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1. Introduction

Optimal control problems have become a very active and successful research area and it can be used in many sciences
and engineering. They have various application backgrounds in the operation of physical, social, and economic processes.
In this area, distributed elliptic control problems are widely studied whereas elliptic boundary control problems have
received little attention. Also, to our knowledge, there are no results on a posteriori error estimates for hp finite element
discretization of an elliptic Robin boundary control problem. In this paper, we filled this gap. Concerning the analysis of
optimal control problems with PDEs constraints, we must mention the pioneer works in this field, such as [1-6], for an
overview of optimal control problems for more details.

The finite element method have been widely used in PDEs-constraints optimal control problems. There have been
many works in literature on the finite element approximation of optimal control problems [7-12], and so on.

The hp version of the finite element which is the general version of finite element method has been applied to many
practical problems. We mention the pioneering works [13-15]. It seems suitable to apply the hp version methods to
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approximate optimal control problems. Here, we only mention the following works in [ 16-19]. Yanping Chen and Yijie Lin,
in [17], presented a posteriori error analysis for the hp finite element approximation of convex optimal control problems.
Before obtaining the hp a posteriori error estimates for the coupled control and state approximations, they derived a
new quasi-interpolation operator of Clément type and a new quasi-interpolation operator of the Scott-Zhang type that
preserves homogeneous boundary conditions.

A priori error estimate consists in increasing the discretization error in a given norm (or semi-norm) by a quantity
which depends on the exact solution (in general not known explicitly). It is generally used to prove the convergence of
the method under certain assumptions of regularity on the exact solution. But these assumptions in practice are not often
verified.

Moreover, the estimator is in terms of the exacts solutions of the model, this shows that a priori estimates cannot
be used for an algorithm of mesh adaptation (which is very important in the finite element method because with this
method, the discrete solution strongly depends on the mesh used). Hence, the notion of a posteriori error analysis which
now makes it possible to set up (thanks to an algorithm) an adapted mesh. For optimal control problems, there are many
works on a priori error estimates (see, e.g., [20-25]) for the standard finite element method.

That is why, after a priori error analysis, we focused on the adaptability of the mesh, i.e. to build a tool that allows,
after a first resolution of the problem on a coarse decomposition, a decomposition choice that is the best suited to the
problem (the flexibility of the method with joints that greatly facilitate the construction of the new decomposition), which
is a posteriori error estimator. A posteriori error estimates are computable quantities, expressed in terms of the discrete
solution and of the data that measure the actual discrete errors without the knowledge of the exact solution. For optimal
control problems, there many works on a posteriori error estimates for hp finite element method, [7,16-19,26-29]. They
are essential to design adaptive mesh refinement algorithms which equidistribute the computational effort and optimize
the approximation efficiency. Since the pioneering work of Babuska and Rheinboldt [30], adaptive finite element methods
based on a posteriori error estimates have been extensively investigated. What we propose to do here is to extend in the
case of spectral elements a part of the results obtained by Verfiirth [31], concerning indicators constructed from the
residue of the equation. The extension is not evident because an important step in the demonstration in finite elements
are based on inverse inequalities [32], which are known to be bad in spectral methods, so it is a matter of changing of
the indicators appropriately.

However, as part of the hp version, two choices of “refinement” are possible in the areas where the indicator reveals
poor convergence; either divide the domain to reduce the hy setting, or increase the maximum p, degree. The idea to
determine the best strategy is to use a spectral decomposition of the indicator in an appropriate base of the Polynomials.
Examination of the behavior of the coefficients allow then to find the best refinement: it is indeed preferable to increase
the px when all coefficients are of the same size and to decrease the h; when the high-order coefficients are small.

The Robin boundary condition is a general form of the isolation boundary condition for convection-diffusion equations
and can be viewed as the trade-off Dirichlet and Neumann boundary conditions. They are applied to electromagnetic
problems or boundary conditions of convection, for example in heat transmission problems [33] and in modeling the
convection between the conducting bodies (see [34,35]). So, in this paper, the elliptic Robin boundary control problem is
approximated by hp version of finite element method. We mainly consider the following optimal control problem:

1
minj(u, y) := Ef(y—yd)2+f/ u?, (1.1)
2 982

uelyg 2

subject to the state equation
—div(aVy)=f in £, (1.2)

with the boundary control conditions(Robin )
(aVy).n = E(u —y) on 0£. (1.3)
K

In our paper, £2 will be an open bounded subset of R?, with Lipschitz continuous boundary 32. We also assume that
£ is polygonal. The nonempty, closed and convex constraint Uy = {u € L*(82) : ||u||§,m < ¢?}, n is outwards unit
normal vector from £2, ¢ and « are strictly positive constants. § : 92 — (0, co) is a positive function, 8 € L*(952)
with fm B2 > 0,y4 € [*£) is the observation, u is the control variable, y is the state variable and f e [*(£2).

a(-) = (aff('))zxz € (W“"’(Q))2X2 such that there is a constant § satisfying, for all vector x € R?, x'ax > 8||x||]12§2, where x!
denote the transpose of x. Also for simplicity, we suppose in this paper that a is constant matrix.

For 2 C R? a polygonal convex domain, we set [(2) = HO(.Q),H"(.Q),H(’)‘(.Q), k > 0 integer, denote the usual
Sobolev spaces. For u € H¥(£2) we denote by |ulxq and |- |r. the usual norm and semi-norm respectively. If I is an
interval or a segment, then we define H*(I), | - ||;.; analogously.

Introduce the function spaces U = [%(3£2) D Uy 3 u as the control space, V = H'(£2) as the state space. To avoid the
excessive use of constants, generic constants in the estimations will be denoted by C.

The outline of this paper is as follows: In Section 2, hp version of the finite element methods for the optimal control
problem are constructed, then optimality conditions for both exact and discrete system are given. A priori error estimates
for the optimal control problems are obtained in Section 3. In Section 4, a posteriori error estimates for the optimal control
problems are obtained.
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2. Optimality of the optimal control problem and its finite element approximation

In this section, we shall find out the optimality conditions of the optimal problem (1.2)-(1.3) and describe its hp finite
element approximation.

2.1. Optimality of the problem

Let us assume that y is enough regular, so for any regular test function v € C!(£2), integration by parts yields as

/(aVy)Vv—/ (otu).v+/ (ay).v. (2.1)
2 a0 FYe)

The weak formulation for the boundary control value problem (1.1)-(1.3) using Green’s formula is of the form : findy € V
such that

Aly,v)=Iv), Yv eV, (2.2)

where

Ay, v) :=/(aVy)Vv+/ ayv, I(v) :=ffv+/ auv and o = é
Q 902 2 902 K

The extension to v € V is possible since for y € V both sides are continuous with respect to v € V and since C'(£2) is
dense in V.
It follows from the above assumptions on a that there exists constants c;, ¢, c3 > 0 such that Vv,y e V

Aw,v)zallvll} o, AW, v) < ¢ llyllellvlle and [I(0)] < ¢ (0]

Therefore, following the work done in [6,36] one can prove the following optimality conditions:

Theorem 2.1. The pair (u,y) € Uy x V is the optimal solution of the control problem (1.1)-(1.2) if only if there exists a
unique couple (p, A) € V x R* such that (u, y, p, A) satisfies the following optimality conditions :

(1) Ay, v) = (au, v)ope +(f,v)oe YvevV,
(i) A(q. p) = (Y —Ya. 9.2 YqeV,

(OCP = OPT) "y (iii) (ap + 11, w — U)gp = 0 ¥ w € Upa, 23)
(w)p+(e+A)u=0,

where A satisfies

(2.4)

constant > 0, |[ullf 5o = ¢,
2 2
0 lullg.se < ¢°

where A is a Lagrange multiplier and p is the adjoint state.
2.2. Hp Finite element method

In this subsection, we construct the hp finite element approximation of the optimal control problems where we assume
that £2 is polygonal. We divide the domain 2 into N; non-overlapping sub-domains (elements) 7;, 1 <i <N, :

Nz
2=z uw(\u=0 i#j 1<ij=<N, (2.5)
i=1

Let 7 be a local quasi-uniform partitioning of £2 into non-overlapping regular elements 7, and ¢ = (—1, 1)> be the
reference element.
Let 7y the partitioning of 92, such that

N
0 =J7; n(\n=0 i#i 1<ij<N, (2.6)
j=1

where y; j=1,2,...,N; are the open sides of the boundary 9£2. We further require that P; € 952 where Pi(i=1,...,I)
is the set associated with the triangulation 7.

