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The goal of this paper is to study, in a large scale point of view, the flux geometry
of a closed symplectic manifold (M, w): namely, the topological counterpart of the
flux homomorphism. Using metrics arising from the decomposition of closed 1-
forms with respect to an arbitrary linear section S, we generalize the construction
of the group of strong symplectic homeomorphisms. The flux homomorphism for
symplectomorphisms is extended to a surjective group homomorphism SY on the
group of S-homeomorphisms. We prove that the kernel of SO is path connected,
coincides with the subgroup Hameo(M,w) of all Hamiltonian homeomorphisms and
investigate the discreteness of the corresponding flux group ST',. Later on, without
appealing to any lifting map, we give an alternative proof of a result from the
classical flux geometry saying that any smooth symplectic isotopy in Ham(M,w)
is a Hamiltonian isotopy. Furthermore under some hypothesis, we prove that any
S-topological isotopy in Hameo(M,w) is a continuous Hamiltonian isotopy. We also
proved that any S-topological isotopy with trivial flux is homotopic to a continuous
Hamiltonian isotopy, relatively to fixed endpoints.
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0. Introduction

The structures and the dynamics of the group of diffeomorphisms of a symplectic manifold have been

studied quite long time by several authors. In particular, inspired by the works of Epstein [5], Herman [7],
Mather [8] and Thurston [19], Banyaga [1] studied the group G,,(M): the identity component with respect
to the C'*°-compact-open topology in the group Symp(M,w) consisted of all symplectic diffeomorphisms of

a symplectic manifold (M, w).
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Although the structures of the groups of volume-preserving diffeomorphisms, symplectic diffeomorphisms,
and strictly contact diffeomorphisms of a given oriented manifold are well understood, it is still a big
challenge to perform similar studies for the corresponding group of homeomorphisms of the same manifold.
This is probably due to the lack of an adapted differentiable structure on the group of homeomorphisms.
The latter led researchers to various characterizations, or approximations of homeomorphisms of a compact
oriented manifold [4,11].

In view of constructing a framework in which a topological counterpart of the usual flux geometry could
be studied, the present work reformulates the definition of the flux homomorphism for symplectomorphisms
and extends it to a subgroup of symplectic homeomorphisms of a closed connected symplectic manifold
(M,w). To this end, we consider an arbitrary linear section S of the natural projection m : Z*(M) —
H'(M,R) from the space of closed 1-forms onto the first de Rham’s group of a closed symplectic manifold
(M, w) of dimension 2n. We use the linear section to define the group SG,,(M) of S-homeomorphisms, such
that

Hameo(M,w) C SG,,(M) C Homeo(M, ),

where Q := w_| and Hameo(M,w) stands for the group of all Hamiltonian homeomorphisms of (M,w)

n!
[11].

This work extends to C%-context some results obtained in [1] by studying the group SG,,(M) (no matter
the choice of the linear section §). Specifically, we realize the subgroup Hameo(M,w) as the kernel of a
surjective group homomorphism S2 which extends the usual flux homomorphism to SG,,(M). Of course,
the price to pay here resides in how to go round the lack of smoothness, which is crucial in the study of the
flux homomorphism in the differentiable context.

In spite of this difficulty, we mainly brought into light the following results on closed connected Lefschetz
type symplectic manifolds.

Theorem A. Let (M,w) be a closed symplectic manifold of Lefschetz type. Any S-topological isotopy in
Hameo(M,w) is a continuous Hamiltonian isotopy. In particular, any smooth isotopy in Hameo(M,w) is
a Hamiltonian flow.

The last sentence of Theorem A follows from Theorem 2-[13]. This result implies that the usual subgroup
Ham(M,w) of all Hamiltonian diffeomorphisms is rigid inside Hameo(M,w).

Theorem B. On a closed symplectic manifold of Lefschetz type, any S-topological isotopy with a trivial flux
is homotopic to a continuous Hamiltonian isotopy relatively to fized endpoints.

Theorem C. Let (M,w) be a closed connected symplectic manifold.

1. For each z € M, the orbit O of any continuous hamiltonian isotopy H = {h'}; with time-one map
identity s null-homologous in Hy(M,R).

2. Assume M is of Lefschetz type. Let H be a S-topological isotopy with time one map identity and z € M.
If the orbit O is null-homologous in Hy(M,R) then H is a continuous hamiltonian isotopy with time-
one map identity.

Theorem C is a generalization of a result found by McDuff-Salamon [9] in the smooth case and its proof
does not appeal to the Floer theory.

Theorem D. Let (M, w) be a closed symplectic manifold of Lefschetz type. The flux group ST, is discrete.
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In the sequel, we recall in Section 1, a relationship between symplectic isotopies and the splitting of closed
1-forms namely, the S-decomposition of symplectic isotopies which includes the Hodge decomposition of
symplectic isotopies and S-like geometry. Section 2 briefly deals with the theory of smooth flux geometry
by proposing an alternative and easy proof of a rigidity theorem found by Banyaga [1], while Section 3 is
devoted to the study of topological flux geometry: after extending the flux in the C%-context, some properties
of its kernel and the topological flux group have been given. Section 4 studies the invariance of homotopies
and gives a non-lifting path procedure in C°-context which is used to prove some of our main results.

