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Abstract

The quarterly disaggregation of an annual economic aggregate, by a mathematical method with a cyclical
indicator, gives rise to a problem of minimization to make the quarterly economic aggregate smooth. This
involves two indexes for the quarter and the year, which sometimes can make the resolution algorithm
less efficient if the problem is large. In this paper we propose a method of indexing quarterly variables
based on an isomorphic transformation of a two-index program into a one-index program, in order to
minimize the cost of the algorithm of resolution. This method of continuous indexing of variables,
applied to national accounts, shows that the algorithm with a single index is more efficient than the
algorithm with two indexes when solving the optimization program of the quarterly disaggregation.

Keywords: Isomorphism; indexing variables;, optimization, algorithms performance; quarterly
disaggregation.
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1 Introduction

Quarterly disaggregation of macroeconomic aggregates started in the 1950s and several methods have been
developed. The mathematical methods using high frequency indicators allow quarterly estimates of the
annual series of the economic aggregate by proportional divisions according to a quarterly indicator of
economic activity which is related to the economic aggregate (with a strong correlation), also following a
fairly smooth quarterly path, according to certain criteria. The statistical relationship between the annualized
indicator and the corresponding economic aggregate is then estimated, and it is postulated that this relation
observed with the annual data is also valid on the quarterly data. The disaggregation can be challenging due
to lack of instrumentation at sufficient resolution, as mentioned by Shiva R., Iyer et al. [1] and Sangjin [2].

Let considering an annual series of arbitrary economic aggregate X, observed over a period of T year and a
quarterly time series of an economic activity’s indicator / related to X and which is noticed over all quarters
of the observation period. Then, the proportionality relation can be applied to each quarterly value of the
business cycle indicator. So, having the value /;,, of the business cycle indicator in the quarter i of the year
y, to disaggregate the annual national accounts amounts to building a first estimation of the unknown
quarterly economic aggregate X; ,, using the relationship (1) as formulated Essessinou [3].

Xi,y =@ax Ii,y + Si'y (1)

where y € {1,2,3,..,T}, i € {1,2,3,4}, ¢, is the error term called smoothing parameter of the estimated
quarterly series for quarter i of year y and & is the estimated proportional coefficient. The econometric
estimation technics of & are presented in [4].

Several methods are used to make the series of the estimated quarterly economic aggregate X; ,, sufficiently
smooth. Most of these smoothing methods consist in solving the program (P) below:

T 4
. 2
min ) ) (Busy)

(P) . y=1i=1

SCZui,y =0,;vVy=12,..,T

i=1
Where
U;: is a function of the quarterly economic aggregate X;,, and gets in the form u;, = f (Xl-'y), f being a
function defined from R to R which is continuous and at least twice differentiable. Note that u;,, refers to

quarter I of year y, so that u, ,, is the value for first quarter of the current year y and u,,,_,is the value of the
fourth quarter of the previous year where (y — 1).

A, is the consecutive difference of the terms of u; ,, defined by:

{ Auly = Uy — Uy VY = 2,...,T;
Aui,y = Uy — Ujqy; Vi=234AVy=12,..T

0, is a given value of the observations for the year y balancing the quarterly estimated and annualized data
with the observed annual data;

The efficient solvability of the problem (P) needs a variable indexation which must be done judiciously in
order to optimize the cost of the numerical resolution algorithm with exponential complexity in case of
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simplex method, as the running time may be an exponential function of the dimension of the problem [5],
roughly speaking. Indeed, it is always possible to improve the running time of an algorithm without
increasing the cost as it is set up by Guy [6], Ji-Bo and Jian-Jun [7] in order to have polynomial running time
as raised by Anthony and Shahin [8], Jon through theorem 4.3.1 [9] or theorem 3.1 [10]. Hence, for an
algorithm of running time O(n) of the problem (P), one can find another algorithm with reduced execution
time O(logn) which solves the same problem [6]. For example, in the framework of the implementation of a
heuristic for the minimization of the cost for a flow problem, the performance of a three-index algorithm has
been improved by a two-index algorithm, in terms of running time and the number of solved instances [11].
Moreover, in case of multi-index problem, the running time of an algorithm can be reduced to polynomial
time by adopting a parallelism approach as in [12,7].

Thus, the problem that arises is that of choosing an indexation of the associated variables with the sub-
annual time series in order to optimize the numerical algorithm of the program (P). In this paper, the two-
index program (P) has been transformed into a one-index program by isomorphism, with the aim to
minimize the cost of the algorithm for solving the quarterly disaggregation problem.

