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The goal of this paper is to study, in a large scale point of view, the flux geometry 
of a closed symplectic manifold (M, ω): namely, the topological counterpart of the 
flux homomorphism. Using metrics arising from the decomposition of closed 1-
forms with respect to an arbitrary linear section S, we generalize the construction 
of the group of strong symplectic homeomorphisms. The flux homomorphism for 
symplectomorphisms is extended to a surjective group homomorphism S0

ω on the 
group of S-homeomorphisms. We prove that the kernel of S0

ω is path connected, 
coincides with the subgroup Hameo(M, ω) of all Hamiltonian homeomorphisms and 
investigate the discreteness of the corresponding flux group SΓω . Later on, without 
appealing to any lifting map, we give an alternative proof of a result from the 
classical flux geometry saying that any smooth symplectic isotopy in Ham(M, ω)
is a Hamiltonian isotopy. Furthermore under some hypothesis, we prove that any 
S-topological isotopy in Hameo(M, ω) is a continuous Hamiltonian isotopy. We also 
proved that any S-topological isotopy with trivial flux is homotopic to a continuous 
Hamiltonian isotopy, relatively to fixed endpoints.

© 2022 Elsevier B.V. All rights reserved.

0. Introduction

The structures and the dynamics of the group of diffeomorphisms of a symplectic manifold have been 
studied quite long time by several authors. In particular, inspired by the works of Epstein [5], Herman [7], 
Mather [8] and Thurston [19], Banyaga [1] studied the group Gω(M): the identity component with respect 
to the C∞-compact-open topology in the group Symp(M, ω) consisted of all symplectic diffeomorphisms of 
a symplectic manifold (M, ω).
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Although the structures of the groups of volume-preserving diffeomorphisms, symplectic diffeomorphisms, 
and strictly contact diffeomorphisms of a given oriented manifold are well understood, it is still a big 
challenge to perform similar studies for the corresponding group of homeomorphisms of the same manifold. 
This is probably due to the lack of an adapted differentiable structure on the group of homeomorphisms. 
The latter led researchers to various characterizations, or approximations of homeomorphisms of a compact 
oriented manifold [4,11].

In view of constructing a framework in which a topological counterpart of the usual flux geometry could 
be studied, the present work reformulates the definition of the flux homomorphism for symplectomorphisms 
and extends it to a subgroup of symplectic homeomorphisms of a closed connected symplectic manifold 
(M, ω). To this end, we consider an arbitrary linear section S of the natural projection π : Z1(M) →
H1(M, R) from the space of closed 1-forms onto the first de Rham’s group of a closed symplectic manifold 
(M, ω) of dimension 2n. We use the linear section to define the group SGω(M) of S-homeomorphisms, such 
that

Hameo(M,ω) ⊂ SGω(M) ⊂ Homeo(M,Ω),

where Ω := ωn

n! and Hameo(M, ω) stands for the group of all Hamiltonian homeomorphisms of (M, ω)
[11].

This work extends to C0-context some results obtained in [1] by studying the group SGω(M) (no matter 
the choice of the linear section S). Specifically, we realize the subgroup Hameo(M, ω) as the kernel of a 
surjective group homomorphism S0

ω which extends the usual flux homomorphism to SGω(M). Of course, 
the price to pay here resides in how to go round the lack of smoothness, which is crucial in the study of the 
flux homomorphism in the differentiable context.

In spite of this difficulty, we mainly brought into light the following results on closed connected Lefschetz 
type symplectic manifolds.

Theorem A. Let (M, ω) be a closed symplectic manifold of Lefschetz type. Any S-topological isotopy in 
Hameo(M, ω) is a continuous Hamiltonian isotopy. In particular, any smooth isotopy in Hameo(M, ω) is 
a Hamiltonian flow.

The last sentence of Theorem A follows from Theorem 2-[13]. This result implies that the usual subgroup 
Ham(M, ω) of all Hamiltonian diffeomorphisms is rigid inside Hameo(M, ω).

Theorem B. On a closed symplectic manifold of Lefschetz type, any S-topological isotopy with a trivial flux 
is homotopic to a continuous Hamiltonian isotopy relatively to fixed endpoints.

Theorem C. Let (M, ω) be a closed connected symplectic manifold.

1. For each z ∈ M , the orbit OH
z of any continuous hamiltonian isotopy H = {ht}t with time-one map 

identity is null-homologous in H1(M, R).
2. Assume M is of Lefschetz type. Let H be a S-topological isotopy with time one map identity and z ∈ M . 

If the orbit OH
z is null-homologous in H1(M, R) then H is a continuous hamiltonian isotopy with time-

one map identity.

Theorem C is a generalization of a result found by McDuff-Salamon [9] in the smooth case and its proof 
does not appeal to the Floer theory.

Theorem D. Let (M, ω) be a closed symplectic manifold of Lefschetz type. The flux group SΓω is discrete.
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In the sequel, we recall in Section 1, a relationship between symplectic isotopies and the splitting of closed 
1-forms namely, the S-decomposition of symplectic isotopies which includes the Hodge decomposition of 
symplectic isotopies and S-like geometry. Section 2 briefly deals with the theory of smooth flux geometry 
by proposing an alternative and easy proof of a rigidity theorem found by Banyaga [1], while Section 3 is 
devoted to the study of topological flux geometry: after extending the flux in the C0-context, some properties 
of its kernel and the topological flux group have been given. Section 4 studies the invariance of homotopies 
and gives a non-lifting path procedure in C0-context which is used to prove some of our main results.

1. Preliminaries

Let (M, ω) be a closed symplectic manifold and fix a riemannian metric g on M .

Splitting of closed 1-forms and generators of symplectic isotopies
Consider a linear section S : H1(M, R) → Z1(M) of the natural projection π : Z1(M) → H1(M, R). 

Each α ∈ Z1(M) splits as:

α = S(π(α)) + (α− S(π(α))) (1.1)

where S(π(α)) is the S-form and α− S(π(α)) is the exact part of α.
Let H1(M, S) denote the space of all S-forms. Then we have the following direct sum:

Z1(M) = H1(M,S) ⊕B1(M),

where B1(M) is the set of all exact forms on M and dim(H1(M, S)) = dim(H1(M, R)) < ∞, for each linear 
section S (see [17]).

