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Abstract — We analyzed the DSD with a new function 

R(D) which is equal to the rain rate per interval of raindrop 

diameters. The expressions of some weather variables (radar 

reflectivity Z, liquid water content W and rainfall rate RT) 

were written with the function. The disdrometer data 

collected in northern of Benin during the African Monsoon 

Multidisciplinary Analysis (AMMA), were divided into two 

samples: DATA A and DATA B written in rain rate 

distribution per diameter class form (R-DSD). The R-DSD of 

DATA A classified by intervals of rainfall rates are averaged. 

Gamma function with three parameters (RT, Dc and μ) 

models these averaged R-DSD. Various relations are 

established between the parameters of these averaged R-

DSD. Thus, when the moments of these R-DSD are 

parameterized only by the rain rate RT, we make a 

relationship between the radar reflectivity Z and rain rate 

RT. Using the sample DATA B allows us to estimate Z by this 

relation, on one hand, and by the classical Z-RT relation.  

The comparison of the two estimations allows us to state 

that the new Z-RT relation is in the same order as the 

classical Z-RT relation. 

 

Keywords — DSD, Radar Reflectivity, Rainfall Rate, 

Disdrometer, AMMA. 

 

I. INTRODUCTION 
   

Most work [1]-[7] which followed that of Marshall and 

Palmer (1948) [8] on the DSD (Drop Size Distribution) 

analyze it using a generalized function N(D). It is defined 

by the spectrum of a given period T (one minute) and 

corresponds to the number of rain drops per unit of 

volume and by interval of diameters. It is calculated as 

follows: 
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Di is the equivalent diameter of the raindrops measured.  

∆Di is the width of the range of diameters centered on Di. 

In this study, Di and ∆Di are expressed in millimeters.  S is 

the disdrometer collecting area expressed in square meters. 

At the period T, Ni is the number of drops counted by the 

disdrometer in each size range. V(Di) is the falling speed 

of the drops of diameter Di. For the rainfall to be 

proportional to the moment of the function N(D), the 

relationship between the speed of falling drops and its 

diameter is used as suggested by Atlas and Ulbrich (1977) 

[9]: 
67.078.3)( ii DDV                          (2) 

 

In our study, T is 60 seconds. Therefore, N(Di) is 

expressed in [m-3mm-1]. 

The measured moments of order n of the distribution are 

defined by: 
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When a mathematical function is used to model this 

distribution, we define the nth theoretical moments as 

follows: 

dDDNDM n
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0
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This formula does not account for the truncation of the 

distribution [10]. However, it has the advantage, for a 

given function of N(D), to easily write the moments Mn 

using tabulated mathematical functions. 

The function N(D) is commonly used because most 

application variables in meteorology are written according 

to those nth statistical moments. These variables are for 

instance liquid water content, rainfall, the median volume 

diameter, and radar reflectivity. Moreover, these variables 

are calculated independently of the inherent form of the 

DSD. For example, some of their expressions are given 

below:  

 The rain rate RT(mm.h-1): for a given spectrum, the 

volume of water (converted in height per square 

meter) measured per unit of time (hour) is given by 

the following expression: 

 
i

iiiiT DDNDVDR )()(106 34  (5) 

Using expression (2), we observe that the rain rate is 

proportional to the moment of order 3.67. 

 The liquid water content W(g.m-3): used for the study 

of microphysical mechanisms of precipitation, the 

liquid water content is defined as the mass of liquid 

water in a unit volume of air. By DSD spectrum, the 

liquid water content is consequently the product of the 

density of liquid water (ρ=106 g.m-3) times the sum of 

the volume of all drops measured in one minute: 
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 It is, therefore, proportional to the 3th moment of 

DSD. 

 The radar reflectivity in the approximation of 

Rayleigh Z(mm6m-3): in the particular case where the 

diameter of the scattering particles is very small 
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compared to the wavelength, the Rayleigh 

approximation can be used. This approximation is 

considered valid for rain and frequencies commonly 

used by operational weather radar (3GHz or 5GHz). 

