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1. Introduction

This work is mainly concerned with the existence of a positive principal eigen-
value for the following problem

− Δpu + V (x)|u|p−2u = λm(x)|u|p−2u in Ω, (1.1)

where Ω is an unbounded smooth domain in R
N , Δpu := div(|∇u|p−2∇u),

1 < p < +∞, is the p-Laplacian, λ is the eigenvalue parameter, V and m are
weight functions possibly indefinite whose properties will be specified later.
By principal eigenvalue, we mean λ > 0 such that (1.1) admits a nontrivial u,
with u ≥ 0, in a suitable weak sense.

Many works have been devoted to the existence of a principal eigenvalue
in the last years due to the importance of the validity of the weighted Poin-
caré inequality. The case V ≡ 0 has been studied, among others, by [3,8,11,12]
under different hypothesis on m. They prove that there exists a first positive
principal eigenvalue, denoted by λ1(m) and defined by

λ1(m) := inf
{

E(u) =
∫

Ω

|∇u|p, u ∈ W and
∫

Ω

m|u|p = 1
}

,

in the case of bounded and unbounded domains, where W is a suitable Sobolev
space. The case V ≥ 0 is technically very similar to the case V ≡ 0, as the
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energy associated

EV (u) :=
∫

Ω

(|∇u|p + V (x)|u|p)

has similar properties with the energy E defined above (see for example [17]).
Problems (1.1) with V changing sign and satisfying certain conditions were
recently considered in [18] (with m ≡ 1) [13,10] (with m indefinite, p = 2 and
additional hypothesis on V and m) [5,6,9,11,16] (with m indefinite). In [9,16],
the use of the value

α(V,m) := inf
{

EV (u);u ∈ W 1,p
0 (Ω),

∫
Ω

|u|p = 1 and
∫

Ω

m|u|p = 0
}

plays an important role in the proof of existence of a principal eigenvalue,
where Ω is a bounded domain. The authors introduce the notion of eigencurve
μ(λ) and give a necessary and sufficient condition, on the indefinite weights
V,m, for the existence of principal eigenvalues.

Of special interest for our purpose is the work in [11] where the study of
problems (1.1) with V ≡ 0, was carried out. In [11] the existence of a princi-
pal eigenvalue was proved by using a certain compact imbedding into suitable
weighted Lebesgue spaces. Some properties of this principal eigenvalue was
established: regularity of eigenvalue, simplicity and unicity.

Our purpose in this work is to extend the results obtained in [9,11] to the
case of problem (1.1). When trying to adapt the approach in [11], the relevant
functional is

EV (u) :=
∫

Ω

(|∇u|p + V (x)|u|p) .

We will prove the coerciveness or the existence of converging minimizing
sequence of EV restricted to the manifold

M :=
{

u ∈ Wg, B(u) :=
∫

Ω

m1|u|p = 1
}

,

where m1 is related to the weight m as a “sort of positive part” and Wg is a
suitable weighted Sobolev space in Ω which will be defined later.

The existence of a principal eigenvalue for (1.1) is derived in Sects. 3 and
4. In Sect. 3 where the low dimensions are considered, we assume the validity
on Ω of a weighted Poincaré inequality of the form:∫

Ω

g|u|p ≤ K(Ω, g)
∫

Ω

|∇u|p, ∀u ∈ C∞
c (Ω), (Hg)

for some function g ≥ 0, 	≡ 0 suitably related to the weight m and for some
positive constant K(Ω, g). Section 4 is devoted to the case of high dimen-
sions. We assume there, that the function m1 lies in certain Lebesgue space.
In Sect. 5 we deal with some non existence result when some of the conditions
are dropped. Some properties of the principal eigenvalue are also given: regu-
larity of eigenfunction, unicity of the principal eigenvalue. In the preliminary
Sect. 2, we recall some compacity results and various Sobolev imbeddings to
be used later.
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2. Preliminaries and technical results

Throughout this work, Ω is an unbounded smooth domain of R
N . We will

denoted by ΩR = Ω ∩ B(0, R) and Ω′
R = Ω\B(0, R) for R > 0, where B(0, R)

is the ball of radius R centred at the origin. We will assume that for R > 0, the
open set ΩR is smooth. As in [11], we call “admissible” a nonnegative function
ρ defined on Ω and satisfying the following local integrability condition:

ρ ∈ Ls(ΩR) ∀R > 0, (H0)

for some s > N
p , when N ≥ p and s = 1 when N < p.

Associated with such function ρ, we define, when ρ 	≡ 0, the weighted
space Wρ as the closure of C∞

c (Ω) with respect to the norm

||u||Wρ
:=

[∫
Ω

(|∇u|p + ρ|u|p)
]1/p

.

The following imbeddings hold (cf. e.g [7,11]): Wρ ↪→ D1,p(Ω) ↪→ Lp∗
(Ω)

if N > p and Wρ ↪→ W 1,p(ΩR) for all p. Here D1,p(Ω) denotes when
N > p the closure of C∞

c (Ω) with respect to the norm (
∫
Ω

|∇u|p)1/p and
p∗ = Np/(N − p) is the critical Sobolev exponent. For the proof of the imbed-
ding Wρ ↪→ W 1,p(ΩR), in low dimensions, we use the following lemma, whose
proof can be found in [11].

Lemma 2.1. Suppose N ≤ p and ρ admissible, ρ 	≡ 0. Then for any R suffi-
ciently large (such that ρ 	≡ 0 on ΩR), there exists a constant KR such that∫

ΩR

|u|p ≤ KR

[∫
ΩR

(|∇u|p + ρ|u|p)
]

∀u ∈ C∞
c (Ω). (2.1)

We write the weight m in the form m = m1−m2, with m1,m2 admissible
functions. Note that the decomposition m = m1−m2 does not necessarily coin-
cide with the usual decomposition m = m+ − m−, where m± = max(±m, 0).

