Note di Matematica 26, n. 2, 2006, 183–192.

Relative nullity foliation of the screen distribution of lightlike Einstein hypersurfaces in Lorentzian spaces

Cyriaque Atindogbe

Université d’Abomey-Calavi, Institut de Mathématiques et de Sciences Physiques (IMSP), B.P. 613, Porto-Novo, Bénin

atincyr@yahoo.fr

Jean-Pierre Ezin

Université d’Abomey-Calavi, Institut de Mathématiques et de Sciences Physiques (IMSP), B.P. 613, Porto-Novo, Bénin

jp.ezin@imsp-uac.org

Joël Tossa

Université d’Abomey-Calavi, Institut de Mathématiques et de Sciences Physiques (IMSP), B.P. 613, Porto-Novo, Bénin

joel.tossa@imsp-uac.org

Received: 13/1/2006; accepted: 30/1/2006.

Abstract. This paper deals with results concerning the relative nullity foliation of the screen distribution of a lightlike Einstein hypersurface M in the Lorentzian space R^{n+2}_1 and gives a characterization theorem for the relative nullity spaces. Many differences from the Riemannian case are due to the fact that the metric in consideration is degenerate.

Keywords: lightlike Einstein hypersurfaces, relative nullity foliation, screen distribution, index of relative nullity

MSC 2000 classification: primary 53C50, secondary 53C25

1 Introduction and result

We investigate in this paper the relative nullity foliation of the screen distribution of a lightlike Einstein hypersurface M in R^{n+2}_1 . Our result stands as follows

1 Theorem. Let M be the Lorentzian space R^{n+2}_1 (n ≥ 3) and (M, g, S(T M)) a lightlike-Einstein hypersurface in M . Then:

(1) The relative nullity space distribution T^{∗0} of the screen distribution is smooth and involutive on any subset with constant index of relative nullity.

(2) The set G of points in M where ν(x) = ν_0 is open in M.

(3) The foliation T^{∗0} of the screen distribution is totally geodesic in M and R^{n+2}_1

(4) If M is not Ricci flat,

a. T^{∗0} is an isotropic distribution along M.

b. and if the shape operators A^∗_ξ and A_N are simultaneously diagonalizable on M, then T^{∗0} = T M^⊥.

This main result is similar to that of the indefinite isometric immersion case. However, there are non trivial differences arising in the last part of our theorem. In the next two paragraphs, we summarize basic formulae concerning geometric objects on lightlike submanifolds and lightlike Einstein hypersurfaces, using notations of [3], and basic properties of the relative nullity space of a lightlike Einstein hypersurface. The last part of the paper is the proof of the main theorem.

2 Preliminaries and basic facts

The fundamental difference between the theory of lightlike (or degenerate) submanifolds (M^n, g), and the classical theory of submanifolds of a semi- Riemannian manifold (M̄^{n+p}, ḡ) comes from the fact that in the first case, the normal vector bundle T M^⊥ intersects with the tangent bundle T M in a non zero subbundle, denoted Rad(T M), so that

Rad(T M) = T M ∩ T M^⊥ ≠ { 0 } (1)

Given an integer r > 0, the submanifold M is said to be r-lightlike (or r-degenerate) if the rank of Rad(T M) is equal to r everywhere.

In particular, lightlike hypersurfaces of Lorentzian spaces, have their degenerate metric of signature (0, + . . . , +). Then the induced metric on their screen distribution S(T M) is non degenerate and positive definite metric (see [3]). In this case, relation (1) becomes Rad(T M) = T M^⊥ and we have the following splitting in an orthogonal direct sum

T M = S(T M) ⊥ Rad(T M). (2)

Throughout the paper, we will consider integrable screen distributions S(T M), that is at each point p ∈ M, there is a submanifold (a leaf) S ⊂ M such that T_pS = S(T_pM) and for a vector bundle E, Γ(E) will denoted the space of smooth sections over E, and we also use F(M ) to denote the space of smooth functions on M.

We have the following normalization result.

