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In this paper, we develop an a posteriori error analysis for the stationary Stokes-Darcy coupled problem approximated by
conforming the finite element method on isotropic meshes in R?, d € {2, 3}. The approach utilizes a new robust stabilized fully
mixed discretization. The a posteriori error estimate is based on a suitable evaluation on the residual of the finite element
solution plus the stabilization terms. It is proven that the a posteriori error estimate provided in this paper is both reliable and

efficient.

1. Introduction

There are many serious problems currently facing the world
in which the coupling between groundwater and surface
water is important. These include questions such as predict-
ing how pollution discharges into streams, lakes, and rivers
making its way into the water supply. This coupling is also
important in technological applications involving filtration.
We refer to the nice overview [1] and the references therein
for its physical background, modeling, and standard numer-
ical methods. One important issue in the modeling of the
coupled Darcy-Stokes flow is the treatment of the interface
condition, where the Stokes fluid meets the porous medium.
In this paper, we only consider the so-called Beavers-Joseph-
Saffman condition, which was experimentally derived by
Beavers and Joseph in [2], modified by Saffman in [3], and
later mathematically justified in [4-7].

There are three popular formulations of the coupled
Darcy-Stokes flow, namely, the primal formulation, the
mixed formulation in the Darcy region, or the fully mixed
formulation, see, for example, the works [8-16] for some
mathematical analysis. Two different mixed formulations
have been studied by Layton et al. in [15]. The first one

enforces the weak continuity of the normal component of
the velocity field on the interface, by employing a Lagrange
multiplier, while the second one imposes the strong continu-
ity in the functional space. We can call these two mixed for-
mulations the weakly coupled formulation and the strongly
coupled formulation, respectively. The weakly coupled for-
mulation gives more freedom in the choice of the discretiza-
tion in the Stokes side and the Darcy side singly. The authors
in [9-11, 15, 17-19] employ the weakly coupled formulation.
The works on the strongly coupled formulation have been
based on the development of a unified discretization, namely,
the Stokes side and the Darcy side are discretized using the
same finite element. This approach simplifies the numerical
implementation, only if the unified discretization is not sig-
nificantly more complicated than the commonly used discre-
tizations for the Darcy and Stokes problems. The authors in
[8, 20] have proposed a conforming, unified finite element
for the strongly coupled mixed formulation. Superconver-
gence analysis of the finite element methods for the Stokes-
Darcy system was studied by Chen et al. in [21]. Other less
restrictive discretizations as the nonconforming unified
approach [12, 19] or the discontinuous Galerkin (DG)
approach have been analyzed in [13, 14, 22]. Due to its


https://orcid.org/0000-0003-0744-4264
https://creativecommons.org/licenses/by/4.0/
https://creativecommons.org/licenses/by/4.0/
https://doi.org/10.1155/2020/8628739

discontinuous nature, some (DG) discretizations for the
coupled Darcy-Stokes problem may break the strong cou-
pling in the discrete level [13, 14], as they impose the normal
continuity across the interface via interior penalties.

The adaptive techniques have become indispensable tools
and unavoidable in the field of study behavior of the error
committed during solving partial differential equations
(PDE). A posteriori error estimators are computable quan-
tities, expressed in terms of the discrete solution and of the
data that measure the actual discrete errors without the
knowledge of the exact solution. They are essential to
design adaptive mesh refinement algorithms which equidis-
tribute the computational effort and optimize the approxi-
mation efficiency. Since the pioneering work of Babuska
and Rheinboldt [23], adaptive finite element methods based
on a posteriori error estimates have been extensively
investigated.

A posteriori error estimations have been widely studied
for both the mixed formulations of the Darcy flow [24-26]
and the Stokes flow [27-36]. However, only a few works
exist for the coupled Darcy-Stokes problem, see for instance
[18, 37-40]. The works in [18, 38] concern the strongly
coupled mixed formulation where a H(div) conforming
and nonconforming finite element methods have been
employed. The papers [37, 39] concern the weakly coupled
mixed formulation while [39] uses the primal formulation
on the Darcy side. The authors in [40] employ a fully mixed
formulation where Raviart-Thomas elements have been used
to approximate the velocity in both the Stokes domain and
the Darcy domain, and constant piecewise for approximating
the pressure.