3. Existence of a principal eigenvalue in low dimensions

In this section, we will assume that N ≤ p and consider successively a weight
m either nonnegative or indefinite in Ω.

Let us assume that the weight m1 and the potential V satisfy the follow-
ing hypothesis
(H1): There exists an admissible function g such that (Hg) holds and

m1(x) ≤ θ(x)g(x) a.e in Ω,

where the function θ verifies

||θ||L∞(Ω′
R) → 0 as R → ∞.

(H2): There exists a positive constant c with, 0 ≤ c < 1
K(Ω,g) such that

|V (x)| ≤ cg(x) a.e in Ω,

where K(Ω, g) and g are defined in (Hg) with g admissible and g 	≡ 0.
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The inequality connecting m1 and g in (H1) above means that m1(x) = 0(g(x))
as |x| → +∞, x ∈ Ω. It implies that Wg ↪→ Wm1 .

By a solution u of (1.1), we mean a weak solution, i.e. u ∈ Wg such that∫
Ω

|∇u|p−2∇u.∇v +
∫

Ω

V (x)|u|p−2uv = λ

∫
Ω

m(x)|u|p−2uv, ∀ v ∈ Wg.

(3.1)

Note that every term in (3.1) is well defined.
The following theorem concerns the case m is a nonnegative function.

Theorem 3.1. Let N ≤ p and m = m1, with m1 admissible and m 	≡ 0. Assume
that m1 satisfies (H1) and V satisfies (H2). Then (1.1) admits a principal
eigenvalue λ1(V,m) with corresponding eigenfunction ϕ ∈ Wg.

The proof of Theorem 3.1 relies on the following lemma whose proof can
be found in [11]. We give the sketch of this proof for the comprehension of the
reader. It is here the assumption about the function θ in (H1) is used.

Lemma 3.2. Under the hypotheses of Theorem 3.1, one has the following com-
pact imbedding Wg ↪→↪→ Lp(m1,Ω), where Lp(m1,Ω) denotes the Lp space on
Ω with weight m1.

Proof. Let uk ⇀ u in Wg. Splitting the integral over Ω into integral over ΩR

and Ω′
R, one has by Hölder inequality and (H1)∫

Ω

m1|uk − ul|p =
∫

ΩR

m1|uk − ul|p +
∫

Ω′
R

m1|uk − ul|p

≤ ||m1||Ls(ΩR)||uk − ul||pLps′ (ΩR)
+ ||θ||L∞(Ω′

R)

∫
Ω′

R

g|uk − ul|p

Take ε > 0. By (H1) for R sufficiently large, the second term above is less
than ε

2 , uniformly with respect to k, l. Fixing such R and using the compact
imbedding W 1,p(ΩR) ↪→ Lps′

(ΩR), one obtains that the first term is also less
than ε

2 for k, l sufficiently large. The conclusion then follows. �

Proof of Theorem 3.1. The proof is partly adapted from [11]. We give here
some details for the sake of completeness.

Let us consider the following functionals

EV (u) :=
∫

Ω

(|∇u|p + V (x)|u|p), B(u) :=
∫

Ω

m1|u|p,

which are C1 on Wg. Set

λ1(V,m1) := inf {EV (u), u ∈ Wg and B(u) = 1} .

We aim to prove that this infimum is achieved at some nonnegative function
and by Lagrange multipliers rule, we will conclude that λ1(V,m1) is a principal
eigenvalue for (1.1).

It is easy, using (H2), to prove that

EV (u) ≥ α||u||pWg
∀u ∈ Wg, (3.2)
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where α ∈ [0, 1−cK(Ω,g)
1+K(Ω,g) [ and then EV is coercive on Wg. On the other hand

let uk be a minimizing sequence for λ1(V,m1), i.e{
EV (uk) → λ1(V,m1) (i)
B(uk) = 1 (ii)

Using (3.2) and (i), one deduces that uk is a bounded sequence in Wg. Thus
there exists u0 ∈ Wg such that, up to a subsequence, uk converges weakly to
u0 in Wg and strongly in Lp(m1,Ω) (using Lemma 3.2). Consequently, from
(ii), one has B(u0) = 1 which implies

λ1(V,m1) ≤ EV (u0) ≤ lim inf EV (uk) ≤ λ1(V,m1).

The infimum is then achieved at u0. By Lagrange multilpiers rule, λ1(V,m1)
is an eigenvalue for (1.1). Moreover EV (|u|) = EV (u) for any u ∈ Wg, so that
λ1(V,m1) possesses a nonnegative eigenfunction. Serrin estimates (cf. Theo-
rem 8 in [19]) and Harnack inequality (arguing as [8]) allow us to conclude
that the eigenvalue λ1(V,m1) is principal. �

Next we consider an arbitrary weight m in the form m = m1 −m2, where
m1,m2 are nonnegative functions. For fixed λ, We consider the following eigen-
value problem with parameter β(λ)

− Δpu + (V + λm2)|u|p−2u = β(λ)m1|u|p−2u. (3.3)

It is clear that λ is an eigenvalue of (1.1) if and only if λ is a fixed point of
β(λ) where β(λ) is an eigenvalue of (3.3). Searching such a λ is our goal in the
next paragraph.

Let start to prove the following result.