1. Preliminaries

Let (M,w) be a closed symplectic manifold and fix a riemannian metric g on M.
Splitting of closed 1-forms and generators of symplectic isotopies

Consider a linear section S : H*(M,R) — Z*(M) of the natural projection m : Z1(M) — H'(M,R).
Each a € Z1(M) splits as:

a=S8(n(a)) + (a = S(r(a))) (1.1)

where S(7(a)) is the S-form and o — S(7(a)) is the exact part of a.
Let H'(M,S) denote the space of all S-forms. Then we have the following direct sum:

Z(M) =H'(M,S) ® B'(M),

where B!(M) is the set of all exact forms on M and dim(H!(M,S)) = dim(H'(M,R)) < oo, for each linear
section S (see [17]).

Given any symplectic isotopy ® = {¢}; the 1-form t4ew splits as 14w = dU* + H* where U? is a smooth
function and H* is a S-form. Let N ([0, 1] x M, R) denote the vector space of all smooth functions F' defined

on [0,1] x M such that /Ftw" =0, for all t € [0,1], and denote by PH!(M,S) the space of all smooth
M

mappings H : [0,1] — H(M,S). Tt is shown in [17], that for each linear section S, the Cartesian product

N([0,1] x M,R) x PH*(M,S) =: (M, w,S), (1.2)

forms a group called the group of S-generators of elements in Iso(M,w), the space of all symplectic isotopies
of (M,w). The product rule on T(M,w,S) is given by,

(U,H) Ms (V,K) = (U +V 0 ¢4 + AU, bt ) H + K), (1.3)

and the inverse of (U, H), that we denote (U, H), is given by

(U H) = (~U 0 dwag) — AH, ), —H) (1.4)
t
t / /Ht(ﬂ.}@,ﬂ)) °© @b(su,H)ds w"
where Ay (H, Yuz0)) = /'Htw(su,y)) 0 Py 3y ds — M0 for all t € [0,1] (for
0 /wn
M

more details see [4,17]).
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L -Hofer-like length and L*°-Hofer-like distance
Given a symplectic isotopy ® = {¢'}; generated by (U, H), the L>-version of Hofer-like length of ® is
defined by

s(®) = max (VP (dU) + 5| H'| 12), (1.5)
t€(0,1]
where v7 is any norm on B!(M), the coefficient & is a positive real number and || - ||z2 is the L?-norm on

H'(M,R). For more details we refer to [17].
In the sequel of this paper, we take the norm vZ to be the oscillation norm.

Proposition 1.1. Consider a closed symplectic manifold (M,w). Then, for each positive real number k, dif-
ferent choices of linear section S result in versions of [°s that are uniformly equivalent.

Proof. Let S and T be two linear sections of the projection 7 : Z1(M) — H'(M,R). Take any symplectic
vector field X with S-decomposition 1xw = S + dU, and T-decomposition 1xw = T + dV. We will show
that there exists C; > 0 and C > 0 such that

Ciose(V) + £l T L2) < 0sc(U) + &[Sl 22 < Ca(ose(V) + K[ T L2)-

For this end, let us equip H'(M,S) (resp. H!(M, T) with a basis B (resp. B’) and denote by || - |5 (resp.
|- I5/) the norm on H!(M,S) (resp. H!(M,T)). So, we only have to show that

Ci(osc(V) + k|| T|8/) < (0sc(U) + k||S|g) < Calosc(V) + 6| T|5)- (1.6)
The inequalities (1.6) follow from similar arguments to those used in [2] with respect to Hodge’s decompo-
sition. Note here that the uniqueness of the harmonic part in the Hodge’s decomposition is replaced by the

fact that H'(M,S) N BY(M) = {0} (resp. H'(M,T) N BY(M) = {0}). O

Remark 1.1. The above Hofer-like lengths induce metrics Dg°s on the group of symplectic isotopies:

Kk,S %S
= (UH), (V.K)) = 20 <<U7H>’(VaK))—2FD0 (). V.E)

where

D(')Q’S((U,?-l)7 (V,K)) := m[éa)i(osc(Ut — VY + k[ H = K L) VK > 0.
telo,
When x = 1, the map Dé’s (vesp., the metric Df%) will be simply denoted D§ (resp., DY) and the
Hofer-like lengths (9% will be denoted I3° (no matter the choice of the linear section S) [17].

From now, we will always assume that x = 1.

C°-metric and (C° + L>)-metric

Let (M,w) be equipped with a riemannian metric g. We recall the C%-metric on the group of homeo-
morphisms Homeo(M), the (C° 4+ L°°)-metric on the set of symplectic isotopies and the uniform norm of
closed 1-forms.

o Let d, denote the induced distance by the riemannian metric g on M. Consider on Homeo(M) the
distance
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do(f,h) = max { jélﬁdg(f(x),h(x)),jgj\}}dg(f_l(x), h~'(z))}, Vf he Homeo(M)

and on P(Homeo(M),idyy), the space of paths in Homeo(M) starting from id,s, the distance