We let u(7) denote all edges, and let wo(7) denote all edges which lie on the boundary 2.

Each element 7 can be the image of the reference element ¢ under an affine map F; : ¢ — t. We write h.(h,) =
diamz(y), and assume that the triangulation is x-shape regular, i.e.,

he HIFL 4+ B ICF) M < x (2.7)
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For x-shape regular meshes 7 on the domain £2, we associate with each element r € 7 a polynomial degree p € Ny,
these polynomial degrees p are collected into the polynomial degree vector p = {p}.

For y-shape regular meshes y on the boundary 062, we associate with each element y € 7y a polynomial degree
qe Np.

Then we can define the spaces of hp finite element approximation UP(7;, 0§2), SP(7, §2) as follows :

UP(7y, 392) = {u € [*(382) : Uleeyug(r) © Fr € Op},
SP(7,2) = {v € H'(2) : V]eey(r) o Fr € Qp},

A

where Q, denotes the spaces of polynomials in T of degree < p, q in each variable, respectively. As to polynomial
degree distribution p, similarly to (2.7), we assume that the polynomial degrees of neighboring elements are comparable,
i.e., there is a constant x > 0 such that

X 'p)<pr+1=<x(p:+1) V. er, TNt £0. (2.8)

Convergence is obtained either by increasing the degree of the polynomials or increasing the number of elements N;.

Let Uyp = Uq[\UP(7y, 352) be the space of approximation of the control, and let SP(7, £2) be the space of
approximation of the state and co-state. Then the hp spectral element approximation of optimal control problem reads
as follows:

1 2, ¢ 2
(0CP)" L{?lhnj(uhpath) 2/9(yhp—ya) +5/muhp, (2.9)
AYnp, vhp) = (atlnp, Viplo.ae + (F, vnplo.2, ¥V vnp € SP(T, £2).

The following theorem shows the existence and uniqueness of the solution of the above system.

Theorem 2.2. Assume that the initial assumptions hold. There exists a unique solution (ynp, unp) for the minimization problem
(OCP)" such that yn, € SP(T, 2), tpp € Upp.

Proof. Let {(yh , uhp, )} be a minimization sequence for the system (OCP)", then it is clear that {uh }oo; are bounded
in Upy. Thus there isa subsequence of {uhp ,(still denoted by {uhp 1) such that uhp converges weakly to upp in Upy,. For
the subsequence {uy)}72;, we have

AYpps Vnp) = (U, Viplo.ae + (s viplo.2, Y vy € SP(T, 2). (2.10)
Let vpy = yhp in (2.10) to give

AVpps Vip) = (@, Yiploae + (F, Viplo.os YV Vi, € SP(T, £2). (2.11)
For each {ypp};2,, we have yﬁp is a solution of (2.11) and |ly[1.e < C(||f||0,9 + ||u||0,39) Thus we have that {yp,};2, is

bounded set in SP(7, £2). Thus

u;,?,p — Upp weakly .in Lth, (2.12)
Yhp = Yip weakly in SP(7, £2).
So, we have
AYhp, vnp) = (@, viploae + (f, vnplo.e, ¥ vmp € SP(T, 2). (2.13)

Since F is a convex functional on [*(£2) and Q is a strictly convex functional on [*(9£2), we have F(ynp) + Qupp) <
lim(F(y}:,) + Q(u},)). Then (yip, upp) is the unique solution of (OCP)™.
This complete the proof of the theorem. O

Furthermore, the following first order optimality conditions are satisfied.

Lemma 2.3. The pair (unp, Yip) € Unp x SP(7T, §2) is the optimal solution of the control problem (2.9) if only if there exists a
pair (Php, Anp) € (SP(T, 2), RT) such that (Upp, Yhp, Prp, Anp) Satisfies the following optimality conditions (OCP — OPT)" -

(1) AWhp, vip) = (QUpp, Vnplo,az + (F, iplo,2s Y unp € SP(T, £2),

(it) A(Gnp, Prp) = Yhp — Yd» Anplo.2> ¥ qrp € SP(T, £2), (2.14)
(iii) (otphp + Eltpp, Whp — uhp)O so =0V wpy € Upp, :
(iv )php + (e + )‘hp)uhp =0,
where Ap, satisfies
constant > 0, |Juppll2 .o = 2.
Ahp = : 2.15
b { 0 lumpllZ 5o < £2. (215)
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3. A priori error estimates
In this section, we study a priori error estimates of the hp finite element approximations. Here, we note that £2 is a

convex open domain with Lipschitz boundary 962, and in the light of the optimality conditions, we have y € V.
To derive a priori estimates, we need to prove some important results that will be used later.

Lemma 3.1. Let (Upp, Yhp, Prp» Arp) be the solution of the optimality conditions (OCP — OPT)"P then there exists a constant C
(independent of h and p) such that :

max{||uppllo,as, 1Vpll1,2, IPrpll1,2, 1A} < C. (3.1)

Proof. Introduce the solution (whp, Yrp(wnp)) € Upp x SP(7, §2) of the optimal control problem. Since the pair (unp, yip) is
the optimal solution of the optimal control problem, we have

1 e
JCthp, Vi) = = / o —yaP + & f 3
2Je 2 Jye

1 2, € 2
22 [ow-vr+5 Y [

TeT ecpug V€
1 2, ¢ 2
<33 [t =P + 53 [ty = v
TeT e€ig

which implies that
&
5||uhp||20,99 < C(e, 7, yq),

and can be rewritten

gl s = 2Cle, . ),
finally we have

lunpllo.se < C and |lyny — yallo.e < C.
It is well known that

forally € V,u € Uu, I¥ll1.e = C(If lo.2 + llullo.oe)-

Since Upp C Ugg and SP(7, 2) C V, we have [[yppll1.e < C(Ifllo.2 + lunpllo.as)-
Therefore

lynpll1,2 < C.
According to (2.14) (ii) and (iv), we obtain
IPmpll,2 < cllynp — Yalloe = C and  |Ap| <C. O

We introduce the auxiliary system to obtain a priori error estimates for hp finite element method : finding (yn,(u1), prp
(u)) € SP(7, £2) x SP(T, £2) such that

(l) AWnp(u), vrp) = (u, Vapooe + (f, Uhplo,e, ¥ vnp € SP(T, £2),
(i1) A(qrp, Prp(u)) = (¥ — Ya, Gnpo,2> ¥ Gp € SP(T, £2).

This auxiliary system will allow me to derive a priori error estimates for the optimal control problem.

The following error bounded for the interpolation operator Iy, can be derived by using a result for the standard
interpolation operator based on the reference domain and the technique employed in the hp finite element method.
See [13] lemma 4.5.

Lemma 3.2. Let h = max{h;, 1 <i < N}, the for all v € H*(£2), s < 1 it holds

n—t

lv—=Inpvllee =C Ivllse ¥V veVNH(L2) (3.2)

- psft
where uw = min{p+ 1,s}and t =0, 1.
We define the projection operator JTI? as follows : V v € V, find ngv € SP(7, £2) such that

Alm)v —v,upp) =0, ¥ vy, € SP(7, 2),

where A is a V-elliptic, continuous bilinear form.
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Lemma 3.3. Let 715 : VN H($2) —> SP(7, £2) such that forany 0 <t <s

u—t

lu—mlullee <C lullse V¥ ueVNH(S2), where u = min{p + 1, s}. (3.3)

pS—[

Lemma 34. Let (u,y, p, A) be the optimal solution of optimality conditions (OCP — OPT),
(Yrp(u), prp(u)) be the solution of the auxiliary system, there holds

n—1

h
Iy = yup(Wll1.e + Ip — prp(W)ll1e < C (Iyllm.e + IPlme) . (34)

m—1

where u = min{p + 1, m}.

