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1. Introduction

This work is mainly concerned with the existence of a positive principal eigen-
value for the following problem

— Apu+ V(2)|uP2u = Am(z)|ulP?u in Q, (1.1)

where (2 is an unbounded smooth domain in RY, Aju = div(|Vu|P~2Vu),
1 < p < 400, is the p-Laplacian, A is the eigenvalue parameter, V and m are
weight functions possibly indefinite whose properties will be specified later.
By principal eigenvalue, we mean A > 0 such that (1.1) admits a nontrivial u,
with v > 0, in a suitable weak sense.

Many works have been devoted to the existence of a principal eigenvalue
in the last years due to the importance of the validity of the weighted Poin-
caré inequality. The case V' = 0 has been studied, among others, by [3,8,11,12]
under different hypothesis on m. They prove that there exists a first positive
principal eigenvalue, denoted by A;(m) and defined by

Ai(m) = inf{E(u) = / [Vul|P,u € W and / mlu|P = 1} ,
Q Q

in the case of bounded and unbounded domains, where W is a suitable Sobolev
space. The case V > 0 is technically very similar to the case V = 0, as the
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energy associated
Bv(w) = [ (VuP + V(@)ap)
Q

has similar properties with the energy E defined above (see for example [17]).
Problems (1.1) with V' changing sign and satisfying certain conditions were
recently considered in [18] (with m = 1) [13,10] (with m indefinite, p = 2 and
additional hypothesis on V' and m) [5,6,9,11,16] (with m indefinite). In [9,16],
the use of the value

a(V,m) := inf {Ev(u);u € Wol’p(Q),/ |ulP =1 and / mlulP = O}
Q Q

plays an important role in the proof of existence of a principal eigenvalue,
where €2 is a bounded domain. The authors introduce the notion of eigencurve
() and give a necessary and sufficient condition, on the indefinite weights
V, m, for the existence of principal eigenvalues.

Of special interest for our purpose is the work in [11] where the study of
problems (1.1) with V' = 0, was carried out. In [11] the existence of a princi-
pal eigenvalue was proved by using a certain compact imbedding into suitable
weighted Lebesgue spaces. Some properties of this principal eigenvalue was
established: regularity of eigenvalue, simplicity and unicity.

Our purpose in this work is to extend the results obtained in [9,11] to the
case of problem (1.1). When trying to adapt the approach in [11], the relevant
functional is

By (u) := / (IVul? +V(@)[ul?).

We will prove the coerciveness or the existence of converging minimizing
sequence of Ey restricted to the manifold

M := {u € Wy, B(u) == / mq|ulP = 1},
Q

where m; is related to the weight m as a “sort of positive part” and Wy is a
suitable weighted Sobolev space in €2 which will be defined later.

The existence of a principal eigenvalue for (1.1) is derived in Sects. 3 and
4. In Sect. 3 where the low dimensions are considered, we assume the validity
on {2 of a weighted Poincaré inequality of the form:

/ glul? < K(29) / Vul, Vue CF(Q), (H,)
Q Q

for some function g > 0,% 0 suitably related to the weight m and for some
positive constant K ({2, g). Section 4 is devoted to the case of high dimen-
sions. We assume there, that the function m; lies in certain Lebesgue space.
In Sect. 5 we deal with some non existence result when some of the conditions
are dropped. Some properties of the principal eigenvalue are also given: regu-
larity of eigenfunction, unicity of the principal eigenvalue. In the preliminary
Sect. 2, we recall some compacity results and various Sobolev imbeddings to
be used later.
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2. Preliminaries and technical results

Throughout this work, Q is an unbounded smooth domain of RY. We will
denoted by Qr = QN B(0, R) and Qf = Q\B(0, R) for R > 0, where B(0, R)
is the ball of radius R centred at the origin. We will assume that for R > 0, the
open set g is smooth. As in [11], we call “admissible” a nonnegative function
p defined on 2 and satisfying the following local integrability condition:

p€L*(Qr) VR>0, (Ho)

forsornes>%,WhenNZpands:lWhenN<p.
Associated with such function p, we define, when p # 0, the weighted
space W, as the closure of C2°(€2) with respect to the norm

lullw, == | [ (9t + plup)] "

The following imbeddings hold (cf. e.g [7,11]): W, < D'P(Q) — LP"(Q)
if N > pand W, — W"(Qpg) for all p. Here D"?(Q) denotes when
N > p the closure of C2°() with respect to the norm ([, [Vu[P)*/? and
p* = Np/(N —p) is the critical Sobolev exponent. For the proof of the imbed-
ding W, — W?(Qpg), in low dimensions, we use the following lemma, whose
proof can be found in [11].