Given any symplectic isotopy Φ = {φt}t the 1-form ıφ̇tω splits as ıφ̇tω = dU t +Ht where U t is a smooth 
function and Ht is a S-form. Let N ([0, 1] ×M, R) denote the vector space of all smooth functions F defined 

on [0, 1] ×M such that 
∫
M

F tωn = 0, for all t ∈ [0, 1], and denote by PH1(M, S) the space of all smooth 

mappings H : [0, 1] −→ H1(M, S). It is shown in [17], that for each linear section S, the Cartesian product

N ([0, 1] ×M,R) × PH1(M,S) =: T(M,ω,S), (1.2)

forms a group called the group of S-generators of elements in Iso(M, ω), the space of all symplectic isotopies 
of (M, ω). The product rule on T(M, ω, S) is given by,

(U,H) �S (V,K) = (U + V ◦ φ−1
(U,H) + Δ̃(K, φ−1

(U,H)),H + K), (1.3)

and the inverse of (U, H), that we denote (U,H), is given by

(U,H) = (−U ◦ φ(U,H) − Δ̃(H, φ(U,H)),−H) (1.4)

where Δ̃t(H, ψ(U,H)) =
t∫

0

Ht(ψ̇s
(U,H)) ◦ ψs

(U,H)ds −

∫
M

⎛
⎝ t∫

0

Ht(ψ̇s
(U,H)) ◦ ψs

(U,H)ds

⎞
⎠ωn

∫
M

ωn
for all t ∈ [0, 1] (for 

more details see [4,17]).
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L∞-Hofer-like length and L∞-Hofer-like distance
Given a symplectic isotopy Φ = {φt}t generated by (U, H), the L∞-version of Hofer-like length of Φ is 

defined by

l∞κ,S(Φ) = max
t∈[0,1]

(νB(dU t) + κ‖Ht‖L2), (1.5)

where νB is any norm on B1(M), the coefficient κ is a positive real number and ‖ · ‖L2 is the L2-norm on 
H1(M, R). For more details we refer to [17].

In the sequel of this paper, we take the norm νB to be the oscillation norm.

Proposition 1.1. Consider a closed symplectic manifold (M, ω). Then, for each positive real number κ, dif-
ferent choices of linear section S result in versions of l∞κ,S that are uniformly equivalent.

Proof. Let S and T be two linear sections of the projection π : Z1(M) −→ H1(M, R). Take any symplectic 
vector field X with S-decomposition ıXω = S + dU , and T -decomposition ıXω = T + dV . We will show 
that there exists C1 > 0 and C2 > 0 such that

C1(osc(V ) + κ‖T ‖L2) � osc(U) + κ‖S‖L2 � C2(osc(V ) + κ‖T ‖L2).

For this end, let us equip H1(M, S) (resp. H1(M, T ) with a basis B (resp. B′) and denote by ‖ · ‖1
B (resp. 

‖ · ‖1
B′) the norm on H1(M, S) (resp. H1(M, T )). So, we only have to show that

C1(osc(V ) + κ‖T ‖1
B′) � (osc(U) + κ‖S‖1

B) � C2(osc(V ) + κ‖T ‖1
B′). (1.6)

The inequalities (1.6) follow from similar arguments to those used in [2] with respect to Hodge’s decompo-
sition. Note here that the uniqueness of the harmonic part in the Hodge’s decomposition is replaced by the 
fact that H1(M, S) ∩B1(M) = {0} (resp. H1(M, T ) ∩B1(M) = {0}). �
Remark 1.1. The above Hofer-like lengths induce metrics D∞

κ,S on the group of symplectic isotopies:

D∞
κ,S((U,H), (V,K)) := Dκ,S

0 ((U,H), (V,K)) + Dκ,S
0 ((U,H), (V,K))

2 ,

where

Dκ,S
0 ((U,H), (V,K)) := max

t∈[0,1]
(osc(U t − V t) + κ‖Ht −Kt‖L2) ∀κ > 0.

When κ = 1, the map D1,S
0 (resp., the metric D∞

1,S) will be simply denoted DS
0 (resp., D∞

S ) and the 
Hofer-like lengths l∞1,S will be denoted l∞S (no matter the choice of the linear section S) [17].

From now, we will always assume that κ = 1.

C0-metric and (C0 + L∞)-metric
Let (M, ω) be equipped with a riemannian metric g. We recall the C0-metric on the group of homeo-

morphisms Homeo(M), the (C0 + L∞)-metric on the set of symplectic isotopies and the uniform norm of 
closed 1-forms.

• Let dg denote the induced distance by the riemannian metric g on M . Consider on Homeo(M) the 
distance
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d0(f, h) = max
{

sup
x∈M

dg(f(x), h(x)), sup
x∈M

dg(f−1(x), h−1(x))
}
, ∀ f, h ∈ Homeo(M)

and on P(Homeo(M), idM ), the space of paths in Homeo(M) starting from idM , the distance

d̄(λ, μ) = max
t∈[0,1]

d0(λ(t), μ(t)), ∀λ, μ ∈ P(Homeo(M), idM ).

The topology induced by the distance d0 (resp. d̄) is called the compact-open topology (C0-topology).
• The (C0 + L∞)-topology on Iso(M, ω) is the topology induced by the distance

d(C0+L∞)(Φ,Ψ) := D∞
S ((U,H), (V,K)) + d̄(Φ,Ψ), (1.7)

for any Φ and Ψ generated by (U, H) and (V, K) respectively.
• Any differential form α induces a linear map αx : TxM −→ R, for each x ∈ M . The norm of αx is given 

by

‖αx‖g := sup
{
|αx(X)|, X ∈ TxM, ‖X‖g = 1

}
where ‖ · ‖g is the norm induced on each tangent space by the riemannian metric g. Thus the uniform 
norm of α is defined as

‖α‖∞ := sup
x∈M

‖αx‖g.

2. Classical flux geometry

Let ˜Gω(M) be the universal cover of Gω(M). There is a surjective group homomorphism

S̃ω : ˜Gω(M) −→ H1(M,R)

Φ �−→

⎡
⎣ 1∫

0

Htdt

⎤
⎦ ,

called the flux homomorphism (see [1]), where H is the S-form in the S-decomposition of Φ. The image of 
the first homotopy group π1(Gω(M)) under S̃ω is denoted by Γω. It is known that Γω is a discrete group 
(see [10]). The homomorphism S̃ω induces an epimorphism Sω from Gω(M) onto H1(M, R)/Γω

.
An advantage of redefining the flux homomorphism as above is the fact that we can give an alternative 

proof of the following well-known result from the theory of classical flux geometry without appealing to any 

lifting map from ˜Gω(M) onto Gω(M), but just using C0-arguments.

Lemma 2.1 (Smooth non-lifting paths procedure). Let Φ = {φt}t be a smooth symplectic isotopy generated by 
(0, H) and consider for each t the reparametrized isotopy φ̄t = {φst}s. Then, the following map is continuous

[0, 1] −→ (Iso(M,ω), d(C0+L∞))
t �−→ φ̄t.

