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This paper presents an a posteriori error analysis for the stationary Stokes-Darcy coupled problem approximated by
finite element methods on anisotropic meshes in RY, N = 2 or 3. Korn’s inequality for piecewise linear vector fields
on anisotropic meshes is established and is applied to non-conforming finite element method. Then the existence and
uniqueness of the approximation solution are deduced for non-conforming case. With the obtained finite element solu-
tions, the error estimators are constructed and based on the residual of model equations plus the stabilization terms. The
lower error bound is proved by means of bubble functions and the corresponding anisotropic inverse inequalities. In order
to prove the upper error bound, it is vital that an anisotropic mesh corresponds to the anisotropic function under consid-
eration. To measure this correspondence, a so-called matching function is defined, and its discussion shows it to be useful
tool. With its help, the upper error bound is shown by means of the corresponding anisotropic interpolation estimates and
a special Helmholtz decomposition in both media. Copyright © 2016 John Wiley & Sons, Ltd.
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1. Introduction

The transport of substances back and forth between surface water and groundwater is a very important problem. We study herein
the mathematical model of this setting consisting of the Stokes equations in the fluid region coupled with the Darcy equations in the
porous medium, coupled across the interface by the Beavers—Joseph-Saffman conditions (cf. Section 2.1). The system is difficult to
approximate because the Darcy and Stokes solutions have very different regularity properties, and, more importantly, the tangential
velocity may be discontinuous on the Stokes-Darcy interface.

In certain situations, the solution of the Stokes-Darcy coupled problem exhibits strong directional features. Indeed, it is well known
that an internal layer appears at the interface I'; (Figure 1) as the permeability tensor degenerates [1,2]. In that case, anisotropic meshes
have to be used in this layer [3].

A posteriori error estimations have been well established for the coupled Stokes—Darcy problem on isotropic meshes, mainly for
2D domains [4-8]. To our best knowledge, there is no a posteriori error estimation for the coupled Stokes-Darcy problem valid for
anisotropic discretization with finite element methods. Here, we develop such a posteriori error analysis for anisotropic finite elements
satisfying minimal assumptions. These assumptions may be summarized as follows: the scheme is stable (not essential but recom-
mended in numerical applications), the velocity space is large enough to contain the conforming P! piecewise space and satisfies a
Crouzeix-Raviart property (see below for the details). These three properties are satisfied by Crouzeix-Raviart non-conforming finite
element on anisotropic meshes. Note that the second property facilitates the process of obtaining reliability result. The a posteriori
error estimate is based on a suitable evaluation on the residual of the finite element solution. We further prove that our a posteriori
error estimator is both reliable and efficient. These main results are summarized in Theorems 6.3 and 6.4.

The outline of the paper is as follows. Some preliminaries and notation are given in Section 2. The discretization (as a mixed formu-
lation) and the general framework with minimal conditions on the mesh and on the element pairs are given in Section 3. Section 4 is
devoted to analytical tools. The specific anisotropic interpolation estimates are particularly important. It turns out that an anisotropic
mesh should be well aligned with the anisotropic solution. This demand seems to be an inherent feature of anisotropic discretizations
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Figure 1. A sketch of the geometry of the problem.

and error estimates. In Section 5, we derive Korn's inequalities for piecewise linear vector fields with respect to simplicial anisotropic
triangulations of . Indeed, for the choice of problem (16) defined in the succeeding text, elements satisfying the discrete Korn’s
inequality on isotropic meshes (studied by Suzanne Brenner in [9]) have to be used [8]. To our best knowledge, the non-conforming
elements for the stability of (16) on anisotropic meshes are not yet proved [3, Page 11]. We present in this same section an example of
element pair that is covered by our analysis. The actual error bounds are given in Section 6. For the upper error bound, we additionally
distinguish between conforming and non-conforming discretization. While all these considerations are made for anisotropic meshes,
we simplify the results for the case of an isotropic discretization in Section 6.4 because even in that case, we obtain new results for con-
forming case. Our exposition treats the two-dimensional case (N = 2) as well as the three-dimensional case (N = 3). We then offer our
conclusion and the further works in Section 7.

2. Preliminaries and notation

2.1. Model problem

We consider the model of a flow in a bounded domain @ C RN (N = 2 or 3), consisting of a porous medium domain Q4, where
the flow is a Darcy flow and an open region €, = Q ~ Q4, where the flow is governed by the Stokes equations. The two regions are
separated by an interface I'y = 0924 N Q2. Let Ty = 92~ T, | = s,d. Each interface and boundary is assumed to be polygonal (N = 2)
or polyhedral (N = 3). We denote by n; (resp. ng) the unit outward normal vector along 9€2; (resp. 3€24). Note that on the interface I,
we have n; = —ng. Figure 1 gives a schematic representation of the geometry.