Theorem 3.3. Suppose N ≤ p and let m = m1 − m2 with m1,m2 admissibles.
Assume that m1 satisfies (H1) and V satisfies (H2). Assume also that

m+ 	≡ 0 (H3)

Then (1.1) admits a principal eigenvalue λ1(V,m1−m2), having an eigenfunc-
tion which belongs to Wg+m2 (where g is provided by (H1)).

Proof. We will first prove that problem (3.3) admits a principal eigenvalue
λ1(V + λm2,m1). Indeed let us denote by

Aλ(u) :=
∫

Ω

[|∇u|p + (V (x) + λm2)|u|p] and set

β(λ) := inf{Aλ(u) : u ∈ Wg+m2 and B(u) = 1}.

As in the proof of Theorem 3.1, we will prove that β(λ) is achieved at some
nonnegative function u0 ∈ Wg+m2 , which yields to the existence of a principal
eigenvalue for (3.3).

We will first prove that Aλ is coercive on Wg+m2 . Taking α1 = min
(λ

2 , 1−cK(Ω,g)
1+cK(Ω,g) ), and using (3.2) we obtain

Aλ(u) ≥ α1||u||pWg+m2
for all u ∈ Wg+m2 , (3.4)
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so that Aλ is coercive on Wg+m2 for any λ > 0. Arguing as in the proof of
Theorem 3.1, one deduces that for any λ > 0, (3.3) has a principal eigenvalue
β(λ) := λ1(V + λm2,m1).

Our purpose in the second step of the proof is to show the existence of
a fixed point for the function β(λ), which will clearly yields the conclusion of
Theorem 3.3.

Since for λ > 0 and for all u ∈ Wg+m2 with B(u) = 1,

Aλ(u) = EV (u) + λ

∫
Ω

m2(x)|u|p ≥ EV (u) ≥ λ1(V,m1),

where λ1(V,m1) is defined in Theorem 3.1, one deduces that

β(λ) ≥ λ1(V,m1).

Consequently, β(λ) ≥ λ for 0 < λ ≤ λ1(V,m1). On the other hand (H3) implies
that there exists a nonempty open subset, with positive measure, Ω0 ⊂ Ω such
that

m = m1 − m2 > 0 a.e in Ω0. (3.5)

Let u0 ∈ Wg+m2 with u0 	≡ 0 and supp u0 ⊂ Ω0. Then for λ sufficiently large

Aλ(u0) − λ

∫
Ω

m1|u0|p =
∫

Ω

|∇u0|p − λ

∫
Ω

m|u0|p < 0. (3.6)

From (3.6) (taking v0 = u0/[B(u0)]1/p if necessary), one deduces that β(λ) < λ
for λ sufficiently large. Moreover β is a concave u.s.c function from R

+
0 to R

(since it is the infimum of a family of affine functions of λ), and so in partic-
ular β is continuous on R

+
0 . It follows that β admits a positive fixed point λ0

(ie β(λ0) = λ0), and the theorem is proved. �

4. Existence of principal eigenvalue in high dimensions

As in the previous section, we will investigate the case when the weight m is
a positive function and when it is indefinite. We assume that N > p. Let us
begin with the first result when the weight is positive.

Theorem 4.1. Suppose N > p and let m = m1 with m1 admissible and m1 	≡ 0.
Assume that

m1 ∈ LN/p(Ω) (H4)

V ∈ LN/p(Ω) and ||V ||LN/p(Ω) ≤ 1
cp
1

, (H5)

where c1 is the constant of the imbedding of D1,p ↪→ LP ∗
(Ω). Then the prob-

lem (1.1) admits a principal eigenvalue λ1(V,m1), having an eigenfunction
ϕ ∈ D1,P (Ω).

The proof of Theorem 4.1 relies on the following lemma
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Lemma 4.2. [4] Assume that N > p. The functional

u 
→
∫

Ω

ω|u|q

is well defined and weakly continous in D1,p(Ω), for 1 ≤ q < p∗ and ω ∈
L(p∗/q)′

(Ω).

Proof. The proof is partly adapted from the corresponding lemma in [11,12].
Let uk ⇀ u in D1,p(Ω). Then, for any fixed R > 0, uk → u in Lqs′

(ΩR).
Given ε > 0, we pick R sufficiently large such that

||ω||L(p∗/q)′ (Ω′
R)||uk − ul||qLp∗ (Ω)

≤ ε

2
,

uniformly with respect to k, l (which is possible since ω ∈ L(p∗/q)′
(Ω)). Then

splitting the integrals over Ω into integrals over ΩR and over Ω′
R, we get∫

Ω

ω|uk − ul|q =
∫

ΩR

ω|uk − ul|q +
∫

Ω′
R

ω|uk − ul|q

≤||ω||Ls(ΩR).||uk − ul||qLqs′ (ΩR)
+||ω||L(p∗/q)′ (Ω′

R).||uk−ul||qLp∗ (Ω)
.

Fixing such a R, one deduces from the compact imbedding W 1,p(ΩR) ↪→↪→
Lqs′

(ΩR) that

||ω||Ls(ΩR).||uk − ul||qLqs′ (ΩR)
≤ ε

2
,

for k and l sufficiently large and consequently uk converges to u in Lq(ω,Ω).
�

Proof of Theorem 4.1. Let EV be defined, as in Sect. 3, by:

EV (u) :=
∫

Ω

[|∇u|p + V (x)|u|p] .

From (H5) and the imbedding D1,p(Ω) ↪→ Lp∗
(Ω), one easily establishes the

following inequalities

(1 − cp
1)||V ||LN/p(Ω)||u||pD1,p(Ω) ≤ EV (u) ≤ (1 + cp

1)||V ||LN/p(Ω)||u||pD1,p(Ω),

(4.1)

which implies that EV is coercive on D1,p(Ω). Then, applying Lemma 4.2 (with
ω = m1 and q = p), the result follows by minimization of EV on the manifold
M := {u ∈ D1,p(Ω) : B(u) = 1}, as in Sect. 3. �

Next, we turn to the case m = m1 −m2 with nontrivial positive part m+

(i.e, m+ 	≡ 0 in Ω).

