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1. Introduction

In this paper, we present an a priori error analysis for solving the interaction of a free incompressible viscous Newtonian
fluid with a fluid within a poroelastic medium. This is a challenging multiphysics problem with applications to predicting
and controlling processes arising in groundwater flow in fractured aquifers, oil and gas extraction, arterial flows, and
industrial filters. In these applications, it is important to model properly the interaction between the free fluid with the
fluid within the porous medium, and to take into account the effect of the deformation of the medium. For example,
geomechanical effects play an important role in hydraulic fracturing, as well as in modeling phenomena such as subsidence
and compaction.

We adopt the Stokes equations to model the free fluid and the Biot system [1] for the fluid in the poroelastic media.
In the latter, the volumetric deformation of the elastic porous matrix is complemented with the Darcy equation that
describes the average velocity of the fluid in the pores. The model features two different kinds of coupling across the
interface: Stokes-Darcy coupling [2-10] and fluid-structure interaction (FSI) [11-15].

The well-posedness of the mathematical model based on the Stokes-Biot system for the coupling between a fluid and
a poroelastic structure is studied in [16]. A numerical study of the problem, using a Navier-Stokes equations for the fluid,
is presented in [11,17], utilizing a variational multiscale approach to stabilized the finite element spaces. The problem
is solved using both a monolithic and a partitioned approach, with the latter requiring subiterations between the two
problems.
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Nonphysical pressure oscillations are observed in finite element calculations of Biot’s poroelastic equations in low-
permeable media. These pressure oscillations may be understood as a failure of compatibility between the finite element
spaces, rather than elastic locking. In [18], Joachim Berdal Haga et al. have presented evidence to support this view by
comparing and contrasting the pressure oscillations in low-permeable porous media with those in low-compressible
porous media. As a consequence, it is possible to use established families of stable mixed elements as candidates for
choosing finite element spaces for Biot’s equations. Through comparison with the displacement-solid pressure mixed
formulation of linear elasticity, they identify the spurious pressure modes as a specific consequence of a vanishing Brezzi
inf-sup constant. Since the Brezzi inf-sup condition for the poroelastic equations takes on a similar form as in, e.g., the
mixed linear elasticity or Stokes problem, this identification opens up the field to a plethora of stable element candidates.
These can be used directly for the basic solid displacement-fluid pressure two-field formulation of poroelasticity, or in
combinations for the various three- and four-field formulations involving solid pressure and/or fluid velocity [18].

Finite element analysis of an arbitrary Lagrangian-Eulerian method for Stokes/parabolic moving interface problem with
jump coefficients has been studied in [19]. The authors in [20] study a numerical solution of the coupled system of the
time-dependent Stokes and fully dynamic Biot equations. They establish stability of the scheme and derive error estimates
for the fully discrete coupled scheme. Numerical errors and convergence rates for smooth problems as well as tests on
realistic material parameters have been presented. In [21], Jing Wen and Yinnian He consider a strongly conservative
discretization for the rearranged Stokes-Biot model based on interior penalty discontinuous Galerkin method and mixed
finite element method. The existence and uniqueness of solution of the numerical scheme have been presented. Then, the
analysis of stability and priori error estimates have been derived. The numerical examples under uniform meshes, which
well validate the analysis of convergence and the strong mass conservation are presented. A staggered finite element
procedure for the coupled Stokes-Biot system with fluid entry resistance has been studied by Bergkamp et al. in [22] while
Ambartsumyan et al. study in [23] flow and transport in fractured poroelastic media using Stokes flow in the fractures and
the Biot model in the porous media. In [24], semidiscrete continuous-in-time approximation has been proposed for the
weak coupled mixed formulation. For the discretization of the fluid velocity and pressure the authors have used the finite
elements which include the MINI-elements, the Taylor-Hood elements and the conforming Crouzeix-Raviart elements.
For the discretization of the porous medium problem they choose the spaces that include Raviart-Thomas and Brezzi-
Douglas-Marini elements. An a priori error analysis is performed with some numerical tests confirming the convergence
rates.

In this article, we study a stabilized nonconforming mixed finite element method using the Crouzeix-Raviart element
for the Stokes-Biot problem. Considering mixed formulation of the Darcy problem, the fluid velocity and pressure are
treated as functions defined in the entire domain. Existence, uniqueness of the finite element solution of the corresponding
discrete problem and a priori estimates are shown. The proofs use the standard theory for mixed problems. The approach
presented here is independent of the normal vectors of the interior edges in both regions, thus making the resulting finite
element matrix sparser.