In [16], a stabilized finite element method for the
stationary-mixed Stokes-Darcy problem has been proposed
for the fully mixed formulation. The authors have used the
well-known MINI elements (P1b — P1) to approximate the
velocity and pressure in the conduit for the Stokes equation.
To capture the fully mixed technique in the porous medium
region linear Lagrangian elements, P1 has been used for
hydraulic (piezometric) head and Brezzi-Douglas-Marini
(BDM1) piecewise constant finite elements have been used
for Darcy velocity. An a priori error analysis is performed
with some numerical tests confirming the convergence rates.
However, to our best knowledge, they did not talk about the
adaptative method for the fully mixed discretization pro-
posed in [16]. In this case, our main objective is to perform
an a posteriori error analysis by constructing reliable and effi-
cient indicator errors. The a posteriori error estimate is based
on a suitable evaluation on the residual of the finite element
solution. We prove that our indicator errors are efficiency
and reliability and then are optimal. The difference between
our paper and the reference [40] is that our discretization
uses MINI elements (P1b — P1) to approximate the velocity
and pressure in the conduit for Stokes equations; Pl
-Lagrange elements to approximate hydraulic (piezometric)
head and Brezzi-Douglas-Marini (BDM1) piecewise constant
finite elements have been used for Darcy velocity. As a result,
an additional term is included in the error estimator that
measures the stability of the method. In order to treat
appropriately this stability term, we further need a special
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Helmbholtz decomposition ([18], Theorem 3), a regularity
result ([18], Theorem 4), and an estimate of the stability error
([18], Theorem 5).

The paper is organized as follows. Some preliminaries
and notation are given in Section 2. The efficiency result is
derived using the technique of bubble function introduced
by Verfiirth [41] and used in a similar context by Carstensen
[25, 42]. In Section 3, the a posteriori error estimates are
derived. We offer our conclusion and the further works in
Section 4.

2. Preliminaries and Notations

2.1. Model Problem. We consider the model of a flow in a
bounded domain Q ¢ R¢(d =2 or 3), consisting of a porous
medium domain (2, where the flow is a Darcy flow, and an
open region 2, where the flow is governed by the Stokes
equations. The two regions are separated by an interface
I'=00,Nn0Q;. Let I'=0;\ I, I =f, p. Each interface and
boundary is assumed to be polygonal (d =2) or polyhedral
(d=3). We denote by n (resp., n,) the unit outward normal
vector along an (resp., BQP). Note that on the interface I,
we have n; = -n,. Figure 1 shows a sketch of the problem

domain, its boundaries, and some other notations.
The fluid velocity and pressure u (x) and p(x) are

governed by the Stokes equations in (2

1

V'Uf =0in Qf’

where T=-pl+2vD(u;) denotes the stress tensor, and

D(uy) = (1/2)(Vu, + (Vuf)T) represents the deformation
tensor. The porous media flow is governed by the following
Darcy equations on (2, through the fluid velocity u,(x) and
the piezometric head ¢(x):

u, =-KV¢inQ,,
V-up =fp in Qp,

(2)

We impose impermeable boundary conditions, u, - n, =

0 on Iy, on the exterior boundary of the porous media region,
and no-slip conditions, u =0 on I';, in the Stokes region.
Both selections of boundary conditions can be modified.
On T, the interface coupling conditions are conservation of
mass, balance of forces, and a tangential condition on the
fluid region’s velocity on the interface. The correct tangential
condition is not completely understood (possibly due to
matching a pointwise velocity in the fluid region with an
averaged or homogenized velocity in the porous region). In
this paper, we take the Beavers-Joseph-Saffman (-Jones), see
[2-7], interfacial coupling:

u -ng+u,-n,=0 on T, (3)

-n;-T-n;=p-2vn;-D(us)-n;=pg on I, (4)
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F1GURE 1: Global domain O consisting of the fluid region O and the
porous media region (2, separated by the interface I'.

-n;-T-7;,=-2n;- [D(uf) T

o
:7uf-‘[‘,,
T j

,/Tj KT]

1<j<(d-1) on I.

(5)

This is a simplification of the original and more physi-
cally realistic Beavers-Joseph conditions (in which u;-7;in
(2.8) is replaced by (u;—u,) -7 see [2]). Here, we denote
f; and f, are the body forces in the fluid region and source
in the porous region, K is the symmetric positive define
(SPD) hydraulic conductivity tensor, and « is the constant
parameter.

We shall also assume that all material and fluid parame-
ters defined above are uniformly positive and bounded, i.e.,

0 <kpin SAK) <k < 00. (6)
2.2. Notations and the Weak Formulation. In this part, we
first introduce some Sobolev spaces [43] and norms. If W is
a bounded domain of R? and m is a nonnegative integer,
the Sobolev space H” (W) = W™*(W) is defined in the usual
way with the usual norm |-[|,, ;, and seminorm |[.|, .. In

particular, H(W) = L*(W) and we write |||, for [|-[|o -

Similarly, we denote by (- ), the L2(W)[L2(W)]" or

[L? W)]dXd inner product. For shortness, if W is equal to O,
we will drop the index Q, while for any m >0, |-[|,,;=

oy |t = llme, and ()= (5 +)q, for I=f,s. The
space H{'(Q) denotes the closure of C°(Q2) in H™((Q).

