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ABSTRACT. This paper is concerned with the blow-up and global exis-
tence of solutions for Higher-Order Kirchhoff-Type Equations with vari-
able exponents. Under suitable assumptions, we prove some finite time
blow-up results for certain solutions with positive initial energy by us-
ing a concavity-type method. This work improves and generalizes sev-
eral interesting recent blow-up results on wave equations in particular on
Kichhoff-type equations. We also show the global existence of solutions
under appropriate conditions.
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1. Introduction
We consider initial boundary value problems for higher-order Kirchhoff-type
equation with variable exponents as follows:
e+ M (ID™03) ()™ 4 A1),
= Bu[P® 2y, in Qx (0,T),

(1) uw(0,2) = wo(zx), = € Q,
uw(0,2) = w(z), = € Q,
Su(z,t) = 0 on 02 x (0,T), i =0,1,...,m—1,

where 2 is a nonempty bounded domain in R™(n > 1) with smooth boundary
o, M(1) =a+brs fort>0,a, b>0,a+b>0,a>2 m>1, and

B, v > 0. g;lf denotes the ¢—th order normal derivation of u and
m
—
(-A)™ = (-1)™D?*™ with D" =V -V --- V.
() O
*Corresponding author, ORCID: 0000-0003-1439-8710 @ BY__NC
E-mail: fortune.dohometo@imsp-uac.org
DOI: 10.22103/jmmr.2022.19440.1250 @ the Authors

How to cite: F.M.D. Dohemeto, G.A. Degla, S.C. Dansou, Blow-up and global existence of
solutions for Higher-Order Kirchhoff-Type equations with variable exponents, J. Mahani
Math. Res. Cent. 2022; 11(3): 109-131.

109


https://orcid.org/0000-0003-1439-8710
https://orcid.org/0000-0003-1162-6140
https://orcid.org/0000-0001-9428-4216
https://jmmrc.uk.ac.ir/article_3344.html

110 F.M.D. Dohemeto, G.A. Degla and S.C. Dansou

The exponents p(-) and ¢(+) are given measurable functions on 2 satisfying the
log-Holder continuity condition:

A
S e —
log|z — |
for some A > 0 and for any 0 < é < 1; and

, for a.e. z, y € Q, with |z —y| <,

) { 2 <min{p~, ¢°} < p(x),q(z) <max{p®, ¢"} < 22— if n>2m

2 <min{p~, ¢~} < p(a), q(x) < max{p*, ¢*} <+oo, if n<2m,
where
P~ i=ess ;relg p(z), pt = ess iggp(x)
and

q~ = ess inf q(x), qt = esssup q(x).

€N zeQ
The problem (1) unifies several well known classical models with respect to
specific conditions on the parameters. Indeed, when b = 0, (1) becomes a
classical wave equation and when b > 0, (1) is often called a Kirchhoff-type
wave equation introduced by Kirchhoff [12], in the case of constant exponents,
in order to study the nonlinear vibrations of an elastic string; this model have
regained interest nowadays. When p and ¢ are constant, the existence and the
blow-up of solutions of (1) have interested many mathematicians. Georgiev and
Todorova [9] discuss the case where (b =0, m = 1) and prove the finite-time
blow-up for the solutions with negative initial energy. Later, Messaoudi [17]
studies the case (b =0, m = 2), and proves that the solution to (1) is global if
q > p and it blows up in finite time if ¢ < p and the initial energy is negative.
In addition, Chen [7] considers the same problem as Messaoudi and establishes
the blow-up result for some solutions with positive initial energy. Ono [23]
considering the problem

wep — (a+b||vu|\§a) Au + [us|Tug lulPu, in Qx (0, T)

(4) u(0,z) = wo(z), =z € Q,
uw(0,2) = wui(x), = € Q,
u(z,t) = 0, on 0 x (0, T),

witha >0, b >0, a+b > 0, a > 1, shows that the solution blows up
in finite time if the initial energy is negative and p > max{q, 2a} with

(p <2 if n>5 p>0if n< 4). Wu [30] establishes the same blow-
up result for the solutions with positive initial energy of the following general
Kirchhoff-type equations

(5) up — M([Vu@®)|HAu + |u? 2w = |ufP?u,
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where M is a non-negative locally Lipschitz function. Li [14] studies the higher
order Kirchhoff-type equation

(6) Ut + </ |Dmu|2d$> (=A™ + |u|"Puy = |ulf?u,
Q

with the initial boundary conditions defined in (1). He has proved that the
global solution exists if p < ¢; however if p > max{q, 2« + 2} the solution
with negative initial energy blows up in finite time. Later, Messaoudi [19]
improves Li’s results by modifying the proof and shows the same result when
the initial energy is positive. Several results concerning blow-up and global
existence have been established when p and ¢ are constant; see in this regard
[5,6,8,10,11,16,29,31,32] and the references therein.