Hence, for a given spectrum, the radar reflectivity 

factor, generally known as radar reflectivity is 

obtained as followed: 

ii

i

i DDNDZ  )(6                  (7) 

 It is, therefore, equal to the 6th moment of DSD. 

 The drop energy flux (rate of kinetic energy)  E(J.m-

2.h-1) is the variable of greatest interest in erosion 

studies and this is given by : 

   

i

iiii DDNDVDE )()]([103 334  (8) 

Expression (2) shows that the drop energy flux is 

proportional to the moment of order 5.01. 

In West African regions, the first studies on drops size 

distribution of rain were conducted by Sauvageot and 

Lacaux (1995) [11] and were continued by both Nzeukou 

et al. (2004) [12] and Ochou et al. (2007) [13]. These 

distributions had been observed with the impact 

disdrometer in Abidjan, Boyélé, Dakar and Niamey 

(Fig.1). Ochou (2003) [14] described the global 

characteristics of the raindrops size distribution of West 

African rainfall compared with those of other climatic 

areas. This work highlighted a remarkable difference 

between the form of raindrops size distribution of the 

temperate regions and that of the tropical regions. These 

authors also analyzed the regional variability of raindrops 

size distributions within the West African region. They 

noticed that the moderate rain rates (2 to 20 mm/h) are 

generated by a large number of raindrops on the coastal 

sites, whereas on the continental sites, a low number of 

raindrops is enough to produce the same rain rates. 

Furthermore, the distributions observed in Niamey 

(Sahelian zone) are clearly distinguished from those 

observed in wet tropical zone (Abidjan and Boyélé) based 

on the relatively higher average size of their drops.  

 

 
Fig. 1. Region of West Africa with the cities in which 

DSD was sampled once. 

 

More recently, Moumouni et al. (2008) [1] analyzed the 

drops size distributions collected with optical disdrometers 

in the same area. They showed that these spectra have a 

marked convex shape, characteristic of a relative deficit in 

small drops, as already observed in the area by previous 

authors. They also indicated that this form of DSD is well 

reproduced by the gamma function with three parameters 

and proved that these DSD are very deficient in raindrops 

number compared to rains in temperate zones.  

The objective of this article is methodological. If the 

quantitative estimation of precipitation is the ultimate goal 

of weather radars, Why are the variables measured not 

directly related to the R-DSD, or to their moments? 

Specifically, we want to verify, using disdrometer data 

collected from northern Benin, whether the R-DSD can be 

modeled by the gamma function, and whether the 

moments of this distribution can be estimated from this 

model. 

 

II. DATA 
 

Optical disdrometers [15-18] belong to the new 

generation of sensors that measure the size of raindrops. 

There are currently two types of them: optical 

disdrometers with only one beam (OSP: Optical Spectro-

Pluviometer) and those with double beam (DBS: Dual 

Beam Spectropluviometer). During the Enhanced 

Observing Period (EOP) of AMMA campaign [19], these 

two types of optical disdrometers were used to reinforce 

the observations of weather radar installed in Djougou, 

northern of Benin (Figure 1). For technical reasons, these 

instruments did not work simultaneously.  

Table 1 presents the characteristics of the instruments, 

the geographical coordinates of their installation points 

and the operating periods. During three rainy seasons 

(2005 to 2007), these optical disdrometers observed the 

rain on three sites, in the center and around the city of 

Djougou. Overall, 93 events were sampled, which 

represent 11647 spectra of DSD (of duration one minute) 

and 1221 mm of cumulated rain. The comparison [20] of 

these measures to those of rain gauges located near the 

disdrometers showed a real similarity between the event 

accumulations and intensity distributions. 

This study will base all its assessment on this data. For 

the relevance of the analysis, these data were divided into 

two samples: 

 DATA A consists of 47 events, a total of 6175 R-

DSD spectra, used for modeling the distribution;   

 DATA B consists of 46 events, a total of 5472 R-DSD 

spectra, used for the validation of the moments' 

model. 

