theories given by

(i) [ac=a, A=A

(11) [GQ = as # ai, )\23 = 0, )\1 7é 0]

(111) [ag = as 7é ai, )\2 = )\3 75 0, )\1 == 0}
The instance, (i) corresponds to an interesting model with a unique coupling
constant for all interactions (8) and a unique wave-function coupling. It is sim-
ply the most natural model which can be viewed as the rank 3 analogue of the
model investigated in [47]. On the other hand, the second and third correspond
to some more drastic truncation that one could perform. The latter (ii) and
(iii) share some but not all features of the former hence are different.

6.1. ~- and B-Functions

In full generality (working in the model (1) Sect. 5.3), considering three wave-
function renormalizations Z.—; 23, each of one with respect to each of the
strands, the field strength can be modified as follows:

1
o — (Z1Z273)° o, (64)

so that, after renormalization, the wave-function couplings satisfy the equa-
tions

Z2 % B
(ﬁn:%(zg) L =123, te  ihite  (69)

For a rank 3 tensor model as the one we are presently dealing with, we define

1
Ze=1-—0,% (66)

b12,5=0’
where the self-energy X(bq,be,bs) is the sum of the amputated one-particle
irreducible (1PI) amplitudes of the two-point correlation function truncated
at one-loop that we denote

Z(bla ba, b3) = <¢b1b2b3 Pb1babs >iPI' (67)

Our initial goal is to compute, at one-loop, the dynamics of the effective cou-
plings a, governed by the 7.-functions encoded in (65). In the second stage, we
will compute, still at one-loop, the mass (,,-function given by the expression
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—%(0,0,0
:T;gL;%l. (68)
(Z12273)°
In the final step, we will study the dynamics of constant couplings A, governed
by the G.-functions ciphered by the following equations

T'4..(0,0,0,0,0,0)
(212:73)%
where T'y (b1, b2, b3, by, b5, b)) is the amputated 1PI four-point function.

Let us recall that the amputated 1PI four-point functions occurring in
(69) read

ren

ren __
A =

. e=1,2,3. (69)

AEVERY, — _ ¢
Ly,1(b1, b2, b3, b7, b5, b5) = (Qbybbs Poybabs Lol byby, Pbybybl )1P1
VAR, - _ t
Ly 2(b1, b2, b, b, b, b5) = (Pbybabs Poibybs Poybybs Poibabl )1PIs (70)
ARTARY, ~ _ ¢
[y 3(b1, b2, b3, b, b, b5) = ( Pbybybs Porbaby Potbyby Potbybs )1PI>

where external indices, even though repeated, are not summed and follow the
pattern of the vertices of the model. This is justified by the renormalization
prescription.

Considering the reduced cases (ii) and (iii), there are potentially two
wave-function renormalizations Z.—; 2. Nevertheless, the cancellation of one
or many couplings may have drastic consequences on the way that the g-func-
tion equations have to be written. We will deal with these after computing the
self-energy as well as the I'*-function in full generality, and then, putting some
of the contributions to zero.

For €,¢,é = 1,2,3, and pairwise distinct, we introduce the following
formal sums:

Se(b)i= D>~ 1/(aclbl + aclpa| + aclps| +m), (71)
p1,P2€Z
SUb,Y) =D 1/(aelb] + aglb'| + aclp| +m), (72)
pEZ
Sei= > 1/(aelpr] + aglps| +m)?, (73)
P1,p2€Z
St =" 1/(aa(lps| + Ip2l) +m)2, S5 = 3" 1/(ar|ps| + azlpa| +m)?,
P1,P2 P1,P2
(74)
S.(b,V) = >~ 1/[(aclb| + aclpa| + alpa| + m)(aclt'| + aelpi| + aglps| +m)].
P1,P2
(75)

Note that S is linearly divergent whereas S;, S, 1 5 and S, are logarithmi-
cally divergent. Another important fact to notice is S,(0,0) = S..
Let us prove the following proposition

Lemma 5. At one-loop, the self-energy and wave-function renormalizations are
given by
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FicUure 9. Tadpoles for the first type of vertex

D(b1, b2, bs) = — > AeSe(be) — M8 (b, bs) — AaSh (b1, bs)

XS (b1, b2)+O(ND), (76)
Ze=1-XSA0(\?), e=1,2,3,

where O(N?) is a O-function of any quadratic products of any coupling
constants Ai 2 3.