(2.1)

Proof. Following some approximation lemmas in [4,17] one can find a positive finite constant CΦ such that 
for all u, and v in [0, 1]

d(C0+L∞)(φ̄u, φ̄v) � CΦ|u− v|. (2.2)
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Indeed, from the proof of Lemma 3.1-[4], it follows that there exists a positive constant CΦ
1 such that, 

for all u, and v

d̄(φ̄u, φ̄v) � CΦ
1 |u− v|. (2.3)

Besides, since the path φ̄u = {φsu}s is generated by the smooth family Ku : s �−→ uH(su), then

‖Ku(s) −Kv(s)‖L2 � ‖uH(su) − vH(su)‖L2 + ‖vH(su) − vH(sv)‖L2 ,

� ‖uH(su) − vH(su)‖L2 + vsLip(H(·))|u− v|, ∀u, v ∈ [0, 1] (2.4)

where Lip(H(·)) is the Lipschitz constant of the smooth map t �−→ Ht. Thus, for all u, and v

max
s

‖Ku(s) −Kv(s)‖L2 �
(

max
s

‖Hs‖L2 + Lip(H(·))
)
|u− v|. � (2.5)

Using Lemma 2.1, one can give an alternative proof of the following well-known result (see [1]) from 

classical flux geometry without appealing to any lifting map from ˜Gω(M) onto Gω(M).

Theorem 2.1. [1]
Let (M, ω) be a closed symplectic manifold and Ham(M, ω) be its group of Hamiltonian diffeomorphisms. 

Any symplectic isotopy in Ham(M, ω) is a Hamiltonian isotopy.

Proof. Consider Φ = {φt}t as a symplectic isotopy in Ham(M, ω) with generator (U, H).
Step (1/2): Let Φ = ρ ◦ ν be the S-decomposition of Φ, where ρ = {ρt}t is an S-isotopy and ν = {νt}t is 

a Hamiltonian isotopy [17]. For each t, the diffeomorphisms νt and φt = ρt ◦ νt are Hamiltonian, therefore 
ρt ∈ Ham(M, ω) for all t. It follows from the assumption that for each fixed t, the path ρ̄t : s �−→ ρ(st) has 
its flux in Γω because Φ is a smooth path in Ham(M, ω). Combining (2.2) with the continuity of the usual 
flux homomorphism with respect to the metric d(C0+L∞), leads to the following continuous maps

[0, 1] −→ (Iso(M,ω), d(C0+L∞)) −→ (H1(M,R), ‖ · ‖L2),
t �−→ φ̄t �−→ S̃ω(φ̄t).

(2.6)

Thus, the map t �−→ S̃ω(ρ̄t) is continuous from the connected topological space [0, 1] into the discrete 
topological space Γω. Hence, the latter map is constant, namely, S̃ω(ρ̄t) = S̃ω(ρ̄0) = 0 for all t. That is, ⎡
⎣ t∫

0

Hsds

⎤
⎦ = 0 for all t.

Step (2/2): From 

⎡
⎣ t∫

0

Hsds

⎤
⎦ = 0, we derive that for each t there exists a smooth mean-zero real-valued 

function f t on M such that 
t∫

0

Hsds = df t. Therefore the map t �−→ f t is smooth. The permutation of 

derivatives yields

Ht = d

dt
(df t) = d

(
d

dt
f t

)
∈ B1(M), ∀ t. (2.7)

Formula (2.7) tells us that Ht ∈
(
H1(M, S) ∩ B1(M)

)
for all t, while the latter intersection is the trivial 

set. Hence, we must have Ht = 0, for each t. Therefore, the generator of Φ is of the form (U, 0), i.e., Φ is a 
Hamiltonian isotopy. �
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3. Topological flux geometry

In this section we define and study the analogue of the classical flux homomorphism S̃ω on P(Homeo(M),
idM ). This is motivated by the intention to extend classical flux geometry to the set of isotopies through 
continuous maps on (M, ω). The following theorem is a core of the motivation.

Theorem 3.1. (C0-flux transport). Let (M, ω) be a closed symplectic manifold of dimension 2n with associated 

normalized volume form Ω = ωn

n! . Let (Φi)i = ({φt
i}t)i, be a sequence of symplectic isotopies, Φ = {φt}t a 

symplectic isotopy and Ψ = {ψt}t be an arbitrary isotopy. Assume that,

• Φi −→ Ψ uniformly
• S̃ω(Φi) 

‖·‖L2−−−→ S̃ω(Φ).

Then, we have for all closed 1-form α,

∫
M

⎛
⎜⎜⎝

∫
OΨ

(.)

α

⎞
⎟⎟⎠ωn = − 1

(n− 1)! 〈S̃ω(Φ), [ωn−1 ∧ α]〉 (3.1)

where 
∫

OΨ
(.)

α : z �−→
∫
OΨ

z

α and OΨ
z is the orbit of z under Ψ.

Proof. Equip M with a riemannian metric g, let r(g) be its injectivity radius, and assume that d̄(Ψ, Φi) �
r(g)
2 for i sufficiently large. From the latter, for each z ∈ M , the points ψt(z) and φt

i(z) can be connected 

through a unique minimizing geodesic χi,t
z : that is, the curves OΨ

z , OΦi
z , and χi,1

z form the boundary of a 
2-chain Σ(Φi,Ψ)

z . We derive from Stokes’ theorem that

0 =
∫

Σ(Φi,Ψ)
z

dα =
∫

∂Σ(Φi,Ψ)
z

α, ∀α ∈ Z1(M),

which implies that for i sufficiently large
∣∣∣∣∣∣∣
∫
OΨ

z

α−
∫

OΦi
z

α

∣∣∣∣∣∣∣ =

∣∣∣∣∣∣∣
∫

χi,1
z

α

∣∣∣∣∣∣∣ � ‖α‖∞d̄(Ψ,Φi), ∀α ∈ Z1(M), ∀ z ∈ M.

Note that to obtain the above inequality, use have been made of the fact that the riemannian length of 
any minimizing geodesic is bounded from above by the riemannian distance between its endpoints. Thus, 
it follows that for i sufficiently large

∣∣∣∣∣∣∣∣
∫
M

⎛
⎜⎜⎝

∫
OΨ

(.)

α

⎞
⎟⎟⎠ ωn

n! −
∫
M

⎛
⎜⎜⎝

∫
OΦi

(.)

α

⎞
⎟⎟⎠ ωn

n!

∣∣∣∣∣∣∣∣ � ‖α‖∞d̄(Ψ,Φi)
∫
M

ωn

n! , ∀α ∈ Z1(M). (3.2)

For each i, define the function
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FΦi
α : [0, 1] −→ C(M,R)

t �−→ FΦi
α (t) =

t∫
0

(φs
i )∗(ıφ̇s

i
α)ds

For any closed 1-form α and any z ∈ M one has 
∫
OΦ

z

α = FΦ
α (1)(z), therefore

∫
M

FΦi
α (1)Ω =

∫
M

⎛
⎝ 1∫

0

(φt
i)∗(ıφ̇t

i
α)dt

⎞
⎠ ωn

n! = 1
n!