2 Theoretical Methodology

Let start by recalling that for the quarterly disaggregation by an indirect mathematical method with indicator,
we have the following information:

e T :the number of years of observation of the economic aggregate;

e X :the series of economic aggregate given, observed over the entire period of T years;

e [ :the series of the quarterly indicator related to the given industry, observed over all quarters of the
T years period,

The following indexes are chosen for the parameterizations of the variables:
o i€{1,2,3,4}, index of quarters: i = 1 for the first quarter, i = 2 for the second quarter, i = 3 for
the third quarter and i = 4 for the fourth quarter
o ye{1,23,..,T}, years index;

Thus, the variables X and I for the corresponding quarterly series are indexed by the quarter i and the year y
by:

e X;, :the value of the economic aggregate for the quarter i of the year y;
e I;, : the value of the indicator for the quarter i of the year y.

Definition 1:
On the basis of the year and quarter indexes presented above, the following sets are defined:
o S, =1{1,2,3,4} : designate the set of quarterly indexes for each year;
o Sr=1{1,234,..,T}: designate the set of indexes of years;
o S, =1{1,2,34,..,4T}: designate the set of quarter numbers continuously from the first year of

observation to the last year of observation T.

S,r 1s illustrated by the following configuration:

Year y 1 2 3 T
Quarter i 1 2 3 41 2 3 4 1 2 3 4 v 1 2 3 4
A 1 2 3 4 5 6 7 8 9 10 11 12 ... 4T -3 AT -2 4T -1 4T
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Definition 2:
The double index transformer operator (quarter, year) is defined by:

S:S, X Sy = Syr

GLy)—t=4@ -1 +i 2

We note for each y € Sy, Scaxys> = {4(y — 1) + i;i € 5,4}, the ordered set of quarterly indexes belonging to
54’1".
Lemma 1. If T is finite, the subsets S<axy> indexed by y forms a partition of S,.

Proof:

For 1,2,3, ..., T , it is trivial to notice that one has:

Seaxi>=11,2,3,4}; Scaxz>=15 6,7, 8};Scaxs>=1{9, 10, 11, 12}; .....;
Scaxj>={4—3, 4/ =2, 4j—1, 4j}; ...} Scaxr> ={4T =3, 4T =2, 4T — 1, 4T }

Thus, we have:

Ser=1{1,23 4,567 89, 10, 11, 12,..., 4T}
={1,2,3 43U {5 6,7, 8}U..U{4T —3, 4T—2, 4T —1, 4T}
=Ul_.{4y -3, 4y -2 4y—1, 4y}

Sar = U§=1S<4 xy> [/®

Theorem 1. If T is finite, the operator S of the definition 2 satisfies the following properties:

(a)- S is a bijective application
(b)- S allows the number of quarters to be continuously numbered over the entire length of observation
period of length T years.

Proof:
We assume that T is finite.
(a)- S is an application because for everything

y=>1letl<i<4, (i,y) unique taken in S, X Sy , 4(y — 1) + i is a unique number belonging to S,; C
N, according to the properties of multiplication and addition in N.

Let (i,y) et (i’,¥") be two elements of S, X Sy so that (i,y) = S(i’,y") . So we have 4(y — 1) +i =
4(y' — 1) + i’ , which implies 4(y —y") + (i —i") = 0.

We know thaty > 1lety’ >1et 1<i,i' <4. Sowehave 0 < |i —i'| <4 and therefore (i —i") can’t be
multiple of 4 so that 4(y —y') = —(i —i"). So, the relationship 4(y —y') + (i —i') = 0 necessarily
implies (y —y")=0et (i —i") =0. Thus (i,y) = (i’,y") and we deduce that S is injective by using the
definition 1.1.4 in [13].

The surjectivity of § results from the lemma 1. Indeed, V ¢ € Syr , there exists at least one subset Sy xy>
which contains t. Let yo € Sz such that t € S¢4 xy,>. So there is also iy € Sy such that t = 4(y, — 1) + i.

So we deduce that V t € Syp, it exists (ip, Vo) €Sy X Sy such that t = §(iy,y,) . Hence, S is surjective
according to the definition 1.1.4 in [13].
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(b)- The proof is by recurrence on the index year y

For y=1 we have §(,1) =i,V ieS, et Scpxqs={i; i € S,} ={1, 2, 3, 4}; quarters are
therefore numbered in a continuous and orderly manner 1, 2, 3, 4.