Lemma 2.1. Suppose N < p and p admissible, p Z 0. Then for any R suffi-
ciently large (such that p £ 0 on Qg), there exists a constant Kg such that

/QR lulP < Kg [/QR(WW +pluP)|  Vue CP(Q). (2.1)

We write the weight m in the form m = mj; —meo, with my, ms admissible
functions. Note that the decomposition m = mj —ms does not necessarily coin-
cide with the usual decomposition m = m*™ — m™, where m* = max(£m, 0).

3. Existence of a principal eigenvalue in low dimensions

In this section, we will assume that N < p and consider successively a weight
m either nonnegative or indefinite in €.
Let us assume that the weight m; and the potential V satisfy the follow-
ing hypothesis
(Hp): There exists an admissible function ¢ such that (H,) holds and
mi(z) < 0(z)g(x) a.ein Q,
where the function 6 verifies
||9||Loc(Q/R) —0 as R — oo.
(Hz): There exists a positive constant ¢ with, 0 < ¢ < m such that
[V(z)] <cg(z) aein Q,
where K(Q, g) and g are defined in (Hy) with g admissible and g # 0.
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The inequality connecting my and g in (H;) above means that m4(x) = 0(g(x))
as |z| — 400, x € Q. It implies that Wy — W,,,.
By a solution w of (1.1), we mean a weak solution, i.e. u € W, such that

/ |Vu|p_2Vu.Vv—|—/ V(z)|ulP2uv = /\/ m(x)ulP~2uv, Y veW,.
Q Q Q

(3.1)
Note that every term in (3.1) is well defined.

The following theorem concerns the case m is a nonnegative function.

Theorem 3.1. Let N < p and m = my, with my admissible and m # 0. Assume
that my satisfies (Hy) and V satisfies (Hz). Then (1.1) admits a principal
eigenvalue A\ (V, m) with corresponding eigenfunction ¢ € W,,.

The proof of Theorem 3.1 relies on the following lemma whose proof can
be found in [11]. We give the sketch of this proof for the comprehension of the
reader. It is here the assumption about the function 6 in (Hy) is used.

Lemma 3.2. Under the hypotheses of Theorem 3.1, one has the following com-
pact imbedding Wy —<— LP(mq,Q), where LP(mq,Q) denotes the LP space on
Q with weight my.

Proof. Let up, — w in W,. Splitting the integral over 2 into integral over Qg
and Q, one has by Holder inequality and (H;)

/m1|uk7ul\p: m1|uk7ul|p+/ ml\uk—ul\p
Q Qn o,

< |[ma]

Lok =l g + 1101l ) /Q gluk —wl”
R

Take ¢ > 0. By (H;) for R sufficiently large, the second term above is less

than 5, uniformly with respect to k,[. Fixing such R and using the compact

imbedding W' (Qg) — LP* (QR), one obtains that the first term is also less

than § for k, [ sufficiently large. The conclusion then follows. O

Proof of Theorem 3.1. The proof is partly adapted from [11]. We give here
some details for the sake of completeness.
Let us consider the following functionals

By (u) = /Q(|Vu|p+V(sc)|u|p), B(u) ::/Qm1|u|p,

which are C' on W,. Set

M (V,my) :=inf {Ey (u), v € Wy and B(u) = 1}.
We aim to prove that this infimum is achieved at some nonnegative function
and by Lagrange multipliers rule, we will conclude that A1 (V,m1) is a principal

eigenvalue for (1.1).
It is easy, using (Hz), to prove that

Ev(u) = allully,  Vue Wy, (3.2)
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where a € [0, Z}Ki((g’;’))
let u be a minimizing sequence for A1 (V,m1), i.e

{EV(Uk) — A(V,my) ()
Bluy) = 1 (i)

[ and then Ey is coercive on W,. On the other hand

Using (3.2) and (7), one deduces that uy is a bounded sequence in W,. Thus
there exists ug € Wy such that, up to a subsequence, u;, converges weakly to
up in W, and strongly in LP(mq,) (using Lemma 3.2). Consequently, from
(i), one has B(ug) = 1 which implies

A (V,my) < By (ug) < liminf By (ug) < A (V,myq).

