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Abstract. Let (M, g) be a compact Riemannian manifold of hyperbolic type without conjugate
points and X be its universal Riemannian covering. We show that the growth function
of the volume of geodesic spheres of X is of purely exponential type. This result
yields a sufficient condition for the non-existence of a Riemannian metric with strictly
negative curvature on compact manifolds. © 1999 Académie des Sciences/Editions
scientifiques et médicales Elsevier SAS

Volume d’une sphere géodésique dans une variété
de type hyperbolique

Résumé.  Soient (M, g) une variété riemannienne compacte de type hyperbolique sans points
conjugués et X son revétement universel. On montre dans cette Note que le volume des
sphéres géodésiques de X est de croissance exponentielle pure. Ce résultat nous permet
d’obtenir une condition suffisante pour la non-existence d’une métrique riemannienne
& courbure strictement négative sur une variété compacte. © 1999 Académie des
Sciences/Editions scientifiques et médicales Elsevier SAS

Version frangaise abrégée

Une variété riemannienne compacte (M, g) est de type hyperbolique s’il existe une autre métrique
riemannienne go sur M telle que (M, go) soit 2 courbure strictement négative. Toute surface compacte
orientable est un espace de type hyperbolique si et seulement si son genre est > 2 (voir [13] ou [14]).

Les variétés de type hyperbolique sont des exemples d’espace hyperbolique au sens de Gromov
(voir (1], [4], [9] ou [11]).

Un espace métrique (X, d) est un espace hyperbolique au sens de Gromov s’il existe un réel § > 0
tel que (- Y)zo = min [(Z - )z, (u- 2)z,| — & pour tous x, y, z éléments de X et pour tout point
de référence o, ol (2 - Y)z, = 3 [d(z,Z0) + d(y,z0) — d(z,y)] désigne le produit de Gromov de
deux points = et y de X.

[
Note présentée par Marcel BerGER.
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On désignera par X%(o00) le bord au sens de Gromov de I’espace hyberbolique X (voir section 1).

Soient ensuite (X,d) un espace métrique et T' un sous-groupe discret et infini du groupe des
isométries Iso(X) de X. Pour zo, £ € X et s € R notons P,(z,z) la série de Poincaré associée
a T (voir section 2). Le nombre a := inf{s € R | Ps(z,z0) < 00} est appelé exposant critique de
I'. Pour s > a et z € X, considérons 1a mesure

z e—ad(z,‘yzo)azo
. YEr

NS,IO E T P,(xo, z0)

et la limite faible p, := lim p,, 4, 0. {#z}zex est la densité de Patterson-Sullivan associée 2
T (voir [15]). " |

Soient X une variété hyperbolique au sens de Gromov, a € R*, " un sous-groupe discret et infini
de Iso (X). Une quasi-densité de Busemann de dimension o est une famille {z, }.cx de mesures de
Borel finies non triviales définies sur X U X%(o0) telles que :

1. suppp. C A(T,z), o0 A(T, z) est ’ensemble limite de ’orbite 'z dans X% (00) ;

2. fiyz(vA) = p(A) pour tous v € T, A € X%(c0), A mesurable, z € X ;

3. il existe A > 1 tel que, pour tous z, y € X,

d —a
A~ le—abe(w) < ﬁ(f) < e be (y)

pour presque tout £ € X%(co), ol ¢ est une géodésique vérifiant c(0) = z, c(o0) = &, et
b.(y) := . Iigx d(c(t),y) —t est la fonction de Busemann pour la géodésique c.

Dans la suite du travail, (M, g) désigne une variété riemannienne compacte de type hyperbolique,
X son revétement universel muni de la métrique induite. Soit " le groupe des transformations de
Deck et o son exposant critique. En utilisant le lemme 2.2 de [5] et la proposition 3.6 de [15],
nous prouvons le lemme suivant :

LEMME 1. — La densité de Patterson-Sullivan associée a T sur X U X€(00) est une quasi-densité
de Busemann de dimension aS.

Pour chaque y € X U X%(c0), € X et p > 0, définissons ’ombre de la boule Bg(:c', p) vue
du point y, comme I'ensemble O3(z, p) des points £ € X(c0) tels que tout rayon géodésique cye
reliant y et £ vérifie cye N By(z, p) # . On a le lemme suivant :

LeEMME 2 (lemme de I’ombre). — Soit {2 }zex la densité de Patterson-Sullivan associée a T'. Alors
il existe une constante Ry > 0 et une fonction b > 1 telles que, pour tout p > R, et tout x € X on ait :

1 ’ —a x,T
Tp)e‘a d(z,zq) < B, (Ogo(:l,',p)) < b(p)e 9d(2,z0)_

Le théoréme suivant est le résultat important de notre travail :