Proof. In the light of the auxiliary system and optimality conditions (OCP — OPT), we obtain
Ay — Ynp(u), vpp) = 0, (3.5)

A(qnp, p — prp(u)) = 0. (3.6)

Using (3.5) with Poincaré inequality and Céa lemma, V wy, € SP(7, £2)

clly = yrpIF o < AW — yip(u), ¥ — Yip(u))
< AW — ynp(u), ¥y — wp) + AW — Ynp(U), Why — Yip)
< AW — ynp(u), y — wnp)
< Mlly —ynp(W)ll.2lly — wipll1.e
(

<My —yp@li,e inf |y —wplie.
Vwp, €SP(7,2)

Thus we have,

ly = yp(Wll,e <C inf ly — wipll1,2-
Yy eSP(7,2)

From (3.4), we have

IA

C inf |y —wnplhe
thpesl’('r..o)
h
Clly — mpylh,e
h#—1
= C}F”y”mﬂ

y = ynp(Wll1,2

IA

Similarly, using (3.6) with Poincaré inequality and Céa lemma, we have V gz, € SP(7, £2)

cllp — prpWl3 o < AP — Prp(u), p — Prp(u))
= A(p — qnp, P — php(u)) + A(th — Phps P — php(u))
< AP — Gip, P — Prp(U))
< Mlp = prpWll1.2llp — grpll1.2

< Mlp—prpWl1e_inf  |p—qule.
VqhpeSP(7,£2)

Thus we have,

— prp(u <C inf - .
Ip = Pyl = Vol gy 1P~ doll 1.

From (3.3), we have

- u <C inf —
P = prp(Wlhe = thpesp(‘r,mllp i

Cllp — mpl1.e
n—1
< CF”P”m,Q- g

IA

A

Lemma 3.5. Let (upp, Ynp, Prps Anp) be the optimal solution of the optimality conditions (OCP — OPT)", (Ynp» Prp(u)) be the
solution of the auxiliary system, there holds the following estimates

IPrp — P12 + 1yrp — Yrp(Wll1,2 < Clllu — unplloae + 1y — Yap(Wllo,2}- (3.7)
6
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Proof. Combining the auxiliary and the discrete systems, we obtain

AYnp — Yip(U), vpp) = (@(upp — U), Vip)o,sce,

A(Ghp, Prp — Prp(W)) = Yrp — ¥ Grplo.2-
Letting vpy, = Ynp — Yip(u), (3.8) becomes
AWYnp — Yrp(U), Ynp — Yrp(1)) = (ee(upp — ), Ynp — Yip(t))o, 02
by ceercivity, we have :
cllynp _}’hp(u”ﬁg = A(}’hp _}’hp(u),}’hp _th(u))
= (a(upp — u), Ynp — Ynp(u))o,002
< lump — ullo.se 1¥np — Ynp(Wllo.o2>
which implies
¥hp — Yrp(Wll1.2 < Clitnp — ullo.ae-

Letting gn, = pnp — Prp(ut), (3.9) becomes

A(php - php(“)’ DPhp — php(u)) = (.Vhp — Y, Pnp — Php(u))o.(b

by coercivity, we obtain

cllprp — php(u)”%,g =< A(php - php(u), Dnp — php(u))
= (Yhp — ¥» Prp — Prp(W))o.2
< lymp — Yllo.2 IPrp — Prp(t)llo.2-

Then,

Cllyn — ¥llo.2

CUlynp — yrp(Wllo.2 + Iy — yup(Wllo.2)
CUlynp — yrp(Wll,2 + 1y — Yup(Wllo.2)
Cllluny — ullo.ae + 11y — yrp(t)llo.2)-

IPrp — Prp(W)ll1.2

IANIA IA A

This completes the proof. O

(3.8)

(3.9)

(3.10)

Lemma 3.6. Let (u,y, p, 1) and (unp, Ynp, Prp, Anp) the optimal solution of optimality conditions (OCP—OPT) and (OCP—OPT )

respectively. There holds

n—1
lu — unpllope < C

(”y”mQ + ”p”mﬂ)

pm—l

Proof.
(D — Php> Gplo.oe = (—(A + &)u + (Anp + €)Unp, Ghp)o.oe
=(—(A+eu+A+ g)uhp —(A+ g)uhp + ()\hp + S)Llhp, th)O,B.Q
= (Anp — AUnp, Gnplo.ae + (A + €)unp — U, Grplo.ac2-
Let
qnp = {‘zoz(u - uhp) — Rupp = fza(u - uhp) — (a(u — uhp)a Uhp)o,aﬂ-uhp
such that (uxyp, qrp) = 0.
Then,
(Unp, Qoo = (Unp, £2e(u — tpp) — (ct(U — Unp), Unp)Uhpo.002
(Upp, ot — Upp))o,a2 — (Unp, (@(U — Unp), Upp)Upp)o,as2

¢
2 (unp, (U — tpp))o,ae — (Unp, Unp (U — Unp), Unpo,oe2
07

2 2
where [[upllg 50 = ¢°

(3.11)

(3.12)
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Now,
-1
R = (a(u — upp), Unp)o,ge = —— (U — Upp), —(Anp + &)Upplo,ag2
)"hp +¢
-1
= a(u — upp), a0, using (3.8
o 8( ( hp)» Php)o,a2 g(3.8)
1
= [(GV(th - th(u)), Vphp)o,g + (“(J/hp - th(u))» Php)o,afz]
)\hp + ¢
1
IRl = 5 [(@V(yhp — unp(w)). VPipo.2 + (2Wip — Yip(W)): Prp)o.s2 |
hp + €
< [|(aV(J’hp - uhp(u)): Vphp)0,52| + |(“(th - J’hp(u))a Php)O,B.Q']
)\hp + &
=< Cllynp — Ynp(u)llo,2-

Mp((U — Unp), Grp)o,ae = Mnp((U — Unp), £2e(u — tpp) — (0e(U — Unp), Unp)o, a2 -Unp)o,52
= Al (U — upp), (U — Upp))o.a — Anp((U — Unp), (e(u — upp),

Upp )o,002 Unp )o,00-

Then, using (3.12), we have :

Mp (U — pp), (U — unp)o,pe = Anp((U — Unp), rplo,a + Anp((U — Unp), ((U — Upp),

Unp)o,a22 -Unp)o, a2
Ahp

= A+ 8(php —D, th)O,B.Q + )\hp((u - uhp)s Ruhp)0,8.0~

Assuming that there exists § such that «(x) > § a.e on 952. Thus

(1 — upp), a(u — upp)lo.pe > Sllu — upyll®.

Then,

An
Mpt 28U — uppllg 5o < ﬁuphp — D, Gp)o.se + Ap((U — Upp), Runp)o.ae |,

which can be rewritten as
lu — uppllose < ()P — Prpllo,2 + IRI) + tllu — uppllooe2,
therefore,

lu — unpllo,pe < C(IIp — Pipllo,2 + 1¥rp — Yip(tllo,2),

finally, we can arrive at

n—1

lu — unpllope < C (Iyllm.e + IPllme). O (3.13)

m—1
Theorem 3.7 (Convergence). Let (u,y, p) and (upp, Ynp, Prp) be the solutions of (OCP — OPT) and (OCP — OPT)", respec-
tively. Assuming that (y,p) € H™(§2) x H™(£2)m > 1), h and p lager enough, we obtain the following a priori error

estimates
n—1

h
lu—tnpllo.oe + 11y = Ympllre + 1P = Prpllie = C (Iyllme + Iplm.2), (3.14)

pmfl
where u = min{p + 1, m}.
Proof.

ly _.Vhp”l,Q <y __Vhp(u)”l,Q + ”yhp(u) —th||1,:2,
0 —pipllie < 1Ip — Prp(Wll1,2 + 1Prp(U) — Prpll1.e2-
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Then using (3.4) and (3.7), we have

n—1
1y = ¥mpllie + 1Ip — Prpllie < G T (Iyllm.2 + lplln.2) + Cofllt — unpllo.ae + 1y — Yrp(wllo.2},
which can be rewritten using (3.13) as
n—1 n—1
lu—unpllose + 1y =Yl + 1P —Pwlhie < G T Ipllm,2 + C3pm,1 1¥lim, 2
n—1

h
+ CG——(IYVIma + IPllm.2)
p

hr?
< C—(Ylma + IPlna). O
p

4. A posteriori error estimates

In this section, a posteriori error estimates for the hp finite element approximation for the optimal control problems.
we introduce two lemmas which generalize the well-known Clément-type interpolation operators and also two Lemmas
which generalize the polynomial inverse inequalities.