Recently, much attention has been paid to the study of hyperbolic, parabolic
and elliptic nonlinear models with variable exponents of nonlinearity. In fact,
these equations model some physical phenomena such as electro-rheological
fluid flows or fluids whose viscosity depends on temperature, filtration processes
in a porous medium and image processing (see [3,4,27]). However, concerning
hyperbolic problems with variable exponent nonlinearities, few works have been
done. An important references in this regard is established by Antontsev [2]
for the problem

(7)) wy — div (a(a?,t)\Vu\r(:”’t)_QVu)—bAut = Bz, t)|u|P@HD 2y,

in a bounded domain 2 C R™, with Dirichlet boundary conditions, where b > 0
is a constant and a, 3, p, r are given functions. Under suitable conditions on
a, 3, p and r, he proves the finite-time blow-up of some solutions with negative
initial energy. In [28], Sun et al. consider the following equation

(8) wuy — div (a(x,t)Vu) + alz, t)|u |9 uy = B, t)|uP®D 1y,

in a bounded domain, and established a finite-time blow-up result for solutions
with positive initial energy. Messaoudi et al. [20] studied

9) wy — Au 4 alu |12 = plulP® 2y,

where a, b are positive constants. They prove the existence and uniqueness of a
weak solution using the Faedo-Galerkin method under appropriate assumptions
on the variable exponents m and p. They also prove the finite-time blow-up
for solutions with negative initial energy and give a numerical example in two
dimensions to illustrate the blow-up result. Recently, Pigkin in [25] studied

(10)  uy — M([Vu@®)[3)Au + [u |12, = [uP®2y,

and established the finite-time blow-up of solutions by using modified energy
functional method. Very recently, Alkhalifa et al. [1] consider

(1) w — MN0)Aru + (@)l = Ao, t) a7,
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where

Vul|(®)
12 Nu:/ |7dx7
12) )

and prove under suitable conditions a finite-time blow-up result of certain so-
lutions with positive initial energy.

Our aim in this work is to prove some general blow-up results including the
work [8,14,15,20, 23, 25], for some solutions with positive initial energy, using
an adaptation of the concavity method. In fact, instead of requiring that the
functions @ and P defined in (22) and (56) be concave as in [15], [21] and [1],
we consider only the fact that they decrease from a certain value. We also show
a global existence result. This paper consists of two sections in addition to the
introduction. In Section 2, we recall some preliminaries and then in Section 3
we present the main results. The first establishes sufficient conditions for the
Blow-up of solutions with positive initial energy, the second is a consequence of
the first, the third is an extension of the first, and finally the last gives sufficient
conditions for the global existence of solutions.

2. Preliminaries

In this section, we present some preliminary facts about Lebesgue and
Sobolev spaces with variable-exponents (see Lars et al. [13]). Let Q be a do-
main of R® with n > 1 and p : Q — [1,400] be a measurable function. The
Lebesgue space LP()(Q) with a variable exponent p(-) is defined by

L”(')(Q) = {v : Q — R, measurablein Qand g,(.)(Av) < 400, for some A > 0} ,

where
0y (1) = /Q o) de.

Equipped with the following Luxemburg-type norm

p(z)
vl v ==inf< A >0 : M dr < 1.
p(+) o

A
LPO)(Q) is a Banach space. C5°(Q) is dense in LP()(Q) and LP()(Q) is separa-
ble, if p is bounded and is reflexive if

(13) 1<p™ <plx) <p™ < +oc.

Let m € N and p be a measurable function on 2. We define the space
wmr()(Q)

wmrt)(Q) = {v e LPOQ) : v e LPO(Q), VY |a| < m}

and we define a semimodular on W™?()(Q) by

Owma) (V) = Z 0p((0av).