The infimum is then achieved at ug. By Lagrange multilpiers rule, Ay (V,m1)
is an eigenvalue for (1.1). Moreover Ev (|u|) = Ey (u) for any u € W, so that
A1(V,mq) possesses a nonnegative eigenfunction. Serrin estimates (cf. Theo-
rem 8 in [19]) and Harnack inequality (arguing as [8]) allow us to conclude
that the eigenvalue A1 (V,mq) is principal. O

Next we consider an arbitrary weight m in the form m = m; —msy, where
mq, Mo are nonnegative functions. For fixed A, We consider the following eigen-
value problem with parameter S(\)

— Apu+ (V4 dma)[ulP~2u = B(N)my [ulPu. (3.3)

It is clear that A is an eigenvalue of (1.1) if and only if A is a fixed point of
B(\) where G()\) is an eigenvalue of (3.3). Searching such a A is our goal in the
next paragraph.

Let start to prove the following result.

Theorem 3.3. Suppose N < p and let m = my — mo with my, mo admissibles.
Assume that my satisfies (Hy) and V satisfies (Hz). Assume also that

m* #0 (H3)

Then (1.1) admits a principal eigenvalue A1 (V, my —ms), having an eigenfunc-
tion which belongs to Wy, (where g is provided by (Hy)).

Proof. We will first prove that problem (3.3) admits a principal eigenvalue
A1 (V + Amg,mq). Indeed let us denote by

Ax(u) := /Q[|Vu|p + (V(z) + Amg)|ul?] and set
B(A) :==inf{Ax(u) : u € Wytsm, and B(u)=1}.

As in the proof of Theorem 3.1, we will prove that G(\) is achieved at some
nonnegative function vy € Wy4m,, which yields to the existence of a principal
eigenvalue for (3.3).

We will first prove that Ay is coercive on Wyip,,. Taking a; = min
()\ 1—-cK(Q,9)

5 TTeR(@ g)), and using (3.2) we obtain

Ax(u) > 041||u|\€vg+m2 for all u € Wyim,, (3.4)
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so that Ay is coercive on Wy, for any A > 0. Arguing as in the proof of
Theorem 3.1, one deduces that for any A > 0, (3.3) has a principal eigenvalue
,6()\) = )\1(V + )\mg,ml).

Our purpose in the second step of the proof is to show the existence of
a fixed point for the function (), which will clearly yields the conclusion of
Theorem 3.3.

Since for A > 0 and for all uw € Wy, with B(u) =1,

AN = () + A [ ma(@)lul” > By (u) = Ay (Vo).

where A1 (V,m;y) is defined in Theorem 3.1, one deduces that
BA) = A (V,ma).

Consequently, 5(A) > Afor 0 < A < A1 (V,mq). On the other hand (Hj3) implies
that there exists a nonempty open subset, with positive measure, 2o C €2 such
that

m=mi—mo >0 a.ein Q. (3.5)

Let ug € Wypm, with ug #Z 0 and supp ug C . Then for X sufficiently large

Ax(ug) f)\/ mq|ug|? :/ \Vu0|pf)\/ m|up|? < 0. (3.6)
Q Q Q

From (3.6) (taking vo = uo/[B(uo)]"/? if necessary), one deduces that S(\) < A
for A\ sufficiently large. Moreover 3 is a concave u.s.c function from Ry to R
(since it is the infimum of a family of affine functions of \), and so in partic-
ular (3 is continuous on Rar. It follows that 8 admits a positive fixed point Ag
(ie B(Ao) = Ao), and the theorem is proved. O

4. Existence of principal eigenvalue in high dimensions

As in the previous section, we will investigate the case when the weight m is
a positive function and when it is indefinite. We assume that N > p. Let us
begin with the first result when the weight is positive.

Theorem 4.1. Suppose N > p and let m = my with my admissible and m1 # 0.
Assume that

my € LN/P(Q) (Hy)

1
VeLNr(Q) and ||V]|pvm) < p (Hs)
where ¢1 is the constant of the imbedding of D — LY (Q). Then the prob-
lem (1.1) admits a principal eigenvalue \1(V,my), having an eigenfunction

v € DHP(Q).

The proof of Theorem 4.1 relies on the following lemma
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Lemma 4.2. [4] Assume that N > p. The functional

U / w|ul?
Q

is well defined and weakly continous in DYP(Q), for 1 < q < p* and w €
L®" /9" (Q).