Let [H™(2)]* be the space of vector-valued functions v =
(vy, -, v;) with components v, in H™(Q). The norm and

the seminorm on [H"(€2)]* are given by

N 1/2
2
= (Z ||vl-||m,o) ,
i=0
N 1/2
2
mQ = <Z Vi|m,o> :
i=0

=
|

=
i

For a connected open subset of the boundary E ¢ 00,
U0Q,, we write (.,.); for the L?*(E) inner product (or
duality pairing), that is, for scalar-valued functions A, o,
one defines:

Aoy = J Aods. (8)

E

By setting the space

Hay = H(div; ;) = {v, € [I*(2)]": Vv e 12(0,) },

we introduce the following spaces:

Xf = {er [Hl(Qf>]dZVf:0 on Ff},
Q=17(%),
X, = {vpeH(div;Qp):vp-np:O on FP},

Q= L (©,)-

(10)

For the spaces X; and X, we define the following
norms:

vl = vl + 9l with vl g, = 199l v € X,

Vv, €X,. (11)

ol = oI5l + 9%

‘2
>
Q,

The variational formulation of the steady-state Stokes-
Darcy problem (1)-(5) reads as find (uy,p;u,, ¢) € (X,

Qr;X,, Q,) satisfying

ap(up Vy) = by (vpop) +er(Vp #) = (£ v) o W € Xy
(12)

by(up,q) =0, VYqeQ (13)
a, (up, vp) -b, (vp, ¢) —cr (VP, ¢) =0, W, eX,, (14)
by (uys ) :Pg<fp’w)9’ VEQy, (15)

where the bilinear forms are defined as

ay (up vy) = 2v(D(uy), D(vy))

[04
+ —_— <uf'Tj’Vf'Tj>F7

A VKT

|
—_

—_

a, (up, vp) = pg(K‘lup, VP)QP,

bp(vpop) = (PV-¥f) g -



by (v $) = pg(4:V- Vp)gp’
(Vi d) =pg < vy np>p (16)

After introducing, for U= (uf, pu, ¢) € X, X QP xX,
xQ,=Hand V=(v;,q,v,,y) €X; xQ, xX, xQ,

Z(U,V) =as(up, vy) = by (vp, p) + by (uy,q) +a,(w,,v,)
= by(Vpr @) + by (W, ¥) +cr (Vy =V $),

FV) = (677 +P9(fp¥) - (17)

P

the weak formulation (12)-(15) can be equivalently rewrit-
ten as follows: find U € H satistying
Z(U,V)=%F(V), VVeH. (18)

It is easy to verify that this variational formulation is
well-posedness [16].

To end this section, we recall the following Poincaré,
Korn’s, and the trace inequalities, which will be used in the
later analysis; there exist constant C,, Cy, and C,, only
depending on w; such that for all v, € X,

[/l < Cplvy

Vil < Ckl[D(vf) [l (19)

el < Cll¥rllgy sl v,

Besides, there exists a constant C, that only depends on
Q, such that for all y € Q,,

1/2

Wllzzry < Collwlle, [, (20)

2.3. Fully Mixed Isotropic Discretization. First, we consider
the family of triangulations 7, of Q, consisting of I~ ’; and
", which are regular triangulations of Q; and Q,, respec-
tively, where & > 0 is a positive parameter. We also assume
that on the interface I'" the two meshes of 7~ £ and 77, which
form the regular triangulation 7, :== - { U 7, coincide.
The domain of the uniformly regular triangulation €;
UQ, is such that O={UK: K€ 7} and h=maxg.s hy.
There exist positive constants ¢, and ¢, satisfying c;h < hy
< ¢,py. To approximate the diameter hy of the triangle (or
tetrahedral) K, p, is the diameter of the greatest ball included
in K. Based on the subdivisions I~ i and 7, we can define
finite element spaces X, € X, Qp, € Qp, X, € X, and Qy,
C Q,. We consider the well-known MINI elements (P1b -

P1) to approximate the velocity and the pressure in the con-
duit for Stokes equations [44]. To capture the fully mixed
technique in the porous medium region linear Lagrangian
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elements, P1 are used for hydraulic (piezometric) head and
Brezzi-Douglas-Marini (BDM1) piecewise constant finite
elements are used for Darcy velocity [45].

