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A posteriori error estimation for the
Stokes–Darcy coupled problem on anisotropic
discretization

Koffi Wilfrid Houedanou*† and Bernardin Ahounou

Communicated by D. Zeidan

This paper presents an a posteriori error analysis for the stationary Stokes–Darcy coupled problem approximated by
finite element methods on anisotropic meshes in RN, N D 2 or 3. Korn’s inequality for piecewise linear vector fields
on anisotropic meshes is established and is applied to non-conforming finite element method. Then the existence and
uniqueness of the approximation solution are deduced for non-conforming case. With the obtained finite element solu-
tions, the error estimators are constructed and based on the residual of model equations plus the stabilization terms. The
lower error bound is proved by means of bubble functions and the corresponding anisotropic inverse inequalities. In order
to prove the upper error bound, it is vital that an anisotropic mesh corresponds to the anisotropic function under consid-
eration. To measure this correspondence, a so-called matching function is defined, and its discussion shows it to be useful
tool. With its help, the upper error bound is shown by means of the corresponding anisotropic interpolation estimates and
a special Helmholtz decomposition in both media. Copyright © 2016 John Wiley & Sons, Ltd.
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1. Introduction

The transport of substances back and forth between surface water and groundwater is a very important problem. We study herein
the mathematical model of this setting consisting of the Stokes equations in the fluid region coupled with the Darcy equations in the
porous medium, coupled across the interface by the Beavers–Joseph–Saffman conditions (cf. Section 2.1). The system is difficult to
approximate because the Darcy and Stokes solutions have very different regularity properties, and, more importantly, the tangential
velocity may be discontinuous on the Stokes–Darcy interface.

In certain situations, the solution of the Stokes–Darcy coupled problem exhibits strong directional features. Indeed, it is well known
that an internal layer appears at the interface �I (Figure 1) as the permeability tensor degenerates [1,2]. In that case, anisotropic meshes
have to be used in this layer [3].

A posteriori error estimations have been well established for the coupled Stokes–Darcy problem on isotropic meshes, mainly for
2D domains [4–8]. To our best knowledge, there is no a posteriori error estimation for the coupled Stokes–Darcy problem valid for
anisotropic discretization with finite element methods. Here, we develop such a posteriori error analysis for anisotropic finite elements
satisfying minimal assumptions. These assumptions may be summarized as follows: the scheme is stable (not essential but recom-
mended in numerical applications), the velocity space is large enough to contain the conforming P 1 piecewise space and satisfies a
Crouzeix–Raviart property (see below for the details). These three properties are satisfied by Crouzeix–Raviart non-conforming finite
element on anisotropic meshes. Note that the second property facilitates the process of obtaining reliability result. The a posteriori
error estimate is based on a suitable evaluation on the residual of the finite element solution. We further prove that our a posteriori
error estimator is both reliable and efficient. These main results are summarized in Theorems 6.3 and 6.4.

The outline of the paper is as follows. Some preliminaries and notation are given in Section 2. The discretization (as a mixed formu-
lation) and the general framework with minimal conditions on the mesh and on the element pairs are given in Section 3. Section 4 is
devoted to analytical tools. The specific anisotropic interpolation estimates are particularly important. It turns out that an anisotropic
mesh should be well aligned with the anisotropic solution. This demand seems to be an inherent feature of anisotropic discretizations
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Figure 1. A sketch of the geometry of the problem.

and error estimates. In Section 5, we derive Korn’s inequalities for piecewise linear vector fields with respect to simplicial anisotropic
triangulations of �. Indeed, for the choice of problem (16) defined in the succeeding text, elements satisfying the discrete Korn’s
inequality on isotropic meshes (studied by Suzanne Brenner in [9]) have to be used [8]. To our best knowledge, the non-conforming
elements for the stability of (16) on anisotropic meshes are not yet proved [3, Page 11]. We present in this same section an example of
element pair that is covered by our analysis. The actual error bounds are given in Section 6. For the upper error bound, we additionally
distinguish between conforming and non-conforming discretization. While all these considerations are made for anisotropic meshes,
we simplify the results for the case of an isotropic discretization in Section 6.4 because even in that case, we obtain new results for con-
forming case. Our exposition treats the two-dimensional case (N D 2) as well as the three-dimensional case (N D 3). We then offer our
conclusion and the further works in Section 7.

2. Preliminaries and notation

2.1. Model problem

We consider the model of a flow in a bounded domain � � RN .N D 2 or 3/, consisting of a porous medium domain �d , where
the flow is a Darcy flow and an open region �s D � X N�d , where the flow is governed by the Stokes equations. The two regions are
separated by an interface �I D @�d\@�s. Let �l D @�lX�I, l D s, d. Each interface and boundary is assumed to be polygonal .N D 2/
or polyhedral .N D 3/. We denote by ns (resp. nd) the unit outward normal vector along @�s (resp. @�d). Note that on the interface �I,
we have ns D �nd . Figure 1 gives a schematic representation of the geometry.

For any function v defined in �, because its restriction to �s or to �d could play a different mathematical roles (for instance their
traces on �I), we will set vs D vj�s and vd D vj�d .

In�, we denote by u the fluid velocity and by p the pressure. The motion of the fluid in�s is described by the Stokes equations

8<
:
�2� div D.u/Crp D f in �s,

div u D g in �s,
u D 0 on �s,

(1)

while in the porous medium�d , by Darcy’s law

8<
:
�K�1uCrp D f in �d ,

div u D g in �d ,
u � nd D 0 on �d .

(2)

Here, � > 0 is the fluid viscosity, D the deformation rate tensor defined by

D. /ij :D
1

2

�
@ i

@xj
C
@ j

@xi

�
, 1 6 i, j 6 N,

and K a symmetric and uniformly positive definite tensor representing the rock permeability and satisfying, for some constants 0 <
K� 6 K� < C1,

K��
T� 6 �T K.x/� 6 K��T� ,8x 2 �d , � 2 RN. (3)
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f 2 ŒL2.�/�N is a term related to body forces and g 2 L2.�/ a source or sink term satisfying the compatibility conditionZ
�

g.x/dx D 0.

Finally, we consider the following interface conditions on �I:

us � ns C ud � nd D 0, (4)

ps � 2�ns � D.us/ � ns D pd , (5)
p
�j

˛1
2ns � D.us/ � �j D �us � �j , j D 1, : : : , N � 1. (6)

Here, Eq. (4) represents mass conservation, Eq. (5) the balance of normal forces and Eq. (6) the Beavers–Joseph–Saffman conditions.
Moreover, f�jgjD1,:::,N�1 denotes an orthonormal system of tangent vectors on �I, �j D �j � K � �j , and ˛1 is a parameter determined by
experimental evidence.

Equations (1)–(6) consist of the model of the coupled Stokes and Darcy flows problem that we will study in the succeeding texts.

2.2. Weak formulation

We begin this subsection by introducing some useful notations. If W is a bounded domain of RN and m is a nonnegative integer, the
Sobolev space Hm.W/ D Wm,2.W/ is defined in the usual way with the usual norm k � km,W and semi-norm j � jm,W . In particular, H0.W/ D
L2.W/ and we write k � kW for k � k0,W . Similarly, we denote by .�, �/W the L2.W/ ŒL2.W/�N or ŒL2.W/�N�N inner product. For shortness, if
W is equal to �, we will drop the index �, while for any m � 0, k � km,lDk � km,�l , j � jm,l D j � jm,�l and .., ./l D .�, �/�l , for l D s, d.
The space Hm

0 .�/ denotes the closure of C10 .�/ in Hm.�/. Let ŒHm.�/�N be the space of vector-valued functions v D .v1, : : : , vN/with
components vi in Hm.�/. The norm and the seminorm on ŒHm.�/�N are given by

k v km,�:D

 
NX

iD0

k vi k
2
m,�

!1=2

and jvjm,� :D

 
NX

iD0

jvij
2
m,�

!1=2

. (7)

For a connected open subset of the boundary � � @�s [ @�d , we write h., .i� for the L2.�/ inner product (or duality pairing), that is,
for scalar valued functions 	, 
 2 L2.�/, one defines

h	, 
i� :D

Z
�

	.s/
.s/ds (8)

We also define the special vector-valued functions space

H.div ,�/ :D
˚

v 2 ŒL2.�/�N : div v 2 L2.�/
�

(9)

To give the variational formulation of our coupled problem, we define the following two spaces for the velocity and the pressure:

H :D
˚

v 2 H.div,�/ : vs 2 ŒH
1.�s/�

N, v D 0 on �s and v � nd D 0 on �d

�
equipped with the norm

k v kH:D
�
jvj21,sC k vk2

dC k div vk2
d

�1=2
, (10)

and

Q D L2
0.�/ :D

�
q 2 L2.�/ :

Z
�

q.x/dx D 0

�
. (11)

Note that the vector-valued functions in H have (weakly) continuous normal components on�I (consequence of theorem I.2.5 of [10, p.
27]).

Let us further introduce two bilinear forms

a.u, v/ :D 2�.D.u/, D.v//s C

N�1X
jD1

�˛1
p
�j

˝
us � �j , vs � �j

˛
�I
C �

�
K�1u, v

�
d

,

b.v, q/ :D �

Z
�

q div v

and two linear forms

L.v/ :D .f, v/� and G.q/ :D �.g, q/�.
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The weak formulation of the coupled problems (1)–(6) can be stated as follows [11]: find .u, p/ 2 H � Q such that�
a.u, v/C b.v, p/ D L.v/, 8v 2 H,

b.u, q/ D G.q/, 8q 2 Q.
(12)

Note that if g is of mean zero, (12) directly implies that (1), (2) and (4) hold (the differential equations being understood in the
distributional sense), while the interface conditions (5) and (6) are imposed in a weak sense.

This problem has a unique solution as proved in [11, section 3 ].

Theorem 2.1
If f 2 ŒL2.�/�N and g 2 L2

0.�/, there exists a unique solution .u, p/ 2 H � Q to the problem (12).

We end this section with some notation. In 2D, the curl of a scalar function w is given as usual by curlw :D . @w
@x2

,� @w
@x1
/> while in 3D,

the curl of a vector function w is given as usual by curlw :D r �w. Finally, let P k be the space of polynomials of total degree not larger
than k. In order to avoid excessive use of constants, the abbreviations x . y and x � y stand for x 6 cy and c1x 6 y 6 c2x, respectively,
with positive constants independent of x, y or Th.

3. Anisotropic discretization

The first two sections introduce general aspects of the discretization, for example, the mixed finite element formulation. Section 3.3 is
then devoted to the introduction of anisotropic quantities. The general framework (mesh and general assumptions) will be discussed
in Section 3.5. As it turns out, the assumptions on the mesh that are introduced for anisotropic elements are quite weak are standard in
anisotropic a posteriori error analysis and are similar to the one for isotropic elements. The general assumptions are minimal in order
to make a unified analysis.

3.1. Discretization of the domain�

Let fThgh>0 be a family of triangulations of � with nondegenerate elements (i.e. triangles for N D 2 and tetrahedrons for N D 3). We
assume that the triangulation is conform with respect to the partition of� into�s and�d , namely each T 2 Th is either in�s or in�d .
Let T s

h and T d
h be the corresponding induced triangulations of�s and�d . For any T 2 Th, we denote by E.T/ (resp. N .T// the set of its

edges .N D 2/ or faces .N D 3/ (resp. vertices) and set Eh D
S

T2Th

E.T/, Nh D
S

T2Th

N .T/. For A � N�, we define

Eh.A/ :D fE 2 Eh : E � Ag and Nh.A/ :D fx 2 Nh : x 2 Ag .

Notice that Eh can be split up in the form
Eh D Eh.�

C
s / [ Eh.�d/ [ Eh.@�d/, (13)

where�Cs D �s [ �s. Note that Eh.�I/ is included in Eh.@�d/.
The measure of an element or edge/face is denoted by jTj :D measN.T/ and jEj :D measN�1.E/, respectively.
For an edge E of a 2D element T , introduce the outer normal vector by n D .nx , ny/

>. Similarly, for a face E of a 3D element T , set
n D .nx , ny , nz/

>. Furthermore, for each face E, we fix one of the two normal vectors and denote it by nE . In the 2D case, introduce
additionally the tangent vector t D n> :D .�ny , nx/

> such that it is oriented positively (with respect to T). Similarly, set tE :D n>E .
For any E 2 Eh and any piecewise continuous function ', we denote by Œ'�E its jump across E in the direction of nE :

Œ'�E.x/ :D

8<
:

lim
t!0C

'.x C tnE/ � lim
t!0C

'.x � tnE/ for an interior edge/face E,

� lim
t!0C

'.x � tnE/ for a boundary edge/face E.