Proof. We can first evaluate the self-energy (67) as

S(b1,ba, bs) = > Kg Ag(by,ba,bs), (77)
g

where G runs over two-point 1PI graphs with amplitude Ag(by, bs, b3) and cor-
responding combinatorial weight Kg. The latter is known to be the number
of Wick contractions given rise to G. At one-loop, only the tadpole graphs
Ty, Ty, T3 (such that ) ;g7 = 0) T, Ty and Ty (such that ), g7 = 1)
(Fig. 9 provides T} and 77, the remaining configurations can be easily recov-
ered by color permutations corresponding to the other configurations of the
vertex %) contribute to (77) with the combinatorial factors

Kp, =2=FKgp, e=1,23. (78)
One gets the amplitude for each tadpole T
An, (b)) = —5.00) (79)
where Sc(b.) is given by (71). Meanwhile, for T/, we have the amplitude
Ay (besb) = ~ 218100, 12), (30)

with S/ (be, bg) given as (72). At the first order, we obtain the self-energy as
the sum of these contributions as

E(bla b23 b3)
= =D ASc(be) = M8 (b2, bs) = AaSh (b1, bs) = AsS3 (b1, ba) +O(N).  (81)

It should be emphasized that not all contributions of (b1, be, b3) have to be
taken into account for the wave-function renormalizations (66). Only those
leading to a log-divergent behavior after differentiation have to be considered.
A quick inspection shows that S!(b, b’') are log-divergent, hence, should be only
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considered for the mass renormalization. The wave-function renormalizations
(66) can be finally expressed as

Ze=1—= X\ S+0(\?), (82)
where S, is given by (73). O

We are in position to compute the dynamics of the renormalized wave
coupling constants a°® and of the renormalized mass m"™" . In the same pre-
vious notations, the following statement holds:

Theorem 4. At the first order, the renormalized wave-function couplings and
mass satisfy, respectively,

a:en = Q¢ {1 - é(Q)‘sSe - Aésé - )\gSg) +O(>\2)’

€=1,2,3, é#e, é£EFe, (83)
3

m =m4 > AS(0)+O0(A, A A), (84)
e=1

for momentum cutoff A.

Proof. Concerning the first statement (83), by simple index permutations, all
cases can be easily deduced from € = 1 hence we will focus only on this situ-
ation. Using Lemma 5 and remaining at first order in the constant couplings
Ae, we have:

( 1— 2\ S14+0()2) )i
1— (MaS2 + A3S5)+O(\2)

=a; [1 - %(msl — A2So — Agsg)} +O(N2). (85)

Focusing on the renormalized mass equation (68), Lemma 5 allows us to write

m+ 3. AeSe(0) + A1S87(0,0) + AaS5(0,0) + A385(0,0) + O(A?)
1- % (A1S1 4+ A2S2 4+ A3 S5) + O(A2)

ren __

1
+3 (A1S1 + A2S + A3 S3) +0(\?). (86)

Neglecting the subleading divergences compared to the linear divergence of
S.(0), one is led to (84) after having introduced a cutoff A in the sums S/(0, 0)
and S.. O

Discussion. The ~-functions of the model can be defined by restricting the
space of the couplings parameters to a smaller subspace. In fact, the reduction
will be performed on the space of six couplings A\; 23 and a; 2 3.