In the fluid region, we select for the Stokes problem the
finite element spaces (Xg;, Qp,) that satisfy the velocity-
pressure inf-sup condition: there exists a constant C; >0,
independent of h, such that,

by (v-) >C. (21)

inf  sup p p >
Vfll,QqufHQf

O#qhleh 0¢VJ}«"Eth

In the porous region, we use the finite element spaces

(X, Qpy) that also satisfy a standard inf-sup condition:

ph>
there exist a constant Cp >0 such that for all gbh € Qph>

bp (vﬁ,(bh)
190,

Then, the finite element discretization of (18) is to find
U, e H, =Xy, x Qg x X x Qy, such that

C,. (22)

h
0#¢"€Qpy 0#vieX,,

LU, V) +Ir(U, Vi) = F(Vy,), YV, €H,  (23)

This is the natural discretization of the weak formula-
tion (18) except that the stabilized term J.(U,,V,) is
added. This bilinear form J,(.,.) is defined by

Jr(Up Vi) = % <(u? - UZ) -ng, (v? - VZ) -nf>r, 0<h<l.
(24)

We are now able to define the norm on H;:

2 2
V=[5, * ],
V1l \/ f L0, qs o, P

2 2
vy, + 7 (v =) | -
R4 -],

(25)

We have the following results (see [16], Theorem 2
and Theorem 3):

Theorem 1. There exists a unique solution U, € H,, to prob-
lem (23) and if the solution U € H of the continuous problem
(18) is smooth enough, then we have

U= Uy[l), < C(U)h. (26)

Below, in order to avoid excessive use of constants, the
abbreviation x < y stand for x < cy, with ¢ a positive constant
independent of x, y, and T .

Remark 2. (Galerkin orthogonality relation). Let U = (uy, p,
u,, ¢) € H be the exact solution and Uy, = (ug, pj,, wyy,, ¢),) €
H,, be the finite element solution. Then, for any V;, = (v,
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P> Vo ¥,) €Hy, and using  technical regularity result
Theorem 4 below, we can subtract (18) to (23) to obtain the
Galerkin orthogonality relation:

Zy(U-U, V) =2,(U, V) - Z,(U;,, V)
=Z(U, V) = Z4(Up, Vi) (27)
=F (V) - F(Vy) =0.

Thus, we have the relation:

2v(D(ef), D(vp))

- <ep,v-vfh>gf B

- (’\qb’v'vph)op +

Z \/7<ef TV T
(@07 €), + P3| (K e vp)

(V¥ &) + (A [VM ~0,
(28)
where here and below, the errors in the velocity and in the

pressure of Stokes equations and errors in the hydraulic
and Darcy velocity equations are, respectively, defined by

€=ty = Upps
& =P~ Pp (29)
€p = Up ~ Uph>

M =¢=¢
3. A Posteriori Error Analysis

3.1. Some Technical Results. Our a posteriori analysis requires
some analytical results that are recalled. We define the space

H ={veH(div,Q): vi, €X;andv,, €X 30
1Q; = 12, = p

with the norm

M= ol + Il * 19l 6D

The first one concerns a sort of Helmholtz decomposi-
tion of elements of . Recall first that if d = 3,

Hy(curl, Q,) = {1// el? (QP)3 curl ye 12 (Qp)3 andy xn=00n 6QP}.
(32)

Theorem 3. (see Ref. [18], page 708). Any v € Z admits the
Helmbholtz-type decomposition

V=V,+V,, (33)

where v, v, € Z but satisfying v, € H' Q)%

v- 0 in Qf, (34)
curl B, in

where B, € Hy(Q,) if d=2, while p, € H'(Q ) N H(curl,
Q,) if d=3, with the estimate

IVoll oo+ ||By|| < IVl (35)
=P

The second result that we need is a regularity result for
the solution U= (uy,p,u,,¢) € H of (18) is the following

theorem:

Theorem 4. (see [18], page 710). Let U e H be the unique

solution of (18). If Ke [CO’I(QP)]dXd, then there exists € >0
such that
d
ug € [H7(Q,)]". (36)

Let us finish this section by an estimation of the stability
error (see [18], Theorem 5):

Theorem 5. For any U}, = (ug, p),, Wy, ¢,) € Hy, we have

inf HUh

_W 2<
W, eH,n% nlli =

Jr(Up Uy,)- (37)

3.2. Error Estimator. In order to solve the Stokes-Darcy
coupled problem by efficient adaptive finite element
methods, reliable and efficient a posteriori error analysis is
important to provide appropriated indicators. In this section,
we first define the local and global indicators and then the
lower and upper error bounds are derived in Section 3.3.