Note that the sign of Œ'�E depends on the orientation of nE . However, terms such as a gradient jump Œr'nE�E are independent of this
orientation.

Furthermore, one requires local subdomains (also known as patches). As usual, let wT be the union of all elements having a common
face with T . Similarly, let wE be the union of both elements having E as face (with appropriate modifications for a boundary face). By wx,
we denote the union of all elements having x as node.

If we have  2 ŒH1.T/�N for all T in Th, then we can define a broken deformation norm on a subset w of� by

k DTh. /k
2
w :D

X
T�w

k D. /k2
T . (14)

Later on, we specify additional, mild mesh assumptions that are partially due to the anisotropic discretization.

3.2. Discrete mixed formulation

We assume a given velocity (resp. pressure) approximation space Hh (resp. Qh) made of polynomials on each element T of the triangu-
lation Th and such that Qh � Q (but not necessary Hh � H). A precise description of the properties that these approximation spaces Hh

and Qh have to satisfy is given in Section 3.5.
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Let us introduce the discrete divergence operator divh 2 L.Hh; Qh/ \ L.H; Q/ by

.divhvh/jT D div.vhjT /,8T 2 Th. (15)

Because the velocity approximation space Hh may not be included in the velocity space H, we define the approximate solution by
using the weaker bilinear forms ah.., ./ and bh.., ./:

ah.u, v/ :D 2�
X

T2T s
h

.D.u/, D.v//T C

N�1X
jD1

�˛1
p
�j
hus � �j , vs � �ji�I

C �.K�1u, v/�d ,8u, v 2 HC Hh

and

bh.v, q/ :D �.q, divhv/�,8v 2 HC Hh,8q 2 Qh.

Then the finite element discretization of (12) is to find .uh, ph/ 2 Hh � Qh such that

�
ah.uh, vh/C bh.vh, ph/C J.uh, vh/ D L.vh/,8vh 2 Hh,

bh.uh, qh/ D G.qh/,8qh 2 Qh.
(16)

This is the natural discretization of the weak formulation (12) except that the penalizing term J.uh, vh/ is added (only non-conforming
case). These penalizing term will be specified later in Section 5. The space Qh is equipped with the norm k � kwhile the norm k � kh on
Hh will be also specified later in Section 5 for non-conforming case.

For v 2 H \ Hh and for q 2 Qh, we can subtract (16) to (12) to obtain the Galerkin orthogonality relation:

2� .DTh.e/, D.v//�s
C

N�1X
jD1

�˛1
p
�j
hes � �j , vs � �ji�I C �.K

�1e, v/d � .", divhv/�

� .q, divhe/� � J.uh, v/ D 0,8v 2 H \ Hh,8q 2 Qh,

(17)

where here and in the succeeding text, the errors in the velocity and in the pressure are respectively defined by

e D u � uh and " D p � ph,

and the broken deformation DTh.e/ of the velocity error means its elementwise deformation, namely

.DTh.e//jT D D.ejT /. (18)

Figure 2. Notation of triangle T .

Figure 3. Notation of tetrahedron T .
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3
7

4
5



K.W. HOUEDANOU AND B. AHOUNOU

3.3. Anisotropic quantities

For an element T , we define 2 or 3 anisotropy vectors pi,T , i D 1, : : : , N, that reflect the main anisotropy directions of that element.
These anisotropy vectors are defined and visualized below as well (Figures 2 and 3).

The anisotropy vectors pj,T are enumerated such that lengths are decreasing, that is, jp1,T j � jp2,T j � jp3,T j in the 3D case and
analogously in 2D. The anisotropic lengths of an element T are now defined by hj,T :D jpj,T j, .j D 1, : : : , N/ which implies hj,T � hjC1,T ,
j D 1, : : : , N � 1. The smallest of these lengths is particularly important; thus, we introduce hmin,T :D hN,T � min

i2f1,:::,Ng
hi,T . Finally, the

anisotropy vectors pj,T are arranged columnwise to define a matrix

CT :D Œp1,T , : : : , pN,T � 2 RN,N (19)

Note that CT is orthogonal because anisotropy vectors pj,T are also orthogonal and

C>T �CT D diagfh2
1,T , : : : , h2

N,Tg. (20)

Furthermore, introduce the height hE,T over an edge/face E of an element T by

hE,T :D
NjTj

jEj
. (21)

3.4. Relation between anisotropic mesh and anisotropic function

When investigating a residual error estimator for anisotropic meshes, we want to employ the same basic principles as for isotropic
meshes. More precisely, a certain kind of interpolation error estimates is to be derived first. With its help, the finite element error is then
bounded globally from above.

Proceeding this way, we naturally use different and more technical methods than for isotropic meshes. But even more important,
the results of isotropic meshes can not be transferred identically to anisotropic meshes. A certain factor appears now both at the
interpolation error estimates (see Lemma 4.3 of Section 4.2) and the finite element error estimate (cf. Theorem 6.4 of Section 6). This
factor is related to how good the chosen anisotropic mesh corresponds to the anisotropic function under consideration. Basically, the
better this correspondence, the smaller the factor (but always� 1) and the better the estimate (in a meaning that is to be specified later
on). The importance of an anisotropic mesh that corresponds to an anisotropic function can be described and interpreted in different
ways (Ref. [12, page 33]).

We present now the definition of an alignment measure, which measures the alignment of mesh and function. Recall first that if
N D 3,

H0.curl,�d/ D f 2 L2.�d/
3 : curl  2 L2.�d/

3 and  � n D 0 on @�dg.

Definition 3.1 (Alignment measure m) (1) Let v 2 H1.�l/ (l D s or d) be an arbitrary non-constant function and F l be a family of
triangulations of�l . Define the matching function m1.., ./ : H1.�l/ � F l �! R by [3, 12, 13]

m1.v,T l
h/ :D

s P
T2T l

h

h�2
min,T k C

>
T rvk2

T

k rv k�l

(22)

(2) Let  2 ŒH1.�d/�
3 \ H0.curl,�d/ be an arbitrary non-constant function and Fd be a family of triangulations of �d . Define the

matching function m2.., ./ : ŒH1.�d/�
3 \ H0.curl,�d/ � Fd �! R by [13]

m2. ,T d
h / :D

s P
T2T d

h

h�4
min,T k r.C

>
T  /CTk

2
T

k r k�d

(23)

(3) We set now for v 2 ŒH1.�l/�
N, .l D s or d/:

m.v, ,Th/ :D

�
m1.v,T s

h /Cm1.v,T d
h /Cm1. ,T d

h / if  2 H1
0.�d/,

m1.v,T s
h /Cm1.v,T d

h /Cm2. ,T d
h / if  2 H,

(24)

where

H :D ŒH1.�d/�
3 \ H0.curl,�d/.
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Commentary 3.1 (Alignment measure)
For a better understanding, we discuss here the behaviour of the alignment measure. The structure of the matrix CT from (19) readily
gives the crude bounds for each i D 1 or 2

1 6 mi.v,T l
h/ 6 max

T2T l
h

hmax,T

hmin,T
, l D s or d, (25)

where hmax,T � h1,T temporarily denotes the largest element dimension. Although this bound is pratically useless, it implies an inter-
esting by-product for isotropic meshes. There, one concludes mi.v,T l

h/ � 1 and the alignment measure merges with other constants
and thus ‘vanishes’.

For anisotropic meshes, the term C>T rv of (22) and the term r.C>T  /CT of (23) contain directional derivatives along the main
anisotropic directions pi,T of the element T [because CT D Œp1,T , : : : , pN,T �, see (19)]. Consider first anisotropic elements that are aligned
with an anisotropic function v or  . Then the long anisotropic element direction p1,T is associated with a small directional derivative
p>1,T � rF where F 2 fv, g. Conversely, the short direction p3,T has a comparatively large directional derivative p>3,T � rF with F 2 fv, g.
Consequently, the numerator and denominator of mi.., ./will be balanced, and mi.., ./ � 1. Supplementary details are given in [14].

If the anisotropic mesh is not aligned with an anisotropic function v or  , then similar considerations imply that the numerator and
denominator of mi.., ./ are no longer balanced, and thus, mi.., ./ >> 1.

Summarizing, the better the anisotropic mesh Th is aligned with an anisotropic function v or , the smaller mi.., ./will be . This results
in sharper error bounds.

3.5. Requirements on the mesh and the elements

Mesh assumptions. Let a1, : : : , an be the nodes of the triangulation Th. In addition to the usual conformity conditions of the mesh
(see [15, chapter 2]) we demand the following assumptions.

	 The number of element that contain the node aj is bounded uniformly.
	 The dimensions of adjacent element must not change rapidly, that is,

hi,T 0�hi,T 8T , T 0 with T \ T 0 ¤ ;, i D 1 : : :N. (26)

Sometimes, it is more convenient to have face-related data instead of element-related data. Hence, for an interior face E D T1 \ T2,
we introduce

hmin,E :D
hmin,T1 C hmin,T2

2
and hE :D

hE,T1 C hE,T2

2
.

For boundary faces E � @T , simply set hmin,E :D hmin,T , hE :D hE,T . The last assumption from above readily implies

hE � hE,T1 � hE,T2 and hmin,E � hmin,T1 � hmin,T2 . (27)

General assumptions. In our analysis, a Clément type operator I0Cl plays a vital role. Although the precise definition will be postponed
until Section 4.2, we briefly describe the image space of this operator. Roughly speaking, its functions are continuous and piecewise
linear for triangle and tetrahedra T . From now on, we use the notation

V0
Cl :D

	
Im
�
I0
Cl

�
N
, (28)

for the Clément interpolation space. The general conditions are now as follows.

(G1) The velocity space Hh is large enough such that it contains the Clément interpolation space, that is, V0
Cl � ŒH

1
0.�/�

N \ Hh;
(G2) In order to obtain robust discrete solutions, the element pairs have to be stable (i.e. the coercivity of the bilinear form ah C J

in Zh :D fvh 2 Hh : bh.vh, qh/ D 08qh 2 Qhg and the discrete inf-sup condition of bh on Hh � Qh are satisfied). Note that this
assumption is not necessary to prove error bounds, but in particular, it guarantees existence and uniqueness of the discrete
solution of (16).

Crouzeix–Raviart property for non-conforming approximation. For non-conforming approximation, we require a variant of the
‘Crouzeix–Raviart’ property:

.CR/ :

�
.Œuh�E , 1/E D 0 8E 2 Eh.�

C
s /,

.Œuh � nE�E , 1/E D 0 8E 2 Eh.�d/ [ Eh.@�d/.
(29)

Remark 3.1
The choice of property (29) is natural because the space Hh approximates only H.div,�d/ and not ŒH1.�d/�

N, while our a posteriori
analysis is only valid in this space for non-conforming case.
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4. Analytical tools

4.1. Reference element, affine linear transformation and their properties

Let T be an arbitrary but fixed element. Mainly, we will employ an affine linear mapping FT that will be defined as follows.

Let EP0 be the (column) vector from the origin of the coordinate system to P0 and let
��!
P0Pi be the (column) vectors from P0 to Pi ,

i D 1, : : : , N. We define the matrices AT ,HT 2 RN�N by

AT :D
���!

P0P1, : : : ,
��!
P0PN

�
and HT :D diag .h1,T , : : : , hN,T / .

With the help of the matrix AT , we now define the affine linear transformation FT by

FT .x/ :D AT � xC EP0, (30)

with x D .x1, : : : , xN/
>.

The reference or unitary element NT is defined by its vertices NP0 D .0, 0/> if N D 2 and NP0 D .0, 0, 0/> if N D 3; and NPi D e>i ,
i D 1, : : : , N, where ei D ıi,j for j D 1, : : : , N. Enumerate the faces NEi :D F�1

T .E/ of NT such that

NEi :D NT \ fxi D 0g , i D 1, : : : , N and NE0 :D NT \ fjxj1 D 1g , with jxj1 :D
NX

iD1

jxij.