A\, p) = tm[(e)wi] do(A(t), u(t)), VA, 1€ P(Homeo(M),idy).
€10,

The topology induced by the distance dy (resp. d) is called the compact-open topology (C°-topology).
e The (C° + L>)-topology on Iso(M,w) is the topology induced by the distance

dicot1)(®,¥) := DG (U, H), (V,K)) + d(®, ¥), (1.7)

for any ® and ¥ generated by (U, H) and (V, K) respectively.
¢ Any differential form « induces a linear map o, : T, M — R, for each « € M. The norm of «, is given
by

llwa |19 = sup {|ow (X)|, X € ToM, || X]lg =1}

where || - || is the norm induced on each tangent space by the riemannian metric g. Thus the uniform
norm of « is defined as

oo == sup o ||
xeM

2. Classical flux geometry

Let G, (M) be the universal cover of G, (M). There is a surjective group homomorphism

called the flux homomorphism (see [1]), where H is the S-form in the S-decomposition of ®. The image of
the first homotopy group m1(Gy,(M)) under S,, is denoted by I',. It is known that T, is a discrete group
(see [10]). The homomorphism S,, induces an epimorphism S,, from G, (M) onto H'(M,R)/r. .

An advantage of redefining the flux homomorphism as above is the fact that we can give an alternative

proof of the following well-known result from the theory of classical flux geometry without appealing to any

lifting map from G, (M) onto G,,(M), but just using C%-arguments.

Lemma 2.1 (Smooth non-lifting paths procedure). Let ® = {¢'}; be a smooth symplectic isotopy generated by
(0,H) and consider for eacht the reparametrized isotopy ¢* = {$**},. Then, the following map is continuous

0,1] — (Iso(M,w),dicn =)

e (2.1)

Proof. Following some approximation lemmas in [4,17] one can find a positive finite constant C'®* such that
for all u, and v in [0, 1]

d(CO+Loo)((5u7(Z)v) < C<I)|u—1}|. (2.2)
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Indeed, from the proof of Lemma 3.1-[4], it follows that there exists a positive constant C{* such that,
for all u, and v

d(¢*,¢°) < CP|u —vl. (2.3)
Besides, since the path ¢* = {$*"}, is generated by the smooth family K" : s — uH (% then

I (s) = K ()22 < ub®™ — oH 9|2 + [oH ) —oH D 2,

<
< JJuH B — oHE | 12 + vsLip(HO) |Ju — v), Vu,v € 0,1] (2.4)
where Lip(H(")) is the Lipschitz constant of the smooth map ¢ — H*. Thus, for all u, and v

mase 1" (s) — K¥(5) 122 < (max ]2 + Lip(HO) ) Ju— o] D (25)

Using Lemma 2.1, one can give an alternative proof of the following well-known result (see [1]) from

classical flux geometry without appealing to any lifting map from G, (M) onto G, (M).

Theorem 2.1. [1]
Let (M,w) be a closed symplectic manifold and Ham(M,w) be its group of Hamiltonian diffeomorphisms.
Any symplectic isotopy in Ham(M,w) is a Hamiltonian isotopy.

Proof. Consider ® = {¢'}; as a symplectic isotopy in Ham(M,w) with generator (U, H).

Step (1/2): Let ® = powv be the S-decomposition of ®, where p = {p'}; is an S-isotopy and v = {v'}, is
a Hamiltonian isotopy [17]. For each ¢, the diffeomorphisms v* and ¢! = p’ o v are Hamiltonian, therefore
pt € Ham(M,w) for all t. It follows from the assumption that for each fixed ¢, the path p* : s — p(9) has
its flux in T, because ® is a smooth path in Ham(M,w). Combining (2.2) with the continuity of the usual
flux homomorphism with respect to the metric d(co ), leads to the following continuous maps

0,1] — (Is0(M,w), d(cos 1)) —> (H'(M,R), |- [12), .
t— @t — S.(9h). '

Thus, the map t — §w (p') is continuous from the connected topological space [0, 1] into the discrete

topological space I',,. Hence, the latter map is constant, namely, S, (p') = S, (p°) = 0 for all t. That is,

t
/’Hsds =0 for all ¢.
0

¢
Step (2/2): From / H?ds| = 0, we derive that for each ¢ there exists a smooth mean-zero real-valued
0

t
function f* on M such that /’Hsds = df'. Therefore the map t — f* is smooth. The permutation of
derivatives yields ’
H = i(dft) =d (ift> e BY(M), Vi (2.7)
dt dt
Formula (2.7) tells us that %' € (H*(M,S) N B*(M)) for all ¢, while the latter intersection is the trivial

set. Hence, we must have H' = 0, for each ¢. Therefore, the generator of ® is of the form (U,0), i.e., ® is a
Hamiltonian isotopy. O



S. Tchuiaga et al. / Topology and its Applications 322 (2022) 108301 7

3. Topological flux geometry

In this section we define and study the analogue of the classical flux homomorphism S,, on P(Homeo(M),
idpr). This is motivated by the intention to extend classical flux geometry to the set of isotopies through
continuous maps on (M,w). The following theorem is a core of the motivation.