∫
M

1∫
0

(φt
i)∗

(
(ıφ̇t

i
α)ωn

)
dt. (3.3)

Since α ∧ ωn = 0 then 0 = (φt
i)∗

(
ıφ̇t

i
(α ∧ ωn)

)
= (φt

i)∗
(
(ıφ̇t

i
α)ωn

)
+ n(φt

i)∗
(
(ıφ̇tω) ∧ α ∧ ωn−1).

Thus

∫
M

FΦi
α (1)Ω = − 1

(n− 1)!

∫
M

⎛
⎝ 1∫

0

(φt
i)∗

(
(ıφ̇t

i
ω)

)
∧ (φt

i)∗
(
α ∧ ωn−1)dt

⎞
⎠

= − 1
(n− 1)!

∫
M

⎛
⎝ 1∫

0

(φt
i)∗

(
(ıφ̇t

i
ω)

)
∧ (φt

i)∗
(
α
)
dt

⎞
⎠ ∧ ωn−1

= − 1
(n− 1)!

∫
M

⎛
⎝ 1∫

0

(φt
i)∗

(
(ıφ̇t

i
ω)

)
∧
(
α + dFΦi

α (t)
)
dt

⎞
⎠ ∧ ωn−1

Using the fact that (φt
i)∗α− α = dFΦi

α (t) one has

∫
M

FΦi
α (1)Ω = − 1

(n− 1)!

∫
M

⎛
⎝ 1∫

0

(φt
i)∗

(
(ıφ̇t

i
ω)

)
∧ dFΦi

α (t)ds

⎞
⎠

∧ωn−1 − 1
(n− 1)!

∫
M

⎛
⎝ 1∫

0

(φt
i)∗

(
(ıφ̇t

i
ω)

)
dt

⎞
⎠ ∧ α ∧ ωn−1

= 1
(n− 1)!

∫
M

d

⎛
⎝ 1∫

0

FΦi
α (t)(φt

i)∗(ıφ̇t
i
ω)dt

⎞
⎠

∧ωn−1 − 1
(n− 1)!

∫
M

⎛
⎝ 1∫

0

(φt
i)∗

(
(ıφ̇t

i
ω)

)
dt

⎞
⎠ ∧ α ∧ ωn−1

= 0 − 1
(n− 1)! 〈S̃ω(Φi), [α ∧ ωn−1]〉 by Stoke’s theorem. (3.4)

Combining (3.2) and (3.4) yields

∫
M

⎛
⎜⎜⎝

∫
OΨ

(·)

α

⎞
⎟⎟⎠ ωn

n! = lim
i−→∞

∫
M

⎛
⎜⎜⎝

∫
OΦi

(·)

α

⎞
⎟⎟⎠ ωn

n! = lim
i−→∞

− 1
(n− 1)! 〈S̃ω(Φi), [α ∧ ωn−1]〉

= − 1 〈S̃ω(Φ), [α ∧ ωn−1]〉. � (3.5)
(n− 1)!
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In Theorem 3.1, the de Rham cohomology class S̃ω(Φ) is uniquely determined by Ψ. Furthermore, if in 
Theorem 3.1, one only assumes that the sequence 

(
S̃ω(Φi)

)
i

is just Cauchy in the complete metric space 
H1(M, R), then Ψ will still uniquely determine a de Rham cohomology class β(Ψ) ∈ H1(M, R): this seems 
to tell us that one can transport flux geometry under the (C0 + L∞)-topology.

3.1. S-homeomorphisms and S-topological isotopies

Definition 3.1. A continuous map ξ : [0, 1] −→ Homeo(M) with ξ(0) = idM is called an S-topological isotopy 
if there exists a D∞

S -Cauchy sequence (Fi, Gi)i ⊂ T(M, ω, S) generating a sequence {Φi}i ⊂ Iso(M, ω) such 

that Φi
C0

−−→ ξ.

Denote by PSGω(M) the group of all S-topological isotopies of a closed symplectic manifold (M, ω), and 
introduce the group SGω(M), consisted of S-homeomorphisms of (M, ω) defined as the time-one maps of 
S-topological isotopies: SGω(M) := ev1(PSGω(M)). Note that if the linear section S is trivial, the S-forms 
are harmonic forms, therefore the corresponding splitting is the usual Hodge decomposition and the group 
SGω(M) coincides with the group G0

ω(M) of all strong symplectic homeomorphisms of (M, ω) [3,4,16,18].
In particular, when a continuous map ξ : [0, 1] −→ Homeo(M) with ξ(0) = idM satisfies Definition 3.1

with respect to a sequence of S-generators {(Ui, 0)} ⊂ T(M, ω, S), then ξ is called continuous Hamiltonian 
isotopy and its time-one map a Hamiltonian homeomorphism. The set of all Hamiltonian homeomorphisms 
is a group denoted Hameo(M, ω) [11].

Remark 3.1.

1. Note that by Proposition 1.1, the group SGω(M) is independent of the choice of a linear section S.
2. One can show that in Definition 3.1, the sequence {(Ui, Hi)}i ⊂ T(M, ω, S) converges in a certain 

complete metric space to an element (U, H), called the generator of the corresponding S-topological 
isotopy [3,16,18].

The following uniqueness results have been proved in [3,18] with respect to the Hodge decomposition 
theorem. Moreover, the uniqueness result found in [3] has been generalized in [16]. Here, we state similar 
results with respect to an arbitrary linear section S; their proofs are similar to those in [3,18], where the 
harmonic forms in the Hodge decomposition are replaced by S-forms.

Theorem 3.2. Let (M, ω) be a closed symplectic manifold.

1. Any S-topological isotopy determines a unique generator.
2. Any generator determines a unique S-topological isotopy.

Based on the above uniqueness results, one writes any S-topological isotopy as ℵ(U,H) to mean that its 
generator is (U, H): observe that U is a continuous family of normalized continuous functions on M , while 
H is a continuous path in H1(M, S). Furthermore, the S-decomposition of symplectic isotopies [17] extends 
to S-topological isotopies [3].

Remark 3.2. Given any S-topological isotopy ℵ(U,H), we write ℵ(U,H) = lim
(C0+L∞)

(φ(Ui,Hi)), to mean that 

φ(Ui,Hi)
C0

−−→ ℵ(U,H) and (Ui, Hi) 
L∞
−−→ (U, H) namely, Ui

L∞-Hofer norm−−−−−−−−−−→ U and Hi
L2−norm−−−−−−→ H.

Proposition 3.1. [11] For each fixed linear section S, the group Hameo(M, ω) is a normal subgroup of 
SGω(M).
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By Proposition 3.1, it follows from a result of classical group theory that Hameo(M, ω) can be realized 
as the kernel of a non-trivial group homomorphism defined on SGω(M).