Theorem 4.3. Suppose N > p and let m = m1 − m2 with m1,m2 admissi-
ble functions. Assume that m satisfies (H3) and m1 satisfies (H4). Assume
further that V satisfies (H5). Then the problem (1.1) admits a principal eigen-
value λ1(V,m1 − m2), having an eigenfunction ϕ ∈ Wm2 .
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Proof. Let us write, for λ > 0,

Aλ(u) :=
∫

Ω

(|∇u|p + (V (x) + λm2(x))|u|p) , B(u) :=
∫

Ω

m1(x)|u|p.

From (4.1), one easily proves that

Aλ(u) ≥ min(δ, λ)||u||pWm2
, for all u ∈ Wm2 ,

where δ = 1 − cp
1||u||LN/p(Ω) > 0.

Hence Aλ is coercive on Wm2 , then using Lemma 4.2 and Theorem 4.1,
one deduces that the problem

− Δpu + V (x)|u|p−2u + λm2|u|p−2u = β(λ)m1|u|p−2u in Ω (4.2)

admits a principal eigenvalue β(λ) defined by

β(λ) = λ1(V + λm2,m1) := inf{Aλ(u) : u ∈ Wm2 and B(u) = 1}.

Arguing as in the proof of Theorem 3.3, one can prove that β(λ) ≥ λ for λ > 0
small and also for λ sufficiently large∫

Ω

[|∇u0|p + (V − λm)|u0|p] < 0,

with u0 ∈ Wm2 , u0 	≡ 0 and supp u0 ⊂ Ω0, where Ω0 is provided by (H3).
So β(λ) < λ for λ sufficiently large. Using the facts that β is concave and
continuous in [0,+∞[, one deduces the existence of a fixed point for β which
is, in fact, a principal eigenvalue for (1.1). �

We give below some properties of the function β(λ).

Proposition 4.4. Let λn → λ and (β(λn), ϕn), (β(λ), ϕλ) be the correspond-
ing eigenpairs for problem (4.2). Then β(λn) → β(λ) and ϕn → ϕλ in Wm2 .
Moreover β(λ) is differentiable and for any λ0 ∈ R, we have

β′(λ0) =
∫

Ω

m2ϕ
p
λ0

(4.3)

Proof. The proof borrows some ideas from [1,5,14].
Continuity of the function β follows from the fact that β is concave and

concave function is continuous on its domain of definition.
To prove that ϕn → ϕλ, we proceed as follows. Let Λ ⊂ R be bounded.

For λn ∈ Λ, since

β(λn) =
∫

Ω

[|∇ϕn|p + (V (x) + λn)|ϕn|p] ≤ K (constant),

(using continuity of β), one deduces that
∫
Ω

|∇ϕn|p and
∫
Ω

m2|ϕn|p are
bounded. Thus for some ϕ̃ ∈ Wm2 , ϕn converges to ϕ̃ weakly in Wm2 and
strongly in Lp(ω,Ω) for ω ∈ LN/p(Ω) as λn → λ ∈ Λ̄. Next, taking ϕk − ϕl as
testing function for ϕk in (4.2), one has∫

Ω

|∇ϕk|p−2∇ϕk.∇(ϕk − ϕl)+

∫
Ω

V (x)ϕp−1
k (ϕk − ϕl)+λk

∫
Ω

m2ϕ
p−1
k (ϕk − ϕl)

= β(λk)

∫
Ω

m1ϕ
p−1
k (ϕk − ϕl). (4.4)
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Then

0 ≤ J(λk, λl) :=
∫

Ω

(|∇ϕk|p−2∇ϕk − |∇ϕl|p−2∇ϕl).∇(ϕk − ϕl)

= −
∫

Ω

V (x)(ϕp−1
k − ϕp−1

l )(ϕk − ϕl)

−λk

∫
Ω

m2(ϕ
p−1
k − ϕp−1

l )(ϕk − ϕl)

−(λk − λl)
∫

Ω

m2ϕ
p−1
l (ϕk − ϕl)

+β(λk)
∫

Ω

m1(ϕ
p−1
k − ϕp−1

l )(ϕk − ϕl)

+ [β(λk − β(λl))]
∫

Ω

m1ϕ
p−1
l (ϕk − ϕl). (4.5)

Hence, from the monotonicity of the function x 
→ |x|p−2x, we have

0 ≤ J(λk, λl) ≤
∫

Ω

|V (x)||ϕp−1
k − ϕp−1

l ||ϕk − ϕl|

+ |λk − λl|
∫

Ω

m2ϕ
p−1
l |ϕk − ϕl|

+β(λk)
∫

Ω

m1|ϕp−1
k − ϕp−1

l ||ϕk − ϕl|

+ |β(λk − β(λl))|
∫

Ω

m1ϕ
p−1
l |ϕk − ϕl|. (4.6)

Using Hölder inequality, the hypothesis (H4), (H5) and Lemma 4.2 (for q = p),
one sees that

∫
Ω

|V (x)||ϕp−1
k −ϕp−1

l ||ϕk−ϕl| → 0 and
∫
Ω

m1|ϕp−1
k −ϕp−1

l ||ϕk−
ϕl| → 0. Furthermore Hölder inequality implies that

∫
Ω

m2ϕ
p−1
l |ϕk − ϕl| and

| ∫
Ω

m1ϕ
p−1
l |ϕk − ϕl| (using the fact D1,p(Ω) ↪→ Lp(m1,Ω)) remain bounded.