Theorem 3.1. (C°-fluz transport). Let (M,w) be a closed symplectic manifold of dimension 2n with associated
normalized volume form = w—| Let (9;); = ({¢t}4):, be a sequence of symplectic isotopies, ® = {¢'}; a
n

symplectic isotopy and ¥ = {¢t}t be an arbitrary isotopy. Assume that,

o &, — U uniformly
. Su(@) 2 5 (@),

Then, we have for all closed 1-form «,

/ /a W = —ﬁ@(@),[w”*l Aa)) (3.1)

v
Mo\oF,

where / oz /a and OY is the orbit of z under V.
oy, oy

Proof. Equip M with a riemannian metric g, let r(g) be its injectivity radius, and assume that d(¥, ®;) <
r(9)

5 for i sufficiently large. From the latter, for each z € M, the points 1(z) and ¢!(z) can be connected

through a unique minimizing geodesic x%*: that is, the curves OF, O%i and x%! form the boundary of a

2-chain Eg“m. We derive from Stokes’ theorem that

0= / do = / a, VaeZY (M),

Eiéi,\y) 82‘(;}1,\11)
which implies that for 4 sufficiently large
/a— / al = /a < |l aod(W, @), Vae ZY (M), Vze M.
7 ofi o
Note that to obtain the above inequality, use have been made of the fact that the riemannian length of

any minimizing geodesic is bounded from above by the riemannian distance between its endpoints. Thus,
it follows that for ¢ sufficiently large

/ /a %T’/ /cv %T <||04HOOJ(\II,<I>1-)/C;;—T, Yo e ZY(M). (3.2)
M

For each i, define the function
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F2i: 0,1 — C(M,R)
t
— F2i(t /
0

For any closed 1-form « and any z € M one has / a = F2(1)(z), therefore

oz

/fi’i(l)sz:/ (/lwm*(zd,ga )“—":i,//l (1470
M M 0

0 M

Since a A w™ = 0 then 0 = (gﬁf)*(%: (anw™) = (¢)*((v 14 Q)w ") 4+ n(@h) ((1gew) A Aw ).

Thus

[rrn =gy [{ [ (e neriona 1)‘”)

SAvL
M

z¢1w ( )dt) Aw' 1

O\H o\

Using the fact that (¢!)*a — a = dF2i(t) one has

/]:(1> (n— 1) ]l (Ofl(cf)ﬁ)*((%gw» Adff"'(t)dS)

1
(0/ z¢tw dt) AaAw? !
= ﬁ/d (/ ()@ (30) t)

Aw™

M
n—1 _ 1 / (AR 1w «a wn—l
M \0
=0- ﬁ(gw(fbi), [@ Aw™ 1)) by Stoke’s theorem.

Combining (3.2) and (3.4) yields

m \ov
O

z¢fw oz—|—cl]:<I> (t ))dt) Awnt

/(/ 0‘) o7 = i (/ a) S i~ (@) o ne )

(3.4)
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In Theorem 3.1, the de Rham cohomology class §w(¢) is uniquely determined by W. Furthermore, if in
Theorem 3.1, one only assumes that the sequence (Sw(fbi))i is just Cauchy in the complete metric space
HY(M,R), then ¥ will still uniquely determine a de Rham cohomology class 3(¥) € H'(M,R): this seems

to tell us that one can transport flux geometry under the (C° + L>)-topology.
8.1. §-homeomorphisms and S-topological isotopies

Definition 3.1. A continuous map & : [0, 1] — Homeo(M) with £(0) = id, is called an S-topological isotopy
if there exists a D-Cauchy sequence (F}, G;); C T(M,w,S) generating a sequence {®;}; C Iso(M,w) such

that ®; <> ¢.

Denote by PSG,, (M) the group of all S-topological isotopies of a closed symplectic manifold (M, w), and
introduce the group SG,, (M), consisted of S-homeomorphisms of (M, w) defined as the time-one maps of
S-topological isotopies: SG, (M) := ev1 (PSG,,(M)). Note that if the linear section S is trivial, the S-forms
are harmonic forms, therefore the corresponding splitting is the usual Hodge decomposition and the group
SG,, (M) coincides with the group GY (M) of all strong symplectic homeomorphisms of (M,w) [3,4,16,18].

In particular, when a continuous map & : [0,1] — Homeo(M) with £(0) = idps satisfies Definition 3.1
with respect to a sequence of S-generators {(U;,0)} C ¥(M,w,S), then £ is called continuous Hamiltonian
isotopy and its time-one map a Hamiltonian homeomorphism. The set of all Hamiltonian homeomorphisms
is a group denoted Hameo(M,w) [11].

Remark 3.1.

1. Note that by Proposition 1.1, the group SG, (M) is independent of the choice of a linear section S.

2. One can show that in Definition 3.1, the sequence {(U;,H;)}; C T(M,w,S) converges in a certain
complete metric space to an element (U,H), called the generator of the corresponding S-topological
isotopy [3,16,18].

The following uniqueness results have been proved in [3,18] with respect to the Hodge decomposition
theorem. Moreover, the uniqueness result found in [3] has been generalized in [16]. Here, we state similar
results with respect to an arbitrary linear section S; their proofs are similar to those in [3,18], where the
harmonic forms in the Hodge decomposition are replaced by S-forms.

Theorem 3.2. Let (M,w) be a closed symplectic manifold.