Lemma 4.1 ([15]).Let T be a x-shape regular triangulation of a domain £2 € R?, and let p be a polynomial degree distribution
which is comparable. Then there exists a bounded linear operator I"P : [*(2) — SP(T, §2) and there exists a constant C > 0,
which depends only on x, such that for every u € H'(£2) and all elements t € T and all edges e € &(T)

h h
llu — 1"Puljo  + p—fHV(u —1"u)|p, < cp—’nwuo,w,, (4.1)

T T

h
lu = 1" ullj2y < ¢,/ (;)IIVUIIO,W (4.2)
e

where h, is the length of the edge e and p. = max{p., p.’}, where 1, T’ are element sharing the edge e, and w., w, are patches
covering T and e with a few layers, respectively.

Scott-Zhang-type approximation

Let a set B C &(7) of boundary edges of the triangulation T be given, i.e,

BCe(r) and bedf2, VbebB. (4.3)
Next, we define for q € (1, co) the space

Wéf, =ueWh(Q):ulpoF e #, for all b € B and (1.1) holds}, (4.4)
where the continuity condition (1.1) is

for all b, b’ and V € A(b) N A(b) there holds xli\l);eb u(x) = x_}ivr?gb' u(x). (4.5)

Lemma 4.2 (Scott-Zhang-type quasi interpolation [15]). Let T be a y-shape regular triangulation of a domain 2 C R? and
let p be a polynomial degree distribution which is comparable. Then there exists a linear operator ="? : H'(2) — SP(7, 2)
such that

(z"u)|b=ulb ¥ beB.
Furthermore, there exists a constant C > 0 depending only on y and q such that for all elements T € 7 and all edges e € &(7)

he hy
lu—7"™ullo. + O U)o < €IVl s (46)

T T

h
lu—7"ufo, < (p—) 1Vl s (47)

T

Analysis of the error indicators requires polynomial inverse estimates in weighted Sobolev spaces in multi-dimensions.
Under this consideration, the weight functions: ®;(x) := dist(x, d7) on the reference element 7 should be introduced
(see [32] for more details). For an arbitrary element T € 7, set ®, = ¢, ®; o F.'!, where is ¢, a scaling factor which is
chosen such that fT @, dxdy = meas(t).



S. Gbéya, K. Houédanou, L. Nyaga et al. Results in Applied Mathematics 14 (2022) 100278
We have following Lemmas [32] reads as follows:

Lemma 4.3. Let T be the reference square as defined previously , let the weight function ®; be defined above. Let y, 8 € R,
satisfying —1 < y < B and § € [0, 1. Then for all polynomial v, € Q,

f¢f|v¢p|2dxdy < C1p2[|1//p|2dxdy, (4.8)
/ (@) y2dxdy < Cyp?P) / (Y y2dxdy, (49)
[ ([T, Paxdy < Cop?®~? / (2 ) y2dxdy. (4.10)

where G, i =1, 2, 3, are constants, C, is dependent on 8 and y, and Cs is dependent on 8.

Lemma 4.4. Let T be the reference square defined as previously , 0 € (1/2, 1]. Set € = (0, 1) x {0}. Then there exists a
constant Cy > 0, which is dependent on 6, such that the followings hold. For every univariate polynomial v € Q, and every
€ € (0, 1] there exists an extension v; € H'(%) such that

(l) Ue|e = W (DO and 91;6|dr e = O'
(ii) [lvell?; < Coellyr. %2,

(iii) | Vv Colep?2-) +e*1)||w ?)?

”0'[ - ”09'

where ®; is the weight function defined above, and T is the reference element such that e C 37.

4.1. A posteriori upper error estimates

In this subsection, we will derive upper a posteriori error estimates of residual type.

Definition 4.5. We first define the following notations:

6
=ZZ’75I~ (4.11)

TeT i=1
h2
n, = p—é”f—i—div(aVyhp)H%J, (4.12)
h,
= ). 1@V 3hp) .o (4.13)
eeu(t)—po(t)
o= > ol — i) — [(@Vymp)nelI3,. (4.14)
eepo(r) T
h2
Wi 3= 53 = Yo+ div(a" VoI5 . (4.15)
he
D DI —1(@* Vpip) el (4.16)
eeu(t)—po(r)
h
o=y o llaps + (@ Vpm)nell2.. (4.17)

T
ecpuo(t)

where we denote the jump of v across the edges by [v], and n, is the unit outer normal on e.

To derive a posteriori upper error estimates for the optimal control problem, we need to introduce the auxiliary system
: find (y(upp), p(unp)) such that :

AW(upp), v) = (Qupp, Vo902 + (f, V)o.g, YV EV, (4.18)
A(g, p(uhp)) =(y (uhp) Yd, Qo.2, YqeV. .

Using the above auxiliary system, we now prove the following lemmas to obtain a posteriori error estimates of the optimal
control problem.

10
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Lemma 4.6. Let (y, u, p, 1) and (Yip, Unp, Php, Anp) be the solution of optimality conditions (OCP — OPT) and (OCP — OPT)',

respectively. Let (y(urp), p(unp)) be the solution of auxiliary system. Then we have q

ly(unp) — yll1,2 < Cllugy — ullo,pe,

and

lp — p(unp)lli,e < Cllyap — y(unp)lli,e-

Proof. It follows from the continuous optimality conditions and the auxiliary system that

A(Y(upy) — y, v) = (a(upp — u), v)ose.

A(q, p(urp) — y) = W(Uunp) — ¥, @)o,2-
Letting v = y(upp) — y in (4.21), we have :

A(y(unp) — ¥, ¥(unp) — y) = (e(upp — ), Y(tnp) — ¥o,002-
The above expression implies that :

clly(un) = ylI} o < AW(unp) — ¥, Y(uny) — y)

= (aupp — u), y(Unp) — ¥o.oe2

Slluny — ullo.ae 1y(urp) — ¥llo,a2
Sllunp — ullo,ae 1¥(up) — ¥llo.2,

IAIA

which implies
I¥(unp) — Yll1.e < Cliuny — tlloae
Letting g = p(upy) — p in (4.22), we have :
A(p(unp) — p, plunp) — p) = W(unp) — ¥, ptnp) — Po, -
The above expression implies that :
cllp(unp) — I < A(p(unp) — p, () — p)
= (W(unp) — ¥, p(tinp) — Plo.2
=< Clly(unp) — yllo,2 Ip(unp) — Pllo,2

which implies that :

Ip(urp) — Pll1,e < Cliy(ump) —ylhe O

(4.19)

(4.20)

(4.21)

(4.22)

(4.23)

(4.24)

Lemma 4.7. Let (u,y, p, A) and (Upp, Ynp, Prp, Anp) be the solution of optimality conditions (OCP — OPT) and (OCP — OPT)t»

respectively. Let (y(upp), p(unp)) be the solution of auxiliary system. Then we have :
lu —unpllo.se < Clly(unp) — Yipllo.2-

Proof.

(D — Php» Do, = (—(A + &)+ (App + &)np, 9o,02
(= + )u+ (Anp + &)t — (Anp + )t + (Anp + €)Unp, 9o.00
= (Anp — AN, @lo.o + (Anp + &)Uy — U, Qlo,a02-

Let
q= ¢ au — up) — Cu = a(u — n) — (U — ), Wo,se-U

such that (u, q) = 0.