The face NEi is opposite the vertex NPi (Figure 4).
Variables that are related to the reference element NT are referred to with a bar (e.g. Nr). Note that Nv :D v ı FT . We have the following

lemmas (Ref. [12]):

Lemma 4.1 ( [12, page 18] Norms of some matrices)
Let T 2 Th. Then the following relations hold:

k A>T C�>T kRN�NDk C�1
T AT kRN�N� 1 (31)

k C>T A�>T kRN�NDk A�1
T CT kRN�N� 1 (32)

k CTH
�1
T kRN�NDk HTC

�1
T kRN�ND 1 (33)

k H�1
T kRN�NDk C�1

T kRN�N D h�1
min,T (34)

k AT kRN�N�k CT kRN�N � hmax,T (35)

k A�1
T kRN�N� h�1

min,T . (36)

Lemma 4.2
[12, page 19] Let T 2 Th and FT be the transformation such that FT .x/ D AT � xC EP0. Then we have for each v 2 L2.T/ the relations,

k v kTD
p

2NjTj k Nv kNT , (37)

k v kED

s
jEj

jNEj
k Nv kNE , E 2 E.T/. (38)

Figure 4. Vertex NPi and corresponding face NEi .
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4.2. Clément interpolation

For the analysis, we require some interpolation operator that maps a function from H1
0.�/ to some continuous, piecewise polynomial

function V0
Cl. Hence, Lagrange interpolation is unsuitable, but Clément like interpolation techniques have proven to be useful. The

image space V0
Cl will be given by means of its basis functions. To this end, denote by FT temporarily that affine linear transformation

that maps the reference element NT into the actual element T . For simplicity, we describe the interpolation for scalar functions; for
vector-valued functions, the interpolation acts componentwise.

The basis function �j associated with a node xj is now uniquely determined by the condition

�j.xi/ D ı
j
i 8xi 2 Nh.�/. (39)

Then V0
Cl is defined as the space spanned by the functions �j , for all interior nodes xj 2 Nh.�/. Equivalently, it can be expressed as

V0
Cl :D

˚
vh 2 C0.�/ : vhjT ı FT 2 P 1. NT/,8T 2 Th

�
\ H1

0.�/, (40)

with FT as above.
Next, the Clément interpolation operator will be defined via the basis functions �j 2 V0

Cl.

Definition 4.1 ( [3, section 4] Clément interpolation operator)
Consider an interior node xj 2 Nh.�/ and the patch wxj�supp.�j/ (cf. Section 3.1). Define the local L2 projection operator Pj : L2.wxj / �!

P 0.wxj / by Z
wxj

.v � Pjv/w D 0 8w 2 P 0.wxj /. (41)

For vector-valued functions v 2 ŒL2.wxj /�
N, define the projection componentwise.

Then define the Clément interpolation operator I0
Cl : H1

0.�/ �! V0
Cl � H1

0.�/ by

I0
Clv :D

X
xj2Nh.�/

Pj.v/.xj/�j . (42)

This operator I0
Cl acts on functions from H1

0.�/ and preserves zero boundary values. Occasionally, we also require an interpolation
operator for functions from H1.�/, that is, without specified boundary values. To this end, denote temporarily the set of boundary
nodes by Nh.@�/ D Nh.�s [ �d/ and define

IClv :D
X

xj2Nh.�/[Nh.@�/

Pj.v/.xj/�j . (43)

For vector-valued functions, act componentwise again. From now on, V0
Cl will always be the space of vector-valued functions.

We need also a Clément-type interpolant mapping a (vector) function in H0.curl,�d/ to

Vh :D
˚

vh 2 H0.curl,�d/ : vhjT 2 N0.T/,8T2 T d
h

�
,

where the set N0.T/ is defined by N0.T/ D
˚

p.x/ D qC s � x : q, s 2 R3
�

. Such an operator was introduced in [16] where interpola-
tion error estimates were given for isotropic elements. The extension to the anisotropic case has been studied in [13]. The Clément-type
interpolation operator is defined with the help of the basis functions E 2 Vh, E 2 Eh.�d/, defined by the condition

Z
E
 E � tE0 D ıE,E0 8E0 2 Eh.�d/, (44)

where tE0 means the unit vector directed along E0. Now following, we use the next definition [13]

Definition 4.2 (Clément-type interpolation operator)
For any edge E 2 Eh.�d/, fix one of its adjacent faces FE . Then define the Clément-type interpolation operator PCl : ŒH1.�d/�

3 \

H0.curl,�d/ �! Vh by

PCl :D
X

E02Eh.�d/

�Z
FE

. � nFE / � f
FE
E0

�
wE0 , (45)
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where the (vector) function fFE
E0 are determined by the condition (Ref. [13])Z

FE

.wE0 � nFE / � f
FE
E00 D ıE0 ,E00 ,8E0, E00 2 Eh. N�d/ \ @FE . (46)

We can prove the following interpolation estimates (Ref. [3, 13]):

Lemma 4.3
For all v 2 ŒH1

0.�/�
N and for all  2 ŒH1.�d/�

3 \ H0.curl,�d/, we haveX
T2T l

h

h�2
min,T k v � I0

Clvk
2
T . m2

1.v,T l
h/ k rv k2

�l
, l D s or d (47)

X
E2Eh. N�l/

hE

h2
min,E

k v � I0
Clvk

2
E . m2

1.v,T l
h/ k rv k2

�l
, l D s or d (48)

X
T2T d

h

h�2
min,T k  � PCl k

2
T . m2

2. ,T d
h / k r k

2
�d

, (49)

X
E2Eh. N�d/

hE

h2
min,E

k  � PCl k
2
E . m2

2. ,T d
h / k r k

2
�d

. (50)

4.3. Bubble functions, extension operator, inverse inequalities

For the analysis, we require bubble functions and extension operators that satisfy certain properties. We start with the reference ele-
ment NT and define an element bubble function bNT 2 C. NT/. We also require an edge bubble function bNE,NT 2 C. NT/ for a face NE � @T (2D
case) and a face bubble function bNE,NT 2 C. NT/ for a face NE � @T (3D case). Without loss of generality, assume that NE is on the Nx axis (2D
case) or in the .Nx, Ny/�plane (tetrahedral case).

Furthermore, an extension operator Fext : C.NE/ �! C. NT/ will be necessary that acts on someT1 function vNE 2 C.NE/. Table I gives the
definitions in each case. For vector-valued functions, apply the extension operator componentwise.

The element bubble function bT for the actual element T is obtained simply by the corresponding affine linear transformation.
Similarly, the edge/face bubble function bE,T is defined. Later on, an edge/face bubble function bE is needed on the domain wE D T1[T2.
This is achieved by an elementwise definition, that is,

bE jTi :D bE,Ti , i D 1, 2.

Analogously, the extension operator is defined for functions vE 2 C.E/. By the same elementwise definition, we obtain Fext.vE/ 2 C.wE/.
With these definitions, one easily checks

bT D 0 on @T , bE D 0 on @wE , k bT k1Dk bE k1D 1.

Next, one requires the so-called inverse inequalities. They can only be expected to hold in some finite-dimensional space. The choice
P k covers all relevant case of our analysis.

Table I. Bubble functions and extension operator on NT .

Ref. element NT Bubble functions Extention operator

bNT :D 33 Nx Ny.1 � Nx � Ny/
Fext.vNE/.Nx, Ny/ :D vNE.Nx/

0 6 Nx, Ny bNE,NT :D 22 Nx.1 � Nx � Ny/
Nx C Ny 6 1

bNT :D 44 Nx NyNz.1 � Nx � Ny � Nz/
Fext.vNE/.Nx, Ny, Nz/ :D vNE.Nx, Ny/

0 6 Nx, Ny, Nz bNE,NT :D 33 Nx Ny.1 � Nx � Ny � Nz/
Nx C Ny C Nz 6 1
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Lemma 4.4 (Inverse inequalities)
Let E 2 E.T/be an edge/face of an element T . Consider vT 2 ŒP k0.T/�N and vE 2 ŒP k1.E/�N . Then the following equivalences/inequalities
hold. The inequality constants depend on the polynomial degree k0 or k1 but not on T , E or vT , vE .

k vT b1=2
T kT�k vT kT (51)

k r.vT b1=2
T / kT. h�1

min,T k vT kT (52)

k vE b1=2
E kE�k vE kE (53)

k Fext.vE/bE kT. h1=2
E,T k vE kE (54)

k r.Fext.vE/bE/ kT. h1=2
E,T h�1

min,T k vE kE (55)

Proof
Reference [17].

4.4. Anisotropic trace inequalities

Here, we collect the trace estimates used in the succeeding text.
The first trace inequality is readily obtained by standard scaling techniques [12]. But before, we introduce the following definition

[12].

Definition 4.3 (Directional derivative)
Let v be a function in H1.T/. The directional derivative QDi,T .i D 1, : : : , N/ is defined by

�
QD1,T v, : : : , QD1,T v

�>
:D H�1

T C>T � rv, v 2 H1.T/.

Here, this derivative QDi,T is defined for a fixed element T . Hence, we introduce a derivative QDi which is defined globally for almost all
x 2 �, and which coincides with QDi,T on a element T :

QDiv.x/ :D QDi,Tv.x/ for x 2 T .

Lemma 4.5 ([12, page 22, lemma 2.3] First trace inequality)
Let T be an arbitrary element and E be anedge/face of it. For 2 H1.T/, the trace inequality

k  k2
E . h�1

E

�
k  k2

TC k C
>
T r k

2
T

�
(56)

holds. The componentwise form is

k  k2
E . h�1

E

 
k  k2

T C

NX
iD1

h2
i,T k
QDi k

2
T

!
. (57)

The second, improved trace inequality in the isotropic version (i.e. on the standard element).

Lemma 4.6 ([12, page 23, lemma 2.4] Second trace inequality)
Let T be an arbitrary element and E be an edge/face of it. For  2 H1.T/, the trace inequality

k  k2
E . h�1

E k  kT

�
k  k2

TC k C
>
T r k

2
T

�
(58)

holds. The componentwise form is

k  k2
E . h�1

E k  kT

 
k  k2

T C

NX
iD1

h2
i,T k
QDi k

2
T

!
. (59)

5. Discrete Korn’s inequality and example of finite element

5.1. Discrete Korn’s inequality on anisotropic meshes

In this section, we establish the Discrete Korn’s inequality on anisotropic meshes. Indeed, for choice (16), elements satisfying discrete
Korn’s inequality on isotropic meshes as in [9] have to be used ([8]). To our best knowledge, the elements for the stability of (16) on
anisotropic meshes are not yet proved [3, page 11].

Let K be a bounded connected open domain in RN (N D 2 or N D 3) and Th anisotropic triangulation of K . The classical Korn
inequality (cf. [18–20] and the references therein) states that there exists a (generic) positive constant CK such that

jvj1,K 6 CK .k D.v/ k0,K C k v k0,K/ 8v 2 ŒH1.K/�N. (60)

Let RM.K/ be the space of (infinitesimal) rigid motions on K defined by

RM.K/ :D
˚

x 2 K 7�! aC 
 � x : a 2 RN and 
 2 so.N/
�

, (61)
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where x D .x1, : : : , xN/
> is the position vector function on K and so.N/ is the Lie algebra of anti-symmetric N � N matrices. The space

RM.K/ is precisely the kernel of the strain tensor, that is,

8v 2 ŒH1.K/�N, D.v/ D 0” v 2 RM.K/. (62)

Letˆ be a seminorm on ŒH1.K/�N with the following properties:

9Cˆ > 0= ˆ.v/ 6 Cˆ k v k1,K ,8v 2 ŒH1.K/�N, (63)

where Cˆ is a generic positive constant depending onˆ and

ˆ.m/ D 0 and m 2 RM.K/” m D a constant vector. (64)

Note that such a seminorm is invariant under the addition of a constant vector c, that is,

ˆ.vC c/ D ˆ.v/,8v 2 ŒH1.K/�N,8c 2 RN . (65)

Then, (60), (62), (65) and the compactness of the embedding of H1.K/ into L2.K/ imply that

jvj1,K 6 Cˆ .k D.v/ k0,K Cˆ.v//8v 2 ŒH1.K/�N. (66)

Let VTh :D
˚

v 2 ŒL2.K/�N : vjT D vT 2 ŒP 1.T/�N,8T 2 Th

�
be the space of piecewise linear vector fields and WTh :D˚

w 2 ŒH1.K/�N : wjT D wT 2 ŒP 1.T/�N,8T 2 Th

�
be the space of continuous piecewise linear vector fields. We define a linear map

F : VTh �! WTh as follows. Then Fv is defined by

Fv.s/ :D
1

j�sj

X
T2�s

vT .s/,8s 2 Nh, (67)

where

�s D fT 2 Th : s 2 N .T/g , (68)

is the set of simplexes sharing s as a common vertex and j�sj is the number of simplexes in �s. Note that j�sj . 1 for all s 2 Nh. The
following lemma contains the basic estimate for the operator F.