1. Any S-topological isotopy determines a unique generator.
2. Any generator determines a unique S-topological isotopy.

Based on the above uniqueness results, one writes any S-topological isotopy as R(y,%) to mean that its
generator is (U, H): observe that U is a continuous family of normalized continuous functions on M, while
H is a continuous path in H! (M, S). Furthermore, the S-decomposition of symplectic isotopies [17] extends
to S-topological isotopies [3].

Remark 3.2. Given any S-topological isotopy Ry,3), we write Ry 5 = (ColinLl )(¢(Ui,’Hi))a to mean that
+ oo

0 oo oo 2
S, 1) — Ry and (Us, H;) £ (U, H) namely, U; 20RO, g7 o q 3, L0000, gy

Proposition 3.1. [11] For each fized linear section S, the group Hameo(M,w) is a normal subgroup of
SG,(M).
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By Proposition 3.1, it follows from a result of classical group theory that Hameo(M,w) can be realized
as the kernel of a non-trivial group homomorphism defined on SG,,(M).

8.2. An extension of the flux homomorphism

According to the uniqueness results (Theorem 3.2), to any S-topological isotopy R(,3), corresponds a

well-defined de Rham cohomology class / H'dt| € H'(M,R), namely a surjective group homomorphism

SO . PSG, (M) — H'(M,R)

N(U,'H) — / %tdt

The restriction of §g to the group of all smooth symplectic isotopies coincides with the usual flux
homomorphism. Let V;4(SG,,(M)) denote the set of S-topological isotopies with time-one map identity and
set ST, := SO (Via(SGw(M))). The mapping 59 induces a surjective homomorphism S from SG,, (M)
onto H*(M,R)/sr,, such that the following diagram commutes:

PSGL(M) 22 HI(M,R)
evy | 1Q (1)
SG.(M) 22 HY(M,R)/sr.,

where @ is the quotient map and ev; is the time-one evaluation map.
The set of loops in SG,, (M) is non-empty because it contains any loop in G, (M) and the following
example shows that this inclusion is non-trivial.

Example 3.1. Pick g € T',, to be a non-trivial element, then by definition of the flux group, there exists a

non-trivial loop W := {} in 7 (G,,(M)) such that S,,(¥) = 3. Besides, let $ := {h'}; be a non smooth

continuous Hamiltonian isotopy. Consider the boundary flat smooth functions u; : [0, %] — [0,1] with

p1 = 0 near 0 and p; = 1 near %, ug : [1,2] — [0,1] with go = 0 near & and py = 1 near 2

335 3 55 and
pi3 : [2,1] — [0,1] with pg = 0, near Z; and p3 = 1 near 1, which are used to define the path ® = {rt}t as

follows:

pra®) if 0<t<s,
rt = { pr2(®) if % <t< %7
hlo (b))~ if 2Lt <.

The path ® = {r'}, is continuous, satisfies r° = ¢° = idy; and 7' = h' o (h})™! = idp;. Assume that
= {h'}; has a generating function U and is the C°-limit of a sequence ($);); = ({hl}+); with the sequence
of generators (U;); such that U = lim U;. Assume also that ¥ has generator (V,K). Then, the sequence

Hofer

of symplectic isotopies (R;); = ({r!}:)i:

rr(®) it 0<t<i,
t_ p2(t) : 1 2
T'Z* = h,b-z lf 3 S t < 3>
hlo(R)=1 if 2,
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converges uniformly to R, and for each i, the generator (U;, K;); of R; is defined by

i (8) (V@) e () if  0<t<d,
(UL K =< e (t) (U=, 0) it l<t<?,
) (= U2 o pt= Do (hh=10) it 2<t< L

Since the functions p;, 7 = 1,2,3 are all boundary flat, then one can assure the continuity at the jux-

taposition points. The sequence of generators (U;, K;); uniformly converges to the generator (U, K) given
by

fur (£) (Vi ) e 0) it 0<t<y,
Ut =, dim (UKD = in(®U0,0) it i<t
fi3(t)(—U*2® o pra® o (R1)=10) i 2t <1

Thus, R is a non-smooth loop in SG, (M) so that R ¢ 71 (G, (M)). Observe that the flux of R is the same
as that of .

3.8. Some properties of ker S° and ST,

Hereafter we highlight a consequence of diagram (I) and present some properties of ker SO and ST,.

Corollary 3.1. Let (M,w) be a closed symplectic manifold and H = {h'}; be an S-topological isotopy. Then,
h' € ker S if and only if S°(H) € ST,.

Proof. Let H = {h'}; be an S-topological isotopy such that h! € ker S?. From the commutation of the
diagram (I), one has (Q o §g) (H) = (SY o evr) (H) =0, that is SO(H) € ST,. Conversely, if SO (H) € ST,
then there exists a loop ¥ such that SO(H o ¥~1) = 0. That is, 0 = (Q o §2) (HoW¥™ 1) =(SYoevy)(Ho
U1 ie., SO(h! oidy) =0, namely h! € ker SO. O

We now prove that the kernel of S? is path connected and coincides with Hameo(M,w).
Proposition 3.2. Let (M,w) be a closed symplectic manifold. Then, the subgroup ker SO is path connected.