Since (λk − λl) → 0,(β(λk) − β(λl)) → 0 for k, l sufficiently large, we conclude
that the right hand side of (4.6) goes to 0 as k, l → +∞.
To go on with the proof, we observe that for some constant d = d(p) and for
any a, b ∈ R

N ,

|a − b|p ≤ {(|a|p−2a − |b|p−2b)(a − b)}r/2(|a|p + |b|p)1−r/2, (4.7)

where r = p if p ∈]1, 2[ and r = 2 if p ≥ 2 (cf. [15]). Applying (4.7) and
Hölder inequality, one easily derives that ∇ϕn → ∇ϕ̃ in Lp(Ω). Moreover the
calculation leading to (4.5) gives,
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0 ≤ λk

∫
Ω

m2(ϕ
p−1
k − ϕp−1

l )(ϕk − ϕl)

≤ −
∫

Ω

V (x)(ϕp−1
k − ϕp−1

l )(ϕk − ϕl) − λk

∫
Ω

m2(ϕ
p−1
k − ϕp−1

l )(ϕk − ϕl)

− (λk − λl)
∫

Ω

m2ϕ
p−1
l (ϕk − ϕl) + β(λk)

∫
Ω

m1(ϕ
p−1
k − ϕp−1

l )(ϕk − ϕl)

+ [β(λk − β(λl))]
∫

Ω

m1ϕ
p−1
l (ϕk − ϕl). (4.8)

where the right hand side goes to zero. We then deduce from above that∫
Ω

m2|ϕk − ϕl|p → 0 by applying successively (4.7) and Hölder inequality.
Consequently ϕn → ϕ̃ in Wm2 . On the other hand, one has

β(λ) = lim
n→+∞ β(λn)

= lim
n→+∞

∫
Ω

[|∇ϕn|p + (V (x) + λnm2)ϕp
n] = Aλ(ϕ̃) (4.9)

and since
∫
Ω

m1ϕ̃
p = 1 (because

∫
Ω

m1ϕ
p
n = 1 and Wm2 ↪→↪→ Lp(m1,Ω)), one

derives that ϕ̃ = ϕλ and the first part of Proposition 4.4 is proved.
To prove the differentiability of β(λ), let write

β(λn) =
∫

Ω

[|∇ϕn|p + (V (x) + λnm2)ϕp
n]

=
∫

Ω

[|∇ϕn|p + (V (x) + λm2)ϕp
n] + (λn − λ)

∫
Ω

m2ϕ
p
n

≥ β(λ) + (λn − λ)
∫

Ω

m2ϕ
p
n.

Replacing λ (resp. ϕλ) by λn (resp. ϕn) in the last inequality we have

(λn − λ)
∫

Ω

m2ϕ
p
n ≤ β(λn) − β(λ) ≤ (λn − λ)

∫
Ω

m2ϕ
p
λ.

Dividing by (λn − λ) an letting λn → λ, we obtain (4.3) �

Remark 4.5. In Sect. 3 (respectively Sect. 4), hypothese (H2) in Theorems 3.1
and 3.3 (resp. (H5) in Theorems 4.1 and 4.3) guarantees the positivity of the
principal eigenvalue. In what follows, we aim to weak these hypotheses, that
will allow the principal eigenvalue to be either positive or negative.

For that let us introduce the following number (cf. [9,16])

α(V,m) := inf
{

EV (u), u ∈ D1,p(Ω),
∫

Ω

m|u|p = 0 and
∫

Ω

|u|p = 1
}

.

One has the following

Theorem 4.6. Suppose N > p and let m = m1 − m2 with m1,m2 admissi-
ble functions. Assume that m satisfies (H3) and (H4). Assume further that V
changes sign and satisfies

V ∈ LN/p(Ω). (H ′
5)
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Then the problem (1.1) admits a principal eigenvalue λ1(V,m1 − m2), having
an eigenfunction ϕ ∈ D1,p(Ω) if α(V,m) > 0.

Proof. We define

λ1(V,m) := inf
{

EV (u), u ∈ D1,p(Ω) and
∫

Ω

m|u|p = 1
}

.

We have that λ1(V,m) > −∞. Indeed assume by contradiction that there
exists a sequence (uk) such that

∫
Ω

m|uk|p = 1 and EV (uk) → −∞. Then∫
Ω

|∇uk|p +
∫

Ω

V +|uk|p −
∫

Ω

V −|uk|p → −∞,

which implies that
∫
Ω

V −|uk|p → +∞. Set wk = uk/(
∫
Ω

V −|uk|p)1/p, then∫
Ω

V −|wk|p = 1 and

EV (wk) =
EV (uk)∫

Ω
V −|uk|p ≤ 0, for k sufficiently large.

Moreover we have

||wk||pD1,p(Ω) =
||uk||pD1,p(Ω)∫

Ω
V −|uk|p ≤

∫
Ω

|∇uk|p +
∫
Ω

V +|uk|p∫
Ω

V −|uk|p ≤ 1.

Hence wk is bounded in D1,p(Ω). Consequently, up to a subsequence wk ⇀ w0

in D1,p(Ω),
∫
Ω

m|wk|p → ∫
Ω

m|w0|p and
∫
Ω

V −|wk|p → ∫
Ω

V −|w0|p (using
Lemma 4.2). We deduce that w0 	≡ 0 since

∫
Ω

V −|wk|p = 1.
On the other hand, since EV is lower semi-continuous, we have

EV (w0) ≤ lim inf EV (wk) ≤ 0.