Proof. The proof is partly adapted from the corresponding lemma in [11,12].
Let up — u in DVP(£2). Then, for any fixed R > 0, u, — u in L% (Qp).
Given € > 0, we pick R sufficiently large such that

€
q
||w||L(P*/Q)’(Q’R)Huk — ul||Lp*(Q) < 3

uniformly with respect to &, (which is possible since w € L(¥"/9"(Q)). Then
splitting the integrals over € into integrals over Qg and over Q7 we get

/w|uk—ul|q:/ w|uk—ul|q—|—/ wlug — u|?
Q Qr o

R

<Nwllzs@py-lur = wllg g ) Tl Lm0 g ur—wll7 - (-

Fixing such a R, one deduces from the compact imbedding WP(Qp) <
L% (QR) that

9

llwllzs (@) -lur — UlHqu ) S >

for k and [ sufficiently large and consequently uy converges to u in LI (w, ).
O

Proof of Theorem 4.1. Let Ey be defined, as in Sect. 3, by:
By (u) = / [Vul? + V()ul?].
Q

From (Hs) and the imbedding D'?(Q) < LP" (), one easily establishes the
following inequalities

(A= eDNVIwm@llullhisgy < Bv(u) < (1+ DIV L@ llullpis g
(4.1)

which implies that Ey is coercive on DV'P(€). Then, applying Lemma 4.2 (with
w =my and g = p), the result follows by minimization of Fy on the manifold
M :={u e D" (Q): B(u) =1}, as in Sect. 3. O

Next, we turn to the case m = m; —ms with nontrivial positive part m™
(i.e, m™ #£0in Q).

Theorem 4.3. Suppose N > p and let m = mq — mo with my, my admissi-
ble functions. Assume that m satisfies (Hs) and mq satisfies (Hy). Assume
further that V' satisfies (Hs). Then the problem (1.1) admits a principal eigen-
value A1 (V,m1 — ma), having an eigenfunction @ € W, .
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Proof. Let us write, for A > 0,
Ax(u) ::/ (IVul? + (V(z) + dma(x))|u|’), B(u):= / my(x)|ulP.
Q Q
From (4.1), one easily proves that
Ay (u) > min(d, )\)||u\|€[,m27 for all u € Wp,,,

where § = 1 — ¢f||ul[ Ln/p(q) > 0.
Hence Ay is coercive on W,,,, then using Lemma 4.2 and Theorem 4.1,
one deduces that the problem

— Apu+ V(2)|uP2u 4+ Ama|ulP?u = B(N)my|uP2u in Q  (4.2)
admits a principal eigenvalue 3(\) defined by
BA) = M (V + dmag,my) := inf{Ay(u) : w € W,,,, and B(u) = 1}.

Arguing as in the proof of Theorem 3.3, one can prove that B(\) > A for A > 0
small and also for A sufficiently large

/ [Vuol? + (V = Am)Juol?] < 0,
Q

with ug € Wi, up Z0 and supp ug C o, where §q is provided by (Hs).
So B(A\) < X for X sufficiently large. Using the facts that § is concave and
continuous in [0, +oo[, one deduces the existence of a fixed point for 8 which
is, in fact, a principal eigenvalue for (1.1). O

We give below some properties of the function 3(\).

Proposition 4.4. Let A\, — X and (B(An), ©n), (B(N\),@x) be the correspond-
ing eigenpairs for problem (4.2). Then B(\,) — B(A) and @, — ©x in Wp,.
Moreover B()\) is differentiable and for any Ao € R, we have

F00) = [ ma, (4.3)
Proof. The proof borrows some ideas from [1,5,14].
Continuity of the function (8 follows from the fact that 3 is concave and
concave function is continuous on its domain of definition.
To prove that ¢, — @y, we proceed as follows. Let A C R be bounded.
For A, € A, since

B(An) = /QHVS%V) + (V(2) + M\)|enl|?] < K (constant),

(using continuity of ), one deduces that [, |Ve,|P and [, malp,|P are
bounded. Thus for some ¢ € W,,,, ¢, converges to ¢ weakly in W,,, and
strongly in LP(w, Q) for w € LY/?(Q) as A\, — X € A. Next, taking ¢ — ¢; as
testing function for ¢y in (4.2), one has

/ﬂ IV orl" 2 Vior. ¥ (ok — 1)+ /Q Vi(@)el ™ (e — 1)+ Mk /Q mag?™ (o — 1)