3.2. An extension of the flux homomorphism

According to the uniqueness results (Theorem 3.2), to any S-topological isotopy ℵ(U,H), corresponds a 

well-defined de Rham cohomology class 

⎡
⎣ 1∫

0

Htdt

⎤
⎦ ∈ H1(M, R), namely a surjective group homomorphism

S̃0
ω : PSGω(M) −→ H1(M,R)

ℵ(U,H) �−→

⎡
⎣ 1∫

0

Htdt

⎤
⎦ .

The restriction of S̃0
ω to the group of all smooth symplectic isotopies coincides with the usual flux 

homomorphism. Let Vid(SGω(M)) denote the set of S-topological isotopies with time-one map identity and 
set SΓω := S̃0

ω

(
Vid(SGω(M))

)
. The mapping S̃0

ω induces a surjective homomorphism S0
ω from SGω(M)

onto H1(M, R)/SΓω
such that the following diagram commutes:

PSGω(M) S̃0
ω−−→ H1(M,R)

ev1 ↓ ↓ Q

SGω(M) S0
ω−−→ H1(M,R)/SΓω

,

(I)

where Q is the quotient map and ev1 is the time-one evaluation map.
The set of loops in SGω(M) is non-empty because it contains any loop in Gω(M) and the following 

example shows that this inclusion is non-trivial.

Example 3.1. Pick β ∈ Γω to be a non-trivial element, then by definition of the flux group, there exists a 
non-trivial loop Ψ := {ψt}t in π1(Gω(M)) such that S̃ω(Ψ) = β. Besides, let H := {ht}t be a non smooth 
continuous Hamiltonian isotopy. Consider the boundary flat smooth functions μ1 : [0, 13 ] −→ [0, 1] with 
μ1 = 0 near 0 and μ1 = 1 near 1

3 ; μ2 : [ 13 , 
2
3 ] −→ [0, 1] with μ2 = 0 near 1

3 and μ2 = 1 near 2
3 ; and 

μ3 : [ 23 , 1] −→ [0, 1] with μ3 = 0, near 2
3 ; and μ3 = 1 near 1, which are used to define the path � = {rt}t as 

follows:

rt =

⎧⎪⎨
⎪⎩

ψμ1(t) if 0 � t � 1
3 ,

hμ2(t) if 1
3 � t � 2

3 ,

h1 ◦ (hμ3(t))−1 if 2
3 � t � 1.

The path � = {rt}t is continuous, satisfies r0 = ψ0 = idM and r1 = h1 ◦ (h1)−1 = idM . Assume that 
H := {ht}t has a generating function U and is the C0-limit of a sequence (Hi)i = ({ht

i}t)i with the sequence 
of generators (Ui)i such that U = lim

Hofer
Ui. Assume also that Ψ has generator (V, K). Then, the sequence 

of symplectic isotopies (�i)i = ({rti}t)i:

rti =

⎧⎪⎪⎨
⎪⎪⎩

ψμ1(t) if 0 � t � 1
3 ,

h
μ2(t)
i if 1

3 � t � 2
3 ,

h1 ◦ (hμ3(t))−1 if 2 � t � 1,
i i 3
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converges uniformly to �, and for each i, the generator (Ui, Ki)i of �i is defined by

(U t
i ,Kt

i) =

⎧⎪⎪⎨
⎪⎪⎩

μ̇1(t)
(
V μ1(t),Kμ1(t)

)
if 0 � t � 1

3 ,

μ̇2(t)
(
U

μ2(t)
i , 0

)
if 1

3 � t � 2
3 ,

μ̇3(t)
(
− U

μ2(t)
i ◦ hμ3(t)

i ◦ (h1
i )−1, 0

)
if 2

3 � t � 1.

Since the functions μj, j = 1, 2, 3 are all boundary flat, then one can assure the continuity at the jux-
taposition points. The sequence of generators (Ui, Ki)i uniformly converges to the generator (U, K) given 
by

(U t,Kt) = lim
Hofer−like

(U t
i ,Kt

i) =

⎧⎪⎪⎨
⎪⎪⎩

μ̇1(t)(V μ1(t),Kμ1(t)) if 0 � t � 1
3 ,

μ̇2(t)(Uμ2(t), 0) if 1
3 � t � 2

3 ,

μ̇3(t)(−Uμ2(t) ◦ hμ3(t) ◦ (h1)−1, 0) if 2
3 � t � 1.

Thus, � is a non-smooth loop in SGω(M) so that � /∈ π1(Gω(M)). Observe that the flux of � is the same 
as that of Ψ.

3.3. Some properties of kerS0
ω and SΓω

Hereafter we highlight a consequence of diagram (I) and present some properties of kerS0
ω and SΓω.

Corollary 3.1. Let (M, ω) be a closed symplectic manifold and H = {ht}t be an S-topological isotopy. Then, 
h1 ∈ kerS0

ω if and only if S̃0
ω(H) ∈ SΓω.

Proof. Let H = {ht}t be an S-topological isotopy such that h1 ∈ kerS0
ω. From the commutation of the 

diagram (I), one has 
(
Q ◦ S̃0

ω

)
(H) =

(
S0
ω ◦ ev1

)
(H) = 0, that is S̃0

ω(H) ∈ SΓω. Conversely, if S̃0
ω(H) ∈ SΓω, 

then there exists a loop Ψ such that S̃0
ω(H ◦ Ψ−1) = 0. That is, 0 =

(
Q ◦ S̃0

ω

)
(H ◦ Ψ−1) =

(
S0
ω ◦ ev1

)
(H ◦

Ψ−1), i.e., S0
ω(h1 ◦ idM ) = 0, namely h1 ∈ kerS0

ω. �
We now prove that the kernel of S0

ω is path connected and coincides with Hameo(M, ω).

Proposition 3.2. Let (M, ω) be a closed symplectic manifold. Then, the subgroup kerS0
ω is path connected.