Many cases may occur by collapsing couplings. The first case is straight-
forward



(i)

(iii)
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We set a. = a in (83). This enforces \; = A2 = A3 and induces a unique
equation:

a’" = a. (87)

The latter means that the wave-function coupling becomes stationary in
the UV. In other words, the y-function for this case is trivial:

v =0. (88)
Meanwhile, from (84), one infers
Bm = —3. (89)

Otherwise, setting Ao = A3 = 0 but Ay # 0 yields necessarily that a; # as.
We need to re-evaluate the self-energy from (81) and we obtain the only
non-trivial wave-function renormalization

20 =1 - M\8, +003). (90)
where S} is given by (74). The equations of the couplings find some mod-

ified form:

"y ren ") ren 1
ag) © e al) ag) N = QQ? = a2(1 + )\151) + O(A%)~ (91)
1

The ~-functions at one-loop in this restricted space are given by
W =0 =-1 (92)

Assuming that the sign of \; is positive, a; has a stable value in the UV,
whereas as flows toward a vanishing value. Under the same assumptions,
we get for the mass, the renormalized mass equation and (3, function

mOr = m 4+ A8, (0) + O\, A InA), 8L = -1, (93)

where S;(0) can be inferred from S;(0) after identifying as = as.
Setting Ao = A3 # 0, Ay = 0 and a1 # a2 and computing the self-energy,
one has the unique non-trivial wave-function renormalization

280 =1 Xa8h+ 0(\2), (94)
where S} is provided by (74). In this restricted space, the coupling equa-

tions are given by

(") ren (") ren
as ay

= as, =ay =a1(1 + Xa2S%) + O()\3), (95)

1
Zé//)
yielding the y-functions at one-loop

Wm0 A= %)
The same assumptions give for the mass
B = -1 (97)

Thus cases (ii) and (iil) share similar properties.
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F1GURE 10. The unique melonic 1-loop four-point function
with melonic connected boundary for the first type of vertex

Theorem 5. The renormalizable coupling constants associated with A, for € =
1,2, 3, satisfy

. 2
AT =\, 4 A [—AES; +3 (Alsl + aSo + A?,sy,)} +O0N3),  (98)

where O(N?) is a O-function of any cubic product of all couplings M\ 2,3.
Proof. The one-loop 1PI four-point functions can be written as

F4,6(b17b2ab3a /17 l27 g):ZKg'Ag(blab27b3a /1a l27bg)7 (99)
g

where G is a four-point 1PI graph with the topology as required by the
renormalization, with amplitude Ag(by, ba,bs, b}, b5, b5) and combinatorial
weight Kg.

Note that, interestingly, the “mixed” graphs obtained by gluing vertices
of different kind do not contribute to the effective coupling constants. Indeed,
although these graphs could form melons, they all possess two lines and one
face giving a convergent power-counting M ~!. Another way to agree with this
fact is to observe that the boundary graph (even though melonic) of any of
them is disconnected with Csg = 2. As a consequence, in the following devel-
opments, cross-terms involving product of coupling constants A\, € # €', are
inexistent. Hence, a unique graph F. contribute to I'y . (Fig. 10 displays such
a contribution for € = 1, the remaining can be deduced by permutations) and
its combinatorial factor is always

Krp =2-2-2. (100)
Given an ¢, the amplitude of each graph is such that
A2
AFe(bE’bé) - 222' —e(bé,bé)v (101)

where S, (b, b.) is given by (75).
The amputated 1PI four-point functions I'y (—; 2.3 defined by (70) and
(99) can be evaluated at one-loop as

Ta.c(by, b, b3, by, bh, bs) = —Ac + A2 S, (be, b.)+O(N?), (102)

where O(\3) is a O-function of any cubic product of coupling constants. There-
fore, at low external momenta, they reduce to

['4(0,0,0,0,0,0) = =X, + A2 S.+0(\?). (103)
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Having all required ingredients, we are in position to evaluate the ratios (69).
Using Lemma 5 and (103), by direct algebra, one comes to

7 _)\e + )\gse + O(A?))
(I (1= A Sc +0(A2)}°

ren __
. =

2
= A + Ac ( — AeSe + g (/\151 + A2Sy + )\353)) —l—O()\B) (104)

which achieves the proof. 0

Discussion. We can once again discuss the merging of coupling constants \; 2 3
into specific varieties to deduce the (-functions.