0<|o|<m
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This induces a norm given by
. v
[ollymney = mf{)\ >0 owmae) (X) < 1} = Z ||8aU||p(.)-
0<|al<m

The space W™P()(Q) endowed with ||-[|yymp) is a Banach space, which is
separable if p is bounded, and reflexive if p satisfies (13). We define the space

Wgn’p(')(Q) = {veWwmrO)(Q) : v=uvyk for a compact K C Q}
and
mO@ - e,
We have H"")(Q) ¢ WP (Q) and if p is log-Hélder continuous on €, then
Wg" (@) = Hy"" (@),

The space Wy"" (')(Q) is a Banach space, which is measurable if p is bounded,
and reflexive if p satisfies (13).

Lemma 2.1. (Lars et al. [13]). Let p be a measurable function on Q@ and
ve LPO(Q). Then

[v]l,y <1 if and only if op(y(v) < 1.
Lemma 2.2. (Lars et al. [13]). If p is a measurable function on ) satisfying
(13), then
: P Pt~ < P~ p*
min {070, 020} < op) (@) < max {2, ol b,
for any v € LPO)(Q).
Lemma 2.3. ([18]) If p is a bounded measurable function on Q, then

/ (@) PPdz < o2 + oI, Vo e 1P0(9).
Q

Lemma 2.4. (Young’s inequality [22]). Let p, q and s be measurable functions

defined on ) such that
1 1 1
= + ,  forae yeQ.
s(y)  ply)  aly)

Then for all a, b >0,

(@) (@PO) (b0
SO S o0 T

By taking s =1 and 1 < p, q < +00, then we have for any € > 0,

ab<ea? +C.0?, Va, b>0,
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1
q(ep)

where C; = . For p=q =2, we have

aq
P

b2
ab < ea® + —
4e

Lemma 2.5. (Hélder’s Inequality [13]). Let p, q and s be measurable functions

defined on ) such that
N S
s(y)  ply)  aly)’

for almost every y € Q. Then

1f9llsy 20 £ 1y llgllgey -
257 (f9) op()(f) + 0q)(9),

for all f € LPY)(Q) and g € L) (Q). By taking p = q = 2, we have the
Cauchy-Schwarz inequality.

<
<

Lemma 2.6. ([8,31]) Let Q be a bounded domain of R™ with a smooth bound-
ary and assume that p(-) satisfies (3). Then HJ(Q) < LPO)(Q) and for all
ve HMNQ)

(14) loll,cy < Bu D™,

where By is the positive optimal constant of the Sobolev embedding. This implies
that the space HJ" () has an equivalent norm given by

[l g () = 1Dl -
Theorem 2.7. (Local existence theorem). Let ug € HF' () N H*™(Q), u; €
Hy () and a > 0 or ug # 0. Assume that p(-) and q(-) satisfy (3) and that

2(n —m)

cifn > 2m oand pt < +oo, ifn < 2m.
n —2m

(15) pt <
Then the problem (1) has a unique local solution satisfying

{u € C([0,T]; Hg'(2)),

(16) w € C([0.T); L2Q) N L9 (Q x (0, T)).

The proof of this theorem can be established using the Galerkin method as
in the work of Ono [23] and Messaoudi [20] (see also [8,16,24, 31]).

3. Main results

3.1. First blow-up result. In this section, we establish a blow-up result for
some solutions with positive initial energy. We set fora >0, b >0, a+b >0
and v € C([0,T]; H"(Q))

1
k

(17) Noo(t) = [allD™o@)}+0D™o(0)l5]",  te 0,71,
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where k = aif b > 0 and k = 2 if b = 0. In addition, assume that p(-) satisfies
(3), and so we have

(18) [0ll,y < Bul[D™vlly < BNapu(t),

where B = % ifb>0and B = % if b = 0. We define the energy of the
solution of problem (1) by

(19) B() = g} + FI0"lE + S0l — [ s s
and we set
(20) H(t) := By — E(t),
where
Er = Q(\1)
N_oE if  gi<Bl<uy
(21) = (3-5)A i wm<BYL Gp<Bt
(F-7)M i @=B wm#BY
(22) Qly) = %yk - pﬂ_ max {B”_ T B”+y”+}
and
B~ if < B 1<y
(23) A= o if 1 < B, g1 < B!
Y1 if 1> B,y #B7!
with