THEOREME 1. — Soit (M, g) une variété riemannienne compacte de type hyperbolique et sans points
conjugués. Soit X son revétement universel muni de la métrique induite par celle de M, S(zo,r) la
sphére géodésique de centre zq € X et de rayon r et hg Uentropie volumique de M. Alors il existe
des constantes a > 1 et rg > 0 telles que :

vol S(zq, )

1
- < < tout r 2> 9.
- = et < a pourtout r > 19
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Volume of geodesic spheres in manifolds of hyperbolic type

1. Preliminaries

A compact Riemannian manifold (A, g) is called of hyperbolic type if there exists an another
Riemannian metric go such that (M, ge) has strictly negative curvature. If dimM = 2 and M
orientable, then hyperbolic type is the same as genus > 2 (see [13] or [14)).

The manifolds of hyperbolic type are examples of Gromov hyperbolic manifolds (see [1], [4],

[9] or [11D).
Let § > 0. A metric space (X,d) is said to be a §-hyperbolic space if

(£ -Y)z, > min [(x “ )y (Y- Z)zo] =6

for all z, y, z and every choice of reference point o, where

(2 9)eq = 5 [d(z,70) + d(y,70) ~ d(z,)]

denotes de Gromov-product of two points = and y of X. We call X Gromov-hyperbolic space if

it is 8-hyperbolic for some 6 > 0.
Now let X be a Gromov hyperbolic manifold. We say that the sequence (z;);en Of points in X
converges at infinity if ljiinw(xi “Zj)z, = 00. We define the following equivalence relation R on the

set of sequences of points in X that converge at infinity:

(z:) R (y;) = , gi_rflw(xi “Yj)ze = 00.

The Gromov boundary X€(oo) of X is the set of equivalence classes of sequences that converge at
infinity. There is a natural topology on the set X U X G(oc0) such that X is dense in X U X%(00) and
X U X% (o0) is compact. Each geodesic v : R — X defines two distinct points y(+00) and y(—00).
For each (n,z) € X€(00) x X, there exists a geodesic ray v such that v(0) = z and y(+o0) = 7.
For any other geodesic ray 4" with 7'(0) = ¥(0) = = and v/(+00) = ~y(+00) = 7, we have

d(v(t),7'(t)) <46 forall t > 0.

Let (M, g) be a compact Riemannian manifold of hyperbolic type, X be its universal Riemannian
covering. Let go denote an associated metric of strictly negative curvature on M. The universal
Riemannian covering Xo of (M, go) is a Hadamard manifold satisfying Kx, < —k2 < 0 for some
constant ko > 0. Hence Xp and X are Gromov hyperbolic spaces. Moreover,

X%(00) = X§(00) & Xo(o0),

where Xo(oo) is the ideal boundary of a Hadamard manifold X, (see [7] for the definition of
ideal boundary).

2. Busemann quasi-densities

Let (X,d) be a metric space and I' be a discrete and infinite subgroup of the isometry group
Iso (X) of X. For Zo, T € X and s € R,

Py(z,z0) := e~ *d=m0)
~er
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denotes the Poincaré series associated to I'. The number o := inf {s € R | Py(z,z0) < 00} is
called the critical exponent of T and is independent of z and zp. For s > o and = € X, we
consider the measure
Z e—ad(:c,'y:to)azo
. yer
N‘a,z‘o,z . Pg(Io,on)

and a weak limit i, := lim pt,, 25 2. {#t=}zex is called the Patterson—Sullivan density associated
8p—

to I' (see [15)).

Let X be a Gromov hyperbolic manifold, & € R*, T' a discrete and infinite subgroup of Iso (X).
Let {¢iz}eex be a family of finite nontrivial Borel measures on X U X(00). We will say that
{lz}zex is an a-dimensional Busemann quasi-density if:

1. suppp, C A(T,z), where A(T',z) is the limit set of the orbit T'z in X% (c0);

2. pye(vA) = p.(A) forall 4 € T, 4 € X(00), A measurable, z € X;

3. there exists A > 1 such that, for all z, y € X,

d —a
P e~—abc(y) < d__z’_:_(o < e b (v)

for almost all ¢ € X%(o0), where c is a geodesic satisfying ¢(0) = z, c¢(o0) = &, and
b.(y) := . liin d(c(t),y) — t is the Busemann function for the geodesic c.
— 400

For the rest of this Note let (M, g) denote a compact manifold of hyperbolic type, X be its universal
Riemannian covering. Let T be the group of Deck transformations and of be its critical exponent.
Using Lemma 2.2 of [5] and Proposition 3.6 of [15], we show the following lemma:

LEMMA 2.1. — The Patterson~Sullivan density associated to T on X U X€(00) is an ad-dimensional
Busemann quasi-density.