Lemma 5.1 (cf. [9])
It holds that

j.vT � Fv/.s/j2 .
X
E2Es

jŒv�E.s/j
2, 8v 2 VTh , 8T 2 Th and 8s 2 N .T/, (69)

where

Es :D fE 2 Eh : s 2 @Eg (70)

is the set of interior sides sharing s as a common vertex and Œv�E is the jump of v across E.

Theorem 5.1 (Discrete Korn’s inequality)
Letˆ : ŒH1.K ,Th/�

N �! RC be a seminorm satisfying conditions (63)–(64) and, in addition, the condition that

.ˆ.v � Fv//2 .
X

E2Eh.NK/

hE

h2
min,E

k Œv�Ek
2
E8v 2 VTh . (71)

Then the following estimate holds:

jvj2
ŒH1.K ,Th/�N

.

0
@k DTh.v/k

2
KCjˆ.v/j

2 C
X

E2Eh.NK/

hE

h2
min,E

k Œv�Ek
2
E

1
A8v 2 VTh , (72)

where

ŒH1.K ,Th/�
N :D

˚
v 2 ŒL2.K/�N : vjT 2 ŒH

1.T/�N,8T 2 Th

�
and

jvjŒH1.K ,Th/�N :D

 X
T2Th

jvj21,T

!1=2

.
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Proof
Let v 2 VTh . We use inequality (66) and the definition of operatorˆ. We have

jvj2H1.K ,Th/
6 jv � Fvj2H1.K ,Th/

C jFvj2H1.K/

.k D.Fv/k2
K C .ˆ.Fv//2 C jv � Fvj2H1.K ,Th/

.k DTh.v/k
2
K C .ˆ.v//

2 C .ˆ.v � Fv//2 C jv � Fvj2H1.K ,Th/
.

The condition (71) leads immediately to

jvj2H1.K ,Th/
6k DTh.v/k

2
K C .ˆ.v//

2 C
X

E2Eh.NK/

hE

h2
min,E

k Œv�Ek
2
E C jv � Fvj2H1.K ,Th/

We estimate now the term jv � Fvj2
H1.K ,Th/

. We have, by a standard inverse estimate (cf. [15, 21]),

jv � Fvj21,T .k A�1
T k2

RN�N j det .AT /jjv � Fvj2
1,NT

, (73)

with

j det .AT /j D
jTj

j NTj
,

where det .AT / is the determinant of matrix AT . Thus, by inequality (36) of Lemma 4.1, we obtain

jv � Fvj21,T .
jTj

h2
min,T

jv � Fvj2
1,NT

. (74)

As vT � FvjT 2 ŒP 1.T/�N, then we deduce by norm equivalences (over finite-dimensional spaces) that

jv � Fvj21,T .
jTj

h2
min,T

X
s2N .T/

j.vT � Fv/.s/j2. (75)

Lemma 5.1 leads to

jv � Fvj21,T .
jTj

h2
min,T

X
s2N .T/

X
E2Es

jŒv�E.s/j
2. (76)

Let now z D Œv�E 2 ŒP 1.E/�N 7�! Nz 2 ŒP 1.NE/�N. We consider N D 2 to simplify. Then NE D Œ0, 1�. For Ns D 0 or 1, we have

jz.s/j2 D jNz.Ns/j2 6 jNz.0/j2 C jNz.1/j2 �k Nz k2
NE
D
jNEj

jEj
k zk2

E . (77)

Thus, we obtain by inequality (76)

jv � Fvj21,T .
X

s2N .T/

X
E2Es

jTj

jEj

1

h2
min,T

k Œv�Ek
2
E . (78)

In addition, hE,T D
NjTj
jEj ; hence,

jv � Fvj21,T .
X

s2N .T/

X
E2Es

hE,T

h2
min,T

k Œv�Ek
2
E . (79)

Consequently, we have

jv � FvjH1.K ,Th/ .
X

T2Th

X
E2E.T/

hE,T

h2
min,T

k Œv�Ek
2
E , (80)

that is,

jv � FvjH1.K ,Th/ .
X

T2Th

X
E2E.T/

hE

h2
min,E

k Œv�Ek
2
E . (81)

The theorem is finally proved.

Examples of seminorm. The following are examples of ˆ that satisfy conditions (63)–(64) and (71). The validity of (63) and (64) is
obvious in all three examples.

Example 5.1
Letˆ1 : ŒH1.K ,Th/�

N �! RC be defined by

ˆ1.v/ :D sup
m2RM.K/,kmk�KD1,

R
�K

mD0

Z
�K

jv �mj,8v 2 ŒH1.K ,Th/�
N, (82)

where �K is a measurable subset of @K with a positive N � 1-dimensional volume.
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Using (26), (63), (64) and a standard finite element estimate for the L2-norm, condition (71) can be verified as follows:

.ˆ1.v � Fv//2 6k v � Fv k2
@K

6
X

E2Eh.NK/

k v � Fvk2
E

6
X

T2Th

k v � Fv k2
@T

6
X

T2Th

k v � Fv k2
1,T . Trace Theorem /

.
X

T2Th

�
k r.v � Fv/k2

TC k v � Fvk2
T

�
.

(1) We estimate the term k v � Fv k2
T .

k v � Fvk2
T D 6jTj k v � Fv k2

NT
. jTj

X
Ns2N .NT/

j.v � Fv/.Ns/j2.

Norm equivalences (over finite-dimensional spaces) lead to

X
Ns2N .NT/

j.v � Fv/.Ns/j2 �
X

s2N .T/

j.v � Fv/.s/j2. (83)

Hence,

k v � Fvk2
T . jTj

X
s2N .T/

j.v � Fv/.s/j2,

and by Lemma 4.1, we deduce

k v � Fvk2
T . jTj

X
s2N .T/

X
E2Es

jŒv�E.s/j
2. (84)

We consider the element reference NT and we take N D 2 to simplify. Now, let z D Œv�E 2 ŒP 1.E/�N 7�! Nz 2 ŒP 1.NE/�N, with
NE D Œ0, 1� ( for N D 2).

jz.s/j D jNz.Ns/j 6 jNz.0/j C jNz.1/j �k Nz kNE . (85)

We use (38) and we obtain

jz.s/j . jEj1=2 k z kE i.e. jŒv�E.s/j . jEj�1=2 k Œv�E kE .

Thus,

k v � Fvk2
T .

X
s2N .T/

X
E2Es

jTj

jEj
k Œv�Ek

2
E (86)

hE,T D
NjTj

jEj
and 1 . 1

hmin,T
(87)

Furthermore, inequality (86) implies

k v � Fvk2
T .

X
s2N .T/

X
E2Es

hE,T

h2
min,T

k Œv�Ek
2
E . (88)

Also,

hE,T 6 hE and hmin,T � hmin,E . (89)

Hence,

k v � Fvk2
T .

X
s2N .T/

X
E2Es

hE

h2
min,E

k Œv�Ek
2
E (90)

Thus, X
T2Th

k v � Fvk2
T .

X
E2Eh.NK/

hE

h2
min,E

k Œv�Ek
2
E . (91)

(2) We estimate the second term k r.v � Fv/ k2
T . We have the equalities

r.v � Fv/ D A�T
T �
Nr.v � Fv/ and

FT .Nx/ D AT � Nx C
�!
P0 D x and dx D JFT � dNx,

Copyright © 2016 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2017, 40 3741–3774

3
7

5
4



K.W. HOUEDANOU AND B. AHOUNOU

where JFT is Jacobian of transformation. Hence,

k r.v � Fv/ kT D jJFT j

Z
NT
jA�T

T �
Nr.v � Fv/j2dNx

6 jJFT j k A
�T
T k2

RN�N jv � Fvj2
1,NT

.

6 jTj

h2
min,T

jv � Fvj2
1,NT
6 jTj

h2
min,T

k v � Fv k2
1,NT

.

As before, norm equivalences over finite-dimensional spaces lead to

X
s2N .T/

j.v � Fv/.s/jRN �k v � Fv k1,NT . (92)

That is,

k r.v � Fv/k2
T .

jTj

h2
min,T

X
s2N .T/

j.v � Fv/.s/j2RN (93)

By Lemma 4.1, we obtain

k r.v � Fv/k2
T .

jTj

h2
min,T

X
s2N .T/

X
E2Es

jŒv�E.s/j
2
RN (94)

Using the same technical as before, we have

k r.v � Fv/k2
T .

jTj

h2
min,T

�
X

s2N .T/

X
E2Es

jTj

jEj

1

h2
min,T

k Œv�Ek
2
E ;

let

k r.v � Fv/k2
T .

jTj

h2
min,T

X
s2N .T/

X
E2Es

hE,T

h2
min,T

k Œv�Ek
2
E

Finally, we have X
T2Th

jv � Fvj21,T .
X

E2Eh.NK/

hE

h2
min,E

k Œv�Ek
2
E (95)

Equations (91) and (95) lead to estimate (71).

Example 5.2
Letˆ2 : ŒH1.K ,Th/�

N �! RC be defined by

ˆ2.v/ :Dk Qv kK ,8v 2 ŒH1.K ,Th/�
N, (96)

where Q is the orthogonal projection from ŒL2.K/�N onto the orthogonal complement of the constant vector fields, that is,

Qv :D v �
1

jKj

Z
K

v. (97)

Condition (71) can be verified as follows:

.ˆ2.v � Fv//2 .k v � Fvk2
K D

X
T2Th

k v � Fvk2
T (98)

and by (91), we deduce (71).

Example 5.3
Letˆ3 : ŒH1.K ,Th/�

N �! RC be defined by

ˆ3.v/ :D

ˇ̌̌
ˇ̌X

T2Th

Z
T

curl.v/

ˇ̌̌
ˇ̌ ,8v 2 ŒH1.K ,Th/�

N. (99)

Condition (71) can be verified as follows:

.ˆ3.v � Fv//2 . jv � Fvj2H1.K ,Th/
D
X

T2Th

jv � Fvj21,T (100)

and by (95), condition (71) holds.
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5.2. Example of finite element

In this section, we present some examples of finite element pairs fulfilling the theoretical assumptions of the previous sections. Their
stability is proved on some anisotropic meshes. The anisotropy of the elements is crucial for assumption (G2) that is related to the
stability of the (anisotropic) element pairs.

5.2.1. Crouzeix–Raviart elements. In this subsection, for a triangulation of � consisting of triangles in 2D or the tetrahedra in 3D, we
will use a variant of the non-conforming Crouzeix–Raviart piecewise linear finite element approximation for the velocity and piecewise
constant approximation for the pressure, namely

Hh :D
˚

vh : vhjT 2 ŒP
1.T/�N 8T 2 Th, .Œvh�E , 1/E D 0 8E 2 Eh.�

C
s /,

.Œvh � nE�E , 1/E D 08E 2 Eh.�d/ [ Eh.@�d/
�

and

Qh :D
˚

qh 2 L2
0.�/ : qhjT 2 P 0.T/8T 2 Th

�
.

The bilinear form J.., ./ is defined here by following the decomposition (13) of Eh:

J.u, v/ D J
�
C
s
.u, v/C J�d .u, v/C J@�d .u, v/ (101)

where

J
�
C
s
.u, v/ :D .1C 2�/

X
E2Eh.�

C
s /

hE

h2
min,E

Z
E
Œu�E � Œv�E ds,

J�d .u, v/ :D
X

E2Eh.�d/

hE

h2
min,E

Z
E
Œu�E � Œv�E ds and,

J@�d .u, v/ :D
X

E2Eh.@�d/

hE

h2
min,E

Z
E
Œu � nE�EŒv � nE�E ds.

Note that each element of Eh only contributes with one jump term in J.u, v/.
We are now able to define the norm on Hh

k v kh:D

0
@X

T2T s
h

jvj21,T C

N�1X
jD1

hvs � �j , vs � �ji�IC k vk2
dC k divhvk2

d C J.v, v/

1
A

1=2

.