Furthermore ∫
Ω

m|wk|p =

∫
Ω

m|uk|p∫
Ω

V −|uk|p =
1∫

Ω
V −|uk|p → 0.

Then
∫
Ω

m|w0|p = 0 and the function w̃0 = w0
(
∫
Ω |w0|p)1/p is admissible in the

definition of α(V,m) so that α(V,m) ≤ A(w̃0) ≤ 0, a contradiction.
To go on with the proof, let uk be a minimizing sequence for λ1(V,m), ie.∫

Ω
m|uk|p = 1 and EV (uk) → λ1(V,m). It suffices to prove that uk is bounded

in D1,p(Ω). Indeed, assume by contradiction that ||uk||D1,p(Ω) → +∞ and con-
sider tk = uk

||uk||D1,p(Ω)
. Then, up to subsequence, tk → t0 weakly in D1,p(Ω),

EV (tk)=
EV (uk)

||uk||pD1,p(Ω)

→0 and
∫

Ω

m|tk|p =

∫
Ω
m|uk|p

||uk||pD1,p(Ω)

=
1

||uk||pD1,p(Ω)

→ 0.

Moreover

||tk||pD1,p(Ω) = EV (tk) −
∫

Ω

V |tk|p → −
∫

Ω

V |t0|p.

Hence

||t0||pD1,p(Ω) ≤ lim inf ||tk||pD1,p(Ω) = −
∫

Ω

V |t0|p,
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and consequently EV (t0) ≤ 0. Moreover
∫
Ω

m|t0|p = 0 and we claim that
t0 	≡ 0. Indeed if t0 ≡ 0 then ||tk||pD1,p(Ω) → − ∫

Ω
V |t0|p = 0, a contradic-

tion since ||tk||pD1,p(Ω) = 1. Arguing as above, we get a contradiction with the
assumption on α(V,m). �

Remark 4.7. (i) When Ω is an bounded domain and V ≡ V0 (constant
function), one has α(V,m) = V0 + α(0,m). Since α(0,m) ≥ 0 one can
choose V0 such that α(V,m) > 0.

(ii) It is easily seen that α(V,m) = ∞ if and only if m > 0 in Ω.
(iii) It is not difficult to construct an example of functions V and m such that

α(V,m) > 0 when Ω is an unbounded domain. The following example is
partly adapted from Example 10.1 of [9].

Example 1. We will assume that N > 2. Let Ω1 be a bounded domain of R
N

such that Ω1 ⊂ Ω and B0 ⊂ Ω1 be an open subset such that

||ϕ1||22,B0
:=

∫
B0

ϕ2
1dx =

1
2
,

where ϕ1 is the first L2(Ω1)-normed positive eigenfunction of (−Δ,H1
0 (Ω1))

with λ1 as associated positive eigenvalue (i.e −Δϕ1 = λ1ϕ1 in Ω1 and ϕ1 = 0
in ∂Ω1). Set for ε > 0

m =

⎧⎪⎨
⎪⎩

ε in B0

−ε in Ω1\B0

0 in Ω\Ω1

and

V =

⎧⎪⎨
⎪⎩

−cλ1 + 1
2ε in B0

−cλ1 − 1
2ε in Ω1\B0

0 in Ω\Ω1

where c is a positive constant. We denote by ϕ̃1 the extension by 0 to Ω of ϕ1.

(a) From ||ϕ1||22,B0
= 1

2 , we deduce that
∫
Ω

mϕ̃2
1dx = 0,

∫
Ω

ϕ̃2
1dx = 1 and

||ϕ1||22,B0
= ||ϕ1||22,Ω1\B0

= 1
2 .

(b) EV (ϕ̃1) = EV (ϕ1)

= λ1 +
(−cλ1 + 1

2ε

) ||ϕ1||22,B0
+

(−cλ1 − 1
2ε

) ||ϕ1||22,Ω1\B0

= (1 − c)λ1

so that if 0 < c < 1 then EV (ϕ̃1) > 0.
(c) If u ∈ H1

0 (Ω) is such that
∫
Ω

m|u|2dx = 0 then ||u||2,B0 = ||u||2,Ω1\B0 and

EV (u) =
∫

Ω

|∇u|2 +
∫

Ω

V |u|2

=
∫

Ω

|∇u|2 −
(

cλ1 +
1
2ε

)
||u||22,Ω1\B0

−
(

cλ1 − 1
2ε

)
||u||22,B0
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=
∫

Ω

|∇u|2 − cλ1||u||22,Ω1
+

1
2ε

(
||u||22,B0

− ||u||22,Ω1\B0

)

=
∫

Ω

|∇u|2 − cλ1||u||22,Ω1
≥ (1 − c)λ1||u||22,Ω1

since, by definition of λ1, one has∫
Ω

|∇u|2 ≥
∫

Ω1

|∇u|2 ≥ λ1

∫
Ω1

|u|2 for all u ∈ H1
0 (Ω).

Hence one deduces that α(V,m) > 0 if 0 < c < 1.

Next we give examples of functions g and domains Ω for which assump-
tion Hg holds.

Example 2. We borrow some idea from [11].

Let N = 1, p > 1 and Ω =]0,+∞[. If g is admissible function with m 	≡ 0
and satisfies ∫ +∞

0

xp−1g(x)dx < +∞, (4.10)

then (Hg) holds. Indeed writing u(x) =
∫ x

0
u′(t)dt and using Hölder inequality,

one has

|u(x)|p ≤
(∫ x

0

|u′(t)|dt

)p

≤
(∫ x

0

dt

)p/p′ (∫ x

0

|u′(t)|pdt

)

≤ xp−1

(∫ +∞

0

|u′(t)|pdt

)
.