2 Theorem (Duggal-Bejancu [3], p. 79). Let (M, g, S(T M)) be a lightlike hypersurface of a semi-Riemannian manifold (M , g). Then there exists a unique vector bundle tr(T M) of rank 1 over M, such that for any non-zero section ξ of T M^⊥ on a coordinate neighbourhood U ⊂ M, there exists a unique section N of tr(T M) on U satisfying

g(ξ, N) = 1, g(N, N) = g(N, W ) = 0, ∀ W ∈ Γ(S(T M|_U )). (3)

Consider ∇ the Levi-Civita connection of (M, g) and ∇ the induced connection on the lightlike hypersurface (M, g). The connection ∇ on (M, g) is not unique in general. It depends on both g and S(T M), and is associate to the triplet (M, g, S(T M)). One can show that it is independent of S(T M) if and only if the second fundamental form h of M (defined in (5) below) vanishes identically (see [3, Theorem 2.1, p. 87]).

With the decompositions in orthogonal direct sums (2) and

T M|_M = S(T M) ⊥ (T M^⊥ ⊕ tr(T M)) = T M ⊕ tr(T M), (4)

Gauss and Weingarten formulae can been written

∇_X Y = ∇_X Y + h(X, Y ), ∀ X, Y ∈ Γ(T M), (5)

∇_V X = −A_V X + ∇^t_X , ∀ X ∈ Γ(T M) ∀ V ∈ Γ(tr(T M)), (6)

where ∇_X Y and A_V X belong to Γ(T M), while h is a Γ(tr(T M))−valued symmetric F(M)-bilinear form on Γ(T M), A_V is an F(M)-linear operator on Γ(T M) and ∇^t is a linear connection on the lightlike transversal vector bundle tr(T M).

Define a symmetric F (U)-bilinear form B and a 1-form τ on the coordinate neighbourhood U by

B(X, Y ) = ḡ (h(X, Y ), ξ) , ∀ X, Y ∈ Γ (T M|_U ) , (7)

τ(X) = ḡ � ∇^t_X N, ξ � , ∀ X ∈ Γ (T M|_U ) . (8)

The 1-form τ depends on the vector field ξ and it’s easy to see that if ξ̄ = αξ with α a positive smooth function on M, the associated 1-form τ̄ is related to τ by τ(X) = τ̄(X) + X (Logα) , ∀ X ∈ Γ (T M|_U ) . (9)

The induced connection ∇ on a lightlike hypersurface M is not metric in general and the Ricci tensor associated is not symmetric, contrary to the case of semi-Riemannian manifolds. However, for lightlike Einstein hypersurfaces, due to the symmetry of the induced degenerate metric g, the Ricci tensor is symmetric, and the notion of Einstein manifold doesn’t depend on the choice of the screen distribution ST (M). Consequently

3 Proposition. On a lightlike-Einstein hypersurface the 1−form τ in (8) is closed.

Proof. Define Ricc as

Ricc(X, Y ) = trace(Z −→ R(Z, X)Y ), ∀ X, Y ∈ Γ(T M),

where R denotes the Riemann tensor of the induced connection ∇ on M.

Consider a local quasi-orthonormal frame-field {X_0, N, X_i}_{i=1,...,n} on M where {X_0, X_i} is a local frame-field on M with respect to the decomposition (4) with N, the unique section of transversal bundle tr(T M) satisfying (3), and ξ = X_0. Put R_{ls} := Ricc(X_s, X_l) and R_{0k} := Ricc(X_k, X_0). A direct computation using the frame-field {X_0, N, X_i} gives locally

R_{ls} − R_{sl} = 2dτ(X_l, X_s), R_{0k} − R_{k0} = 2dτ(X_0, X_k).

Consequently, because The Ricci tensor is symmetric on M which is Einstein, we have dτ = 0.^{QED} We also have 4 Proposition. If (M, g, S(T M)) is a lightlike-Einstein hypersurface, there exists, on all coordinate neighbourhood U, a pair {ξ, N} such that the 1−form τ in (8) vanishes identically.

Proof. From proposition 3 τ is closed. Poincare lemma implies locally on U, τ = dζ for some function ζ ∈ F(U) that is

τ(X) = X · (ζ).