We define the subspace of Hh

Zh :D fvh 2 Hh : bh.vh, qh/ D 0,8qh 2 Qhg (102)

and the bilinear form on Hh � Hh

Ch.uh, vh/ :D ah.uh, vh/C J.uh, vh/. (103)

Thus, problem (16) leads to �
Ch.uh, vh/C bh.vh, ph/ D L.vh/,8vh 2 Hh,

bh.uh, qh/ D G.qh/,8qh 2 Qh
(104)

From Hölder’s inequality and the trace theorem, we derive the boundedness of Ch, L, G and bh.

Lemma 5.2
There holds

jCh.uh, vh/j .k uh khk vh kh 8uh, vh 2 Hh C H, (105)

jbh.vh, qh/j .k vh khk qh k 8vh 2 Hh C H,8qh 2 Qh, (106)

jL.vh/j .k vh kh 8vh 2 Hh C H, (107)

jG.qh/j .k qh k 8qh 2 Qh (108)

Lemma 5.3
If vh 2 Zh, then divhvh D 0

Proof
Because divhvh 2 Qh for vh 2 Hh, we take qh D divhvh, leading to .divhvh, divhvh/� D 0, and the lemma follows.

To apply the abstract theory of mixed problems in for example, Girault and Raviart [10] and Brezzi and Fortin [22], we must show that
Ch.., ./ is coercive on the constraint set Zh. This is accomplished in the next lemma.
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Lemma 5.4 (Coercivity)
Ch.., ./ is coercive on Zh: there is an ˛h > 0 such that

Ch.vh, vh/ � ˛h k vhk
2
h,8vh 2 Zh (109)

Proof
Let vh 2 Zh. We have

Ch.vh, vh/ D 2�
X

T2T s
h

k D.vh/k
2
T C �.K

�1vh, vh/�d C

N�1X
jD1

�˛1

�j
k vh � �j k

2
�I

C J
�
C
s
.vh, vh/C J�d .vh, vh/C J@�d .vh, vh/.

We consider now the seminormˆ defined by

ˆ.vh/ D

ˇ̌̌
ˇ̌̌X

T2T s
h

Z
T

curl vh

ˇ̌̌
ˇ̌̌ . (110)

We recall that curlvh 2 L2.T/ if N D 2, while curlvh 2 ŒL2.T/�3 if N D 3 for all T 2 Th. Further,

ˆ.vh/ D

ˇ̌̌
ˇ
Z
�s

curl vh

ˇ̌̌
ˇ

D

ˇ̌̌
ˇ
Z
@�s


� .vh/

ˇ̌̌
ˇ

6
Z
�s

j
� .vh/j C

Z
�I

j
� .vh/j

.
X

E2Eh.�s/

Z
E
j
� .vh/j C

X
E2Eh.�I/

Z
E
j
� .vh/j ,

where for E 2 Eh.�
C
s /,


�vhjE :D

�
vh � �jE if N D 2,

vh � njE if N D 3, .� � n D 0 on E/

	 Estimation of
P

E2Eh.�s/

R
E j
� .vh/j. We have by Cauchy–Schwarz inequality

X
E2Eh.�s/

Z
E
j
� .vh/j 6

X
E2Eh.�s/

�Z
E
j
� .vh/j

2
�1=2

jdiam.E/j1=2

6
X

E2Eh.�s/

�Z
E
j
� .vh/j

2
�1=2

.because diam.E/ 6 1/

6
X

E2Eh.�s/

 
hE

h2
min,E

!1=2 �Z
E
j
� .vh/j

2
�1=2

 
hE

h2
min,E

!�1=2

.

8<
:

X
E2Eh.�s/

 
hE

h2
min,E

!�Z
E
j
� .vh/j

2
�9=
;

1=2

�

�

8<
:

X
E2Eh.�s/

 
h2

min,E

hE

!9=
;

1=2

.

Now, we set

mh D

8<
:

X
E2Eh.�s/

 
h2

min,E

hE

!9=
;

1=2

2 R, (111)

and we have X
E2Eh.�s/

Z
T
j
� .vh/j 6 mh

8<
:

X
E2Eh.�s/

 
hE

h2
min,E

!�Z
E
jŒvh�Ej

2
�9=
;

1=2

(112)

Hence, X
E2Eh.�s/

Z
E
j
� .vh/j . mh

�
J
�
C
s
.vh, vh/

�1=2
. (113)
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	 We estimate now
P

E2Eh.�I/

R
E j
� .vh/j. As before, we apply Cauchy–Schwarz inequality

X
E2Eh.�I/

Z
E
j
� .vh/j 6 diam.�I/

1=2

�Z
�I

j
� .vh/j
2

�1=2

. ah.vh, vh/
1=2.

(114)

By estimates (113) and (114) and Young’s inequality, we obtain the estimate

.ˆ.vh//
2 . m2

hJ
�
C
s
.vh, vh/C ah.vh, vh/ (115)

Thus,
m2

hJ
�
C
s
.vh, vh/C ah.vh, vh/C k DT s

h
.vh/ k

2
�s
&k DT s

h
.vh/ k

2
�s
C.ˆ.vh//

2

C J
�
C
s
.vh, vh/.

Using discrete Korn’s inequality of Theorem 5.1, we obtain

m2
hJ
�
C
s
.vh, vh/C ah.vh, vh/C k DT s

h
.vh/ k

2
�s
&
X

T2T s
h

k r.vh/k
2
T . (116)

Thus, there exists a constant ch > 0 such that

J.vh, vh/C ah.vh, vh/C
X

T2T s
h

k D.vh/k
2
T � ch

8<
:
X

T2T s
h

k r.vh/k
2
T C J.vh, vh/

9=
; ,

namely

Ch.vh, vh/ � ch

8<
:
X

T2T s
h

k r.vh/k
2
T C J.vh, vh/

9=
; . (117)

In addition,

Ch.vh, vh/ �

N�1X
jD1

k vh � �j k
2
�I

, (118)

Ch.vh, vh/ �k vh k
2
�d

. (119)

Finally, estimations (117), (118) and (119) lead to estimate (109) of Lemma 5.4 with ˛h D min f1=2, chg.

In order to verify the discrete inf-sup condition, we define the space

X :D
˚

v 2 H : vj�d 2 ŒH
1.�d/�

N
�

,

and the Crouzeix–Raviart interpolation operator Ih : X �! Hh byZ
E

v D
Z

E
Ihv,8T 2 Th,8E 2 E.T/. (120)

Then we have the following lemma.

Lemma 5.5
Ih is stable in ŒH1.�/�N, namely we have

jIhvj1,T . jvj1,T ,8v 2 X,8T 2 Th. (121)

Hence, we can prove the inf-sup condition by a standard argument.

Lemma 5.6 (Inf-sup condition)
There is a constant ˇh > 0 (dependent of h) such that

inf
qh2Qh

sup
vh2Hh

bh.vh, qh/

k qh k � k vh kh
� ˇh. (122)

Proof
Consider an arbitrary but fixed qh 2 Qh. Then by [10, corollaire 2.4, page 24], there exists v 2 ŒH1

0.�/�
N � X, satisfying

�
div v D �qh, in�
k v k1,� . k qh k� .

(123)
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We take vh D Ihv 2 Hh. We have by (121) and Green’s formula

bh.v � vh, qh/ D �
X

T2Th

X
E2E.T/

Z
E

qhn � .v � vh/

D �
X

T2Th

X
E2E.T/

Z
E

n � .v � vh/ D 0.

Hence, there exists a constant C > 0 such that

bh.vh, qh/ D bh.v, qh/ Dk qh k
2� C k qh kk v k1,� . (124)

Thus, to obtain inf-sup condition (122), we will show the estimation

k v k1,�&k vh kh . (125)

(1) Estimate the term
P

T2T s
h
jvhj

2
1,T . We have by (121)

k v k2
1,�& jvj21,�s

&
X

T2T s
h

jvhj
2
1,T . (126)

(2) Estimation of term
P

T2T d
h
k divvh k

2
T . We obtain by the same inequality (121),

k v k2
1,�� jvj1,� D

X
T2Th

jvj21,T &
X

T2T d
h

jvj21,T &
X

T2T d
h

k divvhk
2
T . (127)

(3) To estimate the term k vh k
2
�d

, we consider the scalar function Nv 2 H1. NT/ and an operator NSh : H1. NT/ �! P 1. NT/ defined by

NSh Nv :D Shv :D
NX

iD0

�
1

jNEij

Z
NEi

Nv

�
N i ,

with N i :D 1 � N N	i , i D 1, : : : , N and N	i.Nej/ D ıi,j , j D 1, : : : , N. Thus, we have the estimations

k NSh Nv k
2
NT
.

NX
iD0

ˇ̌̌
ˇ
�

1

jNEij

Z
NEi

Nv

�ˇ̌̌
ˇ

2

k N k2
NT
,

.
NX

iD0

�
1

jNEij

�
k Nv k2

NEi
k N k2

NT

.
NX

iD0

k Nv k2
NEi

In addition,

k Nv k2
NEi
D
jNEij

jEij
k v k2

Ei
; (128)

hence,

k NSh Nv k
2
NT
.

NX
iD0

jNEij

jEij
k v k2

Ei

.
NX

iD0

1

jEij
k v k2

Ei

.
NX

iD0

hEi ,T

jTj
k v k2

Ei

.
NX

iD0

hmax,T

jTj
k vk2

T

As by (37),

k Shv k2
NT
D
k Shvk2

T

2NjTj
; (129)

hence,
k Shvk2

T . hmax,T k vk2
T . (130)
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Thus, for a function v 2 ŒH1.T/�N, we obtain
k Shvk2

T . hmax,T k vk2
T . (131)

Further, we conclude by (131), there exists a constant ˇ1,h > 0 such that

k v k2
�d
� ˇ1,h k vh k

2
�d

. (132)

(4) To estimate the term
N�1P
jD1
k vs,h � �j k

2
�I

, we consider arete/face E 2 Eh.�I/ and we have

k vs,h � �jk
2
E .k vs,hk

2
E , (Cauchy-Schwarz inequality) ,

.k vs,h � vk2
EC k vk2

E , (triangular inequality).

Using first trace inequality of Lemma 4.5 [(i.e. estimate (56)), we obtain

k vs,h � �jk
2
E .

h
h�1

E

�
k vh � vk2

TC k C
>
T r.v � vh/k

2
T

�
C k vk2

E

i
.

Cauchy–Schwarz inequality and definition of matrix CT lead to

k vs,h � �jk
2
E .

	
h�1

E

�
k vh � vk2

T C h2
max,T k r.v � vh/k

2
T

�
C k vk2

E



. h�1

E k vh � vk2
T C h�1

E h2
max,T k r.v � vh/k

2
TC k v k2

1,�s
.

Thus, we have the estimate

k vs,h � �jk
2
E . h�1

E .1C hmax,T / k vk2
T C 2h�1

E h2
max,T jvj

2
1,TC k v k2

1,�s
, (133)

and hence, there exists a constant ˇ2,h > 0 such that

k v k2
1,�& ˇ2,h

N�1X
jD1

k vs,h � �j k
2
�I

. (134)

(5) We estimate the term J.vh, vh/. We remark that J.v, v/ D 0, because v 2 ŒH1
0.�/�

N.

(a) Estimate J
�
C
s
.vh, vh/.

J
�
C
s
.vh, vh/ .

X
T2Th

J
T\�Cs

.vh, vh/, with

J
T\�Cs

.vh, vh/ D .1C 2�/
X

E2Eh.T\�
C
s /

hE

h2
min,E

k Œvh�Ek
2
E .

J
T\�Cs

.vh, vh/ D J
T\�Cs

.vh � v, vh � v/ (135)

D .1C 2�/
X

E2Eh.T\�
C
s /

hE

h2
min,E

k Œvh � v�Ek
2
E . (136)

Using theorem trace and first trace inequality of Lemma 4.5, we obtain

J
T\�Cs

.vh, vh/ .
X

E2Eh.T\�
C
s /

1

h2
min,E

�
k vh � vk2

T C h2
max,T jvh � vj21,T

�

.
X

E2Eh.T\�
C
s /

1

h2
min,T

�
k vh � vk2

T C h2
max,T jvh � vj21,T

�
.