Proof. Let h € ker SO. From the characterization of ker S, there is an S-topological isotopy H = {h'},

from the identity map to h such that §g (H) € ST, that is, one can compose H with a loop at the identity

and assume without loss of generality that gg (H) = 0. Assume that H is generated by (U, H) and for each

t, let ht = p! o9yt be the S-decomposition of ht where p : t — p' is generated by (0,H). It is enough

to show that p! can be connected to the identity through a path lying entirely in ker S°. By assumption
1

we have, S%(p) = S(H) = 0, ie., /’tht = 0. Consider the following 2-parameters family of S-forms,
0

t
Ki(s) = tH Y — 25/7—[“du, for all s,t. It is clear that for each fixed ¢, the element (0,K') generates an
0

S-topological isotopy 7t = {nt}s. Furthermore, from the uniqueness result of the generators of S-topological
isotopies, we have that both paths p and ! must agree everywhere since (0, K1) = (0,H). For each fixed ¢,
compute
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M1 ¢
SO(nt) = / tHG — 2S/H“du ds

LO 0
M1 1 ¢

= /t?—[(St)ds - /2$ds /H“du
LO 0 0
Mot ¢

= /H"du - /’H”du =0. (3.6)
Lo 0

Thus, for each fixed ¢, the time-one map 7! of the isotopy s — 1! belongs to ker S°. Note that the map
t — nt is a path in ker SO such that nJ = idy; and ni = pt. O

Lemma 3.1. Let (M,w) be a closed symplectic manifold of Lefschetz type. Then Hameo(M,w) = ker SU.

Proof. By definition, Hameo(M,w) C ker S2. Let h € ker SO then there is an S-topological isotopy H =
{h'}; ending at h such that SO(H) € ST, therefore, one can compose H with a loop at the identity and
assume without loss of generality that §g (H) = 0. Thus, from Theorem B, we derive that the path H is
homotopic relatively to fixed endpoints to a continuous Hamiltonian isotopy. That is, h € Hameo(M,w). O

Proof of Theorem D. Let (M,w) be a closed symplectic manifold of Lefschetz type, 1 the measure asso-
ciated to the symplectic volume form and let § : Homeoo(M, ) — Hy(M,R) be the Fathi’s mass flow
defined on the universal cover Homeog(M, ) of the identity component in the group of measure preserv-

ing homeomorphisms. From the inclusion PSG,, (M) C Homeog(M, u), Tchuiaga [16] showed that for any
o € PSG,, (M),

= 1

§@)) = Gy (8@ o A s

for all continuous mapping f from M to the circle S!, where ¢ is the volume form on S'. Since M is of
Lefschetz type, the map w™ ™! : H'(M,R) — H?"~1(M,R) is an isomorphism, and the following diagram
commutes:

PSGo(M) —= s HI(M,R)
jL \ (I1)

Homeog(M, 1) —— Hy(M,R) —— H2-1(M,R)
where I is an isomorphism. Set N'(M,n) = {{h'}; € 1170777;—0\0_(/M7 ) : h* = id}. Fathi [6] showed that
T = NV (M, p)) is discrete. Therefore, S(Via(SG,(M))) is discrete as a subgroup of I'. Hence from the com-

mutativity of diagram (IT), ST, = S9(m1(SG.(M))) is isomorphic to a discrete group I(F(Via(SG.(M)))).
That is ST, is discrete. O

4. Homotopic invariance and the topological flux group

In this subsection, we generalize Proposition 2.7-[17] and prove some of our main results. Consider
H € PSG, (M) and a € ZY(M). Let z € M, the orbit O is not smooth so one cannot generally integrate

over it. However, for any continuous curve v and closed 1-form « we will still use the notation [ « to
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mean the integral / « for any piecewise smooth path ' that is homotopic relatively to fixed ends to
,y/
~. Stoke’s theorem implies that the integral is independent of the choice of 7' because « is closed. Since

H = Coling ®; one has O = lén01 O2%i. Therefore, for i sufficiently large, OF and O can be connected
+ oo

through a minimizing geodesic say y;; such that O O and y;; forms the boundary of a 2-chain. Thus

/af/a: /a < do(¢;,h")

fz‘ OH i1

that is, / a = lim Q.
71— 00
ox Oq>i

/af/a:/a<MMMbM)
o

that is, / o= lim o.

i—00
H @,
Of o

Remark 4.1. [15] Let M be a connected manifold. Given two isotopies ® = {¢'}; and ¥ = {¢'}; with
@' = !, then for each fixed zo € M and for any closed 1-form «, one has for all z € M

/al/oa_/a/a. (4.1)

n
Proposition 4.1. Let (M,w) be a closed connected symplectic manifold and Q = w_' its associated volume
n

form. If H € Vig(SG,(M)), then for each closed 1-form o and for all x € M we have

1

/ a=— (n — 1)!Wolg (M) <§2(H), [ Aw™ ). )
OH

x

Proof. Let ¢ € Gi,(M), a € Z1(M). For each fixed xy € M, integrating / a— / a over M leads to the
o2 oz,
function

AZO ;s (M/f;f(l)n — Volo(M)F2(1)(z0) (4.3)

which is independent of the choice of a symplectic isotopy ® with endpoint ¢. Therefore from (3.4), one
obtains