B\ p~BP "

We also set for pi_ <p<l

-pik%
AL@:AI'«BB] if g1 < B <y

p_— _ 1
L k ®
- 1
p” _ k ~
(25) A\, = )\f}) = A |5 1} if y1 < B, 4 < B!
R

>
B
Il
>
e
»‘"ﬂ
|
S IS
+‘ |
| I
=
o
=
Y
%
-
]
[y
RN
&
L
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and

(26) A= lim A,

p—1-

Remark 3.1. We notice that A, > Aq forall p € (pi,, 1) and lim A}(}) = A\
p—1-

To prove the first main result, we establish the following lemmas inspired by
the work of [20].

Lemma 3.2. Letu be a solution to the problem (1). Then E is a non-increasing
function.

Proof. We have
(27) B) = —v / a9 dz < 0,
Q

for almost every t in [0,7). Since E(t) is absolutely continuous (see [9]), we
have E is decreasing. O

Lemma 3.3. Assume the conditions of Theorem 2.7 hold. Let u be a solution
of (1) with initial data satisfying

(28) EW0) < By and Napup > A1
Then there exists a constant Ay > A1 > 0 such that
(29) Nayu(t) > Xy > A1, Y i>0.
Proof. From (17) and (19) we have

1 m m /B
B) > 3 [alDmuly + bID ] — o ()

and since

IN

- +
max { Jull )l }

— +
< max{Bp NP w, BP

Qp(-)(u)
"
Nfﬁbu} ,

we have
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and by derivation of Q on [0, B~![ and |B~!, +o0[, we obtain

yk=t — gBP yr 1 if 0<y<B!
(30) Q'y) =

Y

e () is continuous on R} and Q(y) = —oo as y — +oo and so @ has a
maximal value.
e Qincreases in [0, A1]if Ay € {B™!, 1} and decreases in [A;, +00) for
all value of A;.
e In particular, for \y = g1, @ has at most three variations on [0, A1]
depending on the position of y;. We have the following two cases:
(a) If y; > B~1, then Q is increasing on [0, \1].
(b) If y1 < B!, then @ is increasing on [0, 1] and [B~!, A1] and
decreasing on [y1, B7].
From the above it follows that F; is a local maximum of () reached in A\; and @)
is decreasing on [A;, +00). Furthermore E(0) < Ej, then there exists Ao > A\;
such that Q(A2) = E(0) and

Q (Napuo) < E(0) = Q(\1).

Therefore Ngpug > A2 > Ai. To establish Ny pu(t) > Ao, V¢ > 0, we
suppose by contradiction that there exists t; > 0, such that N, pu(t1) < Aa.
Since N, pu(-) is continuous, we can choose ¢1 such that Ay < Ny pu(ts) < Aa.
It follows that

E(t)) > Q(Napu(t)) > Q(A2) = E(0).

This is a contradiction since from Lemma 3.2, E is decreasing. Hence (29) is
established. 0

Lemma 3.4. ( [21]) Let the assumptions of Lemma 3.3 hold. Then the solution
of (1) satisfies for some co > 0,

(31) 0p(y (1) = co[lullb- .
Proof.

0p() (1) = / ufP@de = / ulP @ dz + / P da,
Q Q-+ Q-
where

Qr={ze€Q: |u(z,®)|>1} and Q_={zeQ : |u(z,t)] <1}
Then

pt

0 (1) z/ ul?” da +/ ufP” dz z/ P dz + ¢ (/ |u|P>” dz.
Q4 Q Q+ Q—
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It follows that

c2(0p(y(u)) r™ 2/ |ulP dr  and 0p(-y () 2/ |ulP dx,
Q Q,

and hence
ea(0p(y (W) 7T+ op(y(u) = lullh- .
Since E is decreasing, H creasing and
0 < H(0) < H(t).
In addition

ﬁ p(x) a 2 b a
H(t) < —_— d Ey — —||D™ — —||D™
0 < [ WP s+ B— ST — 2D
1
< /i|u\p(z)dm + B — —Nk,u
o p(z) ko
1
< E/ |u\p(x)dx + B, — -k
P Ja k
From (21) we have in all case By — £AY < 0, and so
B
(32) 0 < H(0) < H(t) < pt@p(-)(U),
then from (32) we get
_ P
p o o
op() () |1+ e2 { 5 H(O) Z lull,-
Thus, (4.7) follows. O

Lemma 3.5. ([21]) Let the assumptions of Lemma 8.4 hold. Then the solution
u of (1) satisfies

(33) L < ¢ (o)™ + (o) ).