3.2.1. Error Equations. The general philosophy of residual
error estimators is to estimate an appropriate norm of the
correct residual by terms that can be evaluated easier and that
involve the data at hand. Thus, we define the error equations:
let U= (uy, p,u,, ) € H be the exact solution and Uy, = (ug,

Pr W $),) € Hy, be the finite element solution. Then, for any

Vh = (th, qh’ Vph’ 'l//h) € Hh and V= (Vf,p, I//) € H usmg
the Helmholtz decomposition (Theorem 3), we have

Z,(U-U,V)=Z,(U-U,V-V,) (38)

= | 2 (Re(U).V-Vi)) + 3 (RR(U).V=Vy) |

Keg! Kegh

(39)



where
<R{((Uh)’ V- Vh>K
= (ff + 2vV'[D(ufh)—Vph, T th)K

d-1
we|
Ee,(0KNI) j=1

o
- (2vnf-|D(ufh) Tt ﬁuﬂl 7 (vf th) >E]

i Le% - (P =2vny-D(ug) -0 = pgdy (V= vp) - nf)E} ,
(40)
(Rk(Un) V=V})
= (curl pgK™* h+V¢h), ﬁp - ﬁph)x
+(pa(fyVup)ov-wi)
=2 (pgKuy V) xnpy - yy), (41)
Ee%’h(aKnQp)
+ Z ([pg¢hnE]E) ﬁp - ﬁph)E
Ee®, (0K,
B Z ([pg¢hnE]E> [V_Vh]E)E‘
Ee&,(9KNI)

3.2.2. Residual Error Estimators

Definition 6 (a posteriori error indicators). The residual error
estimator is locally defined by

12
O = [®?<,f + @i’p] foreachKe T, (42)

where

Ok s = || £+ 299D (up)~Vp, |5 + [V [+ ).

Ec&,(0KNT)
d-1
- hy { z

i

)

Ee&, (KN)

[04

2

elpy = 2vay D (ugy) -y = pady [

2vnf . [D(llfh) . Tj +

(43)

s V) o (77

2
| lpg(Kuy+vg,) xcmy ||

®?<)P = hi”curl (pgK‘1

)

Ee®, (0KnQ,)
D) hEH[Pg%np]EZ
res, (aknQ, )

oh 2
) TEH[(“fh‘“ph)‘“f]EHE-
Ee&,(0KNI)
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The global residual error estimator is given by
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2. Ok

KeT,

(45)

Furthermore, denote the local and global approximation
terms by

hi||f £ VK €T,
K = VK O{p
- > €J >
ngfp fph\K h (46)
1/2
- [ » c@] ,
KeT,
where the global function fy, : Q; — RY is defined by
1
£op o = i = WJ (x)dx, VKeT),  (47)

while in 2, we take f), ;. = f for all K € J", as the unique
element of P! (K) such that

ijK<x>q<x>dx - Lf(x)q(x)dx VgeP'(K).  (48)

Remark 7. The residual character of each term on the right-
hand sides of (43) and (44) is quite clear since if (uﬂ,, D>
u,;,, ;) € H, would be the exact solution of (18), then they
would vanish.

3.2.3. Analytical Tools

(1) Inverse Inequalities. In order to derive the lower error
bounds, we proceed similarly as in [25, 42] (see also [46]),
by applying inverse inequalities, and the localization tech-
nique based on simplex-bubble and face-bubble functions.
To this end, we recall some notation and introduce further
preliminary results. Given K € 7, and E € &(K), we let by
and by be the usual simplex-bubble and face-bubble func-
tions, respectively (see (1.5) and (1.6) in [41]). In particular,
by satisfies by € P*(K), supp (bx) €K, by =00n0K, and 0
< by < lonK. Similarly, by € P*(K), supp (by) Cwp, = {K'

7, :E€&K')}, by=00n0KE, and 0 < by < 1 inw,. We
also recall from [47] that, given k € IN, there exists an exten-
sion operator L : C(E) — C(K) that satisfies L(p) € P*(K)
and L(p)p=p,Vp e P¥(E). A corresponding vectorial ver-
sion of L, that is, the componentwise application of L, is
denoted by L. Additional properties of by, by, and L are
collected in the following lemma (see [47]).