AL (¢) = ——.<§w(¢’), [ A w™ ™) = Vol (M)Fg (1)(x0). (4.4)
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Furthermore the function defined in (4.3) is continuous with respect to the C°-topology (see Lemma 4.1-[15]).
In fact, given a sequence of isotopies {®;}; = {dw;, w.)}i with do(®i(1),idrr) — 0 when i — oo then
hcrgl AZ(®;(1)) = AZ(idp) = 0, for all z € M, since idys is smooth. Besides, observe that the (C° + L°°)-

topology is finer than the C°-topology and if necessary regarding ®;(1) as the constant path t — ®;(1),

we may assume as well that (C(}ing )(Ai(@i(l))) = 0. Note that the (C° + L°)-metric on the space of
+ oo

constant paths coincides with the C%-metric. Hence, we have for each fixed 2 € M:

. . o . .
O:(Colﬂm)Aa((bi(l))_(c&ﬂw) _(n—l)!<Sw(q)’)’[a/\w ) VolQ(M)Za
o
:_(ni1)l<§g(H)a[a/\wn1]>—V019(M)/04
! A
Thus
/a:_(n—1)!&1/019(M)<§5(H)’[0‘A“"1]>- 0 (4.5)

OH

x

In order to understand the dynamics of the solution curves of ODE’s, one should travel along the manifold
and thoroughly study the behavior of the trajectories in different regions [12]. This procedure can be delicate
depending on the topology of the manifold. However, Proposition 4.1 tells us that given any element in
Vid (S G,(M )), the topology of its orbits in M is determined by its flux geometry: the geometric properties
of loops in SG, (M) reflect the dynamics of their orbits on M.

Proof of Theorem C. 1. Let H be a continuous Hamiltonian isotopy with time-one map identity, by defi-
nition, we have that SC(H) = 0. By Proposition 4.1, we have for all closed 1-forms «

/ “= 7(n — 1)!11/OZQ(M) <§8(H)’ [a/\wnilb =0 since §2(H) —0.
of

Therefore, / a =0 ie. OF is null-homologous in H;(M,R).

oy
2. Let H be in V;4(SG.,(M)) whose orbit is null-homologous in H; (M, R). Therefore, for all closed 1-forms
o
0= / o=— L (SO(H), [ Aw™ ) by Proposition 4.1
(n—)!Wolg(M) "« "7 o

of

Since M is of Lefschetz type we have gg(H ) = 0 i.e. H is a continuous isotopy with time one map
identity. O

The next result claims that the flux homomorphism §2 preserves the homotopy class of S-topological
isotopies.

Theorem 4.1. Let (M,w) be a closed connected symplectic manifold of Lefschetz type. If H and L are two
S-topological isotopies homotopic relatively to fized endpoints in SG,,(M), then S°(H) = SY(L).
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Proof. Let {h'}; =@ H = (coligoc)((éwiﬂi)) and {I'}; = L = (cgi:%m)((b(vi”ci))’ be two S-topological

isotopies homotopic relatively to fixed endpoints in SG,,(M). Fix a sufficiently large integer p. From the

CP-convergence (®(t)); := {ngEUi ot — CoHLY ———— {h'};, we may assume that for each z € M, there exists a

minimizing geodesic (P from h'(z) to (®P(1))(z) such that the curves (P, O and 02" delimit a 2-chain
in M. Hence, for all closed 1-form «, we derive from Stokes’ theorem that

/a:/a—i—/a. (4.6)
OH orr ¢?

Similarly, since (V¢(t)); := {(b%vi’,ci)}t L, {i*};, then we may assume that for each z € M, there exists
a minimizing geodesic &P from I'(z) to (UP(1))(2) such that the curves &P, OF and OF" delimit a 2-chain

in M, and then
/a: / a+/a, Vae ZYHM). (4.7
oL oyr 31

The paths H and L being homotopic relatively to fixed endpoints, we derive from (4.6) and (4.7) that

/a+/a—/a+/ Y ae ZH (M) (4.8)
0P owp

ie.,

/a—/a—/a—/ YV aec ZH(M). (4.9)
owp

Therefore, integrating (4.9) over M and applying (3.4) one obtains

n(S,(TP) — S, (BP), [ A "~ / /a— /a w" Vae ZY (M) (4.10)

O 8
where
/a:M—> R /a:M—> R
¢ v
© z»—)/a and © z|—>/a.
P p

The length of a minimizing geodesic being bounded from above by the distance between its endpoints, for
all « € Z1(M) we have

/ / a- [a]e <ol C/ W | (do(h, P (1)) + do(11, WP(1))) (4.11)

0 8 1

Hence, combining (4.10) and (4.11) we derive by passing to the (C° + L°°)-limit that,
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(lim (S,(TP) = S, (@P)), [a AW ) =0  VaeZY(M), (4.12)
(SO(H) — So(L)),[a Aw™ ') =0 VaeZ'(M). (4.13)

Since M is of Lefschetz type, then (4.13) implies SO (H) = SO(L). O
In order to extend Theorem 2.1 to S-topological isotopies, let’s prove the following lemma.

Lemma 4.1 (Topological non-lifting procedure). Let H = {h'}; be an S-topological isotopy whose generator
is of the form (0,H). For each fized t, consider H', the path from identity to ht as the reparametrized path
s — h®t. Then, the map

[0,1] — PSG, (M)
t — Ht

is continuous with respect to the (C° + L>)-topology on PSG,(M).