(U, Qoo = (u, alu— Upp) — (e(u — upp), Wt)o,902

(u, au — tpp))o.ae — (U, (ee(u — upp), U)o s
*(u, a(u — upp))o.pe — (U, u)e(u — upp), o s

Il
o ™ Uy

)

11

(4.25)

(4.26)
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where [|ul|§ 5o = ¢2

€ = (alu— ) woo = ;——(@(u— ), —(:+ Mg
= )\__:S(Oé(u — Upp), Plo,as2, using (4.21)
=3 l (@ 0tu) ), Voo + (@(vlag) ~ ¥), Plose]
el =3 [(@V(¥(urp) — ), VDlo.2 + (@W(unp) — ¥). Plose |
< [1(aV(upp) = ¥). VP)o.| + [(@(W(unp) — ¥). Plo.ss ]
< Clly(um) =y lloge -

Mp((U = Unp), Qo922 = Arp((U — tpp), C20(U — Upp) — (U — Upp), U)o 52-U)o,502
= AnpC (U — Unp), (U — Upp))o.2 — Ap((U — Unp), (@(U — Unp), Uo,52-Uo, 52+

Then, using (4.26), we have :

Mp (U — pp), (U — unp)o,pe = Ap((U — Unp), Qoo + Arp((U — pp), (e(U — Upp), U)o 52 -U)o,502

Anp
= T+ 8(php P> Qo002 + Anp((U — Upp), CU)o,902,

assuming that there exists § such that «(x) > § a.e on 02. Thus
(1 — upp), e — tpp)o.oe > Sllu — upy ||,

then,

AnpCSllu — uhp”o ae < [(Prp — P, @o,002 + Anp((U — Upp), CUi)o pe21,

Ahp
A +
which can be rewritten as

lu —unpllo.se < ()P — Prpllo,e + 1C1) + tllu — unpllo.s2,

finally, applying the above expressions, we can get
lu —uppllo.se < Clly(unp) = Ynpllo.e. O

Lemma 4.8. Let (Unp, Ynp, Php, Anp) and (¥(unp), p(urp)) be the solution of the optimality conditions (OCP — OPT)™ and the
auxiliary system. Then,

() — Yipll3 o + IP(unp) — Prpllf o < Cn*. (4.27)

Proof. It follows from the discrete optimality conditions (OCP — OPT)™ and the auxiliary system, we have :
A(y(uhp) — Yhp, Uhp) =0 Vvhp c Sp(‘T, .Q) (4.28)
Alqnp. p(unp) — Prp) = (Y(Unp) — Ynp, Gnp) Yqnp € SP(T, £2). (4.29)

Let e’ = p(upy)—pnp and let e’f = m"PeP, where 7" is the Scott-Zhang type interpolator defined in Lemma 4.2. Applying the
standard residual techniques (see, e.g.[31]). Then it follows from the projection equation, Green’s formula, and Holder’s
inequality that :

A

A(eP, eP)

= A(p(uny), €") — A(pnp, €°)

= A(p(upp), &) — A(pip. €” — €]) — A(Drp. €])
= W(unp) — Y, € )o.2 — AlDrp. € — €]) — Vrp — Va- €] Jo.2

= Wunp) — Vi €o.2 — AlDip. € — &) + Wnp — Ya. €” — €] )o.2

— (Wttp) = Yips @Yoz + U — Vs & — Doz — f (a*Vpip). V(& — &)
2

- f apiy(e — &)
082

C“p(uhp) php”]g =

12
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= { [ divavoxe e~ [ @ Vpnie - ef)} ~ [ apter — e
at a2

T€T

+ W(unp) — Yip, €)o.2 + Wnp — Ya. € — €] o,

- Z{ | 0 =+ diva V) (& ) - [ (a*Vphp).nf(eP—ef)}
at

TET

= 2 [ ape — )+ 5l) ~ g
eepg(t) V€

= Z/yhp Ya)+ div(@* Vpp)e® —ef) - ) /[a Vpip)-nel(e” — ef)
ter VT eepu(t)—po(T)

S [ty + 10" ounel)e = )+ Otag) = e

e€puo(t)

where we used (4.18) and (4.29), we have :

clip(uny) = proll} o < D I hp — ya) + div(@ Vpmplloc (€ — €Mlloc + Y @ Vpny)nelllo.ll(e” — eDllo.e

TeT e€u(t)—puo(7)
+ > llopw + [ Vi nelloell(€® — €)loe + 1y(tn) — yipllo.lle” lo.o- (4.30)
e€pug(t)

And using Lemma 4.2, we have :

h _ he .
clipum) = Prplli o < €Y~ llymp — ya + div(@ Vpu)lioc Ve llg s +C > /== 11(@ Vprp)-nelllo.el Vel 8

T T

TET ecpu(t)—po(r)
+C ) ||aphp + 10" VP Melllo.e I Ve llg 0 + Clly(unp) — Ypllo.2 l1€°llo.c
e€puo(t)

he\’ . h,
< C(o) { Z (—) Iy — Ya) + div(a*Vp)llj . + Z —[(a* Vprp)-nellI3

rer Pt eep(t)—puo(t)

h; N
+ > —llapw) +a Vphp.ne]||3,e+||y<uhp)—yhp||3,g}+a||ep||%,9. (431)

ecpp(t)
. c .
Setting o = 5 we can obtain :

h
Ip(uny) — pipll? o < CZ—nyhp Ya+div(@Vpp)lp, +C> Y 3. 1@ VPl
T

fEf TET e€u(t)—po(T)

+CZZ

TET ey r)

+ [(a” Vphp) ne]”o et C”Y(uhp) th”(z),g-

Thus, we have :
IP(uny) = pipllt o < CY (0, + 2 + 1a.0) + Clly(np) = Yipllf - (432)
TET

Similarly, let ¥ = y(upp) — Yip, and let ] = Pe’, where 7" is the Scott-Zhang type interpolator defined in Lemma 4.2.
Applying the standard residual techniques (see, e.g.[31]). Then it follows from the projection equation, Green’s formula,
and Hoélder's inequality that :

cllyun) — yipl o < A€, &) =A(e, & — )+ A, &)
= AY(tnp) — Ynp- & — €])
= AY(unp). € — /) — A(Ynp. € — €)).
Then,

clly(uny) — yhpnmsz{ /(f+dwawhp B | laVymp)n:]e e,”)}

TET TET

13
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+ > [ (alun — yp)Xe —€))

eepuo(t) ¥ €
=Y [ +divaVy))e —e)— Y f[ avynp)-nel(e’ —e))
rer VT eep(t)—puo(r) ¥ €

+ ) / a(uny — Yip) — [aVy.nel)e — e)),

e€puo(t)

where we used (4.18) and (4.28), we have :

clly(un) = yilll o < €D If + div(aVymp)liocle’ —ellloc +C Y [(aVym)-nelllocle’ —elllo.e

Ter ecu(t)—po(r)
+C > llalun — ymp) — [aVy.nellloclle’ — €] llo.-
e€p(t)

And it follows from Lemma 4.2 that :

h ) h
clly(un) = ywll} o < €D ZIf + div(@Vym)loc Ve llowe +C D [ 1(@Vyny)nelllo.el Ve’ llo.e

ter °F eep(t)—po(z) ¥ °F

+C Y ||a(uhp Yip) = [aVy.nelllo. Ve llo.e

ecpuo(t)

2 hr
< C0)) p—;nf +div(@Vym)lg . +Clo) D laVym)nelllg

rer FT eepu(t)—po(t) ©

hy
Clo) > —leum, — ynp) — [aVy.nelllg , + o'} o

eeup(t)

. c
Setting o = 5 we can have :

~I(@Vynp)-nelllg o

T

I¥(ttnp) — Y12 o < cZ—uf+dw aVyllis. +CY D

‘EET TET eep(t)—po(r)
+cy > —na tnp — Yip) — [aVy.1 (I3 -
TET ecpup(t)

Then,

Iy(unp) = ympli @ <CD (03 + 3, +13,). O

T€T

(4.33)

Theorem 4.9. Let (u,y, p, 1) and (unp, Ynp, Prp, Anp) be the solution of optimality conditions (OCP — OPT) and (OCP — OPT)"»

respectively. Then we have that

= npllg 52 + 1y = Yipl3 2 + 1P = Pryll} o =< Cn*.
Proof. Applying the Lemmas 4.6-4.8, in summary we have the following estimate of u — up, :

lu —unpllo.se < I1y(urp) — Ynpllo.e < Cn.
The next step of the proof is to estimate y — yyp :
1y = ymllie = lly = y(unp)llie + 1y(um) = yiplle
< Cllu — unplloae + 1¥(Unp) — Yipll < Cn.
The final step of the proof is to estimate error p — pyp :
1P = pwpllie = lIp — plump)live + Ip(Urp) — Prpllr.2

< Clly — y(unp)llo,a2 + Ip(unp) — Prpll < Cn. O
14

(4.34)



S. Gbéya, K. Houédanou, L. Nyaga et al. Results in Applied Mathematics 14 (2022) 100278

4.2. A posteriori lower error estimates

In this part, we discussed lower a posteriori bounds, that means the efficiency of the error estimates established
in Theorem 4.9.