(i)

(i)

(iii)

We merge all couplings such that a. = a and A, = A, such that S, (73)
becomes

S = Zzl/[a(\pl\ +[p2]) +m)P, (105)

then, we have from (98),
A= A+ A28 4+ O(\3). (106)

such that the [-function of the model with single wave-function renor-
malization and single coupling constant is given by

g=-1 (107)

This model is therefore asymptotically free.
Assuming that a1 # as = a3, and Ay # 0 = Ay, there is a unique
equation for the coupling constant A\; expressed as

Q)
/ r (= A\ +A2514+0(\3))
()ren:_ 41 _ 1 251 h) _ . . 1
A (202 (1=MS81+0(A)) AMAATSTHO(N]).  (108)

From this, we infer
O = 1. (109)

Consequently, the model is also asymptotically free.
Last, we set Ay = A3 # 0, Ay = 0 and a1 # as. The coupling-constant
equation can be written
) i)
AL — (4? (110)
(Zy 7)?

and yields in the same way as previously done in (108) the one-loop
[-function

p) =1 (111)
showing that this theory is asymptotically free.
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FicUrE 11. RG flow of the coupling constant A running to
a trivial fixed point for two values a = 1/2 (top) and a = 1
(bottom) and for a UV cut-off A = 1000 and other parameters
fixed such that Ay, = 107* and & = log M = log 2

6.2. RG Flows

We restrict the RG flow equations to the particular situations discussed so
far. It turns out that for these cases, explicit solutions are affordable at this
truncation. Cases (i) and (ii) will be only discussed for simplicity.

Case (i). Ac = A and a. = a. This case yields the coupling equations (87) and
(106) of the form:

A =a, A=A+ A2+ 0\ (112)

€

Hence, the wave-function renormalization is stable whereas the coupling con-
stant satisfies the discrete RG equation (truncated at the first order)

Aic1 =N+ /\3 S, (113)

where S; is given from S (105) by restricting the sum to high momenta |p;| +
Ip2| € [M*~1, M"] such that (see Appendix B for more details)

4 ,
Si: glﬂ)]\/jﬁ-O(MiZ% (114)
with xps a log-divergent term in M which does not depend on the scale i. We
get the solution, using a; = a,
d\; 4 a2>\uv
— = —— di A1) =
A2 g2 M @) a? — 4k (A — i)y
where we have introduced the coupling value A, at the cutoff scale A. The
RG flow of )\ is pictured in Fig. 11.

Case (ii). A2 = A3 =0 # )\ and as = a3 # a1. The RG flow equations can be
obtained from (91) and (108) as

al™ = ay, ay™ = az(1+ \8)) + O(AY),
N = A1+ AT S+ O(AD),

(115)

(116)
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with S} given by (74). The same RG flow equations (truncated at one-loop
corrections) translate in discrete version at scale i as
a1;i-1 = a1;4, g1 =g i[1+ A S]], Aot = Ay + AL ST
(117)
Summing S} only on high momenta |pi| + [po| € [M*~, M"], we have 57, ; =

4/a3. ik + O(M™"). Focusing of the second and third expressions, these dis-
crete equations can be put, at the first order, in an equivalent differential form

day, ;
iy ! A1; i KM
& o 118
L)\h L} L Xk e
di ag; ; Le M
which implies that
Aty i faz ;= K, (119)

for some constant K. We substitute K in (118) and get
dh\y. i = —4ky K2 di & A(0) = Ay + e K2(A —19). (120)

Thus, one can readily obtain as(7) by combining (120) and (119). We see that
the flow of this model actually differs from the previous one. Both couplings
A1 and as go linearly to their UV fixed values.