"d‘n
|

Proof.
/|u|q(w)d:v < / |u|q7dx+/ |u|q+dx
Q _ Q4
q_ at
< C / lulP dx + /|u|p_d:v
Q- Q4
- +
< ol + )
< ot

€ (e @) + (e ).
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by Lemma 3.4. 0
Lemma 3.6. Let the conditions of Lemma 3.3 be fulfilled. We set

(34) Asup = tllzlf(; N pu(t).
If Asup > A1, then there exists 6, € (0, 1-— pi_) such that for allp € (1 — 6y, 1),

Asup > Ap > Ap
(35)

_ ko
(%_Q e Mag OBy >0, Y >0,

B Afup
Proof. According to Lemma 3.3,
(36) A< Agyp = %gg Nopu(t) < Ngpu(0) = Nypup < 400,
and so A1 < Agyp < +00. Now we are going to prove (35). To this end, let us
set € = Agup — A1. There exists 6; € (0, 1-— pﬁ,) such that:
1-6<p<l = |[\—Ai|<e

= A <Ay < Agups

since A\1 < Ay, ¥V € (1 —41, 1). In addition from (21)-(25) we have

o If Elz%lffpﬁ,, then for all ¢t > 0 we have

up_ k Nf pu(t) — P 1 k —
(T —1) Ay o~ T P Ey > p(5 fﬁ) Ay — pp Er
— _ _ )\]19
pl B — BAY k) N — up (? — pfﬂ_) =0.

o If £y = (% - pi) A¥. then for all t > 0 we have

\Y)

- NF u(t _
(%_1>)\k apu() = E

DY

Vv

p %—ﬁ) A — ppT By,
p %—1)A’f - up’(%—p%)/\’%o.

o If £, = (% — p%) ¥, then for all t > 0 we have

v

up~ & Napu(?) — p_ 1 k -
B ()
Hence, (35) is established. O

Theorem 3.7. (Blow-up). Let the conditions of Theorem 2.7 be fulfilled. As-
sume that
2(n—m)

< if n>2m
37) 2 < max{k, ¢t} <p <plx)<pt{ = n2m’ .
(37) < {k, ¢"} <p~ <p(x)<p B F n<om
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If
(38) E0) < E1  and  Asup > M1,

then the solution of problem (1) belonging to the class (16) blows up in finite
time.

Proof. Let us set

(39) L) = H-O() + ¢ / weds
Q

for € small to be chosen later and

(40) 0 <o < min{p — }

2p~ " p (gt -1)
We notice that L is a small perturbation of the energy. By taking the time
derivation of (39) and using a variational formulation, we obtain that

(41) L'(t) = (1—-o)H@®H () — 57/Q|ut|q@>*2ut.udx +

+ 55/ u|P@dz + e |uls — eNFu(t).
Q

We add and subtract eup~ H(t), for pi, < p < 1, from the right side of (41),
to obtain

L'ty > (1—o)H'(t)H 7(t) + eup” H(t) + e(’”;+1) HutH; +

+€<N}I;1> but +€5/(1)|u|p(xdz+

— 5')// g |9 20 ude — epp” E.
Q

According to Lemma 3.6 and for p € (1—47, 1) with 67 € (O, 1-— %) we have

_ k k
Hup k — Hp Asup_)‘y k
(4 - 1) bt -wmr = (1) 2N ult) +
NEyu(t)
Hp ab _
+ (k’ —1) )\“ /\fup — pup~ E4
2 ClN(]zc,bu(t)v
_ ko _ K
where C1 = (% — 1) )\/“\’,j 24 - (. Therefore
() > (L-o)HOH () + epp  H(t) + s<“§+1) el +

+ C’le,bu + eB(1 = p)opy(u) — E’}// |ut\q(z)_1|u|dx,
Q
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and so
L'(t) > (1-o)H()H™(t) — 67/ g | " | de +
Q
en [H(E) + ully + NEu + op0(w)]
where
. _ pp~
@) = [ B g0 ) S0