Indeed, to our best knowledge, there is no a priori error estimation for the strongly coupled mixed formulation (19)
of the coupled Stokes-Biot problem where a nonconforming finite element method is used. The difference between our
paper and the Refs. [19-24] is that our discretization is nonconforming in both the Stokes domain and Darcy domain. As
a result, additional terms are included in the error estimators that measure the non-conformity of the method.

We use a nonconforming finite element method that has so many advantages for the velocities and piecewise constant
for the pressures in both the Stokes and Biot regions, and apply a stabilization term penalizing the jumps over the
element edges of the piecewise continuous velocities. Indeed, one can construct finite element methods where the
incompressibility condition is exactly satisfied (cf. Fortin [25]) but this leads to the use of complex elements of limited
applicability (e.g. oil and gas extraction for conforming case). Thus, in this paper, we shall construct and study finite
element method using simpler elements where the incompressibility condition is only approximatively satisfied [cf.
definition of operator divy (36)].

On the other hand, we have found it very convenient to use nonconforming finite elements which violate the
interelement continuity condition of the velocities. Thus, we shall develop in this paper nonconforming finite element
method for solving the Stokes-Biot problem.

The outline of the rest of the paper follows. In Sections 2 and 3, the model problem, notations and strongly coupled
mixed formulation are presented. In Section 4, we propose the unified finite element formulation with stabilization term
added and derive the discrete inf-sup condition. In Section 5, we show that the method approximates both the true
velocity and pressure to the optimal first order in the energy norm. We offer our conclusion and the further works in
Section 6.

2. Model problem

We consider a multiphysics model problem for free fluid’s interaction with a flow in a deformable porous media, where
the simulation domain £2 ¢ RY, d = 2, 3, is a union of non-overlapping regions £2r and $£2,. Here £2 is a free fluid region
with flow governed by the Stokes equations and £2, is a poroelastic material governed by the Biot system. For simplicity
of notation, we assume that each region is connected. The extension to non-connected regions is straightforward. The
two regions are separated by an interface I}, = 982 N 082,. Let I, = 082, \ I}, » = f, p. Each interface and boundary
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Fig. 1. Global domain £ consisting of the fluid region £, and the poroelastic media region §2, separated by the interface IF,.

is assumed to be polygonal (d = 2) or polyhedral (d = 3). We denote by n; (resp. n,) the unit outward normal vector
along 082 (resp. £2,). Note that on the interface Iy, we have ny = —n,. Fig. 1 gives a schematic representation of the
geometry. For any function v defined in £2, since its restriction to §2; or §2, could play a different mathematical roles (for
instance their traces on I,), we will set vy = v|o; and v, = vj,. In £2, we denote by u the fluid velocity and by p the
pressure, and let 1, be the displacement in £2,,. Let ; > 0 be the fluid viscosity, let f € [L?(£2)]¢ be the body force terms,
and let g be external source or sink terms satisfying the compatibility condition f o &X)dx = 0.

Let D(u) and oy (u, p) denote, respectively, the deformation rate tensor and the stress tensor:

1
D(u) = o (Vu+ vu'), and of(u, p) = —pl + 2uD(u).

In the free fluid region £2f, (u, p) satisfy the Stokes equations:

—V -of(u,p) =fin £ (1)
V.u=gin (2)
u=0on I} (3)

Let o.(np) and o,(n,, pp) be the elastic and poroelastic stress tensors, respectively:

Ue(’lp) =Ap (V : np) I+ zleD(np)v Up(np’ pp) = Ue(’?p) —apl, (4)

where 0 < Amin < Ap(X) < Amax and 0 < tmin < Up(X) < Umax are the Lamé parameters, and 0 < o < 1 is the Biot-Willis
constant. The poroelasticity region §2, is governed by the modified static Biot system [24]:

—V -op(np, pp) = fin £2, (5)
uKlu+ Vp = 0in £2,, (6)
aV .-+ V.-u=gin 2, (7)
u-ng =0on /T, (8)

np = 0on I}. (9)

K the symmetric and uniformly positive definite rock permeability tensor, satisfying, for some constants 0 < kmin < Kmax,
Vé € Rda kminé:Tg = ETK(X)E = kmaxST"E, VX € £2,.