Fory =2 one obtain §(i,2) =4 +i, VieS,et Scpnos={4+i; i € S,}={5 6,7, 8}.

So for y = 2, the quarters are indexed 5, 6, 7, 8 respectively in order; the first quarter of the year y = 2
carries the index 5, the second quarter the index 6, the third quarter, the index 7 and the fourth quarter, the
index 8.

As Sg = S4x2 = Scaxi>VU Scaxzs ={1, 2, 3, 4, 5, 6, 7, 8}, then § allows to index the quarters of the
first two years continuously in the following order: 1, 2, 3, 4, 5, 6, 7, 8. This is done in an iterative manner
until the order y = T.

So, as S,r = U§=1 Scaxy> € Scaxys N Scyyys=0; Vy#y', we get that § indexes quarters
continuously in ascending order over the entire observation period and for the quarter i of the year y ;
i=1 23 4andy=1, 2 3,..,T. Thus S(i,y) = 4(y — 1) + i is the continuous index of the quarter i
of the year y and then, for each year y, t = 4y — 3 is the first quarter, t = 4y — 2 is the second quarter,
t = 4y — 1 is the third quarter and t = 47y is the fourth quarter of the year y. [1 m

Theorem 2 [14]. Let E and F be two vector spaces of finite dimension on R.. Then E and F are isomorphic if
and only if dim (E) = dim (F).

Proof:
See in [14] Theorem 8.2.2.1, p.197

Theorem 3 [14]. Let E and F be two real vector spaces of finite dimensions n and let u be a linear mapping
from E to F, that isueL (E, F). Then, the following properties are equivalent.

a.  u is an isomorphism

b. uisinjective

c. uissurjective

d. wuisofrankn.
Proof:

See in [14] Corollary 8.2.2.51, p.199
Remark 1:

The treatment and constructions performed on the basis of the variable X relating to the economic aggregate
studied could be applied to variable I relating to the quarterly indicator linked to the economic aggregate.
Thus, the final result obtained on the indexing of X is valid for the indexation of I.

Definition 2:

We designate by Xs_, s = {Xiy : i€S,}, the economic aggregate X values of the four (4) quarters of the

year y; ¥y =1,2,3,..,T. We notice that X_, > is the set of quarterly values of economic aggregate X
indexedbyi=1, 2, 3, 4poury=1, 2, 3,..., T.

We also designate Xs,, ={X.: t=8(i,y); ieS, et y € Sr}, by transposition, all the quarterly values
of the economic aggregate X indexed by the elements of S,r.
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To facilitate the manipulation of operations on Xs_, Xy the following notations are adopted as conventions:

(Kiy),, + (Viy),, = X+ YDy (€)
A(Xi,y)iy = (AX);, , VAeR “
Xe)e + (V) = (X +Y), (5)

Theorem 4. If T is finite, the sets Uj_; X <axy> and Xg,,. are isomorphic and there exists a surjective

application from S, to Xg,, which allows to continuously indexing the quarterly values of the economic
aggregate over the entire observation period of the annual series.

Proof:
The proof will be done by borrowing an apparent approach to that of the isomorphism factorization theorem.

First, note that U},_; X < xy> and Xg,,. are two real vector subspaces and

di m(U;=1x5<4 xy> ) = Z§=1 di m(x5<4 ><y>) = 4T,
as Xs_y o = {Xiy: i=1, 2, 3, 4} implies that di m(xs<4xy>) =4; Vvy=123..,T.
Similarly, di m(Xs,,)=card{X,: t=8(@,y); i=1,2,3,4 et y=1,23,..,T}=4T and we

deduce that di m(U§=1 Xscarys ) = di m(X,, ) =4T. The real vector subspaces UJ_; Xs_, s and X,
are therefore of the same size 4T. Now consider the mapping I defined from

Sy X Srto U]T-=1X5<4Xj> by

T
IM: S4 X Sy — UXS<4X1'>
j=1

(il y ) = Xi,y
IT allows associating with each time index (i,y) = (quarter i , year y), the values X;, of the economic
aggregate corresponding to the quarter i and the year y. Thus, by definition II is surjective because any

value of the quarterly economic aggregate is associated with a given quarter of a given year.