Lemma 8. Given keIN*, there exist positive constants
depending only on k and shape-regularity of the triangulations
(minimum angle condition), such that for each simplex K and
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E € &(K), there hold
Il < [lab’|[ < llale YaeP (K),  (49)

o VqePHK), (50)

‘qbK|1,K5h%l||‘J|

1/2

Iplle < (165l < el VP € PH(E), (51)

IL®) Ik + PelL(p)] i S e PNl P €PEE). (52)

(2) Continuous Trace Inequality.

Lemma 9 (continuous trace inequality). There exists a posi-
tive constant f3, > 0 depending only on o, such that

d
I¥II3% < BilVIlIvll o YK € T)vv e [HI(K)] . (53)

(3) Clément Interpolation Operator. In order to derive the
upper error bounds, we introduce the Clément interpolation
operator I% : H}(Q) — P*(7,) that approximates opti-
mally nonsmooth functions by continuous piecewise linear
functions:

PUT ) = {veC(Q): vy eP'(K)VKeT andv=00n00}.

(54)

In addition, we will make use of a vector-valued version
of I, that is, I, : H Q) - [9’?(9‘;1)]61, which is defined
componentwise by I2,. The following lemma establishes
the local approximation properties of I2; (and hence of
1)), for a proof see [48], Section 3.

Lemma 10. There exist constants C,, C, > 0, independent of h,
such that for all v € H}(Q), there hold

v =140 < ClVll sy YK €T -
1 55
||V_IOCZ(V)”ESczh%HvH],A(E)’ VE€ &),

where A(K)=U{K' €T, : K'NK# @} and A(E) =U{K'
€T, K'nE+2}.

3.3. Optimality of {Ox }xes,

3.3.1. Reliability Result

Theorem 11 (reliability of ®). Let U= (uy, p,u,, ¢) €H be
the exact solution of (18) and U, = (u, p> Wy, ¢),) € Hy, be
the finite element solution of (23). There exist a constant C,,
> 0 such that the following estimate holds:

U =Uplly < Crat(© + ). (56)

Proof. We take vy, =0 =g, in error equation (38)-(41) and

we obtain
Zy(U-U,, V) =Z,(U-U, V-V))

=y (R’I;(Uh),V—Vh))K+ > (R%(Uh)»V—Vh))K]>

Keg? KeT?,

(57)

where

(R{<(Uh), V- Vh)K = (£ + 299D () -V, vy ~Vp)
d-1

=@V + (= vi—vp) - {
Ee#,(0KnI) j-1

o
| 2vng -D(ug,) T+ — =y, T, (V —vh)~r.> ]
( f f j /7Tj~K-Tj S p S j .
+ [ (P —2vy - D(up,) -0y = pgy, (v =) '“f)E]'
e, (oKnT)

(58)

(R (V). V = V,), = (curl (K-t 190,). By = ),
o5 ) ), 9(5 1),
- Z (PgKiluph +V¢,) xng, V’)E

Eeg,(9KNQ,)
+ Z ([Pgﬁbhnﬁ]p B, - ﬂph)E
Ee®, (0Kn )
- Z ([pg¢hnE]E, [v- Vh]E)E'
Ee®,(9KNT)
(59)
The inf-sup condition of &), leads to
|Z,(U-U,, V)|
U-Uyl,<C sup U VIT g
VeH\{0} VI,

Now, using the error equation (57)-(59), Cauchy-
Schwarz inequality, and the Clément operator of Lemma
10, we deduce the estimate (56). The proof is complete.

3.3.2. Efficiency Result. To prove local efficiency for w c (2, let
us denote by

[0 b= 2 Wit 2 (Il + diviv, 1)

Kca)n_()f Kcﬂ)nQP
v xalf o+ Y Tk(vpvy),
KcQ

(61)



where

(vpv)= )

E€&, (0 )n&,(K)

[1(& M)l = [lell,, + [1Al],-

2

8h1—51H [Vf]E

: (62)

The main result of this subsection can be stated as
follows.

Theorem 12 (efficiency of ®). Under the assumptions of
Theorem 4, the following lower error bound holds:

Ox < | (e €) [0, + 15 29) 5, + 2 S (63)

K'cwy
where Wy is a finite union of neighboring elements of K.

Proof. We begin by bounding each term of the residuals
separately.