Now by using Young’s inequality, we get

5@ [y 1@)
/ g |7 ulde < / |7u|dx +
Q o q@)
-1 ()
+ / &5_ q(qz)fl |ut|{I(T)dx, V>0
o q()
< L/ 590 |10 g
a Ja
+_1 aa
+ 1 T /57#|ut|qw)d:ﬂ, vé>0.
q Q
()
Taking in particular, 6~ T = EH?(t), and for a large constant £ to be

specified later we obtain

/|ut|‘1(w)_1udaz < i/fl—q(I)HU(q(I)—l)(t)‘u|q(w)dx
Q 4 Ja

+_1)H°
n €(q J)r (7f)/|7dtt|q(ac)dﬂ;7
q Q

and since from (27), H'(t) = ’y/ |1, |7®)dt, we have
Q

/|ut|‘J(””)_1|u|dx < i_/gl—q(w)HU(q(w)—l)(t)|u|q(w)dx +
Q q Q
E(q+_1) —0o /
=’ H H'(t).
L. (1)H'(t)
Therefore
(43) L't > {(1—0) - W_D} H'(H)H™7(t) +

q+
1—q—
fgﬁi_HU(qJ’fl)(t)/ |u|?) da +
q Q

+en [H(E) + uly + NEu + op0)(w)] -
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From (32) and (33)
N (q —1)
0 [ < o[ Low]
Q

x (me( )=+ (Qpc)(u))z’]

a4 o(gt—
< Clloo@) "+
] at et —
+ (0 (w) > 7 1)}
and from (40)
(44) s = 2 + o(gt—1) <1
p
and
q+
(45) 2= = + o(gt—-1) <1

Using the following algebraic inequality: for all 2 >0, 0 <7 < 1, d > 0,
1

(46) 2 < z+1 < (1+d>(z+d),

and assuming that z = g,(.)(u) and d = N ,u we obtain

Hol" _1) /|u|q dy < C(l + /\S_ulp) (,Qp(,)(u) + N(]f’bu)

(47) < Clop)(w) + Nopu).
At this point, we choose £ large enough so that

1—q~
(48) T

Using Lemma 3.4 and (47), we obtain

I R

p= } H'()H™(t) +

,yglfq_ 2 p- k
e\n-—7—°¢ H(t) + llully + collull,- + Nopu

Once ¢ is fixed, we choose € small enough so that
(1-0) — =D >

(49) L(O) = Hl—U(O) + g/ UoU1 dz > 0.
Q
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Since H'(t) > 0, H(t) > 0,
L) = <GoHO) + luly + Il + Vi

Next, using the algebraic inequality
(z +d)' <27 + dY, 2z, d >0, i > 1,

and Holder and Young’s inequality we obtain successively

1—0o
Lﬁ(t) = {Hla(t) + €/uut da:]
Q
=
< 2T [H(t) + eTe /uutdsc 1
Q
- L p~—2 a1 1
< o [H(t) + e [mes(Q)] 7T ] 7 ||ut||5“}
(50) < C[Hm = 4 ||ut||§]-

From (40), 0 < ﬁ < 1 and using again (46) we have

s p [p*(lz—%)] -1 P~ k
Jl == = < (4 sk (Il + NEu).

It follows that

(51) L7=e(t) < C|H(t) + |lu’- + NFu + utu%}
Therefore
(52) L'(t) >TLT=(t), T >0, for all t>0.

By integrating (52)
1
L=/(0=2)(0) — Tto/(1 —o0)
Then (53) shows that L(t) blows up in finite time
(1= o)L/ =)(0)
- T'o

(53) Lo/A=o) () >

T*
O

Corollary 3.8. Assume that the conditions of the theorem 2.7 be fulfilled and
that (37) holds. Then any solution of problem (1) with initial data satisfying

(54) E(O) < Q(Xl) and Na’b’U,() > Aq,

blows up in finite time.
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Proof. From (25) A\; > \; and since Q decreases in [\, +o0), we have Q( A\;) <
Q(M\1) = E;. Now suppose by contradiction that there exists to > 0 such that
Napu(tz) < Ai. By the continuity of N, yu(-) we can choose t» > 0 such that
A1 < Ngpu(te) < A1. Then we have

Q (Napu(tz)) < E(t2) < E(0) < Q(M).