Then consider the application Tg which is the action of S on U?=1 Xs., e defined by:

T
Ts : U X5<4 xj> - XS4T
j=1

(Xi,y)i,y = (Xe=say),

By definition T is continuous mapping as renumbering of real variables. It remains to show that T is linear.

Let (Xi'Y)i,y and (Yi_y)iy two elements of U]T-=1365<4 «j> > FOr given (i,v), let (a, B) € R%.
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We have

a(Xiy),, + B (Yiy),, = @X+BY)y € Uiy Xy, ;. and
Ts o (Xiy),, + B (%), ] = Tsl(ax + 51y, ]

= (aX + BY)i=s(iy)

= (@X)e=s(iy) T BY)e=siy)
a(Xe=say), + B(Ye=san),

Ts o (), + B8 (), ] = aTs (%), ) + 875 ((%s),,) -

o . - .
So Ts is linear and continuous from U,_; Xs_, xy> 1O Xs,r- Moreover, since the real vector subspaces

§=1X5 <axy> and Xg,,. are of the same finite dimension 47, using Theorem 2 and theorem 3, we deduce
that Ts. is an isomorphism. Therefore, U§=1XS <axy> and X, are isomorphic. Furthermore, by Lemma 1

and by transposition (XS < Xi>)y=1,2,3,...,T forms a partition of X, ..

Thus, by applying the Theorem 1 by transposition, we deduce that Ts makes it possible to index the quarterly
values of the economic aggregate continuously (by renumbering) over the entire observation period of length
T years.

The continuous indexing of quarterly series variables is obtained by mapping IT defined by:
s Sy = Xs,,
t— Xe=stiy)

We then obtain the diagram below:

5 »
Sy X St T Sur
1 1
T >
Uj=1X5<4xj> e XS4T
Ts

We have [I=Ts o Mo §™! and therefore I is surjective as Ts is bijective (isomorphism) II is surjective
and S71is bijective. m

Definition 3:

With the results of Theorem 4, we define on Xg,, = {X;,:i€S,; yeSr}, the program (P ") of equivalent
smoothing by quarterly indexing continues in the form below:

4T
Minz:(Aut)2
! t=2
(P) 4y
Sc Z U = ay;Vy =12,..,T
t=4y-3
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2, is a given value of the observations for the year y which makes it possible to establish the balance
between the estimated and annualized quarterly data and the observed annual data;

u,is a function of the quarterly economic aggregate X, ; u, = f(X,), f defined previously.
Definition 4:

Let TP (n) be the time used by an algorithm to solve a problem of size n. Let p(n) be the maximum memory
actually required for the algorithm. The cost of this algorithm is then defined as follows: C(n) = p(n) x
TP(n).

Remark 2:

Taking into account the cost of an algorithm is intended to take into account both the running time but also
the (maximum) number of processors used to obtain this running time [6]. Thus, for the same optimization
problem to be solved, an algorithm that uses (asymptotically) less time and memory than another is therefore
preferable [6].

Lemma 2. The solving algorithm of (P") provides a more optimal cost with respect to the resolution
algorithm of (P).

Proof:

The fundamental difference to be noted in the two programs is the expression of the objective function. In
each program, the algorithm will evaluate the objective function differently. The constraints will be
evaluated identically.

We denote by F the value of the objective function and by the differential of u. The corresponding
algorithms will include for example the following pieces of code for the resolution of the program.

Program (P) Program (P")
Obj=0 Obj=0
For y starting from / to 7 do For ¢ starting from 2 to 47 do
So=0 Du[t] = u[t] - u[t-1]
For i starting from 1 to 4 do Sum [f]= Obj + Du[t]* Du[f]
If i=1 then F = 0bj + Suml[{]
Dull, yl=ull, y] - u[l, y-1] t=1tt+1
else End (for t)
Duli,yl=uli,y] - uli-1,y] Display F
End (if)
Sum[y]= So+ Duli, y]* Duli, y]
i=itl
End (for 1)
F = Obj + Suml[y]
y=y+l
End (for y)
Display F

It is clear that the number of code lines corresponding to the program (P") is much smaller than that of the
program (P).