Following [1], the interface conditions on the fluid-poroelasticity interface I';, are mass conservation, balance of stresses,
and the Beavers-Joseph-Saffman (B]S) condition [26] modeling slip with friction:

us-n; +u,-n, = 0on [p, (10)
ofny +opn, = 0 on I} (11)
—(oyny) My = py, on I} (12)
—(oymy) - 77 = WBJF\/KT_l(“f) ~ 7 on I, (13)

where 77;, 1 < j < d— 1, is an orthogonal system of unit tangent vectors on [, K; = (l(rf,j) - 77j, and ags > 0 is an
experimentally determined friction coefficient. We note that continuity of flux constraints the normal velocity of the solid
skeleton, while the BJS condition accounts for its tangential velocity.
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Egs. (1)-(13) consist of the model of the coupled Stokes and Biot flows problem that we will study below.
3. Strongly coupled weak formulation

We begin this subsection by introducing some useful notation. We first introduce some Sobolev spaces [27] and norms.
If W is a bounded domain of R? and m is a non negative integer, the Sobolev space H™(W) = W™2(W) is defined in the
usual way with the usual norm || - ||;,w and semi-norm |.|,, . In particular, HO(W) = I[*(W) and we write || - ||w for
- llo.w- Similarly we denote by (-, -)w the L2(W)[L>(W)]¢ or [L*(W)]¢*¢ inner product. For shortness if W is equal to £2, we
will drop the index £2, while forany m > 0, |- lms = Il - .20 I-lms = l-lm.@, and (., )« = (-, -)g,, for x = f, p. The space
H{'($2) denotes the closure of C5°(£2) in H™(£2). Let [H™(£2)]¢ be the space of vector valued functions v = (vq, ..., vq)
with components v; in H™(£2). The norm and the seminorm on [H™(£2)]¢ are given by

d 1/2 d 1/2
Viim.e = (Z ||vf||;,g> and |V, o = (Z |v,~|51,9> : (14)
i=0

i=0

For a connected open subset of the boundary E C 9£2f U 9£2,, we write (., .)g for the L?(E) inner product (or duality
pairing), that is, for scalar valued functions A, o one defines:

(A, 0)g = /kads (15)
E
For a open subset F of the entire domain 2, i.e. F C £2, we define the space H(div; F) by:
H(div; F) := {v e [[*(F)]":  divv e [*(F)}, (16)
with a norm:
1
IWltaer) = (IVI2ageya + 1 vVl )" . v € H(div: ). (17)

To present a variational form of the coupled problem we define the following three spaces for the velocity u, the
structure displacement 7, and the pressure:

H:= {v e H(div; ) : vy € [H'(£2/)],v=00n I},v-n, =0on I}},

equipped with the norm:

1
2
IVl = (VB + Vi)
X, = {& € [H'(2,)]" : § =0on I}},
with the norm
185llx, = &1 -
and
M = L3(£2) x L3(£2,),
. . 172
equipped with the norm QU = (I1Qi13 o + QI3 0,) - ¥Q=(Q1, Q) € M,
Note that the vector valued functions in H have (weakly) continuous normal components on [}, (consequence of

Theorem 1.2.5 of [28, p. 27]).
We set H = H x X, equipped with the product norm

IVllg = lIvla + 1&llx,, YV =(v,§) e H. (18)
Let us further introduce two bilinear forms:

A:Hx H— R, (U,V)— A(U, V) define by,

A(U, V) := 2uD(u), D(V))Qf + (1K 'a,v) o
+ (2“1’ ))rzp + ()‘PV “Mp, V- 5?)9;;
d—1
+ Z //«OlB]s\/»Uf T VE T
j=1

B:Hx M — R, (V,Q) — B(V, Q) with



H.K. Wilfrid / Results in Applied Mathematics 7 (2020) 100127 5

B(V, Q) = —(Q, divv)e — «(Q, divEy)g,, where Q= (Q, Q).
and two linear forms

L:H— R,V L\V):=(fv),
and

G:M—R,Q=(Q, Q) GQ = —(g, Q)e.

The weak formulation of the coupled problem (1)-(13) can be stated as follows: find (U, P) € H x M with U = (u, n,)
and P = (p, p,) such that:

{ A(U, V) + B(V, P) = L(V) W =(v,£) e H (19)

Note that if f and g are of mean zero, (19) directly implies that (1)-(11) hold (the differential equations being understood
in the distributional sense), while the interface conditions (12) and (13) are imposed in a weak sense.