Lemma 4.10. Let (y, p, u, A) and (Ynp, Php, Unp, Anp) be the solution of optimality conditions (OCP — OPT) and (OCP — OPT)®
respectively. Then,

h2
N, <C (p% Iy = yupll3 . + p2* p—;nmf —f||§.,) , (4.35)
T

h2
n. < Cpiﬂp%(llyhp =I5+ + e Whp) — 7 (Va) — Yp + Yall ;)

T

+Cp2p — Pyl . (4.36)

where 7, is the L?>-project operator on the space of polynomials of degree p, on the element t, 1/2 < 8 < 1 and the constant
C depends on «.

Proof. let @, be the weight fu?ction defined before Eq. (4.8).
. h'[ : *
(i) Upper bound of ’7421.1 = EHth — Ya + div(a* V)3 ..

Define w; = (7:(yp) — e (Va) + div(a*Vpy,))%, 1 <@ < 1.

lwedi 2, = / (e Op) — 7o (V) + div(@ V)

T

= /(y — Ya + div(a*Vppp))w, + /(yhp - Yw, + /(nf(ynp) — 1 (Ya) — Ynp + Ya)w:

T T T

= A(w,, p) — [f(a*vpl1p)wr +/ Olphpwr] + /(th —y)w,
T T T

+ / (e ) = e (Va) = Vi + Y
— A(we.p - puy) + / o — Yws + / (7 ) — ) — Vi + Y

< Clip = Piplliclwlyc + 10mp = )2 lloclwe P o,

+ ||(7Tr(yhp) - nr(yd) _yhp “'.Vd)¢r7 ||0,1'||wr¢1'_7 ”0,1‘ (4-37)
Then we should estimate w, with the H'! semi-norm. Using the inverse estimates (4.9)-(4.10) with 8 = «,y =
2(a — 1)(note that we have y = 2(a¢ — 1) > —1 when o > %), 8 = «, and the affine transformation F,, we

have :

wel2 o < 2 / OV, (i) — e (va) + div(a" V)2

T

+2 / (12 ) — e (V) + div(a" V)2 |67

2(2—a)
= C [hz /¢$(nr(yhp)_nr(yd)+div(a*VPhp))2
T T
C .
+ h7/®3(a71)(7{r(yhp)_nr(Yd)+dlv(a Vpip))?
r2(2T—ot)
= C thz /(pg(nr(yhp)_nr(yd)+div(a*VPhp))2
T pz'[ »
= TS lwede 215 .. (438)
T

Therefore, it follows from (4.37) and (4.38) that :

—a

lwe @ o,

1-a Pr

< C(p; P =Pl + 10m = )®: o + (T Wip) — 7e(Va) — Yip + Ya)PZ llo.x)
T

15
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2—a

Pz
=< ¢( . P = Prplle + 1ynp — Yllor + 7 Wip) — 7e(Va) — Yip + Yallo.z)-

Furthermore, it follows from (4.9) and (4.39) with « = 8 and y = 0 that :

7 (Whp) — 7w (Va) + div(a*Vprp)llo,«
B _B
< P (yp) — e (va) + div(a* Vpip) P2 llo. = Cp2 |w. Pz 2 o,

2—pB
p
< opf( ;l Ip = Prplle + 1ymp — Yllo.e + 17 Whp) — 72 (Va) — Yip + Yallo.z )
T
thus,
2
M. = p—;nyh,, — ya + div(a* V)3,
r2 h2
= CIT;”]TT(th) —m:(ya) + div(a*vPhp)”%J + Cﬁ””r()’h[)) — m:(¥a) — Yhp +yd||(2),1—
T T

IA

h2
Cpilip — prpll . + Cp?’sp—;(llyhp — Yl - + 7w Wrp) — e (Va) — Yip + Yallg 2)
2 2 2 h;
CP2llp — pmpl3 . + Cpfp—;
T

IA

(Ilymp = Y13 + e Whp) — e (Va) — Yo + Yallg2)
hZ
Ny = p%”)%p —Ya+ div(a*Vphp)”g_f

T

IA

h?
2lp — w3, + Cpiﬂﬁ(nyhp — Y13 + 17 hp) — e (Va) — Yp + all? 1)

. h? .
(ii) Upper bound of n} = = |If + div(aVyn,)| ..

Similarly, define v, = (71,3r + div(aVyp,))®P¢. Then we have :

2
1-a) P

2 2
el = P
T

/ Q% (m.f + div(aVyn))
p; L

= IS e G-
T

Therefore,

joc0 13, = [nf + divaTy
- / (F + div(@Vyi)vs + f (ref — e
s [ e i+ [ o] s -1
=AY = iy ve) + / (ref — F v

< Ny = ymlrclvely e + 10wef =2 locllve Pz  llo.r,

and hence,
_a pz_‘)‘

lve®: ?flo.r < C( ;1 1y = yipll1e + l7ef = Fllo.r). (4.39)

where, it follows from (4.9) and (4.39) with « = 8 and y = 0 that :
B _B
I77f + div(aVym)lior < CPLII(eSf + div(aVym))P7 lloc = Cpflwe P: * lo.c
2-8
p
= (5 1y = ympllve + Ief = fllo.c).
T

Using similar techniques,

h2 . ) h? . L 2

Ellf + div(aVymw)lly . =< Cp;llmf + div(aVym)llp . + CE””tf +flo.-

T T T
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< 2y — ywll3 . + ¥ ’||nff —fl3..

Therefore,

oo
e = Sl +divaVym)IG,

(p,ny Yipll3 ¢ +p2f‘ i ||nff 5, ) . 0 (4.40)
In order to obtain a local upper bound for the edge contribution 1,, 13, 5 and ng we introduce the sets
= {Ut’ : 7/ and 7 share at least one edge} and W, := {Ut : 9t N 32 = e}.
We againsete=71 N7, and 7, = 71 U T,.

Lemma 4.11. Let (y, p, u, A) and (Yhp, Prp. Unp. Anp) be the solution of optimality conditions (OCP — OPT) and (OCP — OPT)®
respectively. Then we have :

h2
m. < Cp2*|y - th||1w,+p2+2€pr llee(u = yip)II§, .

T

+

p] Y I SR | (4.41)

7/ Cwe

h
242, 1+2¢ T
Cp; + “lp — php||1 wr + P, tee E he”aphp”O,e
¥ een(t)—puo(t)

=

o
a
IA

2
T

_|_

I > (lyw = Y13 o + 7o (Vi) = e (va) = Y + yalla 1) | 5 (4.42)
T t/Cwy

h2
C [ ¥y - yhp||1w,+p2+25pf||a( — um)l1§ 5,

T

=

w
a
IA

hZ
) : (443)
TCy -
Mer < C{ P2 Ilp — ppllf g, (lynp — Y15
TCWe
+ e p) — weVa) — Y +Yallg . ) | (4.44)

where h, is the length of the edge e, . is the L>-project operator on the space of polynomials of degree p, on the element t,
0 < € < 1/4 is an arbitrary small positive number and the constant C depends on e.

Proof. To obtain an upper bound for the edge contribution, we will use weight functions associated with the edges and
a suitable extension operator. For given element t with (interior) edge e, we set 7, to be the union of all the elements
sharing the edge e.

(i) Upper bound of 13, = Yo ey oo Zp —@Vyip)nel 3.

We construct a function w, € H'(t.) with we|. = [aVyhp. ne]dﬁe, 5 < 6 < 1, such that w, is an affine transformation
of v on the reference element and [aVyyp.n.] will be and v in Lemma 4.4.

o =0
IaVyrpnel@E 1§ e = llweP:? 115, = / [aVypp.Nelwe
e
= / [aV(ynp — y).ne]we + f a(u—y)we
e e

— Al —y. we) + / (F + div(aVy))we + / (att — ayip e

Te e

17
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=< Clly = ypll1,ze lwel 1., + CIIf + div(@Vymp)llo,z lwello,z
+ Clla(t — yap)llo,ellwello,e-
Using the equivalence affine transformation and Lemma 4.4, we obtain the upper bounds for [wel; ,, and [|welo,-, in term
0
of ”[avyhp-ne](pe2 ||0,e-

1 _ _ [
lwel? ,, < ch—(ep2<2 D+ e IaVym.neldé 13 .