This is a contradiction. It follows that N, u(t) > A for all £ > 0 and so
Asup > A1. This completes the proof according to Theorem 3.7. O

3.2. Second blow-up result. Now we establish the blow-up for solutions with
the positive energy Ej following:

Ef = P(X)
1 1 ﬁBP+ pt ) +
95 = (z-—= A"+ = ( —1) AP
(55) k p) ! P \p- !

where

(56) Ply) =+

A _[pr” + B’#y’ﬁ} y €Ry.

and A} is unique positive real number such that P'(A\}) = 0. We set

+ 3
p__ + [ =1 Tk
s -l o ()0
k m k "

(57)
P~ _p_ o k
— )\X{ [ ;71); _ 63[) p (pp__p:' ) /\I}D —k]
E T u E u
and
(58) A= lim A%

Theorem 3.9. (Blow-up). Let the conditions of Theorem 2.7 be fulfilled. As-
sume further (37) holds. If E(0) < Ef and X, > A, then the solution of

sup

problem (1) belonging to the class (16) blows up in finite time.

The proof of this theorem is done in a similar way to that of Theorem 3.7
using the following lemmas.

Lemma 3.10. Let u be a solution of (1) with initial data satisfying
(59) E(0) < Ef and Ngpup > Al
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Then there exists a constant A5 > A} > 0 such that:
(60) Nopu(t) > A5 > A, Vit > 0.
Proof. From (19) we have

1
(61) B > pNhu — 2 [
ko p~ Jo
and since
(62 [Wp@ar < BTNz BN
0 , ,
we have
1 4 B - p + oot
(63)  B() > Nigu — = |BY NDyu + BYNDyu| = P(Nogu).
In addition, we have
o +3pr*t
6 P) = o osp o B vy,
- +3Br*
(65) — ykfl [1BBP yp -k p B_ yp'*'k]
p
= yR(y),
where R is defined by
— -k 23+B.BpJr +_k
(66) Ry) = 1-p8B" y* - ——y" 7", VyeRy

p
and its derivative R’ on R* is defined by

.
v k-1 PTBT —k)BP kL

p

(67) R'(y) = —Bp —kB"y

We have the following properties:
e R'(y) <0forallyeRy.
e R is continuous on Ry, R(y) — —o0 as y — 400, and R(0) = 1, then
there is a unique A} > 0 such that R(A}) = 0. Therefore

Py) =0 < ye {0, A{},
(68) Ply) >0 <= ye (0, A},
P(y) <0 <= ye (A, +x0).
e P is increasing on [0, Af].
e P is decreasing on [A}, +00).
Furthermore F(0) < ET, then there exists A5 > A} such that P(A\}) = E(0)
and

P (Ngpuo) < E0) = P(X3).
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Therefore Ngpug > A5 > Aj. Assume that there exists to > 0 such that
AT < Ngpu(tz) < As. It follows that

(69) E(ta) > P (Ngpu(t2)) > P(A3) = E(0).

This is a contradiction, because F is decreasing. Therefore (60) is established.
O

Lemma 3.11. Let the conditions of Lemma 3.10 be fulfilled. We set

(70) Noup = 2§£Na7bu(t).

If Xoup > X,, then there exists 0] € (0, 1-— #) such that: for all p €

(1-2¢67, 1),

Aowp > A > A
(71)

— k
(= ) kR — B0, v > 0

Aty
Proof. According to Lemma 3.10,
* * — : <
(72) Al < Aoup tlggNa’bu(t) < Ngpup < 400,

and 5o A < Al < +oo. Let € = AL, — Ay There exists o € (0, 1— ;=)
such that
1-6f<p<l = [N —X|<e
= Al <A, < Agup
and from (55) and (57), we have for all £ > 0

- N u(t) - 1

/.l/p * a,b — %k p * — 1k

(k_l) )\U«kAT_’up El > M(k_ﬂ) )\Nk—pp El’
sup

u(pk—l))\fk +

+
+ BBP" <£_ - 1) AP upm BF = 0.

v

O
3.3. Global existence. We consider the functionals:
B (z)
73 I,(u) = NFu — /—up de, VYp>k
(73) () v o sl !
(74) Ju) = lNk u — /£|u\p(m)dx
kb o p()

for uw € HJ*(2) and the stable set H defined by
(75) H={ueH): Ip>k, I,(u)>0}U{0}.
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We set:

p~—k
k

(76) 0,, = BB [pk_pkE(O)] X

x max { 1, {%E(O)Bk] . Vp>k
=

Lemma 3.12. Let u be a solution to the problem (1). If there exists py > k
such that

(77) Io(w) > 0 and 6,, < p p'.
Then u(t) € H for each t € [0,T).