Applying estimates (121) and (131), we obtain

J
T\�Cs

.vh, vh/ .
X

E2Eh.T\�
C
s /

1

h2
min,T

�
hmax,T k v k2

1,�s
Ch2

max,T k v k2
1,�s

�
,

namely,

J
T\�Cs

.vh, vh/ .
X

E2Eh.T\�
C
s /

2hmax,T h�2
min,T k v k2

1,�s
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Thus, there exists a constant ˇ3,h > 0, such that

k v k2
1,�& ˇ3,hJ

�
C
s
.vh, vh/. (137)

(b) For the terms J�d .vh, vh/ and J@�d .vh, vh/, we use the same technical as in the proof on the bound J
�
C
s
.vh, vh/. Further,

there exist two constants ˇ4,h > 0 and ˇ5,h > 0 such that

k v k2
1,�& ˇ4,hJ�d .vh, vh/ (138)

k v k2
1,�& ˇ5,hJ@�d .vh, vh/. (139)

The lemma is finally proved with ˇh D C min16i65 ˇi,h.

Theorem 5.2
The pair .Hh, Qh/ is stable on the anisotropic meshes.

Proof
Follows directly from Lemmas 5.4 and 5.6.

6. Error estimators

In order to solve the Stokes–Darcy coupled problem by efficient adaptive finite element methods, reliable and efficient a posteriori
error analysis is important to provide appropriated indicators. In this section, we first define the local and global indicators and then
the lower and upper error bounds are derived.

Our a posteriori analysis requires two technical results that are recalled [8, section 3]. The first one concerns a sort of Helmholtz
decomposition of elements of H.

Theorem 6.1 ([8, section 3])
Any v 2 H admits the Helmholtz type decomposition

v D v0 C v1, (140)

where v0, v1 2 H but satisfying v0 2 H1.�/N,

v1 D

�
0 in �s,

curl in �d ,
(141)

where  2 H1
0.�d/ if N D 2, while  2 H1.�d/

3 \ H0.curl,�d/ if N D 3, with the estimate

kv0k1,� C k k1,�d . kvkH. (142)

The second technical result that we need is a regularity result for the solution .u, p/ of (12).

Theorem 6.2 ([8, section 3])
Let .u, p/ 2 H � Q be the unique solution of (12). If f 2 H.curl,�d/ and K 2 ŒC0,1. N�d/�

N�N, then there exists � > 0 such that

uj�d 2 ŒH
1
2C�.�d/�

N.

6.1. Residual error estimators

The general philosophy of residual error estimators is to estimate an appropriate norm of the correct residual by terms that can be
evaluated easier and that involve the data at hand. To this end, denote the exact element residuals by

Rs,T D fC 2�divD.uh/ � rph in T 2 T s
h , (143)

Rd,T D f � �K�1uh � rph in T 2 T d
h . (144)

As it is common, these exact residuals are replaced by some finite-dimensional approximation called approximate element residual rl,T ,
l D s, d,

rl,T 2 ŒP
k.T/�N on T 2 T l

h .
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This approximation is here achieved by projecting f on the space of piecewise constant functions in �s and piecewise P 1 functions in
�d ; more precisely for all T 2 T s

h , we take

fT D
1

jTj

Z
T

f.x/ dx,

while for all T 2 T d
h , we take fT as the unique element of ŒP 1.T/�N such that

Z
T

fT .x/ � q.x/ dx D

Z
T

f.x/ � q.x/ dx,8q 2 ŒP 1.T/�N.

Finally, the global function fh is defined by

fh D fT in T ,8T 2 Th.

Hence,

rs,T D fT C 2� div D.uh/ � rph in T 2 T s
h , (145)

rd,T D fT � �K�1uh � rph in T 2 T d
h . (146)

Next, introduce the gradient jump in normal direction by

JE,nE :D

�
Œ.2�D.uh/ � phI/ � nE�E for an interior edge/face E,

0 for a boundary edge/face E,

where I is the identity matrix of RN�N.

Definition 6.1 (Residual error estimators)
For a conforming discretization, the local residual error estimators are defined by

‚T :D

vuut 6X
iD1

‚2
i,T for each T 2 Th, (147)

with

‚2
1,T :D

�
h2

min,T k rs,Tk
2
T if T 2 T s

h ,
h2

min,T k rd,Tk
2
T if T 2 T d

h ,

‚2
2,T :D

�
h2

min,T k curl.fh � �K�1uh/k
2
T if T 2 T d

h ,
0 if T 2 T s

h ,

‚2
3,T :Dk g � div uhk

2
T ,

‚2
4,T :D

X
E2Eh.@T\ N�I/

h2
min,T

hE

N�1X
jD1






us,h � �j C

p
kj

˛1
2ns � D.us,h/ � �j







2

E

,

‚2
5,T :D

X
E2@T\ N�I

h2
min,T

hE
k pd,h � ps,h C 2�ns � D.us,h/ � nsk

2
E ,

‚2
6,T :D

8̂̂<
ˆ̂:

P
E2Eh.@T\ N�s/

h2
min,T
hE
k JE,nEk

2
E if T 2 T s

h ,

P
E2Eh.@T\�d/

h2
min,T
hE
k Œph�Ek

2
E if T 2 T d

h .

For a non-conforming discretization, we set

‚T :D

vuut 9X
iD1

‚2
i,T for each T 2 Th, (148)
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where

‚2
1,T :D

�
h2

min,T k rs,Tk
2
T if T 2 T s

h ,
h2

min,T k rd,Tk
2
T if T 2 T d

h ,

‚2
2,T :D

�
h2

min,T k curl.fh � �K�1uh/k
2
T if T 2 T d

h ,
0 if T 2 T s

h ,

‚2
3,T :Dk g � div uhk

2
T ,

‚2
4,T :D

X
E2Eh.@T\ N�I/

h2
min,T

hE

N�1X
jD1





us,h � �j C

p
�j

˛1
2ns � D.us,h/ � �j






2

E

,

‚2
5,T :D

X
E2Eh.@T\ N�I/

h2
min,T

hE
k pd,h � ps,h C 2�ns � D.us,h/ � nsk

2
E ,

‚2
6,T :D

8̂̂<
ˆ̂:

P
E2Eh.@T\ N�s/

h2
min,T
hE
k JE,nEk

2
E if T 2 T s

h ,

P
E2Eh.@T\�d/

h2
min,T
hE
k Œph�Ek

2
E if T 2 T d

h ,

‚2
7,T :D

X
E2Eh.@T\�d/

hE

h2
min,T

k Œuh�Ek
2
E ,

‚2
8,T :D

X
E2Eh.@T\@�d/

hE

h2
min,T

k Œuh � nE�Ek
2
E ,

‚2
9,T :D

X
E2Eh.@T\�Cs /

hE

h2
min,T

.1C 2�/ k Œuh�Ek
2
E ,

with ul,h :D uhj�l and pl,h :D phj�l
, l D s, d.

The global residual error estimator is given by

‚ :D

sX
T2Th

‚2
T . (149)

Furthermore, denote the local and global approximation terms by

�T :D

(
hmin,T k f � fh kT if T 2 T s

h ,

hmin,T .k f � fh kT Ckcurl.f � fh/kT / if T 2 T d
h ,

(150)

and

� :D

sX
T2Th

�2
T . (151)

6.2. Proof of the lower error bound

Recall further the notation for the velocity error e D u � uh and the pressure error " D p � ph.
To prove local efficiency for ! � � and v 2 H [ Hh, let us denote by

k v k2
h,! D

X
T� N!\ N�s

jvj21,T

C
X

T� N!\ N�d

.k vk2
TC k divhvk2

T /

C kvs � nk2
�I\ N!

C
X

T� N!

JT .v, v/,

where

JT .v, v/ D .1C 2�/
X

E2Eh.�
C
s /\E.T/

hE

h2
min,E

kŒv�Ek
2
E

C
X

E2Eh.�d/\E.T/

hE

h2
min,E

kŒv�Ek
2
E C

X
E2Eh.@�d/\E.T/

hE

h2
min,E

kŒv � nE�Ek
2
E ,

for non-conforming discretization, and we set

k v k2
h,w :D jvj2

1,w\ N�s
C k v k2

w\ N�d
C k div v k2

w\ N�d
,

for conforming discretization.
The main result of this subsection can be stated as follows.
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Theorem 6.3 (Local lower error bound)
Let .u, p/ 2 H�Q be the exact solution and .uh, ph/ 2 Hh �Qh be the finite element solution. Then under the assumptions of Theorem
6.2, the following local lower error bound holds:

‚T .k e kh, Q!T C k " k Q!T C
X

T 0� Q!T

�T 0 , (152)

where Q!T is a finite union of neighbouring elements of T .

Proof
We begin by bounding each of the residuals separately.

(1) Element residual in�s. Set wT :D rs,T bT 2 ŒH1
0.T/�

N and consider

Z
T

rs,T �wT D

Z
T
.fh C 2�divD.uh/ � rph/ �wT (153)

Introduce f and use the weak formulation (12) to obtainZ
T

rs,T �wT D

Z
T
.fh � f/ �wT

C

Z
T
.2�D.u/ : rwT � pdivwT /

C

Z
T
.2�div D.uh/ � rph/ �wT .

Integrating by parts in this last term, we obtain

Z
T

rs,T �wT D

Z
T
.fh � f/ �wT C 2�

Z
T

D.e/ : r.wT / �

Z
T
" div wT .

Cauchy–Schwarz inequality implies that

Z
T

rs,T �wT .k f � fh kTk wT kT C.2�jej1,TC k " kT /jwT j1,T .

The inverse inequalities (51) and (52) and the obvious relation k wT kT6k rs,T kT imply

k rs,Tk
2
T . .k f � fh kT Ch�1

min,T jej1,T C h�1
min,T k " kT / k rs,T kT ,

or equivalently

‚1,T . hmin,T k f � fh kT Cjej1,TC k " kT . (154)

(2) Element residual in �d . Set wT :D rd,T bT 2 ŒH1
0.T/�

N, use (12) and integrate by parts to obtain

Z
T

rd,T �wT D

Z
T
.fh � �K�1uh � rph/ �wT

D

Z
T
.fh � �K�1uh � rph/ �wT

C

Z
T
.�K�1u � f/ �wT � pdivwT /

D

Z
T
.fh � f/ �wT C

Z
T
.�K�1e �wT � "divwT /.

As before, the Cauchy–Schwarz inequality and the inverse inequalities (51) and (52) lead to

‚1,T . hmin,T k f � fh kT C k K�1e kT C k " kT . (155)

(3) Curl element residual in�d. For T 2 T d
h , we set

CT D curl.fh ��K�1uh/ and wT D CT bT . Hence, we notice that curlwT belongs to H and is divergence free; therefore, by (12), we
have

a.u, curl wT / D .f, curl wT /,
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or equivalently Z
T
.�K�1u � f/ � curl wT D 0. (156)

But by Green’s formula, we may write

Z
T

CT �wT D

Z
T

curl.fh � f/ �wT C

Z
T
.f � �K�1uh/ � curl wT ,

and by using (156), we deduce that

Z
T

CT wT D

Z
T

curl.fh � f/ �wT C

Z
T
�K�1.u � uh/ � curl wT .

By Cauchy–Schwarz inequality, we obtain

Z
T

CT �wT 6 kcurl.fh � f/kTkwTkTC k K�1e kT kcurl wTkT .

Again, the inverse inequalities (51) and (52) allow to obtain

‚2,T .k K�1e kT Chmin,Tkcurl.fh � f/kT . (157)

(4) Divergence element residual in �. We directly see that

g � div uh D div u � div uh D div e;

hence, by Cauchy–Schwarz inequality, we conclude

‚3,T Dk g � div uh kT6k div e kT . (158)

(5) Interface elements on �I. To estimate ‚4,T and ‚5,T , we fix an edge E included in �I, and for a constant rE fixed later on and a
unit vector N, we consider

wE D rE bEN

that clearly belongs to H. Hence, the weak formulation (12) yields

a.u, wE/C b.wE , p/ D .f, wE/!E

that is equivalent to Z
Ts

.2�D.u/ : D.wE/ � pdiv wE/C

Z
Td

.�K�1u �wE � pdiv wE/

C

N�1X
jD1

�˛1
p
�j
.us � �j , wE,s � �j/E D .f, wE/!E ,

(159)

where Ts (resp. Td) is the unique triangle/tetrahedron included in N�s (resp. N�d) having E as edge/face. On the other hand,
integrating by parts in Ts and in Td yields

Z
Ts

.2�D.uh/ : D.wE/ � phdivwE/C

Z
Td

.�K�1uh �wE � ph div wE/

C

N�1X
jD1

�˛1
p
�j
.us,h � �j , wE,s � �j/E

D �

Z
Ts

.2� div D.uh/ � rph/ �wE C

Z
Td

.�K�1uh �wE Crph/ �wE

C

N�1X
jD1

�˛1
p
�j
.us,h � �j , wE,s � �j/E

�

Z
E
.Œph�EwE � nE � 2�.nE � D.us,h/ �wE/.
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Subtracting this identity to (159), we find

Z
E
.Œph�EwE � nE � 2�.nE � D.us,h/ �wE/ �

N�1X
jD1

�˛1
p
�j
.us,h � �j , wE,s � �j/E

D

Z
Ts

.2�D.e/ : D.wE/ � " div wE/C

Z
Td

.�K�1e �wE � " div wE/

C

N�1X
jD1

�˛1
p
�j
.es � �j , wE,s � �j/E

�

Z
Ts

.fC 2� div D.uh/ � rph/ �wE �

Z
Td

.f � �K�1uh �wE � rph/ �wE .