— B(w) /Q ma gt~ (o — @1). (4.4)
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Then
0 < J(Ak, Nr) == /Q(IVS%IVQV% —VeulP~2 V). Vigr — ¢1)
-~ [ V@ - d e -
*Ak/ ma(eh = ol (er — 1)
(A — A1) / ma} ™ (o — 1)
B(Ak) / ma( k_ - @f_l)(@k — 1)
+180w = BO)] [ mat ™ (= ). (45)

Hence, from the monotonicity of the function z + |z|P~2x, we have

0< I\ A) < / V@)l = o g —
T = Al /Q B
B0w) / malel ™ — ook —
180 — AOW)) /Q et o — ol (46)

Using Holder inequality, the hypothesis (Hy), (Hs) and Lemma 4.2 (for ¢ = p),
one sees that fo [V (@)l ™~ lex—wil — 0and fomlef ™" —of " |lox—
@i| — 0. Furthermore Hélder inequality implies that [, mae] “Hor — @] and
| [ m1e? e — @1| (using the fact DP(Q) < LP(my,$2)) remain bounded.
Since (A, — A1) — 0,(B(Ax) — B(A1)) — 0 for k, 1 sufficiently large, we conclude
that the right hand side of (4.6) goes to 0 as k,l — +o0.

To go on with the proof, we observe that for some constant d = d(p) and for
any a,b € RV,

ja— bl < {(lal"%a — [pIP~2b)(a — 0)}"/2(Jaf” + [b[")'="/2, (4.7)

where r = p if p €]1,2] and r = 2 if p > 2 (cf. [15]). Applying (4.7) and
Holder inequality, one easily derives that V¢, — V@ in LP(£2). Moreover the
calculation leading to (4.5) gives,
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0< M /Q ma(™t — ) ok — 1)
<- /Q V@)@l — b ) ek — 91) — M /Q Mol = ) — 1)
— (M — Az)/ﬂmwf“(wk — 1) +ﬂ(Ak)/ﬂm1(so’;§*1 — o Yok — 1)

B0 = BOW) /Q e ok — @1). (4.8)

where the right hand side goes to zero. We then deduce from above that
Jomaler — @i’ — 0 by applying successively (4.7) and Hélder inequality.
Consequently ¢, — ¢ in Wy,,. On the other hand, one has

B = lim B\

= lim [ [[Ven|” + (V(2) + Aama)en] = Ax(P) (4.9)

n—-+oo Q

and since [, m1@? =1 (because [, mi¢h =1 and W,,, —<— LP(m1,)), one
derives that ¢ = @y and the first part of Proposition 4.4 is proved.
To prove the differentiability of G(\), let write

B0 = / [0+ (V@) + Ama) )

- / [Vl + (V@) + Mma)eh] + O =) [ o

Replacing A (resp. ¢y) by Ay, (resp. ©n) in the last inequality we have

(=) [ magh < 80) = B0 < (=) | mah,
Dividing by (A, — A) an letting A\,, — A, we obtain (4.3) O

Remark 4.5. In Sect. 3 (respectively Sect. 4), hypothese (Hs) in Theorems 3.1
and 3.3 (resp. (Hjs) in Theorems 4.1 and 4.3) guarantees the positivity of the
principal eigenvalue. In what follows, we aim to weak these hypotheses, that
will allow the principal eigenvalue to be either positive or negative.

For that let us introduce the following number (cf. [9,16])

a(V,m) := inf {Ev(u),u € Dl’p(Q),/ m|ul? = 0 and / |ulP = 1} .
Q Q

One has the following

Theorem 4.6. Suppose N > p and let m = my — mo with my, ms admissi-
ble functions. Assume that m satisfies (H3) and (Hy). Assume further that V
changes sign and satisfies

Ve LN/P(Q). (Hz)
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Then the problem (1.1) admits a principal eigenvalue A1(V,m1 — ma), having
an eigenfunction € DVP(Q) if a(V,m) > 0.

Proof. We define
A (V,m) ;= inf {Ev(u),u € D*?(Q) and / mlulP = 1} .
Q

We have that A\;(V,m) > —oo. Indeed assume by contradiction that there
exists a sequence (ug) such that [, m|ux|[? =1 and Ey (uy) — —oc. Then

/\vukw /V+|uk|p—/V_\uk|”—>—oo,
Q

which implies that [, V™ |ug|? — +oo. Set wy, = ug/(fo, V™~ |ugl?)'/?, then
Jo V7 lwglP =1 and

By (ug)

E P S S
V(wk) fQV |uk|p

<0, for k sufficiently large.