7. Conclusions

We have shown that a rank 3 tensor model on U(1)3, analogue of the previ-
ous model identified in [47], is perturbatively renormalizable at all orders of
perturbation theory. The proof of this statement relies on both combinatorics
and the colored-model properties serving as underpinning of the present class
of tensor models. The interplay of three ingredients, namely a slice decomposi-
tion, a power-counting theorem and a generalized locality principle has guided
us toward a proof of renormalizability of this model. We have also introduced
different wave-function couplings for each strand, hence, giving them a differ-
ent dynamics as well as different interaction coupling constants. This definitely
enlarges the class of renormalizable models of the kind. As it should be also
emphasized that the renormalization has been performed in the momentum
space and not in the direct space. This particular basis has allowed us to iden-
tify an analogue theorem for the momentum routine useful for renormalization
in ordinary quantum field theory [54]. The second part of this contribution was
devoted to the computations of the v-, G-functions and the corresponding RG
flow of couplings constants in the theory. There exist two classes of underly-
ing models turn out to be asymptotically free in the UV limit: (a) the model
obtained by merging all coupling constants, such that A1 23 = Aand a1,2.3 = a;
(b) the class of models defined by A3 = 0 # A1 and a; # az = ag and the
symmetric obtained by color permutation.
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The model introduced here and its analogue developed in [47] claimed
to be simplified but possible models for quantum gravity using the “tensor
device” [48]. What we have shown here, by exhibiting such a renormalizable
and asymptotically free (in the UV) model, is that the tensor approach for
quantum gravity is a promising line of research for those who believe that
gravity should be described by a renormalizable quantum field theory.

Future studies can be performed in different directions. Nonlocal tensor
models over copies of R can be treated provided one introduces an IR regula-
tor. For instance, the Mehler propagator 1/(p?+z2) (on each strand) could be
an interesting proposal. The resulting models should be called tensor extension
of the Grosse-Wulkenhaar model [50] in noncommutative field theory. Another
important question is whether or not such an analysis could be handled for
GFT models on copies of SU(2). A priori, since the tensor 1/N expansion is
also valid for GFT models, the answer is yes. Nevertheless, the level of dif-
ficulty is much higher in that situation. The renormalization will definitely
involve both SU(2) recoupling theory and Taylor expansions of graphs around
their local parts. These later entail generalized saddle point analysis which
are far to be easy for general graphs at any order of perturbation theory [33].
Besides, going deeper in the analysis of the class of models presented here,
an important point would be to investigate if the rank four model shares this
important property of asymptotic freedom. Finally, interesting though more
abstract questions can be also addressed at this stage. For instance, the deter-
mination of topological polynomials associated with the graphs of these models
using an extended (i.e., tensor) parametric representation of graph amplitudes
in the spirit of [61] could be a fruitful line of investigation.

Acknowledgements

D.O. Samary thanks the Perimeter Institute for its hospitality. Discussion with
V. Bonzom, R. Gurau and V. Rivasseau is gratefully acknowledged. Research
at Perimeter Institute is supported by the Government of Canada through
Industry Canada and by the Province of Ontario through the Ministry of
Research and Innovation.

Appendix A. Proof of Lemma 3 and Divergent Graph
Classification

A.1. Proof of Lemma 3

This appendix provides the proof of Lemma 3 using a sequence of 0k-dipole
contractions. First of all, we need to define a central notion which is the fol-
lowing:

Definition 3 (Pairs). Let Geolor be a colored graph and consider a 0k-dipole
inside Geolor- A “pair” is a couple of colors (ab), a,b =0,1,2,3. A pair is called
“outer” if the two colors are external to the dipole. A pair which has one color
inside the dipole and one out is called a “mixed” pair. A pair with two colors
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FiGUureE 12. Different types of pairs highlighted for each
Ok-dipoles: External pairs (in red), internal pairs (in green)
and mixed pairs (in black) (color figure online)

inside the dipole is called an “inner” pair. A pair (ab) is said to belong to a
jacket if the pair is one of the four adjacent (consecutive) pairs in the jacket
cycle (0zyz).

The total number of pairs is always six and the number of mixed pairs is
at least three. Figure 12 indicates the different kinds of pairs.

Contracting a dipole leads to different cases and we urge to fur-
ther classify the different pairs in a more concise manner. An outer
pair is said to be of type A, or disconnected by the dipole contrac-
tion if the half-strands at each corner on the left and on the right of
the dipole belong to two different connected components of the graph
after the contraction. Otherwise, we call it a “special” pair. A special
pair can be single-faced if the two corners belong to the same face of
the graph, or double-faced if the two corners belong to two different
faces of the graph. Any type A outer pair should be single-faced at the begin-
ning. We, therefore, classify outer pairs in the following three types:

e Type A outer pairs are single-faced,
e Type B outer pairs are single-faced,
e Type C outer pairs are double-faced.