In that last terms introducing the element residual rl,T , we arrive at

Z
E
.Œph�EwE � nE � 2�.nE � D.us,h/ �wE/ �

N�1X
jD1

�˛1
p
�j
.us,h � �j , wE,s � �j/E

D

Z
Ts

.2�D.e/ : D.wE/ � " div wE/C

Z
Td

.�K�1e �wE � " div wE/

C

N�1X
jD1

�˛1
p
�j
.es � �j , wE,s � �j/E

�

Z
Ts

.f � fh C rs,T / �wE �

Z
Td

.f � fh C rd,T / �wE .

(160)

(a) To estimate‚4,T , for each j D 1, : : : , N � 1, we take

rE D uh � �j C

p
�j

˛1
2ns � D.uh/ � �j and N D �j .

Let us assume that T � Ts. Recall that rE 2 P k.E/ for some k 2 N depending on the chosen finite element space. With
this choice, identity (160) and inverse inequality (53) yield

krEk
2
E .

Z
Ts

.2�D.e/ : D.wE/ � " div wE/C

Z
Td

.�K�1e �wE � "divwE/

C

N�1X
jD1

�˛1
p
�j
.es � �j , wE,s � �j/E

�

Z
Ts

.f � fh C rs,T / �wE �

Z
Td

.f � fh C rd,T / �wE .

Hence, the Cauchy–Schwarz inequality, inverse inequalities (54) and (55) and estimates (154) and (157) lead to

hmin,T

h1=2
E,T





uh � �j C

p
�j

˛1
2ns � D.uh/ � �j






E

. jejh,!ECk"k!EC
X

T 0�!E

�T 0 (161)

with !E D Ts [ Td .
(b) To estimate‚5,T , we take

rE D pd,h � ps,h C 2�ns � D.us,h/ � ns and N D ns.

As before, identity (160), inverse inequalities (53)–(55) and estimates (154) and (157) lead to

hmin,T

h1=2
E,T

kpd,h � ps,hC2�ns � D.us,h/ � nskE . jejh,!ECk"kh,!EC
X

T 0�!E

�T 0 . (162)

(6) Normal jump in �s. For each edge/face E 2 Eh.�s/, we consider !E D T1 [ T2. Let us assume that T � T1. Recall that JE,nE 2

ŒP k.E/�N for some k 2 N depending on the chosen finite element space. We set

wE :D �Fext.JE,nE /bE 2 ŒH
1
0.!E/�

N.

First, the weak formulation (12) yields

a.u, wE/C b.wE , p/ D .f, wE/!E ,
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that is equivalent to Z
!E

f �wE D

Z
!E

.2�D.u/ � pI/ : D.wE/

C

Z
@!E

.pI � 2�D.u//nE �wE .

By elementwise partial integration, we further have

�

Z
E

JE,nE �wE D

Z
!E

.2�D.uh/ � phI/ : D.wE/

�

2X
iD1

Z
Ti

.�2�div D.uh/Crph/ �wE .

Hence, by the previous identity (163), we obtain

�

Z
E

JE,nE �wE D

2X
iD1

Z
Ti

.f � .�2� div D.uh/Crph// �wE

�

Z
!E

.2�D.e/ � "I/ : D.wE/

We introduce the approximation fh of f and use the Cauchy–Schwarz inequality and inverse inequalities (53)–(55) to obtain

k JE,nE kE. h1=2
E,T

 
2X

iD1

.k f � fh kTi C k rs,Ti kTi /

!
C

h1=2
E,T

hmin,T
.jej1,!EC k " k!E /

Now, estimates (154) and (157) lead finally to

hmin,E

h1=2
E

k JE,nE kE. jej1,!ECk " k!EC
X

T 0�!E

hmin,T 0 k f � fh kT 0 (163)

(7) Pressure jump in�d. For each edge/face E 2 Eh.�d/, we consider !E D T1 [ T2. As Œph�E 2 P 0.E/, we set

wE :D Œph�E bEnE 2 ŒH
1
0.!E/�

N.

First, we notice that as p 2 H1.!E/, we have by Green formulaZ
!E

.rp �wE C p div wE/ D 0.

Again by elementwise partial integration, we further have

Z
E
Œph�EwE � nE D

2X
iD1

Z
Ti

.rph �wE C ph div wE/.

Taking the difference of these two identities, we obtain

Z
E
Œph�EwE � nE D

2X
iD1

Z
Ti

.r.ph � p/ �wE C .ph � p/ div wE/.

Recalling that rp D f � �K�1u and introducing the term fh � �K�1uh, we find

Z
E
Œph�EwE � nE D

2X
iD1

Z
Ti

.rph � fC �K�1u/ �wE C .ph � p/ div wE/

D

2X
iD1

Z
Ti

.rph � fh C �K�1uh/ �wE C .ph � p/ div wE/

C

2X
iD1

Z
Ti

.fh � fC �K�1.u � uh// �wE .
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Now, we fix T � T1 and we apply the Cauchy–Schwarz inequality and inverse inequalities (53)–(55). We obtain

kŒph�EkE .
2X

iD1

krd,TikTi h
1
2

E C kph � pkTi h
� 1

2
E (164)

C h
1
2

E

2X
iD1

.kf � fhkTi C kK
�1.u � uh/kTi /. (165)

Finally, by estimates (154) and (157), we deduce that

hmin,E

h1=2
E

kŒph�EkE .
X

T 0�!E

hmin,T 0kf � fhkT 0 C k"k!E C kK
�1ek!E . (166)

(8) Non-conforming elements. It remains now to estimate the local indicators ‚7,T ,‚8,T and ‚9,T . Because by Theorem 6.2 the
jump of u is zero through all the edges of�d , hence for all i D 7, 8 or 9, we clearly have

‚2
i,T . JT .uh, uh/ D JT .uh � u, uh � u/ . ku � uhkh,T . (167)

Summarizing all results provides the desired local lower error bound (152).

6.3. Proof of the upper error bound

We proceed similarly as [3, section 6]. First, we bound the pressure error (for conforming and non-conforming discretizations). The
bound of the velocity error is only derived for conforming case. The bound of the velocity error for non-conforming case will derive as
[8] in a forthcoming paper. Section 7 gives the procedure of proving the non-conforming case for the velocity field.

6.3.1. Error in the pressure. We start with an estimate of the pressure error that is valid for conforming and non-conforming elements.

Lemma 6.1 (Error in the pressure)
Let .u, p/ 2 H�Q be the exact solution and .uh, ph/ 2 Hh �Qh be the finite element solution. Then under the assumptions of Theorem

6.2, there exist functions v0," 2 ŒH1.�/�N and  " with

�
 " 2 H1

0.�d/ if N D 2,
 " 2 ŒH1.�d/�

3 \ H0.curl,�d/ if N D 3,
both depending on " D p � ph such

that the error in the pressure is bounded by

k " k. m.v0,", ",Th/.‚C �/C k e kh . (168)

Proof
Because " D p�ph 2 L2

0.�/, then [10, corollaire 2.4, page 24] there exists a function v" 2 ŒH1
0.�/�

N � H depending the error " such that

k " k.
R
�
" div v"
k r" k

. (169)

This inequality is equivalent to the continuous inf-sup condition, applied to the pressure error ". Because the continuous inf-sup condi-
tion is not related to the discretization, the inequality constant is independent of any mesh anisotropy. As v" 2 H, then v" admits the
Helmholtz type decomposition (Theorem 6.1) :

v" D v0," C v1,", (170)

where v0," 2 ŒH1.�/�N and v1," D

�
0in�s

curl "in�d ,
where  " 2 H1

0.�d/ if N D 2 while  " 2 ŒH1.�d/�
N \ H0.curl,�d/ if N D 3 and

satisfying estimate (142). For U D .u, p/ 2 Hh [ H � Q and W D .v, q/ 2 Hh [ H � Q, we define the continuous bilinear form Lh:

Lh.U, W/ :D Ch.u, v/C bh.u, q/C bh.v, p/. (171)

Thus,

Lh.U, W/ D 2�
X

T2T s
h

.D.u/, D.v//T C
�
�K�1u, v

�
�d
C

N�1X
jD1

�˛1p
kj

hu � �j , v � �ji�I

�
X

T2Th

.div u, q/T �
X

T2Th

.div v, p/T C J.u, v/.

We set v",h D v0,",h C v1,",h with v0,",h D ICl.v0,"/ and

v1,",h D

�
curl ",h in �d

0 in �s,

where
 ",h D

�
I0
Cl " if N D 2
PCl " if N D 3.
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Note that v0,",h belongs to Hh \ ŒH1
0.�/�

N, while v1,",h simply belongs to Hh \ H ( ",h being in H1
0.�d/ if N D 2 and  ",h 2 ŒH1.�d/�

3 \

H0.curl,�d/ if N D 3, its curl belongs to H0.div,�d/ hence v1,",h, its extension by zero in�s, stays in H0.div,�/). With these definitions
and noticing that divh.v"�vh/ D divh.v0,"�v0,",h/ and that J.uh, v",h/ D 0, we may write for W D .v", 0/ 2 ŒH1

0.�/�
N�Q, Uh D .uh, ph/,

Wh D .v",h, 0/ and under the assumptions of Theorem 6.2

Lh.U � Uh, W �Wh/ D Lh.U � Uh, W/

D 2�
X

T2T s
h

.D.e/, D.v"//T C
�
�K�1e, v"

�
�d

C

N�1X
jD1

�˛1p
kj

he � �j , v" � �ji�I � .div.v"/, "/�.

We deduce
.div v", "/� D 2�

X
T2T s

h

.D.e/, D.v"//T C
�
�K�1e, v"

�
�d

C

N�1X
jD1

�˛1p
kj

he � �j , .v" � v",h/ � �ji�I

� Lh.U � Uh, W �Wh/.

Now for a triangle T 2 T d
h , we recall that v1," � v1,",h D curl. " �  ",h/inT and use Green’s formula to obtain

Lh.U � Uh, W �Wh/ D
X

T2T s
h

n
.f � fh, v0," � v0,",h/T C .rs,T , v0," � v0,",h/T

o

C
X

T2T d
h

n
.f � fh, v0," � v0,",h/T C .rd,T , v0," � v0,",h/T

C
�
curl.fh � �K�1uh/, " �  ",h

�
T
C .curl.f � fh/, " �  ",h/T

o
C

X
E2Eh.�d/

.Œph�E , .v0," � v0,",h/ � nE/T

�
X

E2Eh.�d/

�
Œ�
�
K�1uh

�
�E , "� ",h

�
E
�

X
E2Eh.�s/

.JE,nE , v0," � v0,",h/E

C
X

E2Eh. N�I/

n
.pd,h � ps,h C 2�ns � us,h � ns, .v0," � v0,",h/ � nE/E

�

N�1X
jD1

�˛1p
kj

�
us,h � �j C 2�ns � D.us,h/ � �j , .v0," � v0,",h/ � �j

�
E

o
.