Moreover we have

» lwrlDroo) _ Jo IVurl? + Jo V7 lugl?
||wk’||D1,P(Q) = V7 P S V7 D S 1
Jo V] Jo V= lu
Hence wy, is bounded in D1?(Q2). Consequently, up to a subsequence wy, — wy
in DYP(Q), [omlwpP — [omlwo|P and [, V" wplP? — [, V" |wol? (using
Lemma 4.2). We deduce that wo # 0 since [, V™ |wg [P = 1.
On the other hand, since Ey is lower semi-continuous, we have

Ey(wo) < liminf By (wg) < 0.

Furthermore
Jo, mlugl? 1
mlwg|P = =2 — —0
/ JoVolurle ~ Jo V= luxl?
Then fQ m|wp|P = 0 and the function wy = MW is admissible in the
JQ

definition of a(V, m) so that a(V,m) < A(wg) < 0, a contradiction.

To go on with the proof, let uj be a minimizing sequence for A;(V, m), ie.
Jomlug? =1 and By (ug) — A1 (V,m). It suffices to prove that u is bounded
in D7 (). Indeed, assume by contradiction that |[ug||p1.»(q) — -+oo and con-

sider t;, = Huklﬁjiklp(m Then, up to subsequence, t, — to weakly in D?(Q),
E miu 1
Evy(ty)= _Evlu) —0 and /m|tk|p— Jomluxl? 5 — 0.
||UkHD1 () HukHDl 2(Q) ||uk||D1,p(Q)
Moreover
641y = Bv(te) = [ Vil = = [ VitoP.
Q Q
Hence

|11, w) S hmlantkalp @ = —/QV|t0|I”



402 L. Leadi and A. Yechoui NoDEA

and consequently Ey (to) < 0. Moreover [, mlto|’ = 0 and we claim that
to # 0. Indeed if to = 0 then [[ti|[}1,q) — — Jo VI[P = 0, a contradic-
tion since HtkH%l,p(Q) 1. Arguing as above, we get a contradiction with the

assumption on a(V,m). O

constant

Remark 4.7. (i) When € is an bounded domain and V = V;(
> 0 one can

function), one has a(V,m) = Vj + «(0,m). Since «(0,m)
choose Vp such that «(V,m) > 0.
(ii) Tt is easily seen that a(V,m) = oo if and only if m > 0 in Q.
(iii) It is not difficult to construct an example of functions V' and m such that
a(V,m) > 0 when 2 is an unbounded domain. The following example is
partly adapted from Example 10.1 of [9].

Ezample 1. We will assume that N > 2. Let ; be a bounded domain of RY
such that Q; C Q and By C 27 be an open subset such that

1
lerlls, = [ hdo=3,
By

where 7 is the first L?(Q;)-normed positive eigenfunction of (—A, HZ (1))
with A; as associated positive eigenvalue (i.e —Agp; = A1 in Q7 and ;3 =0
in 0€). Set for e > 0

S in BQ
m = —e in Ql\Bo
0 in O\

and
—cA + 2—16 in By
V={_—-c\— 2% in Q1\Bg
0 in Q\Qy
where c is a positive constant. We denote by @1 the extension by 0 to Q of ¢;.
(a) From ||p1]]3 5, = 3, we deduce that [, m@ide = 0, [, @7dz = 1 and
H%H%,BD = HLPIHS,Ql\BO = %
(b)  Ev(p1) = Ev(e1)
=M+ (=eh + 52) e ll3 g, + (—edi = 52) [lenll3 o, 5,
=1-cX\
so that if 0 < ¢ < 1 then Ey (1) > 0.
(¢) Ifwe H§(Q)is such that [, mlu|?*dz = 0 then ||ull2, B, = ||ul|2,0,\5, and

Ey(u) = /Q \Vu|2—|—/QV\u|2
_ v 2 5\ 1 2 5\ 1 2
= o V| — ( eAr + % Hu||2,szl\30 — | €A1 — % ||u||2,Bo
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1
= [ 1Vu = o, + 52 (1B, = el g5,)

- /Q Vul? — eMllul R, > (1 — Mo,

since, by definition of A1, one has

/ |Vul|? > / |Vu|> > )\1/ lul?  for allu € H}(RQ).
Q (951 Q1
Hence one deduces that a(V,m) > 0if 0 <c < 1.