Hence ∫ +∞

0

g(x)|u(x)|pdx ≤
(∫ +∞

0

xp−1g(x)dx

)(∫ +∞

0

|u′(t)|pdt

)
.

Consequently if m1 is admissible, m1 	≡ 0, satisfies (H1) with respect to the
function m such as (4.10) holds, and V satisfies (H2), then Theorem 3.1 applies
and yiels a principal eigenvalue for the problem{−(|u′|p−2u′)′ + V |u|p−2u = λm1(x)|u|p−2u in ]0,+∞[

u(0) = 0 (4.11)

The following proposition describes a situation where (4.11) does not admit a
principal eigenvalue.

Proposition 4.8. Let m1 be admissible function such that for some 0 < α < p−1∫ +∞

0

xαm1(x)dx = +∞ (4.12)

Then (4.11) does not admit a principal eigenvalue.
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Proof. The proof is partly adapted from that of Proposition 3.6 of [11].
Let us define for R > 1 the following function

uR(x) =

⎧⎪⎪⎨
⎪⎪⎩

x if x ∈ [0, 1]
xα/p if x ∈ [1, R]
Rα/p − R

α
p −1(x − R) if x ∈ [R, 2R]

0 if x ≥ 2R

We have
(i) ∫ +∞

0

|u′
R(x)|pdx = 1 +

(
α

p

)p ∫ R

1

xα−pdx + Rα−p

∫ 2R

R

dx

= 1 + Rα−p+1 +
1

p − α − 1

(
α

p

)p [
1 − Rα−p+1

]

≤ 2 +
(

α

p

)p 1
p − α − 1

since R > 1.

(ii) ∫ +∞

0

m1(x)|uR(x)|pdx ≥
∫ R

1

m1(x)|uR(x)dx|p =
∫ R

1

xαm1(x)dx.

Then from (4.12),
∫ +∞
0

m1(x)|uR(x)|pdx → +∞ as R → +∞.
(iii) ∫ +∞

0

g(x)|uR(x)|pdx ≤
∫ R

0

xαg(x)dx + Rα

∫ 2R

R

g(x)dx

≤
∫ 2R

0

xαg(x)dx

≤
∫ 1

0

xαg(x)dx +
∫ 2R

1

xp−1g(x)dx.

(4.10) implies that
∫ +∞
0

g(x)|uR(x)|pdx < +∞ for R sufficiently large. From
(H2), one deduces that

∫ +∞
0

V (x)|uR(x)|pdx < +∞ for R sufficiently large.
Now assume that a principal eigenvalue λ exists for the problem (4.11).

Then

EV (u)=

∫ +∞

0

|u′(x)|pdx+

∫ +∞

0

V (x)|u(x)|pdx≥λ

∫ +∞

0

m1(x)|u(x)|pdx, ∀u ∈ Wm.

In particular

0 < λ ≤
∫ +∞
0

|u′
R(x)|pdx∫ +∞

0
m1(x)|uR(x)|pdx

+

∫ +∞
0

V (x)|uR(x)|pdx∫ +∞
0

m1(x)|uR(x)|pdx
.

Since the right hand side goes to 0 as R → +∞, a contradiction follows. �

In particular taking m1(x) = 1
(1+x)β ,

• If β < p, one can find α such that β < 1 + α < p and (4.12) holds. Then
Proposition 4.8 yields non existence result.
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• On contrary, if β > p then with ε > 0 such that β − ε > p, one has that
m(x) = 1

(1+x)β−ε satisfies (4.10). This yields existence result.

Remark 4.9. When N ≤ p, an inequality of the form (Hg) with g admissible,
g 	≡ 0, never holds for Ω = R

N , as notified in [11].

Example 3. Take N > p, Ω = R
N ; m = m1 	≡ 0, m1 ∈ LN/p(RN ) and

g(x) = 1
1+|x|p . Denoting by CN,p the (inverse of the) Hardy constant. Then

(Hg) holds since by Hardy inequality, one has∫
RN

g|u|p ≤
∫

RN

|u|p
|x|p ≤ CN,p

∫
RN

|∇u|p for all u ∈ C∞
c (RN ).

Then choosing a potential V which satisfies (H ′
5), one can apply Theorem 4.6

to get an existence result.

5. Non-existence of principal eigenvalue

In this section, we give a nonexistence result. It is related to the case when
the second condition in hypothese (H5) does not hold for the potential V .

Let consider problem (1.1) with a certain class of potentials V which
change sign, let the following set:

V :=
{

V/

∫
Ω

[|∇u|p + V (x)|u|p] ≥ 0, ∀u ∈ D1,p(Ω)
}

.

We claim that V is not empty. Indeed choose V which changes sign such that

max[V −(x)(1 + |x|)p] ≤ K(N, p),

where K(N, p) = (N−p
p )p being the inverse of the constant in Hardy’s inequal-

ity i.e., ∫
Ω

|∇u|p ≥ K(N, p)
∫

Ω

|u|p
|x|p ∀u ∈ C∞

c (Ω).

One has ∫
Ω

|∇u|p ≥ K(N, p)
∫

Ω

|u|p
|x|p ≥ max[V −(x)(1 + |x|)p]

∫
Ω

|u|p
|x|p

≥
∫

Ω

V −(x)|u|p

≥ −
∫

Ω

V (x)|u|p ∀u ∈ C∞
c (Ω),

so such V belong to V.
In the following Theorem which generalizes an analogous result in [10],

we prove the non existence of principal eigenvalue of problem (1.1) if V 	∈ V.