Using relation (9), for α = exp(ζ) yields

τ(X) = τ̄(X) + X · ζ = τ̄ (X) + τ(X),

so τ̄(X) = 0 for all X ∈ Γ(T M|_U ). Then, taking ξ̄ = exp(ζ)ξ, one obtains τ̄ ≡ 0 on U. The corresponding N̄ is N = (1/exp(ζ)) N.^{QED} For the sake of simplicity we also denote this pair by {ξ, N}. Then, relation (6) may be written as ¯∇_X N = −A_N X, ∀ X ∈ Γ(T M|_U ). (10)

For the sake of future use, we also have

5 Proposition. Let (M, g, S(T M)) be a lightlike hypersurface of the Lorentz space R^{n+2}_1 (n ≥ 3). Then

Ricc(X, Y ) = g(A^∗_ξ X, Y )trA_N − g(A_N X, A^∗_ξ Y ), ∀ X, Y ∈ Γ(T M|_U ). Proof. We have

Ricc(X, Y ) = trace (Z → R(Z, X)Y ) = � g (R(W_i, X)Y, W_i) + ḡ (R(ξ, X)Y, N) .

The Riemann tensor R̄ of R^{n+1}_1 is zero and from Gauss and Codazzi equation, we obtain

g (R(W_i, X)Y, W_i) = B(X, Y )C(W, W_i) − B(W, Y )C(X, W_i). In other side, from the equality ḡ �¯ R(X, Y )Z, N � = ḡ (R(X, Y )Z, N) , ∀ X, Y ∈ Γ(T M), we obtain for R̄ = 0, ḡ (R(ξ, X)Y, N) = 0 and

Ricc(X, Y ) = B(X, Y )

�_n � i=1 C(W_i, W_i) � − �_n � i=1 B(W_i, Y )C(X, W_i) � . But C(W_i, W_i) = g(A_N W_i, W_i) and ḡ (A_N ξ, N) = 0, hence n� i=1 C(W_i, W_i) = trace A_N .

And the result holds using relations

B(W_i, Y ) = g(A_ξY, W_i) and C(X, W_i) = g(A_N X, W_i). QED 3 The relative nullity distribution of the screen distribution

Let M be a lightlike hypersurface in the Lorentzian space R^{n+2}_1 . The relative nullity space at a point x is defined by: T^{∗0}(x) = { X ∈ T_xM/A^∗_ξ X = 0, ∀ ξ ∈ T_xM^⊥ } where A^∗_ξ is the shape operator of M. This distribution characterize somehow the totally geodesic property of M; indeed T^{∗0}(x) = T_x(M) is equivalent to M is totally geodesic.

The dimension ν(x) of T^{∗0}(x) is called the index of relative nullity at x. The value ν_0 = min_{x∈M} ν(x) is called the index of minimum relative nullity.

Nullity spaces in Riemannian geometry have been studied by many authors ( [4, p. 68], [5] and references therein). Abe and Magid (see [1]) have extended the study of the relative nullity foliation to isometric immersion between manifolds with indefinite metrics. In the case of lightlike isotropic submanifolds M of semi-Riemannian manifolds, the first transverse space at a point x define by

T_1(x) = span{ h^s(X, Y ), X, Y ∈ Γ(T_xM) }

where h^s is defined from Gauss formula (5), has been used by C. Atindogbe and al in [2] to the reduction of the codimension of an isotropic immersion. It is worth noticing here that as for the relative nullity space, T_1(x) = { 0 } for all x ∈ M is equivalent to M is totally geodesic in the semi-Riemannian manifold M^{n+p}.

For the proof of the main theorem of this paper, we need the following characterization of the relative nullity space. We have

6 Proposition.

T^{∗0}(x) = { X ∈ T_xM, h(X, P Y ) = 0, ∀ Y ∈ T_xM }

where P is the projection morphism of Γ (T M) on Γ (ST (M))

Proof. We have

X ∈ T^{∗0}(x) ⇐⇒ A^∗_ξ X = 0, ∀ ξ ∈ T_xM^⊥ ⇐⇒ g(A^∗_ξ X, P Y ) = 0, ∀ Y ∈ T_xM, ∀ξ ∈ T_xM^⊥ ⇐⇒ h(X, P Y ) = 0, ∀ Y ∈ T_xM, ∀ξ ∈ T_xM^⊥. QED 7 Remark. Due to the fact that A^∗_ξ ξ = 0 one has

dim T^{∗0}(x) ≥ 1, ∀ x ∈ M

Moreover T^{∗0}(x) ⊃ T_xM^⊥ (11) Therefore, T^{∗0} is a degenerate distribution along M.