Proof. Since I,,(ug) > 0 then there exists t,,, < T such that I, (u(t)) > 0 for
all t € [0,%,,). From (73) and (74)

po—Fk k 1 po—k
78 J(u) = Njyu + —I,(u) > N yu, VYtel0, ty).
1) I = BN+ hw) = BEN 0. )
Then
(79) NEu(t) < P gy < PP B), vie o, by).
a, = po—k’ = po—k‘ ) )
Therefore
/&6)|up(x)dx < ﬁimax{Bprf;;u, B”+Nf;u}
a p\T p ’ ’
_ p_—k
BP k K
< B i { Po E(O)} o
p po—k
pT—p—
k
x max { 1, [ ro E(O)Bk} N¥,u
po—k ’
Op.po Ak
(80) < pe Ny pu
(81) < py 'NEyu, VEE O, t),

which implies that u(¢) € H for all ¢ € [0, t,,). And since E is decreasing, we
have

p_ —k
Tk 3
(82) BBP {pOE(tm)] x
po—k
pt—p—
k k
x max { 1, [ i E(m)B’“} < Oppo < PP
po—k

and so I, (u(tm)) > 0. We repeat the steps (78)-(81) to extend t,, to 2t,,. By
continuing the procedure, the assertion of Lemma 3.12 is proved. O
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Theorem 3.13. (Global existence theorem). Suppose that the conditions of
Theorem 2.7 hold. If either p™ < q= or (77) is satisfied, then the solution of
problem (1) exists globally.

Proof. First, assume that there exist py > k such that

(83) Iy(ug) > Oandf,, < p py'.

Then I,,(u) > 0 and so from (79)

po—k Lok g p(z)
(84) 0 < Niyu < =Nju — /—\u| dx.
pok ko o p(z)
It follows that
1 —k
(85) gl + o= NE < B() < BO) < oo,
0

The above inequality allows us to conclude that the solution exists when
T — 4o00. Thus, the solution u of the problem (1) is global.

Assume now that p™ < ¢~. Let

2 _
(86) K(t) = E(t) + f(/ P dz + /u|p+dx).
p Q Q
‘We have
' (@) 26 (- -2
K'(t) = —v [ [w|™de + — {p uug|ulP “2dx +
Q p Q

+p+/ uut|u|p+_2dx>
Q

o [ s + 25( [ ullap™ s + [ |ut|u|p*-1da:).
Q Q Q

The Holder’s inequality yields

IN

[ bt [l e <l Tl el
< Gl + CE T HulP- +
+ 02 uelZs + CZ
< 8 (ualZ” + JwalZ”) +

- +
+ Cs (" + lul2?),

where

and
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It follows that
. - + - +
K'(t) < —ymin {Jull?", |2 +288 (ludll2” + i) +

- +
i 2506<||U|§ + [l )

At this point we distinguish two cases: if [|u¢[|,- > 1, we choose § small enough
so that

- - +
(87) — fualld + 268 (uell2” + luel2”) < 0
- +
hence, K'(t) < 28C; (|\u||§;, v ||u|\§+). If flugll, < 1, then K'(t) =
485 + BCs (||u||§: + ||qui) Therefore, in either case, we have

(88) K'(t) < ¢z + cuK(t), 3 > 0, g4 > 0.
Then the Gronwall inequality yields
(89) K(t) < (K(O) + f’) ecat,

4

This last estimate and the principle of continuation [26], complete the proof. O

4. Conclusion

This work deals essentially with the phenomena of blow-up and global ex-
istence of solutions for Higher-Order Kirchhoff-Type problems with variable
exponents. Using the concavity-type method, we establish under appropriate
conditions, the finite-time blow-up results that improve and generalize several
interesting well-known results, notably [2,6,8,20,21]. These results yield a par-
tial classification of blow-up and global existence of solutions with respect to
the type of energy, and would be undoubtedly useful for qualitative analysis of
Partial Differential Equations. We have also provided a global existence result
based on some suitable properties of variable Lebesgue spaces.
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