Proof. Let h ∈ kerS0
ω. From the characterization of kerS0

ω, there is an S-topological isotopy H = {ht}t
from the identity map to h such that S̃0

ω(H) ∈ SΓω, that is, one can compose H with a loop at the identity 
and assume without loss of generality that S̃0

ω(H) = 0. Assume that H is generated by (U, H) and for each 
t, let ht = ρt ◦ ψt be the S-decomposition of ht where ρ : t �−→ ρt is generated by (0, H). It is enough 
to show that ρ1 can be connected to the identity through a path lying entirely in kerS0

ω. By assumption 

we have, S̃0
ω(ρ) = S̃0

ω(H) = 0, i.e., 
1∫

0

Htdt = 0. Consider the following 2-parameters family of S-forms, 

Kt(s) = tH(st) − 2s 
t∫

0

Hudu, for all s, t. It is clear that for each fixed t, the element (0, Kt) generates an 

S-topological isotopy ηt = {ηts}s. Furthermore, from the uniqueness result of the generators of S-topological 
isotopies, we have that both paths ρ and η1 must agree everywhere since (0, K1) = (0, H). For each fixed t, 
compute
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S̃0
ω(ηt) =

⎡
⎣ 1∫

0

⎛
⎝tH(st) − 2s

t∫
0

Hudu

⎞
⎠ ds

⎤
⎦

=

⎡
⎣ 1∫

0

tH(st)ds

⎤
⎦−

⎛
⎝ 1∫

0

2sds

⎞
⎠

⎡
⎣ t∫

0

Hudu

⎤
⎦

=

⎡
⎣ t∫

0

Hudu

⎤
⎦−

⎡
⎣ t∫

0

Hudu

⎤
⎦ = 0. (3.6)

Thus, for each fixed t, the time-one map ηt1 of the isotopy s �−→ ηts belongs to kerS0
ω. Note that the map 

t �−→ ηt1 is a path in kerS0
ω such that η0

0 = idM and η1
1 = ρ1. �

Lemma 3.1. Let (M, ω) be a closed symplectic manifold of Lefschetz type. Then Hameo(M, ω) = kerS0
ω.

Proof. By definition, Hameo(M, ω) ⊆ kerS0
ω. Let h ∈ kerS0

ω then there is an S-topological isotopy H =
{ht}t ending at h such that S̃0

ω(H) ∈ SΓω, therefore, one can compose H with a loop at the identity and 
assume without loss of generality that S̃0

ω(H) = 0. Thus, from Theorem B, we derive that the path H is 
homotopic relatively to fixed endpoints to a continuous Hamiltonian isotopy. That is, h ∈ Hameo(M, ω). �
Proof of Theorem D. Let (M, ω) be a closed symplectic manifold of Lefschetz type, μ the measure asso-
ciated to the symplectic volume form and let F̃ : ˜Homeo0(M,μ) → H1(M, R) be the Fathi’s mass flow 
defined on the universal cover Homeo0(M, μ) of the identity component in the group of measure preserv-
ing homeomorphisms. From the inclusion PSGω(M) ⊆ ˜Homeo0(M,μ), Tchuiaga [16] showed that for any 
Φ ∈ PSGω(M),

F̃(Φ)(f) = 1
(n− 1)!

〈
S̃0
ω(Φ), [ωn−1 ∧ f∗σ]

〉
,

for all continuous mapping f from M to the circle S1, where σ is the volume form on S1. Since M is of 
Lefschetz type, the map ωn−1 : H1(M, R) → H2n−1(M, R) is an isomorphism, and the following diagram 
commutes:

PSGω(M) H1(M,R)

˜Homeo0(M,μ) H1(M,R) H2n−1(M,R)

S̃0
ω

ι ωn−1

F̃ I

(II)

where I is an isomorphism. Set N (M, μ) =
{
{ht}t ∈ ˜Homeo0(M,μ) : h1 = id

}
. Fathi [6] showed that 

Γ = F̃(N (M, μ)) is discrete. Therefore, F̃(Vid(SGω(M))) is discrete as a subgroup of Γ. Hence from the com-
mutativity of diagram (II), SΓω = S̃0

ω(π1(SGω(M))) is isomorphic to a discrete group I(F̃(Vid(SGω(M)))). 
That is SΓω is discrete. �
4. Homotopic invariance and the topological flux group

In this subsection, we generalize Proposition 2.7-[17] and prove some of our main results. Consider 
H ∈ PSGω(M) and α ∈ Z1(M). Let z ∈ M , the orbit OH

z is not smooth so one cannot generally integrate 

over it. However, for any continuous curve γ and closed 1-form α we will still use the notation 
∫

α to 
γ
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mean the integral 
∫
γ′

α for any piecewise smooth path γ′ that is homotopic relatively to fixed ends to 

γ. Stoke’s theorem implies that the integral is independent of the choice of γ′ because α is closed. Since 
H = lim

C0+L∞
Φi one has OH

z = lim
C0

OΦi
z . Therefore, for i sufficiently large, OH

z and OΦi
z , can be connected 

through a minimizing geodesic say χi,t such that OH
z , OΦi

z and χi,1 forms the boundary of a 2-chain. Thus

∣∣∣∣∣∣∣
∫

OΦi
z

α−
∫

OH
z

α

∣∣∣∣∣∣∣ =

∣∣∣∣∣∣∣
∫

χi,1

α

∣∣∣∣∣∣∣ � d0(φ1
i , h

1)

that is, 
∫

OH
z

α = lim
i→∞

∫
OΦi

z

α.

∣∣∣∣∣∣∣
∫

OΦi
z

α−
∫

OH
z

α

∣∣∣∣∣∣∣ =

∣∣∣∣∣∣∣
∫

χi,1

α

∣∣∣∣∣∣∣ � ‖α‖∞d0(φ1
i , h

1)

that is, 
∫

OH
z

α = lim
i→∞

∫
OΦi

z

α.

Remark 4.1. [15] Let M be a connected manifold. Given two isotopies Φ = {φt}t and Ψ = {ψt}t with 
φ1 = ψ1, then for each fixed x0 ∈ M and for any closed 1-form α, one has for all z ∈ M

∫
OΦ

z

α−
∫

OΦ
x0

α =
∫
OΨ

z

α−
∫

OΨ
x0

α. (4.1)

Proposition 4.1. Let (M, ω) be a closed connected symplectic manifold and Ω = ωn

n! its associated volume 

form. If H ∈ Vid(SGω(M)), then for each closed 1-form α and for all x ∈ M we have

∫
OH

x

α = − 1
(n− 1)!V olΩ(M) 〈S̃

0
ω(H), [α ∧ ωn−1]〉. (4.2)

Proof. Let φ ∈ Gω(M), α ∈ Z1(M). For each fixed x0 ∈ M , integrating 
∫
OΦ

x

α −
∫

OΦ
x0

α over M leads to the 

function

Δx0
α : φ �−→

⎛
⎝∫

M

FΦ
α (1)Ω

⎞
⎠− V olΩ(M)FΦ

α (1)(x0) (4.3)

which is independent of the choice of a symplectic isotopy Φ with endpoint φ. Therefore from (3.4), one 
obtains

Δx0
α (φ) = − 1 〈S̃ω(Φ), [α ∧ ωn−1]〉 − V olΩ(M)FΦ

α (1)(x0). (4.4)
(n− 1)!
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Furthermore the function defined in (4.3) is continuous with respect to the C0-topology (see Lemma 4.1-[15]). 
In fact, given a sequence of isotopies {Φi}i = {φ(Ui,Hi)}i with d0(Φi(1), idM ) −→ 0 when i −→ ∞ then 
lim
C0