Now we will establish the existence and uniqueness of a weak solution by using the classical theory of mixed methods
so-called Brezzi conditions (see, e.g., [28, Theorem and Corollary 4.1 in Chapter I]). But before, let us define:

Hr = {vy e H'(2) vy =00n I}}, W =L3(£2), (20)
H, = {v, € H(div; 2,):v, -my,=0o0n I}, W, =L3(2,), (21)
and we set:
ar(uy, vy) == (2uD(uy), D(vf))gf ,
a(u,, vp) = (LK 'u,, vp)Qp ,
0 (np. &) = (24pD(1p). D)) o + (1Y - 1. V- &) .

be the bilinear forms related to Stokes, Darcy and the elasticity operator, respectively.

The assumptions on the fluid viscosity p and the material coefficients K, A,, and u,, imply that the bilinear forms as(-, -),
ag(~, -), and a;(, ) are coercive and continuous in the appropriate norms. In particular, there exist positive constants o,
cP, ¢, ¢, CP, C¢ such that:

Cf”"f“l%ﬂ(:?f) < ap(vy, vp), Yy € Hy, (22)

ag (v, up) < Cf”vf”Hl(Qf)”uf”H](Qf)v Y(vr, up) € H? (23)

PIVplfag,) < GVp. V). Y € Hy (24)

ay(vp, up) < CP IV, [l 2 15 Ml 2y, VIV, 4p) € HE (25)

¢ (1621 g0 + 1 AVEIE g ) = @56 &) V€%, (26)
a;(fp’ fp) = Ce||§p||H1(Qp)||§p||H1((zp)v V(fps fp) € Xlz,v (27)

where (22), (24) and (26) hold true thanks to Korn’s inequality and Poincaré inequality while (23), (25) and (27) relies on
the Cauchy-Schwarz inequality.

Theorem 3.1. If f € [[*(£2)]¢ and g € [2(£2), then there exists a unique solution (U, P) € H x M to the problem (19).
Proof. It is easy to prove that A and B are continuous. It is also clear that F and G are continuous and bounded. In
summary, (23), (25) and (27) lead to: there exist four positive constants (b1, ba, b3, bs) € R* such that,

IA(U, V)| < by[[U]|a[[V]e. V(U, V) € H?
IB(U, Q)| < by[|U]l[|Qll. ¥(U. Q) € H x M
IL(V)| < bs]|Vllsz, YV € H
IG(Q)| < b4llQllm, YQ € M.

e Now we define the null space of (divv, Q)g, i.e.

Z={V=(v,§)eH:(divy,Q)e =0 VQ eL}(2)}.
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Let Q € L*(£2). Since L*(£2) = L3(£2) ® R, then there exists unique (Q;, Qp) € L3(£2) x R such that Q = Q; + Qo. Thus, for
all V= (v,§,) € Z, we obtain

(divv, Q) = (divv, Q1) + (divv, Qg)e = 0+ Qp(divv, 1)g

—QD/C[IVV
=QD|:/ v-nf—i-/v-np]
s Tp

=0.

Hence from (22), (24) and (26), the coercivity of bilinear form A on Z follows, i.e., there exists positive constant bs; € R
such that,

A(V,V) > bs|V||Z, WV eZ

e The second Brezzi condition that we need to verify is the inf-sup condition. Let Q = (Qs, Q2) € L3(£2) x L3(£2,). Then
there exists (v, &) € {[Hy(£2)]? ~ {0}} x {[H](£2,)]1 \ {0}} such that:

[Suzgne
with the estimations:
Vil < IVile < CllQillo.e (29)
1502, < C"1Qllo0.q, (30)
which imply
1/2
IVIla+ 1€ 012, S 1Qillo.e + 1Qllo.e, < max{C’, C"} <||Q1||09 +1Q2113. Qp) ,
ie,
VIl < max{C’, C"}[|Qllu- (31)

Thus, from (28) we have,
B(V,Q) = —(Q1, V V) —a(Q2, V- &),
Q115 +«llQall5 g,
min(1, o} (11l o + 10213, ) = min(1, o} QU (32)
Finally, (31) and (32) lead to inf-sup condition:

B(V, Q) - min{1, o}
max{C’, C"}

A%

sup
ver~(0} IVl

) Q.  VQe M. (33)

The proof is complete. O
4. Finite element discretization

In this section, we will use the nonconforming Crouzeix-Raviart piecewise linear finite element approximation for
velocity and piecewise constant approximation for pressure and establish the existence and uniqueness of a finite element
solution of the discrete problem. _

Let 7, be a family of triangulations of 2 with nondegenerate elements (i.e. triangles for d = 2 and tetrahedrons for
d = 3). For any K € Ty, we denote by hi the diameter of K and px the diameter of the largest ball inscribed into K.