Next we give examples of functions g and domains €2 for which assump-
tion H, holds.

Ezample 2. We borrow some idea from [11].

Let N =1, p>1and Q =]0,+o0[. If ¢ is admissible function with m Z 0
and satisfies

+oo
/ 2Pl g(x)dr < 400, (4.10)
0

then (H,) holds. Indeed writing u(x) = [ w'(t)dt and using Holder inequality,
one has

x p

) < ([ )
0
x 10/17' x
< (/ dt) (/ |u’(t)|pdt)
0 0
+oo
< 2Pt (/ |u’(t)|pdt> .
0

Hence

/0 T @)l Pz < ( /O o xp_lg(x)dm> ( /0 o |u'(t)|pdt) .

Consequently if m4 is admissible, m; # 0, satisfies (H;) with respect to the
function m such as (4.10) holds, and V satisfies (H3), then Theorem 3.1 applies
and yiels a principal eigenvalue for the problem

—(WP720) + V0|u|P~2u = dmq (@) |ulP7%u  in 0, +oo] (4.11)
u(0) =0 ’

The following proposition describes a situation where (4.11) does not admit a
principal eigenvalue.

Proposition 4.8. Let mq be admissible function such that for some 0 < a < p—1
+oo
/ x%my (z)dx = 400 (4.12)
0

Then (4.11) does not admit a principal eigenvalue.
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Proof. The proof is partly adapted from that of Proposition 3.6 of [11].
Let us define for R > 1 the following function

x it ze€][0,1]
) aerr it xe€ll,R)
URW) =4 palv _ RE-N@_ R)if 1z € [R,2R]
0 if ©>2R

We have

(i)
+o0 a\? (R 2R
/ |up(2)|Pde =1+ <) / x* Pdx + Ro‘fp/ dz
0 p 1 R

1 p
T e e I S (Z) [1 _ Ra—p+1]

p—a—1
P
1
§2+<a) ——  since R > 1.
p) p—a-—1

(i)
+o0 R R
/ my (z)|ug(z)[Pdx > my(z)|ug(z)dz|? :/ x%my (x)dz.
0 1 1

Then from (4.12), 0+OO mi(x)|ur(z)Pde — +o0 as R — +oc.

(i)
+oo R 2R
/0 o(@)ur(z)Pdz < / 2% g(x)dz + R / o(x)da

R
2R
< / x%g(x)dx
0
1 2R
< / x%g(x)dx —|—/ P g(x)d.
0 1
(4.10) implies that f |uR( )|Pdx < +o0 for R sufficiently large. From
(Hz), one deduces that f ()|ur(z)[Pder < +oo for R sufficiently large.

Now assume that a prlnc1pal eigenvalue A exists for the problem (4.11).
Then

+oo +oo
Ev(u):/o WaPdat | Vi)t |pda:>>\/ ma (@) (@) [Pz, Yu € W,

In particular

bre TP V@l
o mi(x)|ur(z)Pde o mi(z)|ur(z)Pde

Since the right hand side goes to 0 as R — +00, a contradiction follows. [J

In particular taking mq(z) = m,

e If § < p, one can find « such that 5 < 1+ a < p and (4.12) holds. Then
Proposition 4.8 yields non existence result.
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e On contrary, if § > p then with € > 0 such that 8 — ¢ > p, one has that

m(z) = W satisfies (4.10). This yields existence result.

Remark 4.9. When N < p, an inequality of the form (H,) with ¢g admissible,
g # 0, never holds for Q = R¥ | as notified in [11].

Ezample 3. Take N > p, @ = RN; m = my # 0, my € LY/?(RY) and
g(x) = ﬁ Denoting by Cn, the (inverse of the) Hardy constant. Then
(Hg) holds since by Hardy inequality, one has

/ glulP §/ :u:p < CNp/ |VulP  for all u € C°(RY).
RN N

Then choosing a potential V' which satisfies (H), one can apply Theorem 4.6
to get an existence result.

5. Non-existence of principal eigenvalue

In this section, we give a nonexistence result. It is related to the case when
the second condition in hypothese (Hs) does not hold for the potential V.