For given y € X U X%(c0), £ € X and p > 0, we introduce the shadow O3(z, p) (of the ball
Bg(x, p) viewed from the point y) as follows: O¢(z, p) consists of all points £ € X G(oo) such that
all geodesic rays cye connecting y and ¢ satisfy c,e N By(x,p0) # 9.

LemMA 2.2 (shadow lemma). — Let {1, } ¢ x be the Patterson—Sullivan density associated to T'. Then
there exists a constant Ry > 0 and a function b > 1 such that for all p > Ry and all x € X:

55 &4 < iy (02, (2,) < Wp) ),

3. The growth rate of the volume of spheres in manifolds of hyperbolic type

TueorReM 3.1. — Let (M, g) be a compact Riemannian manifold of hyperbolic type without conjugate
points and X be its universal Riemannian covering. Let S(x¢, 1) be the geodesic sphere about xo € X
of radius r, and hg be the volume entropy of (M, g). Then there exists constants a > 1 and o > 0
such that:

vol Sz, 7)

o <a forall r > ry.

1 <
a
That is, the growth function of the volume of the geodesic sphere S(zo, ) is of purely exponential type.
Remark 3.1. - In 1969 Margulis proved, for a suitable constant A > 0, the existence of a(p) :=
i vol S(p,r)
m ————l
ehT

Am at each point p in manifolds of strictly negative curvature, and that the function
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a : M — R is continuous (see [16]). Clearly, this result implies purely exponential volume growth
of geodesic spheres. Knieper showed an analogue of Theorem 3.1 for manifolds with a rank 1 metric
of nonpositive curvature (see [15]). Note that the manifolds considered in Theorem 3.1 may have

curvature of both signs (see [6]).

The following lemmas will be useful for the proof of Theorem 3.1. They can be derived by similar
arguments like those given in [3].

LeMMA 3.1. — Let (M, g) be a compact manifold without conjugate points, X be its universal

Riemannian covering and n = dim X. Let S(xo,r) be the geodesic sphere of radius r about x4 € X.
Then, for all p < i r, there exists a constant £1(p) > O such that all (n — 1)-dimensional subdomains

B in S(xo,7) with diam B = p satisfy vol,,_1(B) < £1(p).
Let B(xo,r) be the open geodesic ball about a point zo of radius r. For z, y € X \ B(zo,r)
we define:

d,(z,y) = inf {£(0) | o is a piecewise smooth curve connecting x and y and o C X \ B(zo,7)}.

FOl' T € S(-’EOvT) let B;(‘T) = {y € S(.’Bo,’f') | d,-(:L‘,y) < P}

Lemma 3.2. — Let (M, g) be a compact manifold without conjugate points, X be its universal
Riemannian covering and n = dim X. Suppose that X is a 6-hyperbolic manifold. Then there exists
a constant K > 0, such that for all p > K and v > 2p, there exists a constant £3(p) > 0 with

VOln-—l(B;(‘T)) > {5(p) for all z € S(zo,7).

Proof of Theorem 3.1. — Choose p = max{6R,, 3K, 136}, where R, is as in Lemma 2.2, K is
as in Lemma 3.2 and § > O such that X is a 6-hyperbolic space. Let zy,...,Z,, be a maximal
p-separating set in S(zg,r). Then

X%(o00) = U OF, (i, p + 46).
i=1

bO eoz’r
. - b(p + 46)°
where bo = Yo (X (00)) and o is the critical exponent of the group of Deck transformations. Note
that the balls B'%(xi) are pairwise disjoint subsets of S(zq,r). Using Lemma 3.2 and p > 3K, we

Since p > 6R;, Lemma 2.2 implies the existence of a constant b(p + 46) with m >

de that there exists a constant lz(g) > 0 with

nta(8)
W+ 48]

conclu

vol S(zp,r) > e*’” for all r > _2:_5_p_

Furthermore, Lemma 3.1 implies the existence of a constant £,{p) > 0 with vol S(ze,7) < mf;(p)
r > 2p. Since p > 136, the shadows OF, (xi, g) are pairwise disjoint subsets of X% (o0).

for all
. . . p . m
Because of p 2 6R; Lemma 2.2 implies that there exists a constant b(g) with by > T8 (5) o

Finally, since vol B(zo,7) = / vol S(xg,t)dt, there exist constants a; > 1 and r; > 0, such that
0

vol B(zg, 1)

o <a; forall r>r;.

1
— <
ay;

Hence af = hg.
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COROLLARY 3.1. — Let (M, g) be a compact orientable surface of genus > 2, without conjugate
points and X be its universal Riemannian covering. Then the growth function of the volume of
geodesic spheres of X is of purely exponential type.
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