(i) Element estimate  hy
(€7 + ZvV-D(ufh)—Vthf(, we choose in error equa-
tion (57)-(59) for each K € 7{, v =(vK,o, vff, 0)

and V), =(0,0,0,0) with vi’ =0 on 0,

residual in Qf: to

V}( _ { [ffh + ZVV'D(ufh>_Vph] bK onK e 9‘f, (64)

00an\K,

for obtained, Z,(U-U,,V)=[|[fy +2vV-D(uy) -Vp,]
b%zni + (ff - ffh’ V'I;)K. NOted that [ffh + ZVV'D(ufh)_vph]
by € PF(K) and vanish on 0K. Because £, (U-U,, V)=
(D(ef),vy), in this case, then we have (D(ef),vy), =
2

| [£7 + ZVV-[D(ufh)—Vph]b%ZHK +(ff - ffh,v}()K. The first
inverse inequality (49) and the Cauchy-Schwarz inequality
lead to

1€+ 299D (wp) =V, 5 ~ || £, + 299D (up,) -V, |6}
K K

< Jey | (B + 299D (wp) =V, )b, + 1 =l [ | -
(65)

Using inverse inequality (50), we deduce the estimate:

|| £n + 299D () Vol < (e ) 5, + k- (66)

(ii) Divergence element residual in Qy (estimation of

||V-ufh||§<): for each K € 9‘{, we have,
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Vg = [V (uy —wp) || < up =g, (67)

(iii) Element residual in Q,: we have for each K € 5~ Z,

o= up) | = oo o7 -um) -0 (s-7 -w )|

=g divi(u, ~ ) —pg (£, =1 )| <[l (ep ), +
(68)

(iv) Curl element residual in Q,: for Ke I i, we set Cy
= curl (pgK ', +V¢,) and Wy = Cyby. Hence,
we notice that curl Wy belongs to H and is diver-
gence free; therefore, by Equations (57)-(59), we
obtain with V; =0 and B, =Wy, Z,(U-U,, Wy)
= (RE(U,), Wi = lleurl (pgK"uy, +95, )bl
The first inverse inequality (49) and the Cauchy-
Schwarz inequality lead to

[|curl (pgK 'u,,+V¢,) ||j< ~ ||curl (pgK’luPh+V¢h)b}<’2||i
= JK [pgK ™" (w, —u,, )4V (¢ = ¢,)] - curl Wy
(llpg®" (u, = ) [l + V(9 = )l ) - lleurl Wi

(15 e + [V ) - Wil

IN

N

(69)

Again, the inverse inequality (49) allows to get

leurl (pgK™"wu+983) | < [ (1> )5, + [l (552 29)

wg

(70)

(v) Interface elements on I': we fix an edge E included in
I and for a constant r;, fixed later on a unit vector N,
we consider

W =rgbgN, (71)

that clearly belongs to H. Hence, by residual equation
(57)-(59), we obtain with V,, =0,

L4 (U-U, Wy) = (R (U,), Wy )+ (RE (U), W)
Ky ! K,

(72)

where K, (resp., K;) is the unique triangle/tetrahedron
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included in Q; (resp., Q,) having E as edge/face, and
(Rk, W We), =

—{ y Z <2vnf (up) -

Ee&), (oKk;nr) =1

(ff +2vV.D (ufh)—Vph, WE)Kj -(¢V- ufh)Kf

o
by, T, Wy T;
/—TJ,K,Tj fhotj J)E:|
+{ >

(py = 2vmy D (up) my = padys We)my). |
Ee&, (9K,nI)

(Ric(U), W)

= (curl (pgK 'u,,+V¢),), ﬁp)K
4

* (P (fyV - )ov)
- Y  (pgK!

u,;, + V) X ng, 1//)5
Ee®,(0K,n0,)

)

Ee,(9KN0,)

- Z ([Pg‘/’hnE]Er [W]E)E'

Ee&,(0KNI)

([Pg‘PhnE]E’ ﬁp)E

(73)

Taken Wy =0 in K, =0 in 2 and for each j=1, --
d-1, rE:2vnf-|D(ufh) 7+ (aly/(7;-K-1;))ug, - 7; w1th
N =1, We have
Z3,(U~-Uy, W) = (£ +2vV-D(ug,)-Vp, WE)Kf

o

- (2vn ~ID(uh)~r.+uh~T~,WE~T>
< f Sh) T mf j JE

= (f; +2vV-D(up,)-Vp,, WE)Kj—||rEbg’2||§.
(74)
Hence,
||"EH125 ~ HrEh}l:"/zHi = (ff + ZVV'D(“fh)*VPh’ WE)K/ -Z,(U-U,, W)
= (6 + 299D () V9, W), _J 2vD(e;): D(W,)

Ky
+ J e, div W + (f; £, WE)KJ»

e

d-1
p (e T Wi T))

i

o
A

Mo

(75)