Theorem 5.1. Suppose N > p, m1 admissible function which satisfies (H4).
Assume that V changes sign in Ω, V ∈ LN/p(Ω) and V 	∈ V. Moreover assume
that

(m1 − θ)+ 	≡ 0 (H6)
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max
[
(V − tθ)−

θ

]
≤ K(N, p) ≤ max

(
V −

θ

)
, (H7)

for all parameter t > 0, where θ(x) = 1
(1+|x|)p . Then problem (1.1) with m =

m1 does not admit a positive principal eigenvalue.

Proof. We consider, the following problem with parameter t:

− Δpu + [V (x) − tθ(x)]|u|p−2u = λ[m1(x) − θ(x)]|u|p−2u. (5.1)

The eigenvalue problem (5.1) satisfies the hypotheses of Theorem 4.1, so it
admits a principal eigenvalue

λ1(t) := inf
{∫

Ω

[|∇u|p + (V (x) − tθ(x))]|u|p,
∫

Ω

[m1(x) − θ(x)]|u|p = 1
}

.

(5.2)

Assume that there exists t1 > 0 such that λ1(t1) = t1. Then t1 is a principal
eigenvalue for (1.1) and consequently we have∫

Ω

[|∇u|p + V (x)|u|p] ≥ t1

∫
Ω

m1(x)|u|p for all u ∈ D1,p(Ω).

which implies that
∫
Ω
[|∇u|p + V (x)|u|p] ≥ 0 for all u ∈ D1,p(Ω). But this

contradicts the fact that V 	∈ V. If there exists a certain rank j > 1 such that
λj(t1) = t1, then t1 is the first eigenvalue of Problem (1.1) associated with an
eigenfunction ϕ1 which is has not necessary the same sign. Hence t1 is not a
principal eigenvalue. �

Let us conclude this paragraph by giving some regularity and simplicity
results.

Theorem 5.2. Assume that m = m1 − m2 with m1,m2 admissible functions;
V,m ∈ LN/p(Ω). Let λ1(V,m) be a principal eigenvalue of (1.1) with u ∈ Wm2 ,
u 	≡ 0, u ≥ 0 an associated eigenfunction. Then
(i) u ∈ Cα

loc(Ω) for some α ∈]0, 1[ and u > 0 in Ω.
(ii) There is no other principal eigenvalue of (1.1) and λ1(V,m) is simple.

Proof. It follows from Lemma 2.1 (for N ≤ p) or from Sobolev imbeddings
(for N > p) that for any R > 0, u ∈ W 1,p(ΩR). Then we deduce from Serrin
L∞ estimate and Tolksdorf regularity result (cf. [19,20]) that u ∈ Cα

loc(Ω) for
some 0 < α < 1. Moreover, applying Harnack inequality, yields that u is > 0
in Ω.

To prove uniqueness of λ1(V,m), we will use an argument based on
Picone’s identity that we will recall. Let L,R be defined, for any ξ ≥ 0 and
Φ > 0 two a.e differentiable function, as

L(ξ,Φ) := |∇ξ|p + (p − 1)
ξp

Φp
|∇Φ|p − p

ξp−1

Φp−1
|∇Φ|p−2∇Φ∇ξ.

R(ξ,Φ) := |∇ξ|p − |∇Φ|p−2∇Φ∇(
ξp

Φp
).
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By Picone’s identity (cf.[2]), 0 ≤ L(ξ,Φ) = R(ξ,Φ) and if ξ
Φ ∈ W 1,1

loc (Ω)
then L(ξ,Φ) = 0 iff ξ = cΦ for some positive constant c. Now assume that
(λ1(V,m), u) and (λ, v) are two eigenpairs for (1.1) with u, v > 0 in Ω. Let
ϕk ∈ C∞

c (Ω) be a sequence which converges to v in Wm2 . Then, for a subse-
quence, ϕk and ∇ϕk converge a.e in Ω to v and ∇v respectively. We then take
|ϕk|p/up−1 as test function in the equation satisfying by u, and using Picone’s
identity, we have:

0 ≤ L(ϕk, u) =
∫

Ω

|∇ϕk|p −
∫

Ω

|∇u|p−2∇u∇(
|ξ|p
up−1

)

=
∫

Ω

|∇ϕk|p +
∫

Ω

V (x)|ϕk|p − λ1(V,m)
∫

Ω

m|ϕk|p.

Passing to the limit, as k going to infinity, yields

0 ≤ L(v, u) ≤
∫

Ω

|∇v|p +
∫

Ω

V (x)vp − λ1(V,m)
∫

Ω

mvp,

and since (λ, v) is also an eigenpair for (1.1), we have

0 ≤ L(v, u) ≤ (λ − λ1(V,m))
∫

Ω

mvp.

If
∫

mvp ≥ 0 (resp.
∫

mvp ≤ 0) and λ ≤ λ1(V,m) (resp. λ ≥ λ1(V,m)), then
L(v, u) = 0 and we conclude that v = cu and λ = λ1(V,m). �
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[4] Ben-Naoum, A.K., Troestler, C., Willem, M.: Extrema problems with criti-
cal Sobolev exponents on unbounded domains. Nonlinear Anal. 26(4), 823–
833 (1996)



408 L. Leadi and A. Yechoui NoDEA

[5] Binding, P.A., Huang, Y.X.: The principal eigencurve for the p-Laplacian. Differ.
Integr. Equ. 8(2), 405–414 (1995)

[6] Binding, P.A., Huang, Y.X.: Existence and nonexistence of positive eigenfunc-
tions for the p-Laplacian. Proc. Am. Math. Soc. 123(6), 1833–1838 (1995)
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