Let consider problem (1.1) with a certain class of potentials V' which
change sign, let the following set:

V= {V//HVU” +V(z)[ulP] >0, Yue Dl’p(Q)} .
Q
We claim that V is not empty. Indeed choose V' which changes sign such that
max [V (z)(1 + [z])"] < K(N, p),

where K (N,p) = (%)p being the inverse of the constant in Hardy’s inequal-

ity i.e.,
p
/ |[VulP > K(N,p)/ M Yu € C(Q).
Q o lzP
One has
|ul? lul?

o |27

L1 = K@) [ > mastv @)1+ ol

szumw
> [ V@hr veecE@.

so such V belong to V.
In the following Theorem which generalizes an analogous result in [10],
we prove the non existence of principal eigenvalue of problem (1.1) if V & V.

Theorem 5.1. Suppose N > p, my admissible function which satisfies (Hy).
Assume that V' changes sign in Q, V€ LN/P(Q) and V ¢ V. Moreover assume
that

(m1—6)"#£0 (Hs)
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S L R e T '8

for all parameter t > 0, where 6(x) = m Then problem (1.1) with m =
mq does not admit a positive principal eigenvalue.

Proof. We consider, the following problem with parameter ¢:
— Apu+ [V(z) — t0(2)][ulP~?u = Nmi(z) — 0(z)]|ulP~2u. (5.1)

The eigenvalue problem (5.1) satisfies the hypotheses of Theorem 4.1, so it
admits a principal eigenvalue

ey s=int { [ (1907 + (V) = 9@l | ) - 6@ =1}
(5.2)

Assume that there exists ¢; > 0 such that A\;(¢;) = ¢1. Then ¢; is a principal
eigenvalue for (1.1) and consequently we have

/[|Vu|p + V(x)|ulP] > tl/ my(x)|uf?  for all u € DP(Q).
Q Q

which implies that [, [[Vu[? + V(z)[u[’] > 0 for all u € D'?(Q). But this
contradicts the fact that V' ¢ V. If there exists a certain rank j > 1 such that
Aj(t1) = t1, then t; is the first eigenvalue of Problem (1.1) associated with an
eigenfunction ¢ which is has not necessary the same sign. Hence ¢; is not a
principal eigenvalue. O

Let us conclude this paragraph by giving some regularity and simplicity
results.

Theorem 5.2. Assume that m = my — mo with mq, mo admissible functions;
V,m € LN/P(Q). Let \;(V,m) be a principal eigenvalue of (1.1) with u € Wi,
uZ 0, u >0 an associated eigenfunction. Then

(i) weCp.(Q) for some a €]0,1[ and u > 0 in Q.

loc
(ii)  There is no other principal eigenvalue of (1.1) and A1 (V,m) is simple.

Proof. Tt follows from Lemma 2.1 (for N < p) or from Sobolev imbeddings
(for N > p) that for any R > 0, u € WHP(Qpg). Then we deduce from Serrin
L*> estimate and Tolksdorf regularity result (cf. [19,20]) that v € C.(2) for
some 0 < a < 1. Moreover, applying Harnack inequality, yields that u is > 0
in Q.

To prove uniqueness of A1(V,;m), we will use an argument based on
Picone’s identity that we will recall. Let L, R be defined, for any £ > 0 and
® > 0 two a.e differentiable function, as

o1 E o —pE
L(E®) = [VEP + (p— ) S (VP —pi

SP
o)

|VO[P2VPVE.

R(€, @) = |VE]” — [V[P2VOV(



Vol. 17 (2010) Principal eigenvalue in an unbounded 407

By Picone’s identity (cf.[2]), 0 < L(£,®) = R(£,®) and if £ € W21 (Q)
then L(§,®) = 0 iff £ = ¢® for some positive constant ¢. Now assume that
(M (V,m),u) and (A, v) are two eigenpairs for (1.1) with u,v > 0 in Q. Let
v € C°(Q) be a sequence which converges to v in W,,,. Then, for a subse-
quence, ¢y and Vi, converge a.e in €2 to v and Vv respectively. We then take
|ox|P /uP~1 as test function in the equation satisfying by u, and using Picone’s
identity, we have:

|€\

0 < L{ge,u /|wk|p /|W|P Vv (o)

- / L / V(@) lorl? — A (Vim) / mlil?.
Q Q Q

Passing to the limit, as k going to infinity, yields

0 < L(v,u) /|W|p /QV(x)vp—)\l(V,m)/vap,

and since (\,v) is also an eigenpair for (1.1), we have
0< L(v,u) < (A— )\1(V7m))/ muP.
Q

If ['mvP >0 (resp. [moP < 0) and A < A\ (V,m) (resp. A > A\ (V,m)), then
L(v,u) =0 and we conclude that v = cu and A = A (V, m). O
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