Transverse pairs are mixed pairs which do not change their number of
faces under contraction. Inner pairs have one face less after contraction. Type
A and B outer pairs have one face more after contraction whereas type C exter-
nal pairs have one face less after the contraction. In summary, for any jacket J,
we can relate the number of faces before and after contraction by the formula

F; — F5 = |A5+ [Bj| — |C5] — |I3], (A1)

where | X 7| is the number of pairs of type X=A,B,C, in the jacket, and || is
the number of inner faces.
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F1GURE 13. 00-dipoles configurations

Lemma 3 states that, for a single jacket J, , we have

We emphasize that the proof of this statement which is given here slightly
differs from the proof of a related statement as found in [47]. Indeed, in the
latter reference, the sum over jackets is performed at the level of (A.2) and
leads directly to a bound on » (97 — g7). However, as was mentioned [47]
and was computed in an earlier version of the same paper, the relation (A.2)
is a stronger statement than the result on the sum of jackets and, therefore,
worths to be communicated.

Proof of Lemma 3. We first translate the difference between genera of jackets
before and after contraction in terms of the basic combinatorial elements:

2 =295 =V' = L'+ Fj, = (V=2) = (L —4) + Fj, , (A-3)

(97— 97) = l(F — Fj) +2—2(¢ 1)

The sign of g5 — g5 reduces to that of (F3 — F3) 42— 2(c’ — 1). The latter
quantity proves to be always positive jacket by jacket. To prove this claim, we
perform the following systematic analysis on the types of Ok-dipole contrac-
tions.

e First Case: 00-dipole contraction. This case is defined by a contraction of
a unique internal line with color 0. In any initial colored graph, there are
three mixed pairs, three outer pairs and no inner pair. Meanwhile, each jacket
contains two mixed and two outer pairs.

— First subcase ¢ = 3 (Fig. 13A). This situation happens if the initial graph
has a connected two-point subgraph on each line 1,2, 3. Consequently, all three
outer pairs must be of type A. Hence, the 00-dipole contraction yields for all
jackets:

(Fj,*Fj)JrQ*Q(clfl):O, (A4)
so that (46) is true.

— Second subcase ¢ = 2 (Fig. 13B). This case happens if we have one connected
two-point functions plus one connected four-point function on four half-lines
hooked to the dipole. In that case, we have two corner pairs of type A and one
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FIGURE 14. A jacket (0123) which contains the pair (03)
defining the dipole (A) and another jacket (0123) from another
dipole which does not contain the same pair

special pair of type B or C. It can be seen that
(F3 —F3) +2-2(c —1)=2-2|Cj]. (A.5)
Hence, in all cases, (46) is true.

— Third subcase ¢ = 1 (Fig. 13C). Contracting the dipole gives ¢/ — ¢ = 0.
This can happen when a connected six-point function is hooked to the dipole.
There no type A corners and three special pairs. Each jacket contains at most
two special pairs. Contracting the dipole yields

(F3 — F3) +2—-2(c —1)=4-2|Cj], (A.6)
such that (46) is true.

e 2nd Case: 01-dipole contraction. There is one inner, four mixed and one
outer pairs. A distinction should be made between inner-adjacent jackets, for
which the inner pair of the dipole belongs to the jacket (see Fig. 14A, for
instance, the pair (03) belongs both to the jacket (0123) and the dipole) from
non-inner-adjacent jackets for which it does not (see Fig. 14b, for instance,
the pair (02) is not in the jacket (0123) but defines the dipole). We count two
subcases:

— First subcase ¢ = 2. In that case, the unique outer pair is of type A. An
inner-adjacent jacket has two mixed pairs, one inner pair and one pair of type
A. A non-inner-adjacent jacket has four mixed pairs, no inner pair and it looses
the type A pair. One finds, in all cases,

(Fj, —Fy)+2-2(cd —1)=4—4=0, (A7)
and (46) is verified.