4 Proof of the main theorem

(i) Let Ω be an open subset of M on which the relative nullity index is a constant ν, and x_0 ∈ Ω. From (11), we have T^{∗0}(x_0) = P (T^{∗0}(x_0)) ⊥ T_{x0} M^⊥ We claim that

T^{∗0⊥}(x_0) = span{ A^∗_ξ Y, Y ∈ T_{x0} M, ξ ∈ T_{x0} M^⊥ } ⊥ T_{x0} M^⊥. Let ⊥_S denote the orthogonality symbol in S(T M). For Y ∈ T_{x0} M, ξ ∈ T_{x0} M^⊥ and X ∈ P (T^{∗0}(x_0)), we have g(A^∗_ξ Y, X) = g(Y, A^∗_ξ X) = 0, and span{ A^∗_ξ Y } ⊂ P (T^{∗0}(x_0))^{⊥S} .

Let Z ∈ span{ A^∗_ξ Y }^{⊥S} and Y ∈ T_{x0} M, we have 0 = g(Z, A^∗_ξ Y ) = g(A^∗_ξ Z, Y ), ∀ Y ∈ T_{x0} M.

Then A^∗_ξ Z ∈ S(T_{x0} M) ∩ T_{x0} M^⊥0 = { 0 }.

That is A^∗_ξ Z = 0 and Z ∈ P (T^{∗0}(x_0)). Hence

span{ A^∗_ξ Y }^{⊥S} ∈ P (T^{∗0}(x_0)) and P (T^{∗0}(x_0))^{⊥S} ⊂ span{ A^∗_ξ Y }. We conclude that

P (T^{∗0}(x_0))^{⊥S} = span{ A^∗_ξ Y } and T^{∗0⊥}(x_0) = span{ A^∗_ξ Y } ⊥ T_{x0} M^⊥. There exist vector fields Y_1, . . . , Y_{n−ν+1} ∈ T_{x0} M such that { ξ(x_0), A^∗_{ξ(x0)}Y_1, . . . , A^∗_{ξ(x0)}Y_{n−ν+1} } represent a basis of T^{∗0}(x_0)^⊥. Take smooth local extensions of ξ(x_0) and Y_1, . . . , Y_{n−ν+1} ∈ T_{x0} M in T M^⊥ and T M respectively. By continuity, the vector fields { ξ(x_0), Y_1, . . . , Y_{n−ν+1} } remain linearly independent in a neighbourhood W ⊂ Ω of x_0, and then T^{∗0⊥} is a smooth distribution. Consequently, T^{∗0} is a smooth distribution.

(ii) From the arguments developed in (i) it is obvious that G is open.

(iii) From Gauss-Codazzi equations, for all U ∈ T M^⊥ and X, Y, Z ∈ Γ(T M), we have g(R̄(X, Y )Z, U) = g((∇_X h)(Y, Z) − (∇_Y h)(X, Z), U).

Assume X ∈ Γ(T M) and Y, Z ∈ T^{∗0}(x). Then, (∇_X h)(Y, Z) = ∇^t_X h(Y, Z) − h(∇_X Y, Z) − h(Y, ∇_X Z), and (∇_X h)(Y, Z) − (∇_Y h)(X, Z) = ∇^t_X h(Y, Z) − ∇^t_Y h(X, Z) + h(∇_Y X, Z) + h(X, ∇_Y Z) − h(∇_X Y, Z) − h(Y, ∇_X Z). But g(h(X, P Y ), ξ) = g(A^∗_ξ X, P Y ), and τ(X) = g(∇^t_X N, ξ) = 0. So g(∇^t_X h(Y, Z), ξ) = g(∇^t_X B(Y, Z)N, ξ) = X · B(Y, Z).

Therefore

X · B(Y, Z) − Y · B(X, Z) + g(h(∇_Y X, Z) + h(X, ∇_Y Z) − h(∇_X Y, Z) − h(Y, ∇_X Z), ξ) = 0.

We have X = P X + g(X, N)ξ Y = P Y + g(Y, N)ξ.