 

III. METHOD 
 

1.1  Expression of Rain Rate Distribution per 

Diameter Class 
Combining relations (1) and (5), the expression of the R-

DSD is as followed: 

i
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The formula below calculates its measured nth moment: 
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i
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As in the case of the DSD, when the R-DSD is modeled, 

its nth theoretical moment is given by the following 

formula: 





0

)( dDDRDm n

n
               (11) 

The expressions of few weather variables that can be 

deducted from the R-DSD are: 

 

Table 1. Synthesis of the disdrometers data observed in 

northern Benin. Characteristics of the disdrometers, 

coordinates of the measuring sites and operating periods of 

each sensor. IR: Infrared [1]. 
Sensor name / 

Type of 

Disdrometer / 

Horizontal 

section 

Location / 

coordinates 
Operating 

period 

Number of 

events/ number 

of spectra / Total 

cumulative 

rainfall 

Parsivel / 

OSP with one  

beam IR / 

S=48.6cm2 

Nangatchiori/ 

1.74° E, 9.65° 

N 

August  to 

October 

2005 

10 events / 

1816spectra / 

160.03mm 

DBS-01 / 

OSP double 

beam IR / 

S=100cm2 

Copargo / 

1.56° E, 9.82° 

N 

June to 

september 

2006 

27 events / 

3101spectra / 

325.12mm 

OSP-01 / 

OSP double 

beam IR / 

S=100cm2 

Djougou / 

1.66°E, 

9.69°N 

June to 

September 

2006 

14 events / 

1772spectra / 

256.10mm 

OSP-02 / 

OSP à simple 

faisceau IR /  

S=100cm2 

Djougou / 

1.66°E, 

9.69°N 

June to 

October  

2007 

42 events / 

4958spectra / 

479.65mm 

 

 Rain rate RT (mm.h-1) ]: obviously, for a spectrum, 

rain rate is equal to zeroth moment in this distribution: 

 
i

iiT DDRR )(                 (12) 

 Liquid water content W (g.m-3): by combining 

relations (5) and (6), for each spectrum, its expression 

is in the form: 

i

i

i

i
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 Additionally, if we take relation (2) into account, the 

liquid water content is proportional to the -0.67th 

moment of the R-DSD. 

 Radar reflectivity in the approximation of Rayleigh 

Z(mm6m-3): its expression is obtained by combining 

relations with Equations (5) and (7), for each 

spectrum. 

i
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 Consequently, if we use relation (2), the radar 

reflectivity in Rayleigh approximation is proportional 

to the moment of order 2.33 of R-DSD. 

 The drop energy flux E(Jm-2h-1) by combining 

relations (5) and (8), for each spectrum, its expression 

is in the form:  

i

i

ii DDRDVE   )()]([5.0 2      (15) 

 Using expression (2) shows that the drop energy flux 

is proportional to the moment of order 1.34 of R-

DSD. 

 Characteristic diameter Dc (mm): we also define a 

diameter which can characterize the average size of 

the raindrops in a spectrum by the following 

expression: 


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1.2 R-DSD Modeling Using a Gamma Function 
Given the focus of this article, it is necessary that the R-

DSD be modeled by a function with parameter RT. 

Consequently, we adopted an analytical expression of the 

gamma distribution as follows: 
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When we introduce relation (17) into (11), the 

expression of the nth theoretical moment of the 

distribution is:  
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The zeroth, first and second moments are respectively 

equal to: 

TRm 0
; 

cT DRm 1
; 

1
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By combining these three expressions we obtain: 
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IV. RESULTS AND ANALYSIS 
 

1.3 Analysis of R-DSD Spectrum by Spectrum 
This section is dedicated to the presentation and the 

analysis of results. From the measured spectra of DATA 

A, R-DSD is calculated using Eq.(9). Then, Eq. (10) 

calculates the different moments of the distribution. We 

directly deduce, for each spectrum, the parameters RT and 

Dc. Then we estimate, for each spectrum, the parameter μ  

 

 
Fig. 2. Histogram of parameter  values, calculated from 

6175 spectra of DATA A. 
 

using the relationship with Eq. (20). Fig.2 displays the 

histogram of μ values obtained. It reveals that the values 

of this parameter are strongly dispersed. This result was 
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demonstrated, for the DSD number of drops, by several 

authors such as Tokay and Short (1996) [21].  