Proof. Let H = {h'}; be an S-topological isotopy with generator (0,#). By definition of H there is a

sequence (®;); = ({¢§}t)j of symplectic isotopies generated by ((O,Hj))j such that H = (C(}inll, )<I>j.
+ oo
Consider the sequence of reparametrized isotopies ({(;_53 }t)j where for each j and each fixed ¢, the isotopy

QB; = {¢§,St)}s is generated by (O,t’Hé-St) ).
For each j observe that {<Z_5§}t is an element of P([0,1],P(Homeo(M),idys)). Since the space

P(Homeo(M),idys) is a complete metric space with respect to the metric d, so is P([0, 1], P(Homeo(M),
idpr)) with respect to the metric:

d({8"}e, (9'}e) = maxd(¢",¢"),  V{d'}, {¥'} € P((0,1], P(Homeo(M), idyr)). (4.14)
Therefore

d({05}e, {dh,p}e) = max (@5, &% iy) = d(Py, j4x) — 0 as j — oo

That is, the sequence ({rj;g}t)] is Cauchy in a complete metric space and hence converges to H* = {h(s9)},.
It follows that the map ¢ — H! is continuous with respect to the C°-metric.
Besides for each j, the path {#}}; is an element of P([0, 1], PH' (M, S)) where H} = {tH§St)}s for each
fixed t. Since the space PH!(M,S) is a complete metric space with respect to the supremum norm
K Yello := max [|K*|| 2, ¥ {K'}e € PH' (M, S)
so is P ([0,1], PH' (M, S)) with respect to the supremum norm
I{£ulllo = max [ £%(lo, ¥ {L"}u € P ([0,1], PH!(M,S)). (4.15)
Therefore
M5 3 = {5 bello = manx 15 — 5 flo = max ¢4 — 157 2

< max |HY —Hi e llLe — 0, j— 0. (4.16)
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That is ({#%}+); is a Cauchy sequence in a complete metric space. Hence, it converges to {#'}; where
HE = {tH (D}, Tt follows that the map t — H?! is continuous in the L?norm. Thus the map t — H? is
continuous in (C° 4+ L*)-topology. O

To prove Theorem A, let us recall the following inequality: given a family of closed 1-forms (at); together

r(9)

with two isotopies ® = {¢'}; and ¥ = {¢'}; such that d(®, ¥) < <=5 where r(g) is the injectivity radius

of the riemannian manifold (M, g), one has (see [17])

max osc / o' | - / o <4 max |af||e d(®, ). (4.17)

te(0,1] te(0,1]

ovt

¢t
o 8!

©
Proof of Theorem A. Let H = {h'}; be an S-topological isotopy in Hameo(M,w) with generator (U, H).

o Step (1/2): Let H = p o v be the S-decomposition of H where p : t — p is a continuous isotopy
in G,(M), and v : t — V!
ht € Hameo(M,w), we use the above S-decomposition to derive that p* € Hameo(M,w) for all t. Thus,
it follows from Corollary 3.1 that for each fixed ¢, the path p* : s —» p(**) has its flux in ST, (since M
is of Lefschetz type).

« Step (2/2): By formula (4.17) the map ¥ — S%(¥) is (C° + L°°)-continuous and by Lemma 4.1 the
map t — p' is continuous with respect to the (C° + L°)-topology on PSG,(M). Therefore, the
map t — gg(ﬁt) is continuous from the connected topological space [0, 1] into the discrete space ST,
(because (M, w) is of Lefschetz type). Thus, the latter map is constant, i.e., S°(5*) = S9(5°) = 0. That

t

is a continuous Hamiltonian isotopy (see [3,14,17]). For each t, since

/Hsds = 0 for all ¢, and we derive as in the proof of Theorem 2.1 that H! = 0, for each t. We

have proved that the generator of the isotopy H is of the form (U,0), i.e., H is in fact a continuous
Hamiltonian isotopy. O

Proof of Theorem B. Let X = (C'Uhnll, )¢>(U“H y be an S-topological isotopy such that SO( )=0and R =
+ oo

p o v be the S-decomposition of N. The path p is a continuous path in G, (M) (see [14,16]). Therefore
p = {p'}: is homotopic relatively to fixed endpoints to a smooth isotopy ¥ in G, (M) via a homotopy
mapping Y, ¢ such that 0 = S0(R) = 89(p) = S,(V) (by Theorem 4.1). Besides, it follows from a well-
known result proved by McDuff-Salamon [9] and Banyaga [1] that ¥ = {¢'}, is homotopic relatively to
fixed endpoints to a Hamiltonian isotopy ® = {¢'};. Let Yy ¢ be the homotopy between ¥ and ®, and
derive that the mappings T, v and YTy ¢ induce a homotopy Y, o between p and ®. Then, the following
mapping induces a homotopy between X and a continuous Hamiltonian isotopy {#‘}; = © := ®ov as
follows:

Tao: [0,1] % [0,1] — SG.(M)

(s,1) — T(s(b ovt,

with Tgo’g) = T;?g)oyt = ptovt =R, Tg’g) = T(l t)oy = ¢lovt = @, foreach t T& @) = T(S 0)osz ids

and Tfjg) = TS&}) ovl =¢lovt =0, for each 5. O
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