Then, from (7), using the fact that B(X, ξ) = 0, ∀ X ∈ Γ (T M|_U ) and Proposition 6 we have B(Y, Z) = g(h(Z, P Y ), ξ) + g(Y, N)B(ξ, Z) = 0.

Similarly B(X, Z) = 0.

On the other side, we have

h(∇_Y X, Z) = h(∇_Y P X + g(X, N)ξ, Z) = h(∇^∗_Y P X + h^∗(Y, P X) + g(X, N)ξ, Z) = h(∇^∗_Y P X, Z) = 0, (for Z ∈ T^{∗0}(x) and ∇^∗_Y P X ∈ S(T M)).

Also h(∇_X Y, Z) = 0.

Then g(h(X, ∇_Y Z) − h(Y, ∇_X Z), ξ) = 0. But h(Y, ∇_X Z) = h(Y, ∇_X (P Z + g(Z, N)ξ)) = h(Y, ∇_X P Z) + g(Z, N)h(Y, ∇_X ξ) = h(Y, ∇^∗_X P Z + h^∗(X, P Z)) + g(Z, N)h(Y, −A^∗_ξ X − τ(X)ξ) = 0.

So h(Y, ∇_X Z) = 0. Hence g(h(X, ∇_Y Z), ξ) = 0, ∀ X ∈ Γ(T M), that is h(∇_Y Z, P X) = 0, ∀ X ∈ Γ(T M).

From Proposition 6 we deduce that ∇_Y Z ∈ T^{∗0}(x).

We conclude that T^{∗0} is totally geodesic in T M and R^{n+2}_1 and (iii) is proved. (iv) We assume now that M is not Ricci flat.

(a) From Proposition 5 we have g(A^∗_ξ X, Y )trA_N − g(A_N X, A^∗_ξ Y ) − ρg(X, Y ) = 0, ∀ X, Y ∈ Γ(T M|_U ) But X, Y ∈ T^{∗0}(x) =⇒ A^∗_ξ X = A^∗_ξ Y = 0, and the hypothesis implies ρ ≠ 0. So g(X, Y ) = 0, ∀ X, Y ∈ T^{∗0}(x) that is the distribution T^{∗0} is isotropic along M. We infer that T^∗ is of rank one, for there is no isotropic distribution in R^{n+1}_1 of which the rank is larger than one.

(b) Now, take X ∈ T^{∗0}(x) and Y ∈ T_xM

g(A^∗_ξ X, Y )trA_N − g(A_N X, A^∗_ξ Y ) − ρg(X, Y ) = 0, so g(A^∗_ξ X, Y )trA_N − g(A^∗_ξ A_N X, Y ) − ρg(X, Y ) = 0.

If the shape operators A^∗_ξ and A^∗_N are simultaneously diagonalizable at x ∈ M, then they commute A^∗_ξ A_N = A_N A^∗_ξ . Consequently

g(A^∗_ξ X, Y )trA_N − g(A_N A^∗_ξ X, Y ) − ρg(X, Y ) = 0

that is g(X, Y ) = 0, for A^∗_ξ X = 0 and ρ ≠ 0. So X ∈ T^{∗0}(x) implies g(X, Y ) = 0, ∀ Y ∈ T_xM.

Then X ∈ T_xM^⊥ and we deduce that T^{∗0}(x) ⊂ T_xM^⊥.

From (11) we conclude that

T^{∗0}(x) ≡ T_xM^⊥. QED References

[1] K. Abe, M. Magid: Relative nullity foliation and indefinite isometric immersions, Pacific Journ. of Math., 124, n. 1, (1986), 1–20.

[2] C. Atindogbé, J. P. Ezin, J. Tossa: Reduction of the co dimension for lightlike isotropic submanifolds, Journ. of Geom. and Phys., 42, (2002), 1–11.

[3] A. Bejancu, K. L. Duggal: Lightlike Submanifolds of Semi-Riemannian Manifolds and Applications, Mathematics and Its Applications, 364, (1990).

[4] M. Dajczer and al: Submanifolds and Isometric Immersions, Mathematics Lecture Series., Vol 13, Publish or Perish, Inc., Houston, Texas 1990.

[5] H. Reckziegel: On the eigenvalues of the shape operator of an isometric immersion into a space of constant curvature, Math. Ann., 243, (1970), 71–82.