This also led other authors [11-13] to calculate and 

analyze the average of the DSD by class of rain rate. The 

same situation has led, other authors like Sempere-Torres 

et al. (1994) [22] to suggest a normalization of the DSD 

with a single parameter, or Testud et al. (2001) [23] and 

Lee et al. (2004) [24] to propose a normalization of the 

DSD with two parameters. In this work, we adopted the 

approach of the first authors on the analysis of the 

averaged R-DSD. 

1.4 Analysis of the Average R-DSD 
For different classes of rainfall rate of measured spectra 

DATA A, the average distribution of R-DSD is calculated.  

Then, the various moments of these average R-DSD 

helped to determine their RT, Dc and μ parameters 

(relationships with Eqs. (19) and (20)). Table 2 reports 

these values. It also contains the number of spectra for 

each class. The Nash coefficients and those of correlation 

calculated between the average R-DSD and the gamma 

function calibrated on that R-DSD, are also listed in the 

table. Fig.3 presents the mean R-DSD for different classes 

of rain intensity. Next, we determined the relationship 

between these R-DSD parameters (Fig.4).  

Based on the analysis of these graphs, it shows that the 

gamma function fits the R-DSD well. Same as the DSD 

[1], the R-DSD in northern Benin is convex. The increase 

in rainfall rate is also justified by the increase in the 

average size of the raindrops (relation with Eq. (21)). 

Lastly, the variability of the form parameter μ can be 

explained by the variability of the rain intensity (relation 

with Eq. (22)), and therefore by the variability of the 

characteristic diameter (relation with Eq. (23)).  
16.0459.1)( TTc RRD   (21) 

098.0283.4)( TT RR   (22) 

628.0354.3)( cc DD   (23) 

 

Table 2. Parameters (RT, Dc and μ) of gamma function set 

to the average R-DSD. Coefficients of correlation and 

Nash calculated between the averaged R-DSD and the 

model. 
Rain rate 

classes 
5TR  105  TR  2010  TR  3020  TR  

Number of 

spectrum 

4589 573 428 228 

RT [mm] 1.442 6.957 14.263 24.249 

Dc [mm] 1.740 1.949 2.092 2.310 

μ 4.796 4.908 5.837 5.610 

ρ 0.993 0.976 0.980 0.984 

Nash 0.978 0.933 0.949 0.957 

Rain rate 

classes 
4030  TR  6040  TR  10060  TR  100TR  

Number 

of 

spectrum 

124 122 78 33 

RT [mm] 34.246 48.507 71.999 131.395 

Dc [mm] 2.505 2.836 2.884 3.268 

μ 5.622 6.273 6.623 7.239 

ρ 0.989 0.997 0.997 0.994 

Nash 0.971 0.993 0.99 0.985 

 
Fig. 3. Spectra of DATA A. Each sample averaged R-DSD 

class is represented by the symbol and the curve represents 

the gamma function fitted to this R-DSD. 

 

 
Fig. 4. Spectra of DATA A. Parameters (RT, Dc and μ) 

from the averaged R-DSD represented one according to 

the other (symbol). In each case, the curve represents their 

relationships adjusted on the data. 
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1.5 Model Validation 
In Section 3, we showed that radar reflectivity Z (in 

Rayleigh approximation), the liquid water content W and 

the drop energy flux are respectively proportional to the 

moments of order 2.33, -0.67 and 1.34 of R-DSD. The rain 

rate itself being equal to the zeroth moment of R-DSD. 

Even without the meaning of the other moments, it would 

be interesting to see how the model can successfully 

estimate them. Consequently, we compare the measured 

moments (Eq. (10)) to the theoretical moments (relation 

with Eq. (18)) using the criteria defined in the annex. The 

theoretical calculation of moments requires to input three 

parameters. For this purpose, we adopted the three types of 

inputs: 

Input1: RT[measured]-Dc[measured]-μ(RT )[Eq.(22)] 

Input2: RT[measured]-Dc [measured]-μ(Dc )[ Eq. (23)] 

Input3: RT[measured]-Dc(RT)[Eq.(21)]-μ(RT )[ Eq. (22)] 

 

Fig.5 displays the results of these comparisons. 