Δx
α(Φi(1)) = Δx

α(idM ) = 0, for all x ∈ M , since idM is smooth. Besides, observe that the (C0 + L∞)-
topology is finer than the C0-topology and if necessary regarding Φi(1) as the constant path t �−→ Φi(1), 
we may assume as well that lim

(C0+L∞)
(Δx

α(Φi(1))) = 0. Note that the (C0 + L∞)-metric on the space of 

constant paths coincides with the C0-metric. Hence, we have for each fixed x ∈ M :

0 = lim
(C0+L∞)

Δx
α(Φi(1)) = lim

(C0+L∞)

⎛
⎜⎝− 1

(n− 1)! 〈S̃ω(Φi), [α ∧ ωn−1]〉 − V olΩ(M)
∫

OΦi
x

α

⎞
⎟⎠

= − 1
(n− 1)! 〈S̃

0
ω(H), [α ∧ ωn−1]〉 − V olΩ(M)

∫
OH

x

α

Thus ∫
OH

x

α = − 1
(n− 1)!V olΩ(M) 〈S̃

0
ω(H), [α ∧ ωn−1]〉. � (4.5)

In order to understand the dynamics of the solution curves of ODE’s, one should travel along the manifold 
and thoroughly study the behavior of the trajectories in different regions [12]. This procedure can be delicate 
depending on the topology of the manifold. However, Proposition 4.1 tells us that given any element in 
Vid

(
SGω(M)

)
, the topology of its orbits in M is determined by its flux geometry: the geometric properties 

of loops in SGω(M) reflect the dynamics of their orbits on M .

Proof of Theorem C. 1. Let H be a continuous Hamiltonian isotopy with time-one map identity, by defi-
nition, we have that S̃0

ω(H) = 0. By Proposition 4.1, we have for all closed 1-forms α

∫
OH

x

α = − 1
(n− 1)!V olΩ(M) 〈S̃

0
ω(H), [α ∧ ωn−1]〉 = 0 since S̃0

ω(H) = 0.

Therefore, 
∫

OH
x

α = 0 i.e. OH
x is null-homologous in H1(M, R).

2. Let H be in Vid(SGω(M)) whose orbit is null-homologous in H1(M, R). Therefore, for all closed 1-forms 
α

0 =
∫

OH
x

α = − 1
(n− 1)!V olΩ(M) 〈S̃

0
ω(H), [α ∧ ωn−1]〉 by Proposition 4.1.

Since M is of Lefschetz type we have S̃0
ω(H) = 0 i.e. H is a continuous isotopy with time one map 

identity. �
The next result claims that the flux homomorphism S̃0

ω preserves the homotopy class of S-topological 
isotopies.

Theorem 4.1. Let (M, ω) be a closed connected symplectic manifold of Lefschetz type. If H and L are two 
S-topological isotopies homotopic relatively to fixed endpoints in SGω(M), then S̃0

ω(H) = S̃0
ω(L).
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Proof. Let {ht}t =: H = lim
(C0+L∞)

(φ(Ui,Hi)) and {lt}t =: L = lim
(C0+L∞)

(φ(Vi,Ki)), be two S-topological 

isotopies homotopic relatively to fixed endpoints in SGω(M). Fix a sufficiently large integer p. From the 

C0-convergence (Φi(t))i := {φt
(Ui,Hi)}t

C0+L∞
−−−−−→ {ht}t, we may assume that for each z ∈ M , there exists a 

minimizing geodesic ζp
z from h1(z) to (Φp(1))(z) such that the curves ζp

z , OH
z , and OΦp

z delimit a 2-chain 
in M . Hence, for all closed 1-form α, we derive from Stokes’ theorem that

∫
OH

z

α =
∫

OΦp

z

α +
∫
ζpz

α. (4.6)

Similarly, since (Ψi(t))i := {φt
(Vi,Ki)}t

C0+L∞
−−−−−→ {lt}t, then we may assume that for each z ∈ M , there exists 

a minimizing geodesic ξpz from l1(z) to (Ψp(1))(z) such that the curves ξpz , OL
z , and OΨp

z delimit a 2-chain 
in M , and then

∫
OL

z

α =
∫

OΨp

z

α +
∫
ξpz

α, ∀α ∈ Z1(M). (4.7)

The paths H and L being homotopic relatively to fixed endpoints, we derive from (4.6) and (4.7) that
∫

OΦp

z

α +
∫
ζpz

α =
∫

OΨp

z

α +
∫
ξpz

α, ∀ α ∈ Z1(M) (4.8)

i.e.,
∫

OΦp

z

α−
∫

OΨp

z

α =
∫
ξpz

α−
∫
ζpz

α, ∀ α ∈ Z1(M). (4.9)

Therefore, integrating (4.9) over M and applying (3.4) one obtains

n〈S̃ω(Ψp) − S̃ω(Φp), [α ∧ ωn−1]〉 =
∫
M

⎛
⎜⎝∫
ξp(·)

α−
∫
ζp(·)

α

⎞
⎟⎠ωn, ∀ α ∈ Z1(M) (4.10)

where ∫
ζp(·)

α : M −→ R

∫
ξp(·)

α : M −→ R

z �−→
∫
ζpz

α and z �−→
∫
ξpz

α.

The length of a minimizing geodesic being bounded from above by the distance between its endpoints, for 
all α ∈ Z1(M) we have

∫
M

⎛
⎜⎝∫
ξp(·)

α−
∫
ζp(·)

α

⎞
⎟⎠ωn � ‖α‖∞

⎛
⎝∫

M

ωn

⎞
⎠(

d0(h1,Φp(1)) + d0(l1,Ψp(1))
)
. (4.11)

Hence, combining (4.10) and (4.11) we derive by passing to the (C0 + L∞)-limit that,
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〈lim
L∞

(
S̃ω(Ψp) − S̃ω(Φp)

)
, [α ∧ ωn−1]〉 = 0 ∀ α ∈ Z1(M), (4.12)

i.e.,

〈(S̃0
ω(H) − S̃0

ω(L)), [α ∧ ωn−1]〉 = 0 ∀ α ∈ Z1(M). (4.13)

Since M is of Lefschetz type, then (4.13) implies S̃0
ω(H) = S̃0

ω(L). �
In order to extend Theorem 2.1 to S-topological isotopies, let’s prove the following lemma.

Lemma 4.1 (Topological non-lifting procedure). Let H = {ht}t be an S-topological isotopy whose generator 
is of the form (0, H). For each fixed t, consider Ht, the path from identity to ht as the reparametrized path 
s �−→ hst. Then, the map

[0, 1] −→ PSGω(M)
t �−→ Ht

is continuous with respect to the (C0 + L∞)-topology on PSGω(M).

Proof. Let H = {ht}t be an S-topological isotopy with generator (0, H). By definition of H there is a 
sequence (Φj)j =

(
{φt

j}t
)
j

of symplectic isotopies generated by 
(
(0, Hj)

)
j

such that H = lim
(C0+L∞)

Φj . 