Moreover, the complexity of the resolution algorithm is higher in the case of the program (P) than in the
case of the program (P'). Indeed, the piece of code for the program (P) seems to perform (4T — 1)
differentiations (subtractions) and the same number of places of storage by the machine of the values
assigned to the variables Du[i, y]. However, in counting, we ignore the many internal calculations that the
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computer (the compiler) would do to give the results. A computer usually stores a 4 X T size double-entry
array as a simple array of 4T length and thus store the u[i, y] elements at position 4(y — 1) + i of the table
[15]. Thus, in the case of the program (P), each time that one wishes to inform the value of u[i,y], one
would need to carry out in addition, a subtraction, a multiplication and an addition. Moreover, when the
computer would like to increment the index y (respectively i), it would make a comparison to see if y >
T > 4).

As one can notice, such a detailed internal analysis of the algorithm by the computer consumes enough
resources (time and internal memory) and does not attract. The algorithm of the program (P') therefore
seems more optimal than that of the program(P). m

3 Practical Example on National Accounts

The methodology of continuous indexing is applied on Benin national accounts data.
3.1 Description of the data

In the context of the application, we consider the added value of the " Food industry" branch whose
associated variable with the national accounts is marked X. The indicator linked to the accounts of this
branch is " Production index of food industries"; the associated variable with this indicator is rated I. We
observe the annual series of X over the period 1999-2015, and the quarterly series of I over the period 1st
quarter 1999 (1999Q1) till to the 4th quarter 2015 (2015Q4). In total, the annual series is observed over a
period of length 7= 17 years.

Table 1. Data presentation

Year of Value of Two indexes become == > One index  Indicator Quarterly
the period annual Year index  Quarter index t=S(,y) [ value
observed X y i needed
for X

1999 240.978 1 1 1 72.685 X

2 2 74.477 X5

3 3 72.938 Xs

4 4 74.233 X4
2000 259.213 2 1 5 74.351 Xs

2 6 76.686 X6

3 7 75.201 X5

4 8 77.219 Xs
2001 274.937 3 1 9 79.084 Xo

2 10 82.117 X0

3 11 80.779 Xu

4 12 82.843 X1z
2002 285.845 4 1 13 84.647 X3

2 14 85.703 Xia

3 15 84.100 X5

4 16 87.226 Xi6
2003 286.773 5 1 17 90.742 X7

2 18 90.454 Xis

3 19 88.290 X9

4 20 90.116 X0
2004 293.805 6 1 21 89.554 Xo1

2 22 92.504 X2

3 23 88.976 X2

4 24 89.893 Xo4
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Year of Value of Two indexes become == > One index Indicator Quarterly
the period annual Year index  Quarter index t=S(,y) I value
observed X y i needed
for X
2005 307.373 7 1 25 90.415 X5
2 26 93.084 Xa6
3 27 102.803 Xa7
4 28 94.559 Xos
2006 315.997 8 1 29 97.486 Xa9
2 30 95.216 X30
3 31 94.622 X1
4 32 97.147 X3
2007 292.512 9 1 33 97.709 X33
2 34 98.616 X34
3 35 101.063 X35
4 36 102.612 X36
2008 238.604 10 1 37 101.705 X37
2 38 103.531 X3
3 39 104.241 X39
4 40 109.076 Xa0
2009 228.056 11 1 41 106.365 X4
2 42 108.408 Xan
3 43 107.512 Xa3
4 44 111.710 Xaa
2010 214.080 12 1 45 107.950 Xys
2 46 113.182 X6
3 47 112.269 X7
4 48 112.976 Xag
2011 235.140 13 1 49 115.129 Xy
2 50 118.742 Xs0
3 51 118.529 Xs1
4 52 121.365 X5z
2012 228.585 14 1 53 123.291 Xs3
2 54 119.979 Xs4
3 55 117.119 Xss
4 56 121.825 Xs6
2013 233.620 15 1 57 127.299 Xs7
2 58 125.487 Xss
3 59 120.275 Xs9
4 60 125.247 X0
2014 258.753 16 1 61 128.469 Xe1
2 62 128.040 Xe2
3 63 126.003 X3
4 64 126.438 Xea
2015 254.900 17 1 65 131.836 Xes
2 66 131.331 X6
3 67 126.041 Xe7
4 68 130.138 Xes

Source: Benin National Statistics Office (INSAE) data and author’s design
We thus obtain:

S17 ={1,2,3,4,5,6,...,17} ;
Ses = Sax1r = {1,23,4,5,6,7,89,10,11,12, ...,68};
Xses = {X1, X2, X3, X4, X5, X6, X7, Xg, X9, X10) -, Xeg ]} -