We set:

h = max hg, and o, = max k (34)
KeTy TeTh pK

We assume that the family of triangulations is regular, in the sense that there exists oy > 0 such that o, < oy, for all
h > 0. We also assume that the triangulation is conforming with respect to the partition of £2 into £y and £2,, namely

each K e Ty is either in £2r or in £2, (see Figs. 2, 3, 4 for illustration).
Let 777 and 7, ? be the corresponding induced triangulations of £2r and $£2,. For any K e Ty, we denote by E(K) (resp.
N(K)) the set of its edges (d = 2) or faces (d = 3) (resp. vertices) and set &, = UKeTh EK), Ny = UKeT ). For A C

we define

En(A)={Ee€&,:EC A}.
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A

A
y

diam(K) = hgx

Fig. 2. Isotropic element K in R2.

Fig. 3. Example of conforming mesh in R2.

Fig. 4. Example of nonconforming mesh in R?.

Notice that &, can be split up in the form
& = Eh(Qer) U En($2p) U Ex(082p) (35)

where .ij = 7 U I}. Note that &([}) is included in &,(0£2p).

With every edges E € &,, we associate a unit vector ng such that ng is orthogonal to E and equals to the unit exterior
normal vector to 02 if E C 02. For any E € &, and any piecewise continuous function ¢, we denote by [¢]g its jump
across E in the direction of ng:

lim ¢(x +tng) — lim @(x — tng) for an interior edge/face E,
[plex) =1 7% im o(x —
- ]ll‘é‘l @(x — tng) for a boundary edge/face E
t—0+

Based on the above notations, we introduce a variant of the nonconforming Crouzeix-Raviart piecewise linear finite
element space:

Hy = {v € [L*(2)] : Vi € [P'(K)]" VK € Th. ([Vale. 1)e =0 VE € &n(2]")
(Vh - mele, e =0 VE € £(£25) U En(352y)}

Xpn = {sph € [LP(2p)1 : &pny € [P VK € 77, (Ignle, e =0 VE € eh(fzp)} :
For X C £2, we set

En(X) == {qn € Lg(X) : qnye € P°(K) VK CX,K € Tq}.
and we define

My = Eh(.Q) X Eh(.Qp) CcM
Hh = Hh X Xph 7¢_ H.

Where P™(K) is the space of the restrictions to K of all polynomials of degree less than or equal to m.
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The space My, is equipped with the norm || - ||y while the norm on Hj, will be specified later on. The choice of Hy, is
more natural since the space H, approximates only H(div; £2,) and not [H l(.(Zp)]f’, while our a priori analysis is only valid
in this larger space.

Let us introduce the discrete divergence operator div, € £(Hp; Ex($2)) N L(H; LS(Q)) by

(divy, vg)ix = div(vp k), VK € Tp, (36)
or div, € £L(Xpn; En(£2p)) N L(Xp; L2(£2,)) by
(divy §pn)ik = div(&pn ), VK € Tr. (37)

Then, for Uy, = (up, npr) € Hp, Vi = (V, &) € Hp and Q, = (Qip, Qon) € M, we can introduce two bilinear forms:

An(Un, Vi) = D (2uD(uy). D(V))ic + (1K "up, vi) o
KeT!

+ 2 (20pD(pn). D(E))  + (kp divi 1pn., divi 1) o
KeTp

+ ZWXB]S\/ Mg T Vi T ) 1

Bu(Vh, Qu) == —(Qun, divy Vh)e — a(Qan, divy &pn)e, -
Then, we propose the following discrete problem: find (Up, Py) € Hj x Qi with Py = (pp, ppr) such that:

Ap(Up, Vi) + By(Vy, Pp) +J(Up, Vi) = L(Vy) VYV, € Hy (38)
By(Up, Q) = G(Qy) VQu e M.

This is the natural discretization of the weak formulation (19) only with the penalizing term J(Uy, Vi) added. We define
the bilinear form J(-, -) following the decomposition of &;:

J(Up, Vp) = Jg;r(“h, Vi) + ), (Wh, Vi) + Jo,(Wh, Vi) +JQ;(77ph, Epn)s
where

Jopww) = (1420 30 15" [l s,

Eesh(rz*)

Jo,(un, vy) = Z f[uh]E [Vh]eds,

E€&p(£2p)

Jog,(Un, vp) = Z /[llh nge[vy - ngleds  and

Ee&n(d£2p)
YorCmpn &) = D h / 1+ 24p)npnlz - [Epnleds.
Eegn(2y)

Here, hg is the length (d = 2) or diameter (d = 3) of E. Note that each element of &, only contributes with one jump
term in J(Up, V).
We are now able to define the norm on Hy:

1/2
IVl = [uvhnah + 1%, +J(vh,vh)] : (39)
where
1/2
d—1
Vil = | Y Wi+ D - 5 Vi Ty, + Il + I divavaliy, |
KeT! J=1
and
1/2

. 2
I&pnlixy, = | Y 16l ¢

KeT
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We define the subspace of Hy:

Zy = {Vh = (Vh. &pn) € Hy : (diva Vi, Qun)e =0 VQun € En(22)} .