Apparently, for these three inputs, the theoretical formula 

on moment estimates precisely the zeroth moment (i.e. the 

rain intensity). Additionally, the different moments are 

very well calculated, when we use the first two inputs 

(Input1 and Input2). This proves the importance of having 

two parameters to estimate the different moments of the 

distribution correctly. Concerning the third input (Input3) 

where we only use the rain intensity as a single input, we 

notice that the estimation error rapidly increases, when 

moving away from the zeroth order. However, for orders 

of moments between -1 and 2, the various criteria show 

that the estimate is fairly accurate. 

  

 
Fig. 5. Spectra of DATA B: Comparison between 

measured and theoretical moments. Evolution of 

validation criteria (linear correlation coefficient, Nash 

coefficient, KGE efficiency and relative error) according 

to the order moments. 

 

With input 3, the radar reflectivity (in Rayleigh 

approximation) is as follows: 

)1(

)33.3(
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68.22
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
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With Dc=Dc(RT) Eq.(21) and μ=μ(RT ) Eq. (22). 

From the spectra of the sample DATA A, the classical 

relationship Z-RT is
33.1413 TRZ  . 

Using RT as input, we compared the Z estimation from 

the Z-RT relationship to the one from Eq. (24). Fig.6 

shows the results. Both estimate are almost in the same 

order. However, we notice that all the high reflectivity 

values are underestimated by the classical relation Z-RT. 

For the same values, both tendencies (underestimation and 

overestimation) are observed. Moreover, fig. 6(a) and (b) 

show that the knowledge of one of the parameters μ or Dc 

in addition to the radar reflectivity would clearly improve 

the estimates.  

 

V. CONCLUSION 
 

Usually, the DSD is analyzed by a N(D) function which 

is equal to the number of raindrops per unit of volume and 

raindrops diameter range. In this work, we analyze it using 

a R(D) function which is equal to the rain rate per interval 

of diameter. We have established the relationship between 

this function and each of the following variables: radar 

reflectivity (in Rayleigh approximation); liquid water 

content W, rain rate RT and the drop energy flux E. 

Using disdrometer data collected in northern Benin [1], 

we modeled the R-DSD per intensity range, with a gamma 

function with three parameters (RT, Dc and μ). Different 

relationships have been established between these 

parameters. The analysis of the relevance of these relations 

revealed that a good estimation of the moments of the R-

DSD requires at least two parameters (RT and Dc). 

 

 
Fig. 6. Spectra of DATA B: Comparison between the 

measured radar reflectivity Z[dBZ] (x-axis) and those 

estimated using different approaches. (a) and (b): 

successively Input 1 and Input 2 the parameters  RT and Dc 

are used at the entrance. (c): Input 3 or Eq.24. (d): the 

classic relationship Z-RT. In both last cases (c and d) only 

RT is used at the entrance. 
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When we reduce the number of parameters to only RT, 

the accuracy of the estimation of the moments is reduced, 

compared to the case of two parameters (RT and Dc). 

However, in that case, the relationship obtained between 

the radar reflectivity Z and the rain rate RT is in the same 

order as the one achieved with the classical relationship  

Z-RT. In other way, this study shows that the knowledge of 

one of the parameters μ or Dc in addition to the radar 

reflectivity would clearly improve the estimates. In future 

studies, we will look for possible relationship between 

these parameters and polarimetric variables. 

 

VI. ANNEX: CRITERIA 
 

Let Yobs be an observed data or directly calculated from 

observations, and Yest be a theoretically estimated data 

E[Yobs] and E[Yest] their respectively averages, σobs and σest 

their respective standard deviations, the four criteria used 

to test the efficacy of the model suggested are defined as 

follows:   

The coefficient of linear correlation of Pearson: 

estobs

estestobsobs YEYYEYE




])][])([[( 
  

The mean relative error: ]
)(

[
obs

obsest

Y

YY
ER


  

The Nash coefficient [25], defined by: 

  
]])[[(

])[(
1

2

2
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YYE
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


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The efficiency of Kling-Gupta KGE [26], defined 

by:

222 )1
][

][
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