Inverse inequalities (50) and (51) and Cauchy-Schwarz
inequality lead to

hy* 2vn;-D(ug,) -7 \/T—T<‘T g, T H(ef’ thE
+|(e, Z Cio
Kcwg
(76)

with wy =K, UK,

Taken Wy =0 in Ky, ¢=0 in Q and for each j=1, -,
d-1, rg=2vn;-D(up,) - 7;+ (a//(7;- K- 7;))ug, - 7; with
N=n;. As before the identities (72)-(74) and the inverse
inequalities (50) and (51) lead to

hi*lpy ~ 2"“f ' (“fh) 1y = pgdulle < I (ep>€)) i,
+le + Y e (77)

Kcwg

(vi) Piezometric head jump in Q,: for each edge/face E
€ &,,(2,), we consider wy =T, UT,. As [pg¢,n,],

€ [PY(E)], we set

Wg = [P9¢hn] by € [H, o(w E)]d' (78)

Using the residual equation (57)-(59), we obtain with
V,=0and V=(0,0, 8,,0) where B, = W:

Z,(U-0,, V)= ([ngbhnE}E’wE)E' (79)

Therefore, Cauchy-Schwarz inequality and inverse
inequalities (51) and (52) lead to

H[PgﬁbhnE]EH;“H [PgP,ng] bmHE J (PgPng], - W

2

pg(¢— ¢V 'WE>Ki < Z H

i=1

Il
.MN

Il
—

PQM ||Ki HVWEHK

"
| agS

ol e N lpgmele| -

I
—_

[;

(80)

In additionally, since by regularity Theorem 4, the jump
of u is zero through all the edges of (2; hence, we clearly have
I[‘(U - Uh’ U- Uh) = ]F(Uh’ Uh) Thus,

1/2
hE

‘[ngph“] H +%H[(uﬂl—uph)'nf]EHE (81)

<[ (ep-e0) 1y, * 11 (e 29) -

(vii) Finally, for E € &,(0K N Qp), we have

K 'u,,+V¢, =K 'u,,+V¢, - K 'u,~V¢

- (82)
=-[K (up - uph)+V(¢ - ¢)]-
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Thus,

| [0 w9y <] | < (o) + | (e 2g) |-
(83)

The estimates (66), (67), (70), (76), (77), (81), and (83)
provide the desired local lower error bound.

4. Summary

In this paper, we have discussed a posteriori error estimates
for a finite element approximation of the Stokes-Darcy sys-
tem. A residual type a posteriori error estimator is provided
that is both reliable and efficient. Many issues remain to be
addressed in this area, let us mention other types of a poster-
iori error estimators or implementation and convergence
analysis of adaptive finite element methods.

5. Nomenclature
(i) QcR% de {23} bounded domain
(ii) Q,: the porous medium domain
(iii) Q the fluid region
(iv) I'=00,;Nn0Q,
v) 2,=0\{Q,ur}

(vii) n; (resp., np) the unit outward normal vector along
an (resp., aQP)

(viii) w: the fluid velocity
(ix) p: the fluid pressure

(x) In 2D, the curl of a scalar function w is given as
usual by

curl w = (Qw/dx,,~0w/dx, )" (84)

(xi) In 3D, the curl of a vector function w = (w,, w,, w;)
is given as usual by curl w:=V x w, namely,

curl w := ((Qws;/0x,) — (0w,/0x;), (0w, /0x3)

(85)
— (0w;/0x,), (0w,/0x,) — (0w, /0x,))

(xii) IP¥: the space of polynomials of total degree not
larger than k

(xiii) 7,: triangulation of Q

Abstract and Applied Analysis

(xiv) T the corresponding induced triangulation of

Opleif.p}

(xv) For any K € 7, hy is the diameter of K and pj
= 2ry is the diameter of the largest ball inscribed
into K

(xvi) h:=maxgg hy and o, = maxg.o, (hg/py )

(xvii) &): the set of all the edges or faces of the
triangulation

(xviii) &(K): the set of all the edges (N =2) or faces
(N =3) of a element K

(xix) & =Uges, &(K)

(xx) ' (K): the set of all the vertices of a element K
(xxi) A, = Uyer, (K)
(xxii) For # ¢ Q, &,()={E€ &, ECcd}

(xxiii) For E € &, we associate a unit vector nj such that
ng is orthogonal to E and equals to the unit exte-
rior normal vector to 0Q

(xxiv) For E € &, [§] is the jump across E in the direc-
tion of ng

(xxv) In order to avoid excessive use of constants, the
abbreviations x < y and x ~ y stand for x < ¢y and
¢, x <y < ¢,x, respectively, with positive constants
independent of x, y, or 7,
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