Hence,
.", div v"/� D 2�

X
T2T s

h

.D.e/, D.v"//T C
�
�K�1e, v"

�
�d

C

N�1X
jD1

�˛1p
kj

he � �j , v" � �ji�I

C
X

T2T s
h

n
.f � fh, v0," � v0,",h/T C .rs,T , v0," � v0,",h/T

o

C
X

T2T d
h

n
.f � fh, v0," � v0,",h/T C .rd,T , v0," � v0,",h/T

C
�
curl.fh � �K�1uh/, "� ",h

�
T
C .curl.f � fh/, " �  ",h/T

o
C

X
E2Eh.�d/

.Œph�E , .v0," � v0,",h/ � nE/T

�
X

E2Eh.�d/

�
Œ�
�
K�1uh

�
�E , "� ",h

�
E
�

X
E2Eh.�s/

.JE,nE , v0," � v0,",h/E

C
X

E2Eh. N�I/

n
.pd,h � ps,h C 2�ns � us,h � ns, .v0," � v0,",h/ � nE/E

�

N�1X
jD1

�˛1p
kj

�
us,h � �j C 2�ns � D.us,h/ � �j , .v0," � v0,",h/ � �j

�
E

o
.
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The Cauchy–Schwarz inequality, the trace theorem, the Poincaré–Friedrich inequality and the Clément interpolation results of Lemma
4.3 imply

.", div v"/� . 2� k DT s
h
.e/ k�sk D.v"/ k�s C� k K�1e k�dk v" k�d

C

8<
:

N�1X
jD1

�˛1
p
�j
k e � �j k�I

9=
; k rv" k�s

C fm.v0,", ",Th/g .‚C �/.k rv0," k� C k r " k�/.

We use property (142) and condition (3) of the tensor K, we obtain

.", div v"/� .
n
.‚C �/m.v0,", ",Th/C k e kh

o
k v" kH . (172)

Let
.", div v"/�
k v" k1,�

. fm.v0,", ",Th/g .‚C �/C k e kh . (173)

Finally, estimates (169) and (173) finish the proof.

Remark 6.1
Note that the result of Lemma 6.1 does not depend on regularity result of Theorem 6.2 for conforming case.

6.3.2. Error in the velocity-conforming case.

Lemma 6.2 (Error in the velocity-conforming case)
Assume a conform discretization and let v0,",  " be the functions from Lemma 6.1. Then there exist function e0 2 ŒH1.�/�N and  e

with

�
 e 2 H1

0.�d/ if N D 2,
 e 2 ŒH1.�d/�

3 \ H0.curl,�d/ if N D 3,
both depending on e D u � uh such that the error in the velocity is bounded by

k e kh.
n

m.e0, e,Th/Cm.v0,", ",Th/
1=2
o
.‚C �/. (174)

Proof
We define the bilinear form for U D .u, p/ 2 H � Q and W D .v, q/ 2 H � Q by A.U, W/ D a.u, v/C b.v, p/C b.u, q/. We are setting
now W D .e,�div e/ and we have well W 2 H � Q because .div e, 1/� D 0. Note that for Wh D .vh, qh/ 2 Hh � Q � H � Q, we have
A.U � Uh, W �Wh/ D A.U � Uh, W/ and

A.U � Uh, W/ D a.e, e/C b.e,�div e/C b.e, "/

D 2� k D.e/ k2
�s
�.", div e/�C k div e k2

� C

C �.K�1e, e/�d C

N�1X
jD1

�˛1p
kj

k e � �j k
2
�I

.

We deduce

2� k D.e/ k2
�s
C�.K�1e, e/�d C

N�1X
jD1

�˛1p
kj

k e � �j k
2
�I
C k div e k2

�

D A.U � Uh, W �Wh/C .", div e/�

The classical Korn inequality and property (3) of the matrix K lead to

k re k2
�s
C k e k2

�d
C k div e k2

�d
. A.U � Uh, W �Wh/C .", div e/�. (175)

As e 2 H, then e admits the Helmholtz type decomposition (Theorem 6.1) :

e D e0 C e1, (176)

where e0 2 ŒH1.�/�N and e1 D

�
0 in�s

curl e in�d ,
where e 2 H1

0.�d/ if N D 2 while e 2 ŒH1.�d/�
N\H0.curl,�d/ if N D 3 and satisfying

estimate (142). Now we define the function eh 2 Hh by
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eh D e0,h C e1,h, with e0,h D ICl.e0/,

e1,h D

�
curl e,h in �d ,

0 in �s,
(177)

where

 e,h D

�
I0
Cl e if N D 2,
PCl e if N D 3.

(178)

Thus, the definition of operator A and integration by parts in each element lead to

k re k2
�s
C k e k2

�d
C k div e k2

�d
.

.
X

T2T s
h

n
.f � fh, e0 � e0,h/T C .rs,T , e0 � e0,h/T

o

C
X

T2T d
h

n
.f � fh, e0 � e0,h/T C .rd,T , e0 � e0,h/T

C
�
curl.fh � �K�1uh/, e �  e,h

�
T
C .curl.f � fh/, e �  e,h/T

o
C

X
E2Eh.�d/

.Œph�E , .e0 � e0,h/ � nE/T

�
X

E2Eh.�d/

�
Œ�
� .K

�1uh/�E , e �  e,h

�
E

�
X

E2Eh.�s/

.JE,nE , e0 � e0,h/E

C
X

E2Eh. N�I/

n
.pd,h � ps,h C 2�ns � us,h � ns, .e0 � e0,h/ � nE/E

�

N�1X
jD1

�˛1p
kj

�
us,h � �j C 2�ns � D.us,h/ � �j , .e0 � e0,h/ � �j

�
E

o

C .", div e/� C .div uh � g,�div e/�.

Recall that

k ek2
h Dk re k2

�s
C k e k2

�d
C k div e k2

�d
and

dive D g � div uhin�.

Invoke again the Cauchy–Schwarz inequality, the Clément interpolation inequalities (Section 4.2) and the bound of k " k from
Lemma 6.1. Additionally, employ the triangle inequality for the exact residual Rl,T (l D s or d) as well as the obvious bound k div uh k6 ‚
to obtain

k ek2
h . .‚C �/m.e0, e,Th/ k e kh C k div uh � g k2

�

C fm.v0,", ",Th/.‚C �/C k e khg k g � div uh k� .

Recall also that

k g � divuh k�D

sX
T2Th

‚2
3,T . ‚ 6 .‚C �/. (179)

Hence,

k ek2
h . .‚C �/m.e0, e,Th/ k e kh C.‚C �/ k e kh

C fm.v0,", ",Th/.‚C �/C k e khg‚.

Finally, Young’s inequality and the trivial relation 1 6 m.., ., / provide the desired velocity error bound.

The error bounds for the pressure and velocity immediately yield the following main theorem.

Theorem 6.4 (Upper error bound-conforming case)
Assume a conform discretization. Let v0,",  " be the functions from Lemma 6.1 and e0,  e be the functions from Lemma 6.2. Then the
error is bounded globally from above by

k e kh C k " k. fm.e0, e,Th/Cm.v0,", ",Th/g .‚C �/. (180)
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Proof
Follows directly from Lemmas 6.1 and 6.2.

Commentary 6.1 (Upper error bound-conforming case)
The upper error bound (180) contains several alignment measures m.., ., ./. This is in contrast to estimators for isotropic meshes: For
anisotropic discretizations, all known estimators are (explicitly or implicitly) based on an anisotropic mesh that is suitably aligned with
the anisotropic function.

Compared with the isotropic estimators, our upper error bounds are special in the sense that the alignment measure cannot be
evaluated explicitly. However, this should not be considered too much as a disadvantage. For example, the alignment measure m.e, ., ./
for the error e D u�uh is of size O.1/ for sufficiently good meshes [3]. We expect a similar behaviour for the other alignment measures.

In pratical computations, one may simply use the error estimator without considering the alignment measures [3]. For adaptive
algorithms, this is well justified because the lower error bound (152) holds unconditionally.

6.4. Application to isotropic discretization

Because our analysis gives new results for conforming case on isotropic meshes [5–7], we here summarize them. On isotropic discretiza-
tions, our analysis holds with hmin,T � hE � hT for E 2 E.T/ and the alignment measure m.., ., ./ � 1. In other words, the given results
may be rephrased as follows: the residual error estimator is here given by

‚T :D

vuut 6X
iD1

‚2
i,T , for each T 2 Th, (181)

where
‚2

1,T :D h2
T k rl,Tk

2
T , if T 2 T l

h , l D s or d,

‚2
2,T :D

�
h2

T k curl.fh � �K�1uh/k
2
T , if T 2 T d

h ,
0 if T 2 T s

h ,

‚2
3,T :Dk g � div uhk

2
T ,

‚2
4,T :D

X
E2Eh.@T\ N�I/

hE

8<
:

N�1X
jD1

k us,h � �j C

p
�j

˛1
2ns � D.us,h/ � �jk

2
E

9=
; ,

‚2
5,T :D

X
E2Eh.@T\ N�I/

hE k pd,h � ps,h C 2�ns � D.us,h/ � nsk
2
E ,

‚2
6,T :D

8̂<
:̂

P
E2Eh.@T\ N�s/

hE k JE,nEk
2
E , if T 2 T s

h ,P
E2Eh.@T\�d/

hE k Œph�Ek
2
E if T 2 T d

h ,

while the approximation term becomes

�T :D

�
hT k f � fh kT , 8T 2 T s

h ,
hT .k f � fh kT Ckcurl.f � fh/kT /, 8T 2 T d

h .

We recall that hT (resp. hE) is the diameter of T (resp. of E). With these definitions, the lower error bound (152) of Theorem 6.3 holds for
any isotropic elements T . On the other hand, the upper bound (180) of Theorem 6.4 reduces to

k e kh C k " k. .‚C �/. (182)

7. Conclusion and further works

We have proposed and rigorously analysed a posteriori error estimate for the finite element approximation of Stokes–Darcy equations
with anisotropic meshes in RN, N 2 f2, 3g. The existence and uniqueness are provided for non-conforming finite element method.
Different strategies are applied to estimate the lower and upper error bounds. These main results are summarized in Theorems 6.3 and
6.4. For isotropic discretizations, much of the analysis simplifies. The main results are presented in Section 6.4 and the investigations
seem to be novel for conforming case.

In the forthcoming works

	 Upper error bound (non-conforming case). We proved the bound estimation of the pressure using both conforming and non-
conforming elements while only show the estimation of the velocity of the conforming case. To obtain the upper bound of
the velocity field error for non-conforming case, Clément interpolation operators are not sufficient because additional terms are
included in the error estimators (see‚i,T , i 2 f7, 8, 9g in Section 6.1) that measure the non-conformity of the method in the veloc-
ity field. In order to treat appropriately this non-conformity, we further need an estimate of the non-conforming error. Thus, we
intend to proceed as in [8, proof of theorem 3.3] while building an adapted anisotropic Oswald interpolant that preserves the
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continuity of the normal trace through the interface. We present also the results of numerical tests with the finite element meth-
ods proceeding similarly to [3, 13]. Note that the Oswald interpolation operator that has been built in [8] is only valid for isotropic
discretizations.

	 Interface conditions. We have adopted in this work Beavers–Joseph–Saffman conditions [23, 24] as interface condition, which is
fine here. Note that Beavers–Joseph–Saffman condition is an simplification of Beavers–Joseph [25] by neglecting the tangential
velocity in the porous media, but it may lead to an inaccurate accounting of the exchange of fluid between the porous media and
the fluid in the conduit. It was once widely used because Beavers–Joseph condition poses some difficulties due to its indefinite
contribution to the total energy budget. However, those difficulties were overcome by Cao et al. a few years ago [26,27]. That is why
we hope in a near further work on this model to adopt the most natural interface condition, namely Beavers–Joseph condition.
Furthermore, a comparative study will be made with the current work.

	 Analytical tools. In many applications, the fluid region is much narrower than that of the porous medium. Therefore, a widely
accepted approximation is to treat the fluid domain as a line (in 2D model) or a symmetric tube (in 3D model), which is called a
pipe flow model [28]. In fact, one previous work [29] dealt with the non-conforming finite element method for such cases. But
unfortunately, the toolkits developed in the current manuscript are not valid in the limit that the domain of the flow shrinks to a
line or a symmetric tube because, in this case, according to our discretization, the factors hmin,T in continuum pipe flow domain
would cancel, and therefore, the quantities h�1

min,T would tend towards the infinity. Thus, we wish in the further considered the
appropriate anisotropic discretization used in [30] to constuct the a posteriori error indicators for a coupled continuum pipe-
flow/Darcy model in karst aquifers on anisotropic meshes. However, note that a posteriori error estimates for this model with the
new non-conforming element used in [29] remain still an open problem on isotropic meshes.

	 Boussinesq equations. Finally, we like to extend our results to Boussinesq equations with thermocapillarity effect on the surface
and non-homogenous boundary conditions for the velocity and the temperature [31].
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