[
2 212
||we||0,re = Chz€||[av)/hp-ne]¢ez ”0,9,

[
||we||é,e = Che||[av.yhp-ne]q)e2 ||5,€7
where € € (0, 1] is an arbitrary small positive number. Summing up, we have :

1/2

¢ 1
I[aVyhp.nel®e llo.e < C ((h—(ep“*“ +e ) Ny — yipllt.e
T

+ (he€)2|If + div(aVyn)llo.z, + (he)* et — ymp)llo.e) -
Considering (4.40), we sum up all the edges e € u(t) — o(r) and then obtain that :

h 0
> FllaVywnlel I3,
eep(t)—po(r) © °
2

1 _ _ h .
c (F(Gpm O+ Oy =gl + e T I + i@Vl
T

T

IA

h? 2
+ Pr— lla(u = yup)llG,,
24
1 2(2—6) -1 2 h% 2
< Cp—(ep +e Ny = Yplliw, + Cpfﬁ lae(u = yup)lg o,
T T

h? .
+ Cpee ) 52 I+ div(@Vym)Ig o

T

v/Cwy
1 2(2—6) -1 2 h% 2
< Cp—(ep +e Y = Yrplliw, + Cpr}; lee(u — yup)lg o,
T T

h2
+Cep} Y Iy =yl +Cepr™ 5 > limwef =l 0
T

T/ Cwy /Cwr

where € is an arbitrary positive number, and % < B < 1is defined in Lemma 4.4.
Setting € = 1/p? yields that

h 0
> SllaVywnlel I3,
eep(t)—po(r)
2

h h2
< ey — Yipll3 o, +Cpfp—;||a<u—yhp)||é,w, +Cp35”,7£ > limwef =l o
T T

T/ Cwe

Using the inverse estimate in Lemma 4.3 and setting 6 = 8 = 1/2 4+ € with 0 < € < 1/4, we have that :

h
o= D, o laVymnel,

eeu(t)—po(r) T °

[
<o > b (aVynponelbl 15,0
eep(t)—po(r) ©F
h2
< Ny —ywpllf, + o2 175 llee(u = Yip)Il§ o,

T

k2
+ Cp2+? 11; > lmef =FI3 .
T t'cwy

18
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h;
sc( Y = Sl + P N = il

T

p] — Z e f =I5

/Cwy

.. h
(if) Upper bound of 12 - = 3,c.,(c)-ug(e) 5, I1(@* VPrp)-nel 5 .-
T

Similarly we define v, = [a*Vpyp.n.]®; .

0 )
”[a*vphp'ne]dﬁe2 ||§,e = [|ve®@ 7.'2 ”53 = [[a*vphp-ne]ve

/[a V( php p).nelve — /apve
e

= Ay~ o)+ [ (0= oo+ diolaTpg))oe — [(apipe
Te e
< Clp = prpllt,ze Vel r, + Clly — ya + div(a@*Vpup)lio,z 1Vello.
+ Cllapnpllo.ellwello.e-
Using the equivalence affine transformation and Lemma 4.4, we obtain the upper bounds for |ve|; ,, and |[vello,, In term

o
of || [a*vphpﬂe](De2 llo,e-

1 [
Vel e, = C3=(ep™ ™7 + € DI Vpip-nel 9 5.,
T

(%)
2 22
[Vellg,z, < Cheellla*Vpp.nel®é Ilg e

0
”Ue”(z‘),e = Che”[a*vphp'ne](pez ”(2),97

where € € (0, 1] is an arbitrary small positive number. Summing up, we have :
* % 1 2(2—6) —1y\1/2
I[a Vphp-ne]@e lloe < C (h (ep + € )) llp — php”l,re

+ (he€)'2lly — ya + div(a*Vpup)lo.z. + he'* lappllo.e) -
Considering (4.40), we sum up all the edges e € u(t) — uo(r) and then obtain that :

h [
> a Vi neldd 5,
ecp(t)—po(r) © °
1 h?
<cC (p—(epz‘zf(’) +e DI —pwlli ., + prep% Iy = ya + div(@* Vpup)Il§ .

T

+

h 2
prg ”aphp”o,w, .
2

B h
0 € Dllp = gl o, + o lorpi
T

1
< C—(ep
p:

h? .
+ Cpee Y p—;uy—yﬁdw(a*Vphp)né,f,

o'cwy | T

1 _ _ h?
< Cooep™® ™ 4+ € DIp = Pl e + P 5 Pl + Ce > lp =Pl o
T T

T/Cwr

h2
+ Cep > (Iyip = Yl oo + e (hp) — 700/ (va) — Yup + Yallg o)

T t'cwe

where € is an arbitrary positive number, and % < B < 1is defined in Lemma 4.4.
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i _ 2\ .
Setting € = 1/p7 yields that :

h o
> Ia Vi neldd 5,

eep(t)—po(r) © °

2

h
< Cpelp — iyl 0, + . P IIapanIOw, + = (Ilynp — yII5

T t'cwe

+ e (Yap) — T (Ya) = Yinp + Vallj ) -
Using the inverse estimate in Lemma 4.3 and setting 6 = 8 = 1/2 + € with 0 < € < 1/4, we have that :

n . >

eeu(t)—po(t)

h [4
@ > @ Vprpneldé I3,
eeu(t)—po(r)

T 2
||a*Vphp-ne||o,e
T

IA

2

1+26 20+1 hr

| /\

llp — php||1 we + Cp; ||0lphp||o we

'L'

h2
+ CpPhra- ng > Iy — Yl o + 70 (Yip) = 70 (Va) = Yo + Yall3 1)

T t'Cwe

IA

h2
C ( 2Hae lp — php”] we +P2+25 pt ”aphp”o wr

T

2

+ > Iy =yl o + l17er(Yhp) — 7o (va) = Yoo +yall ) |- O

t/Cwe

T
p174e
T
To obtain an upper bound for the edge contribution, we will use weight functions associated with the edges and a
suitable extension operator. For given element T with (exterior) edge e.
(iii) Upper bound for 75, = 3", T —— lle(unp — Yp) — [(@VYhp)-ne] 13 -

We construct a function w. € H'(7) w1th Wele = [o(Upp — Yrp) — AVYip. ne]d>e, 5 < 0 < 1, such that we is an affine
transformation of v on the reference element and [o(upp — Yip) — aVynp.ne] will be and Y in Lemma 4.4. Let e € uo(7).
Then we have :

2 [
I —thp + Yip) + aVYhp1] DS (15 = lwe®? (15, = /[a(u — Y — Upp + Yip) + aVYpp.Ne]we
e

— Ay — y. we) + / (F + div(aVysy))we + / ot — e

< Clly = Ympll1,clwelyc + ClIf + div(aVypp)llo. [lwello,-
+ Clla(u — upp)llo.ellwello,e-
Using the equivalence affine transformation and Lemma 4.4, we obtain the upper bounds for |we|; , and ||wello,; in term

0
of ”[a(_uhp +yhp) + avyhpcne]¢e2 ||0,e-

1 _ _ [
lweld , < ch—(ezoz<2 D+ e Nl —unp + Ynp) + aVyip.nel S (13 .

T

o
||we||g,r < Cheellla(—unp + Ynp) + aVypp.nelPe ||(2),ey

0
”weno e = Che l[a(— Upp +.Vhp) + av}’hp-ne](pez ”(2),97

where € € (0, 1] is an arbitrary small positive number. Summing up, we have :

¢ 1 _ 1y 1/2
||[a(_uhp +th) + aVth-ne]¢e2 llo <C <(F(5p2(2 %) +€ 1)) / ly _J’hp”l,r

+(he€)2If + div(aVyn)llo,c + hy/?loe(u — unp)lloe > :
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Considering (4.40), we sum up all the edges e € uo(t) and then obtain that :

h [}
7 e —ttnp + Yip) + aVYhpn ] DE 13
eeup(t)

1 h? )
< C(p (e**™ + e Dy = yupl} 5, + pre » —Z|If + div(aVyw)I3 5,

T

h? 5
+ pfp—glla(u - uhp)llo,,;,,> .
T
1 0.0, -1 2 h? 2
< C—(ep +e )y — .yhp”]’,j)r +C Pr— lloe(u — uhp)”(),g)r
Pr pr
h? , 2
+ CPrEI?Hf + div(aVym)lg, 2,
1 2(279) hf 2
< C}T(Ep Dy = ywpllf 5, +C Prﬁ“a(u = unp)llg i,
T T

+C Y epily - yhp||1,+c2ep”zﬁ ’|| wef = FII3

TCWy TCWr

where € is an arbitrary positive number, and % < B < 1is defined in Lemma 4.4.
Setting € = 1/p? yields that :

h 0
> o=t + yp) + aVyrp-nel D 113

e€pug(r)

h; h
< Pelly = Yl 5, + Cpe 5 llatu — up)l 5, + Ce > s 5 lmef — 3.
T TCr
Using the inverse estimate in Lemma 4.3 and setting 8 = B = 1/2 4+ € with 0 < € < 1/4, we have that :

nHe=

e€pip(t)

< ”[a(_uhp +yhp) + GVJ/hpﬂe]Hé,e

T

IA

h [
Y Yl +yip) + aVyipne 0 15,
ecpg(r) "

/\

h2
< Ny —ymlll g, + sz"“pf llec(u — ump) 1135,
T

+C Yy ’|| of = FII5.c

TCWr

A

h2
_c(“zfuy yhp||1,,,,+p2“fp’||a( —upp)l2 5.