Lemma 4.1. If V, = (Vp, &n) € Zy, then divy vy = 0.

Proof. We recall H, = Hy x M. Since divy, v, € Ex($2) for v, € Hp, we take Qq;, = divy, v, leading to (divy, vy, divy vy)o = 0,

and the lemma follows. O
In the sequel, we will define the bilinear form:

Ap(Up, Vi) = Ap(Up, Vi) + J(Up, V).

Lemma 4.2 (Coercivity). Ay(-, -) is coercive on Zy: there is § > 0 such that
Ap(Vp, Vi) > ,3||Vh||J12{,,, YV, € Z,

where B depends on og, w,  and kpax.

Proof. Let V;, = (v, Sph) € Z, C H, = Hy x Xph.

Ap(Vh, Vi) = A(Vp, Vi) + J(Vi, Vi)
= D @uDW). D) + (K~ 'Vi Vi) .

KeThf

+ D (20pD(Epn). D(Eon)) ¢ + (2p divin Eon. divi Epn) o
KeT!
d—1

+ Z(M“B]s\/lqlvfh “Ts Vi T
j=1
+(1+2u) Y h /[vh]Eds

Ee£h(9

+ > h / [Vhlpds
E€ER($2p)

+ Z /[vh nE]Eds
E€ER(382p)

+ > g f (1 + 2pp)[EpnT2ds.
Eegy(2)

The Korn’s inequality for piecewise H' vector fields [29] leads to:

21 ) (D). D)) + g (Vi Vi) = C1 D vl

KeT] KeT]
D (20pD(Epn). DEm)) + o (o Eon) = Co D 16l
KeTy KeT?

where C; and C, are positive constants which depends only on og and .
In addition to these, we have (X, divy &, divh &pn)2, > Aminll divs Ephllo_q
Lemma 4.1, we obtain

-1
(WK™ Vi, Vg, = ik IVillG o, = 1kpaxlIVAllG o, + I diva Vallg o

A%

min{uk,),, 1}||Vh||H(divh4,Qp)'

The proof is complete. O

From Hélder’s inequality, we derive the boundedness of Ay(-, -) and By(-, -).

(41)

> 0, and since V;, € Z, then from
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Lemma 4.3. There holds:
|An(Up, Vi)l < Gsl|Upllss, [Villss,  ¥(Un, Vn) € HE, (42)
Br(Vi, QI < CallValls, 1Qullg, — ¥(Vh, Qu) € Hp X My, (43)
where, C3 and C4 depend on u, o and K
In order to verify the discrete inf-sup condition, we define the space
W={veH: vy c[H(2)}

and the Crouzeix-Raviart interpolation operators ry, : W — Hy, and ry; : X, — X by:

/ (rpVv)rds = / vids  VE € &), (44)

E E
f (r1pv)yds = / vyds  VE € &(£2,), (45)

E E
/rZh(gp)ds = /gpds VE € En(2)); (46)

E E
Lemma 4.4. The operators ry, and ry, are bounded: there are constants Cs > 0, C; > 0 depending on oy, i and d such that:

1/2

(W), < Cs (VIG5 + V1T 4) Y ewWw, (47)
||1‘2h(§p)||xph = C6||Ep||xp pr € xp- (48)

Proof. Similarly to [30, Lemma 4.5]. O

Then, we have the following result:

Lemma 4.5 (Discrete inf-sup Condition). There exists a positive constant By depending on oy, w, and d such that

sup 2V @) g0l YQu € M. (49)

Vietp{0}  IVnllm,

Proof. Let Q; = (Qin, Q2n) € M. Then from [28] it is known that there exist vector valued functions (v, §,) €
[H'(£2)]9 x [H'(£2,)]¢ and constants C3 > 0, Co > 0, independent of Qy, such that: V- v = —Qq, V - & = —Qu
and [[v]lg < GgllQunllo.2, I&pllx, < CollQanllo,2,- We set V= (v, §,) € H and we define the operator Ry(V) = (i, §y1), with
Vi = r1(v) and &y, = ro4(&,); and we take Vi = Ry(V) € Hy. Then we have from (44)-(46):

By(V — Ry(V), Qu) = —(diva(v — Vi), Qin)e — a(diva(§y — &), Qan)e,

—Z/ (v— vh)th—aZ/ (& — &n)Q

K

KeTp Ke TP

== > (—rV) mQu—a Y (& — &) ng Qo
EER($2) EEn($2p)

=0.