Note di Matematica

Dipartimento di Matematica, Università degli Studi di Lecce Via per Arnesano, 74100 Lecce Italy email: notemat@ilenic.unile.it, web: http://siba2.unile.it/notemat/

Scope of the journal. This journal publishes original research papers and surveys papers in mathematics. Its scope is to promote study and research in all fields of mathematics and to contribute to the diffusion of the mathematical culture. The publication of the articles is subject to the approval of one or more referees; the referees’ choice is entrusted to the Editorial Board. Mathematicians of Italian and foreign Universities compose the Editorial Board.

Submission of papers. Articles submitted for publication must be written in English and must not have been published before or be under consideration for publication elsewhere. Authors may send papers to one of the Secretaries either by e-mail or on a DOS/Windows floppy disk. The preferred format for submission is L^ATEX.

The articles must be double-spaced, with wide margins; the authors must also supply an abstract, keywords and MSC 2000 classification. References must be in alphabetical order, with journal’s names abbreviated according to Mathematical Reviews conventions. The articles accepted for publication must be in L^ATEX, preferably in the journal’s own style. The authors may download the style file and instructions from the journal’s site. Articles in a different format may also be accepted, but the translation in the journal’s style will slow the publication. Figures must be in Encapsulated PostScript (TM) (.eps) format. You should choose 0.1mm of width for thin lines and 0.3mm of width for thick lines in your drawing program. Other formats may be accepted, but the quality of printing could be lower. Authors will receive 50 preprints without cover, free of charge. Additional reprints may be purchased directly from Liguori Editore s.r.l. (see below).

Editorial information. Note di Matematica is edited by the Department of Mathematics, University of Lecce, Italy, since 1981. The journal is published in one volume per year in two issues, in the months of January and July. Note di Matematica is also available via exchange with other journals. All correspondence should be addressed to: Note di Matematica, Dipartimento di Matematica “Ennio De Giorgi”, Università di Lecce, Via per Arnesano 73100 LECCE (Italy) e-mail: notemat@ilenic.unile.it.

Note di Matematica is published and distributed by Liguori Editore s.r.l.. The price for a single issue is 20.65 Euro, and the price for an annual subscription (2 issues) is 36.15 Euro. Requests of offprints, issues, and subscriptions should be addressed to:

Liguori Editore s.r.l.

Via Posillipo 394, 80123 Napoli (Italy) Tel. +39 081 7206111 – Fax +39 081 7206244 e-mail: liguori@liguori.it

Since vol. 20 (2000/2001), the electronic version of Note di Matematica is published by:

Coordinamento SIBA Università degli Studi di Lecce, Edificio “La Stecca”,

Via per Monteroni, 73100 Lecce (Italy) tel. +39 0832 297262/1, fax +39 0832 297261 e-mail: siba@siba2.unile.it, WWW: http://siba2.unile.it/notemat

ISSN: 1123-2536 (printed version), 1590-0932 (electronic version).

Note di Matematica

Volume 26, number 2, 2006

J. J. Ruch, M. Weber: On Riemann sums 1

A. Cabras, J. Janyška, I. Kolář: On the geometry of variational calculus on some functional bundles 51

I. M. Stamova: Razumikhin–type theorems on stability in terms of two measures for impulsive functional differential systems 69

G. C. Nelson, T. Ton-That: Multiplicatively closed bases for C(A) 81

V. Jha, N. L. Johnson: Translation planes of order q^2 admitting collineation groups of order q^3u preserving a parabolic unital 105

N. L. Johnson, O. Vega: Symplectic spreads and symplectically paired spreads 119

N. L. Johnson: Bol planes of orders 3^4 and 3^6 139

D. E. Blair, L. Di Terlizzi, J. J. Konderak: A Darboux theorem for generalized contact manifolds 149

N. Omur, Y. T. Ulutas: An interesting table related to Fibonacci numbers 155 D. Blessenohl: On the normal basis theorem 159

J. Chen: Extension theorems with the range space not necessarily Dedekind complete 165

G. Pickert: Near-embeddings of the affine plane with 9 points into desarguesian projective and affine planes 173

C. Atindogbe, J. P. Ezin, J. Tossa: Relative nullity foliation of the screen distribution of lightlike Einstein hypersurfaces in Lorentzian spaces 183