— Second subcase ¢’ = 1. This case reduces to the presence of one special pair.
An inner-adjacent jacket has two mixed pairs, one inner pair and one special.
A non-inner-adjacent jacket has four mixed pairs, no inner pair and no special
pair. In all cases,

(Fj, —F5)+3—=2(c —1) =2—-2|Cy| (A.8)
and (46) is true.
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e Third Case: 02-dipole contraction. There are three inner pairs, three mixed
pairs and no outer pair. Only the case ¢ = 1 occurs and one gets

(Fj, —Fj)+2—-2(c —1)=0, (A.9)
hence, (46) is satisfied.
e Fourth Case: 03-dipole contraction. This case is straightforward and corre-
sponds to the contraction of a vacuum connected component (with two vertices

and four lines). There are six inner pairs, each jacket containing four of these
pairs and we have (¢’ — 1) = —1. Thus,

(Fj, —F7)+2—-2(¢ —1)=0. (A.10)
Hence, (46) is again valid. O

A.2. Classification of Divergent Graphs

From the divergence degree data, we extract all graphs which could lead to
wq(G) > 0 and aim at proving that Table 1 exhausts all possibilities.

Let us define the integer P(G) = (Cag — 1) + Vo + 5 [Next — 4]. We refor-
mulate Lemma 4 in the following terms:

wa(@) = =| Y 97— 906| = P(9) < 290 — P(9), (A.11)
J
gog =0 and Y g5;>0 = wa(G) <-1-P(G). (A.12)
J

We now seek the list of graphs with wg(G) > 0 which are those which should
be renormalized.

Case Noy; > 4: Considering Ngyy > 6 leads to P(G) > 1. Thus, w(G) < —1
and the graph amplitude is simply converging.

Case Neyxy = 4: Under this condition, one has P(G) = (Cpg — 1) + V2. The
divergence degree is at most zero. The significant case occurs when w(G) =0
and for that, one must have

Cog=1, gog= g1, =0, Vo=0. (A.13)
Ja

Case Neyxy = 2: Since Cyg < Next /2, we should have Cyg = 1 and, therefore,
P(G) = V5 — 1. Furthermore, the only possible boundary colored graph made
with two vertices is unique and does not have any genus ggg = 0. We conclude
that the divergence degree is at most 1. One may have w(G) = 1if P(G) = —1,
and only if

C@g = 1, gog = Zgj = 0, VQ =0. (A.14)
J

Besides, w(G) = 0 can happen in two cases: (1) P(G) = 0, in which case, we
have

C@g == 1, gog = Zgj = 0, Vg = 1, (A.15)
J
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or (2) P(G) = —1 and, so,
Cog =1, goag =0, Zgj:l’ Vo=0. (A.16)
J
In summary, the divergent graphs are determined by the Table 1 of Sect. 4.3.

Appendix B. Formal Sum Approximations

We start by proving the claim (114) by giving the relevant part of the formal
sum

B 1 = (p+1)
5= 2 (p2+p3+A)2iz(p+A)2’

P1,p2€ p=0
Mi+1 ( + 1) 1
o b _ O (it A1) =@ (Mie Ax
S; p_ZA:m-(PJFA)Q T PO (T A1) =@ (M + A1)
_(A _ 1) (w(l) (Mz +A) _ ,(/)(1) (Mi—i-l + A+ 1)) , (B17)

where A is a constant (which is set 7* in the text) and (™M (z) is the

so-called polygamma function or n'"* derivative of In I'[z]. There are well-known
relations satisfied by the polygamma functions and are given by

YU 2) = U (2) 4 (—1) "m0,

1
w(o)(z)~1n272—+-~~, z — 00, |arg z| < m, (B.18)
z
—1)! !
w(n)(z)N(_l)n_l (nzn) +22’,:;+1+ y & 00, |argz|<7r, n>1,

so that the divergent part of (B.17) as M? > 1 can be given as (neglecting
all factors of the form constant of convergent factors of the form 1/M? or
constants)

Si~k[(i+1)InM —ilnM] = rln M, (B.19)

hence, this does not depend on the scale i.
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