Consider the sequence of reparametrized isotopies 
(
{φ̄t

j}t
)
j

where for each j and each fixed t, the isotopy 

φ̄t
j = {φ(st)

j }s is generated by 
(
0, tH(st)

j

)
.

For each j observe that {φ̄t
j}t is an element of P([0, 1], P(Homeo(M), idM )). Since the space 

P(Homeo(M), idM ) is a complete metric space with respect to the metric d̄, so is P([0, 1], P(Homeo(M),
idM )) with respect to the metric:

¯̄d({φ̄t}t, {ψ̄t}t) = max
t

d̄(φ̄t, ψ̄t), ∀ {φ̄t}t, {ψ̄t}t ∈ P([0, 1],P(Homeo(M), idM )). (4.14)

Therefore

¯̄d({φ̄t
j}t, {φ̄t

j+k}t) = max
t

d̄(φ̄t
j , φ̄

t
j+k) = d̄(Φj ,Φj+k) −→ 0 as j −→ ∞.

That is, the sequence ({φ̄t
j}t)j is Cauchy in a complete metric space and hence converges to Ht = {h(st)}s. 

It follows that the map t �−→ Ht is continuous with respect to the C0-metric.
Besides for each j, the path {Ht

j}t is an element of P([0, 1], PH1(M, S)) where Ht
j = {tH(st)

j }s for each 
fixed t. Since the space PH1(M, S) is a complete metric space with respect to the supremum norm

‖{Kt}t‖0 := max
t

‖Kt‖L2 , ∀ {Kt}t ∈ PH1(M,S)

so is P
(
[0, 1],PH1(M,S)

)
with respect to the supremum norm

‖|{Lu}u‖|0 := max
u

‖Lu‖0, ∀ {Lu}u ∈ P
(
[0, 1],PH1(M,S)

)
. (4.15)

Therefore

‖|{Ht
j}t − {Ht

j+k}t‖|0 := max
t

‖Ht
j −Ht

j+k‖0 = max
s,t

‖tH(st)
j − tH(st)

j+k‖L2

� max ‖Hu
j −Hu

j+k‖L2 −→ 0, j −→ ∞. (4.16)

u
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That is ({Ht
j}t)j is a Cauchy sequence in a complete metric space. Hence, it converges to {Ht}t where 

Ht = {tH(st)}s. It follows that the map t �−→ Ht is continuous in the L2-norm. Thus the map t �−→ Ht is 
continuous in (C0 + L∞)-topology. �

To prove Theorem A, let us recall the following inequality: given a family of closed 1-forms (αt)t together 

with two isotopies Φ = {φt}t and Ψ = {ψt}t such that d̄(Φ, Ψ) � r(g)
2 , where r(g) is the injectivity radius 

of the riemannian manifold (M, g), one has (see [17])

max
t∈[0,1]

osc

⎛
⎜⎜⎝
⎛
⎜⎜⎝

∫
Oφ̄t

(·)

αt

⎞
⎟⎟⎠−

⎛
⎜⎜⎝

∫
Oψ̄t

(·)

αt

⎞
⎟⎟⎠
⎞
⎟⎟⎠ � 4 max

t∈[0,1]
‖αt‖∞ d̄(Φ,Ψ). (4.17)

Proof of Theorem A. Let H = {ht}t be an S-topological isotopy in Hameo(M, ω) with generator (U, H).

• Step (1/2): Let H = ρ ◦ ν be the S-decomposition of H where ρ : t �−→ ρt is a continuous isotopy 
in Gω(M), and ν : t �−→ νt is a continuous Hamiltonian isotopy (see [3,14,17]). For each t, since 
ht ∈ Hameo(M, ω), we use the above S-decomposition to derive that ρt ∈ Hameo(M, ω) for all t. Thus, 
it follows from Corollary 3.1 that for each fixed t, the path ρ̄t : s �−→ ρ(st) has its flux in SΓω (since M
is of Lefschetz type).

• Step (2/2): By formula (4.17) the map Ψ �−→ S̃0
ω(Ψ) is (C0 + L∞)-continuous and by Lemma 4.1 the 

map t �−→ ρ̄t is continuous with respect to the (C0 + L∞)-topology on PSGω(M). Therefore, the 
map t �−→ S̃0

ω(ρ̄t) is continuous from the connected topological space [0, 1] into the discrete space SΓω

(because (M, ω) is of Lefschetz type). Thus, the latter map is constant, i.e., S̃0
ω(ρ̄t) = S̃0

ω(ρ̄0) = 0. That 

is, 

⎡
⎣ t∫

0

Hsds

⎤
⎦ = 0 for all t, and we derive as in the proof of Theorem 2.1 that Ht = 0, for each t. We 

have proved that the generator of the isotopy H is of the form (U, 0), i.e., H is in fact a continuous 
Hamiltonian isotopy. �

Proof of Theorem B. Let ℵ = lim
(C0+L∞)

φ(Ui,Hi) be an S-topological isotopy such that S̃0
ω(ℵ) = 0 and ℵ =

ρ ◦ ν be the S-decomposition of ℵ. The path ρ is a continuous path in Gω(M) (see [14,16]). Therefore 
ρ = {ρt}t is homotopic relatively to fixed endpoints to a smooth isotopy Ψ in Gω(M) via a homotopy 
mapping Υρ,Ψ such that 0 = S̃0

ω(ℵ) = S̃0
ω(ρ) = S̃ω(Ψ) (by Theorem 4.1). Besides, it follows from a well-

known result proved by McDuff-Salamon [9] and Banyaga [1] that Ψ = {ψt}t is homotopic relatively to 
fixed endpoints to a Hamiltonian isotopy Φ = {φt}t. Let ΥΨ,Φ be the homotopy between Ψ and Φ, and 
derive that the mappings Υρ,Ψ and ΥΨ,Φ induce a homotopy Υρ,Φ between ρ and Φ. Then, the following 
mapping induces a homotopy between ℵ and a continuous Hamiltonian isotopy {θt}t = Θ := Φ ◦ ν as 
follows:

Υℵ,Θ : [0, 1] × [0, 1] −→ SGω(M)

(s, t) �−→ Υ(s,t)
ρ,Φ ◦ νt,

with Υ(0,t)
ℵ,Θ = Υ(0,t)

ρ,Φ ◦νt = ρt◦νt = ℵt, Υ(1,t)
ℵ,Θ = Υ(1,t)

ρ,Φ ◦νt = φt◦νt = θt, for each t Υ(s,0)
ℵ,Θ = Υ(s,0)

ρ,Φ ◦idM = idM

and Υ(s,1) = Υ(s,1) ◦ ν1 = φ1 ◦ ν1 = θ1, for each s. �
ℵ,Θ ρ,Φ
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