10
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The quarterly values of the X series are indexed by the elements of Sgg and are obtained as quarterly account
data to be manipulated: Xy, X,, X3, X4, X5, X6, X7, Xg, Xo, X10, ---» Xeg- Similarly, for series I of the quarterly

indicator, we obtain as data to manipulate: Iy, I,, I, 14, Is, Ig, I, Ig, Io, L1, -, Igg-

3.2 The explicit model

Consider the problem of quarterly disaggregation by the proportional method of Denton (1971) presented in
the IMF handbook [4]. We consider a function f(x) = ax where a is a constant value per period. Hence, let

define a;, = IL for each value of I;,, i =1,2,3,4 and y = 1,2,3,...,17. So, we take u;, = % =
iy Ly
i=1234ety=1,23,..,17 and we obtain the following program (P1) :

17 4
Min{F(X) = Z Z(Aui,y)z
(Pl) . y=1i=1

SCZXL-J, =A,vy=12,..,T

i=1

X = (Xi.y)i=1,2,3,4 ; y=1,2,3,..,17
X
Uiy =% ;i=1,2,3 4ety=1, 2 3,..,17
Ly
Uy, i sthe value for fi rstthe quarter of the current yeary;
Uy | sthe value of the fourth quarter forter of the previ ousyeary — 1;

with <

Auyy = Uy —Uyy 13 Vy=2,..,T;
Aul"y = ui,y — ui_lly H i = 2,3,4

y :index of year;

i :index of quarter;

A, : value of the annual account given for the year y ;

X; y : he quarterly value sought for the account for the quarter i of the year y;

I;y : the value of the quarterly indicator linked to the account for the quarter i of the year y.

. . . . X
Using the continuous indexation of quarters by the elements of Sgg, we have u, = I—t; t=123,.
t

obtains the program (P2) which is that of Denton (1971) presented in [4].

68

X, X1\
MinZ(—t— t 1)
L\l ey
(P2) 4y
Sc z X.=A,;vy=12,..,17
t=4y-3

with

y : year of data observation; ye{1,2,...,17};

t :time in quarter, t = 1,2,3,...,68;

A, : value of the annual account given for the year y;

X, : quarterly value sought for the account for the quarter ¢ ;

f(Xi,y);

.,68 and

I, :value of the quarterly indicator linked to the account of the branch given for the quarter t.

11
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3.3 Algorithms design for simulation

As pointed out in the proof of Lemma 2, the fundamental difference to be noted at the level of the programs
(P1) and (P2) lies at the level of the objective functions. Both programs could be solved by any suitable
method. It should be noted that the equality constraints in both programs form identical linear systems.
Therefore, we limit ourselves here to the evaluation of the objective function involved in finding optimal
solutions for each iteration in both cases.

For computational purposes, we have generated from the base information, the variables gbX,,;, and
qbX qx, relative respectively to the minimum and maximum quarterly values of X by the formulas below:

Xyeary (tandarddeviationofX)
qmein(quarteriofyeary) =Xl= 4 - 17
X (tandarddeviationofX)
_ _ Ayeary
qmeax(quarteriofyeary) =Xu= 4 + 17

The standard deviation of X is calculated on the series observed over the entire period 1999-2015. Thus, the
solution generated for the quarterly series of X is obtained by the relation:

X =XI + (Xu— XI) x 5.
The algorithms developed for the evaluation of the objective function associated respectively with the

program (P1) and (P2) are coded with Matlab and contain the algorithm portions presented in the proof of
Lemma 2. The Matlab codes are presented in Algorithm 1 and Algorithm 2 below.

All simulations are performed with Matlab R2008a installed on HP Intel Core i7 personal computer (vPro),
16 Gb of RAM, under the Windows system.

Algorithm 1 [for (P1)]

Algorithm 2 [for (P2)]

gbX_m=qgbX min(1:17,1:4);
gbX M=qgbX max(1:17,1:4);
ql = qblI(1:17,1:4);
xI=[qbX_m]; % lower bound
xu=[qbX_M]; % upper bound
x = xl+(xu-x1).*¥5.0 ;
1-[ql];
u=x./I;
suml=0;
for y=1:T
for i=1:4
if i==
if y==1
Du(1,1)=0;
else
Du(y,1)=u(y,1)-u(y-1.4);
end
else
Du(y,i)=u(y,i)-u(y.i-1);
end
suml= sum1+(Du(y,i))"2
end
end
fl=suml;
qX=[x(1:T,1:4)] ;
fprintf("%f\n', gX);
fprintf('Obj_value =");
fprintf('%f \n', f1);

qbX_m=qbX_min(1:4*17);
gbX_ M=gbX max(1:4*17);
ql = qbl(1:4*17);
xI=[qbX_m]'; % lower bound
xu=[qbX_ M]"; % upper bound
x = xl+(xu-x1).*¥5.0 ;
I={[ql]}
u=x./I;
sum2=0;
for t=2:4*T