T

+ 3o

TCWr

. h
(iv) Upper bound for ng , = 3", ) j”aphp + [(a* VDhp) 1] I3 -
T
Similarly we define [apy, + (a*Vpyy).n.]®F.

2 =0
”[aphp + (a*Vphp)'ne]qje2 ”(zJ,e = ”Ue(prz ”é,e = /[aphp + (a*vphp)ﬂe]ve

f[a V( php p).Nelve + /Of(php —P)ve
e
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= A(pnp — P, ve) + / (v — ya + div(a*Vpyy)) ve
T
< Cllp = Prpllr.elvelr - + Clly — ya + div(a*Vpmp)llo,z 1vello.-
Using the equivalence affine transformation and Lemma 4.4, we obtain the upper bounds for |v,|; ; and ||vello,; in terms

0
of ||[apnp + (a*Vppp).ne] D llo.e.

1 0
Jvelf, = Coo(ep™®™ + € lllapny + (@ VPp)-nel 0 I,
T

0
[Vell§ -, < Cheelllepp + (a*VPrp)-nel D& 13 .

where € € (0, 1] is an arbitrary small positive number. Summing up, we have :

1 _ _1n1/2
Iepnp + (a* Vphp)nelcbe lloe < C ((h € 4+ Ip = pryllae

T
+ (he€)'2(ly — ya + div(@* Vpuy)lo.c)) -
Considering (4.40), we sum up all the edges e € uo(t) and then obtain that :

h ]
D~ llepwp + (@ Vi)l E 113

e€jg(t)
1 2(2—6) -1 2 h% P 2
<C IT(GP +e )lp —Php||1,,;,, +p161¥||y — Y4 +div(a Vphp)”(),@,
T T
1 2(2—6) -1 2 h% . 2
= O™ 4 el — Pl g, + Cre > 52 1y = ya + divaVp)IG
T TCiy =
1 oy -
< C—(ep™® P+ e Nlp—ppll 5, +C Y eplllp—pall?,

T ~
TCwy

+Cy. P h ||yhp YIG - + 1e(Ynp) — 7 (Va) = Yip + yall3 )
TCWe

where € is an arbitrary positive number, and % < B < 1is defined in Lemma 4.4.
Setting € = 1/p? yields that :

h 0
> llapw + (@ Vpi)n el 13,

e€pug(r)

2
< Cellp—ppll g, +C Y p¥ p—; (I = VI3 ¢ + 17 (Whp) — e (Va) = Yo + vall2.) -
T

TCWy

Using the inverse estimate in Lemma 4.3 and setting & = 8 = 1/2 4+ € with 0 < € < 1/4, we have that :

Mr= Y

=~ [l[ephp + (a* Vprp)-nelllg o

T

eepp(t)
260 hT * % 2
< ¥ > Zlllapw + (@ Vpr)n 92 113,
ecpg(r) "
< M ¥|p — Php||1 s +C Z p2pta-1

TCiy
h2
52 — (Ilywp = Y15 ¢ + I7eVhp) — 7= (Va) — Ynp + Yall§ )
T

A

<cp**Ip- phplllw,+z (v =¥l

TCWr

+ e Wnp) — e (Va) — Yip + Yallg - )) O
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Theorem 4.12. Let (y, p, u, A) and (Ynp, Php, Unp, Anp) be the solutions of (OCP — OPT) and (OCP — OPT)"™ respectively Let
Nz, i=1,...,6 defined by 4.10-4.10. Assume that all the conditions in Lemmas 4.10-4.11 are valid. Then we have :

n? < Cy prt ( D= Prpll? . + 1Y = Yol + 1P = Prpl2 o, + 1y — Vil 5,
TET

h2
+é(F12 +F; +E?) )
<1
4

where 0 < € < 5 is a small positive number and

FE= Y (llwef = fl3 0 + 17 np) = e (Va) = yip + alls 1)

T/Cwe
F3 =Y (Imef = U5 ¢ + e (ynp) — 7e(va) = ¥ip + ¥allg )
TCWr
E? = la(t = Yip)ll§ ., + NotPrplg o, + llo(t — upp) .-
Proof.
6
=2 i
TeT i=1
h2
<cy (p% ly =yl . + =52 Ief —f||5$,)
TET p:
+C Z (I = Y13 ¢ + 170 (ip) = 70e(Va) = Yip + all3 ;)
‘[ET
h2
+C Zpinv —pwpllf +CY (p%“fny Vol + P22 S ot =y,
TET TET T

p] - Z e f —F113

v/ Cwe
2, 242 hz
+Zc( 22D — ppll o, + P2 S Pl
TeT pf
h2 2 2
o D Iy = Yl o + e (Yip) = 7o (Va) = Yip + Yallg 1)
T /Cwy

h2
+Cy (p%“fny Ypll? 5 +p2“fpf lloe(u — )12 5.

TET T

£ o

TCU)-[
2
+CZ( 22D — ol g, + D 5 (v —¥I5
TET er pZ

+||7Tr(_Vhp) - ﬂr(yd) — Ynp +yd||(2)r )>

| /\

(Z P2 (Il = g3 + 1y = Yipll3 o + 1D = Pro I3 + 1y = Vgl 5,)

TET

+Zp2+2‘ he (D2 (hmef =F 130 + 1 welymp — 7o (va) = yip +a I3 11)

TET t/Cwe
+ D Ulwef = FI5,. + e (ynp) = e (ya) = Yy + Vall§ ) )
TCWr
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h2
+y pit p—;(na(u = Vo)l + laprplig o, + o — unp)ll3 5.) ) -
T

TET

We note that 0 < e < ;,we have 3 —2¢ > 2,3 —2¢ — (24 2¢) =1 — 4e.

1
1

n? < Cy prt ( (D = Prpll? o, + 11y = Yipll3 o, + 11D = Prpll? 5 + 1Y = Yol

TET
2
he

+
p?

(X Ulef = FI3 oo + I Wp) = (V) = Yip + Vall§ )

/Cwy

> lef = F13 - + l7evnp) — 7e(va) = yp + yall3 ;)

TCWr

(et — yip)II3 o, + lepipllZ o, + et — upp)IZ 5,) )) . O

Remark 4.13. It follows from Theorems 4.12 and 4.9 that :
lu — unplig 00 + 1y — Yiplli o + Ip — Prpll} o < Cn?, (4.45)
and

n* < Cy pr ( 1P = Prpll3 . + 1Y = Yipll3 s, + 1P = Prpl] o, + 1y — ¥l 5,
TET
h2
) ),
T

+

where Ff, F22 and E? are defined in Theorem 4.12 which are all higher order terms under some regularity conditions. Then
we obtain a posteriori error estimates with the upper and lower bounds, although there is a gap of order p? between the
upper and lower bounds.

5. Discussions

In this paper, we discussed a priori and a posteriori error estimates of the hp-finite element method for boundary
convex optimal control problem governed by the elliptic partial differential equations. It is shown that a posteriori error
estimators derived in this paper provide both upper and lower bounds for the approximation errors, although the lower
bound is suboptimal in the sense that there is a gap of order p?> between the upper and lower bounds. In this area
there are many important issues that still need to be addressed. For example, studies for more complicated control
problems for instance using state constraints instead of control constraints. Furthermore many computational issues have
to be addressed. For example, adaptive refinement strategy should be investigated for efficiently implementing adaptive
hp-finite element method for optimal control problems.
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