Then, Lemma 4.4 implies

Bi(Vh, Qn) = Bu(V, Q)

IQunll§ o + @llQanllf o,
min{1, &} Qul%

> min{1, e} 1Qu g, 1V
= \max {GC; ", GGy ') Hin

%

min{1,a}

which completes the proof with By =
p p Po max{csc;‘.cgcg‘

0. O
}>

Lemmas 4.2, 4.3 and 4.5, together with the abstract theory of mixed problem [28], immediately imply the following
theorem:

Theorem 4.1. There exists a unique solution (U, Py) € Hy x My, to the problem (38).
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5. A convergence analysis

We now present an a priori analysis of the approximation error. The use of nonconforming finite element leads to
H, ¢ H, so the approximation error contains some extra consistency error terms. In fact, the abstract error estimates
from [28] give the following result.

Lemma 5.1. Let (U, P) be the solution of problem (19) and (Uy, Py) be the solution of the discrete problem (38). Then, there
exists a C1o > 0 depending on «, C3, d and By such that:

U — Unlleyus + [P — Prllm

< Cio (V’:ggh lu — Vi lln,un + Ephig){ph mp — &pnllx,pux, (50)
inf — inf — M M ,
+ o lp — Qunllo,2 + oo lpy — Qanllo,@, + Min + 2h>
where
[Ap(U, V) + By(Vp, P) — L(V})]
My, = sup
Vp eHp~ {0} ”vh ”]Hh
Moy — [Br(U, Qn) — G(Qx)l
m = )
QM {0} 11Qu Il

are the consistency error terms.

Note that B,(U, Q;) = B(U, Qy), thus M,, = 0.
For estimating the approximation error, we assume that the solution (U, P) of problem (19) satisfies the smoothness
assumptions:
(i): u € H, uy € [HX(2)1%, u, € [H(£2,)]¢
(ii): mp € Xp, np € [HA(£2,)14
(iii): p € L3(£2), py € H'(£2f), pp € H'(£2p).

We begin with an estimate for the terms infy, cu, [0 — Vallw,un and inf, cx, 175 — &pnllx,ux,:

Lemma 5.2. There holds:

inf lu—vyllwun < Ciih (Julyy + uly,) (51)
vpeHy
Ephigph mp — Epnllxyux,, < Cizhlmply s (52)

where C11 and Cy, are constants depending only og and d.

Proof. Since riy(u) € Hy and rz4(n,) € Xpn, we only bound the errors [|u — ryx(u)||lg,un and [1n, — 2n(7p)lIx,Ux,;,- From
the interpolation theory for i, i € {1,2} [31] and the trace inequality [|¢13 ;x < Ci3 ('@l + heleli k) Yo €
HY(K),K € 7, the lemma follows. O

Next, for evaluating the terms infy,, cg,(2) IP — Qinllo,2 and infg,, ek, (2,) 1Py — Qanllo.2, appearing in (51), we define the
projection operators iy : LS(Q) — Ep(£2) and 7, : Lﬁ(.Q,,) — En($2,) by:

/(ﬂlQl —Qq)dx = OVK € Ty (53)
K

f (m2Q2 — Q2)dx = OVK € 7. (54)
K
Then, we have

1Qi — 7iQillox = min [|Q; — miQillox < @ih|Qily k., VK,
Q;ePO(K)
with ¢; > 0 depending only on oy and d, so that

inf — <l|p—m < aqh + 55
Q]hEEh(Q)”p Qunllo.e < IIp — m(P)llo.e < arh(Iplys + Iply,) (55)

inf — < — < ayh . 56
thelgmw”pp Qanllo.e, < IIpp — m2(Pplllo.2, < a2hIply, (56)
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Finally, let us consider the term Ax(U, Vi) + By(Vy, P) — L(Vy). The smoothness assumption of u and 7, implies

J(U, V) =0, thus

Ap(U, V) = Ap(U, V) VYV € Hp.
Clearly for Vj = (Vp, &p) € Hp, we have:

—L(Vy) = —(f, vp)e
~(£, Vi)ey — (£ En)a
= (V : Gf(uv p)’ vh)Qf + (v . Gp(ﬂps pp)! gph)ﬂp - /,L(l(_1ll, Vh).Qp - (va Vh).(zp,

and, by using Green’s formula on each K € 7; and conditions (10)-(13), we obtain

—(f, Vi)o = —Aw(U, Vi) — By(Vy,, P) =2 ) ) - [Vileds
Eeé‘h(()f)

+ Yy /p[vh neleds+ ) /pp[vh ngJeds
Eeen($2Us2p) E€ER(352p)
- > f 2up0 - D(np) - [Epnleds +a ) / Pplépn - Mglpds (57)
Ee&n(2)) E€&p($2p)

+ > | %V -yl - melds
E€En($2p)

We denote by R{(Vy), Ro(Vi), R3(Vi), R4 (Vh), Rs(Vy) and Rg(Vy) the last six terms in the right-hand side of Eq. (57),
so that

An(U, Vi) + By(Vi, P) — (V) = Z Ri(Vy). (58)

In order to evaluate the six face integrals, let us introduce two projection operators in the following.
For any K € T, and E € £(K), denote by Py(E) the constant space of the restrictions to E and ¢ the projection operator
from L*(E) onto Py(E) such that,

fﬂE(U)dS: /vds. (59)
E E

The operator 7 has the property [31]:
lv = we()llo.e < Crahg*|vl1, Yo € H'(K), (60)

where Cy4 depends only on op and d.
For any v € [L*(E)]¢, we let ITg(v) be the function in [Py(E)]¢ such that (ITg(v)); := me(vi), 1 < i < d. Using inequality
(60), we obtain:

Iv = ITe(v)llo.e < Crahg*|v]; ¥V € [H'(K)I". (61)
Then we have the following lemma.
Lemma 5.3. There holds
[An(U, Vi) + Bp(Vn, P) — L(Vp)|
< Cish (|U|2,9f + |'7p|2,g>1J +1plio + |p|1,.rzp) » VVh € Hy,

where Cys is a constant depending only on d, g and .

Proof. Let V, € Hy. We begin with an estimate for the first term Ry(V}). For any E € Sh(.Qf+ ), there exists at last one
elements K € 77{ such that E € &,(K). Then, from condition (59), Hélder’s inequality and inequality (61), it follows that:

[115 -D(u) - [vy]eds = /(HE - D(u) — ITg(ng - D(u))) - [vy]eds
E E

< Ihy*((1 = Me)(mg - D))o eIy [Vilelloe
< \/HCMhE|u|2,l(||hg1/2[vh]5”0‘E
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Furthermore, we obtain

1/2 1/2
Riy(Vh)| < 2uv/dCig | > hElul3, >l P valelld
Ecep(2]) Eegn(2])
172
< 2p/d(d+ DCia | D helule | U (vh, va))2
KeT!
< 2p/d(d + 1)Cishluly o [IValln,- (62)
For the terms R;(V}y), i € {2, 3, 4, 5, 6}, use the same techniques as in the proof of the bound for R;(V;) and we have:
Ra(Vi)] < v+ 1Ciah (1plyg, +Ilc, ) Il (63)

IR3(Vh)| < x/mthlplmpllvhllnh (64)

IRa(Vh)I = 2ptmaxy/d(d + 1)Crahngly o I8pnllx , (65)

IRs(Vi) < a/d+ 1C1ahiply g, l15pnlx , (66)

IRs(Vi)| =< /\maxx/mehlnplz,gp l18pnllx,, - (67)
Then, the lemma follows by combining inequalities (62)-(67). O

From Lemmas 5.1 and 5.2, inequalities (55)-(56) and Lemma 5.3, now we derive the following convergence theorem:

Theorem 5.1 (A-priori Error Estimation). Let the solution (U, P) of problem (19) satisfies the smoothness assumption (i) — (iii).
Let (U, Py) be the solution of the discrete problem (38). Then, there exists a positive constant C depending on d, i, &, 09, kmax
and Kmin such that:

U = Ul + IP = Pallsyonn < Ch (1uly 0, + 8l g, + gl g, + Plig, + IPlig, )
6. Summary

We have introduced and analyzed a-priori error estimation for nonconforming approximations of the Stokes/Biot fluid-
poroelastic structure interaction model on isotropic meshes. Under a small data assumption, existence and uniqueness
results have been proved, and an optimal a-priori error estimate has been derived. We end this paper by mentioning
that further developments, including computational aspects of (38), a-posteriori error analysis, adaptivity and numerical
results, will be reported in separate works.
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