Du(t)=u(t)-u(t-1);

Sum2= sum2+(Du(t))"2;
end
f2=sum?2;
QX=[x(1:4¥T)] ;
fprintf('%f\n' , qX);
fprintf('Obj_value =")
fprintf('%f \n', £2)

12
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4 Results and Discussion

In order to have a good sensibility analysis, each algorithm has been run five times and the results presented
in the tables and figures below are analysis in terms of key variables size and performance (execution time
and proportion of memory used by Matlab).

4.1 Size of key variables

As the results in Table 2 show, the two algorithms obviously provide the same value for the objective
function but different sizes for the key variables.

Table 2. Value of objective function and size of variables

Algorithm 1 Algorithm 2
Obj_value =16.52272 Obj_value =16.52272
Name Size Bytes Name Size Bytes
I 17x4 544 I 68x1 544
u 17x4 544 u 68x1 544
X 17x4 544 X 68x1 544
X1 17x4 544 X1 68x1 544
Xu 17x4 544 Xu 68x1 544

Source: Authors' works

4.2 Performance analysis

As shown in part (a) of Fig. 1 below, overall, Algorithm 1 takes longer for full execution, compared to
Algorithm 2. Indeed, from the results in Table 3, for the five (05) performed executions, Algorithm 1
averaged 19.50 x 10~ seconds per run while Algorithm 2 averaged 17.92 x 107 seconds. Thus, from the
point of view of execution time, Algorithm 2 is more efficient than Algorithm 1.

Table 3. Evaluation of algorithm performance

N’ Execution time of Available memory Memory used by Cost of the
the algorithm (in MB) Matlab (in MB) algorithm (second x
(Second) MB)
Algo 1 Alg0 2 Algo 1 Alg0 2 Algo 1 Alg02 Algo1l Alg0 2

1 0.0232 0.0192 14661 14640 501 501 11.611 9.641

2 0.0197 0.0174 14659 14640 502 501 9.875 8.742
3 0.0188 0.0178 14658 14640 502 501 9.436 8.897

4 0.0178 0.0173 14658 14640 502 501 8.932 8.674

5 0.0181 0.0178 14658 14640 502 501 9.076 8.938
Mean  0.0195 0.0179 14658 14640 501.80 501.00 9.79 8.98

Note: Algo means Algorithm

Moreover, the part (b) of Fig. 1 illustrates that the proportion of memory used by Matlab for the complete
execution of Algorithm 1 is relatively higher than that relative to Algorithm 2. Therefore, compared with
memory used, Algorithm 2 is more efficient than Algorithm 1 in terms of time.
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a. Time spent by each algorithm during each b.Memoiry used by each algorithme during each
compilation compilation
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Fig. 1. Compared evolution of time put and memory used by algorithm at each execution

In total, according to Table 3, the cost of the algorithm 1 is higher than that of the algorithm 2. Indeed, on
average, the cost (seconds x MB) estimated is 9.79 for the Algorithm 1 and 8.98 for Algorithm 2. We
therefore deduce that algorithm 2 is preferable compared to Algorithm 1.

5 Conclusion and Perspective

In this paper, we have presented an indexing approach by building an isomorphism to ensure the
performance of algorithms for solving macroeconomic quarterly disaggregation issues. In the light of the
results, from the point of view of running time and memory used Algorithm 2 is more efficient than
Algorithm 1. Thus, the transformation of the two-index into one-index for the variables by an isomorphism
for solving quarterly disaggregation problem, allows it possible to make the simulation algorithm efficient.

It should be underlined that the devised isomorphism yield more efficient algorithms for solving programs
with infra annual series, but also to transform a temporal variable into several static variables that are easily
manipulated with the algorithms. Thus, a dynamic problem can be transformed into a static problem by the
continuous indexing technique. We also believe that this technic can be useful for studying efficiently
stochastic or multi-objective case of quarterly disaggregation of annual national accounts.
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