For any function v defined in €2, because its restriction to 2; or to Q4 could play a different mathematical roles (for instance their
traces on I')), we will set vy = v|q, and vg = v|q,.

In Q, we denote by u the fluid velocity and by p the pressure. The motion of the fluid in Q; is described by the Stokes equations

—2udivD(u) + Vp = f in Q,
divu =g in Qs (1)
u 0 on I,

while in the porous medium €24, by Darcy’s law

UK 'u+Vp = f in Qq,
divu =g in Qg (2)
u-ny = 0 on I}g.

Here, v > 0'is the fluid viscosity, D the deformation rate tensor defined by

10y 0y
D=3 (G + oo

b — |, 1<ij<N,
2 3Xj+3Xi) J

and K a symmetric and uniformly positive definite tensor representing the rock permeability and satisfying, for some constants 0 <
K« < K* < 400,

KeETE < ETK(X)E < K*ETE, Vx € Qq,& € RV, 3)
_______________________________________________________________________________________________|
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f € [L2(Q)]" is a term related to body forces and g € L%(£2) a source or sink term satisfying the compatibility condition

/ g(x)dx = 0.
Q
Finally, we consider the following interface conditions on T';:
U;-Nn; +uUg-ng =0, (4)
ps — 2uns - D(ug) - ng = py, (5
e
Vs DU 5 = —us g = 1, N1, ©)
o

Here, Eq. (4) represents mass conservation, Eq. (5) the balance of normal forces and Eq. (6) the Beavers—Joseph-Saffman conditions.
Moreover, {1;};=1,. .n—1 denotes an orthonormal system of tangent vectorson I';, k; = 7; - K- 7, and 4 is a parameter determined by
experimental evidence.

Equations (1)-(6) consist of the model of the coupled Stokes and Darcy flows problem that we will study in the succeeding texts.

2.2.  Weak formulation

We begin this subsection by introducing some useful notations. If W is a bounded domain of R and m is a nonnegative integer, the
Sobolev space H™ (W) = W™2(W) is defined in the usual way with the usual norm || - ||mw and semi-norm ||, w. In particular, H*(W) =
L2(W) and we write || - ||w for || - [low. Similarly, we denote by (-, -)w the L2(W) [L2(W)]" or [L2(W)]V*N inner product. For shortness, if
W is equal to €2, we will drop the index €2, while foranym > 0, || - ||m=I - m@y |- Imi = |- Img, and (,.); = (,)q, forl = s,d.
The space HT(2) denotes the closure of C$°(2) in H™(2). Let [H™(Q)]M be the space of vector-valued functions v = (vy,.. ., vy) with
components v; in H™(£2). The norm and the seminorm on [H™(2)]" are given by

i=0

N 1/2 N 1/2
IV [lmei= (Z Il vi ||;,Q) and |V|mq = (Z |vf|fn,g) : (7)
i=0

For a connected open subset of the boundary I' C 9825 U 0Q4, we write {.,.)r- for the L2(I") inner product (or duality pairing), that is,
for scalar valued functions A, € L?(T"), one defines

G i= [ 2o ®
We also define the special vector-valued functions space
H(div, Q) := {v € [L(Q)]" : divv € L*(Q)} 9
To give the variational formulation of our coupled problem, we define the following two spaces for the velocity and the pressure:
H:= {v e H(div,Q) : v; € [H'(Q,)]",v =00onTsand v-ny = 0on I'y}

equipped with the norm

. 2
v llwi= (VB I VIE+ 1 divvi3)', (10)
and
Q=LQ) = {q e L2(Q): / q(x)dx = o}. (11)
Q
Note that the vector-valued functions in H have (weakly) continuous normal components on I'; (consequence of theorem 1.2.5 of [10, p.
27]).

Let us further introduce two bilinear forms

N—1
a(u,v) = 21D, D) + Y 2 fus v gy + 1 (K Muv),,
j=1 v
b(v,qg) := —[ gdivv
Q

and two linear forms
Lv) == (fv)e and G(q) == — (9, Da-

Copyright © 2016 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2017, 40 3741-3774
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The weak formulation of the coupled problems (1)-(6) can be stated as follows [11]: find (u, p) € H x Q such that

a(u,v) + b(v,p)
b(u,q)

Note that if g is of mean zero, (12) directly implies that (1), (2) and (4) hold (the differential equations being understood in the
distributional sense), while the interface conditions (5) and (6) are imposed in a weak sense.
This problem has a unique solution as proved in [11, section 3 1.

L(v), VveH,
G(g), VYgeQ.

(12)

Theorem 2.1
Iff € [L2(2)]" and g € L3(Q2), there exists a unique solution (u, p) € H x Q to the problem (12).
We end this section with some notation. In 2D, the curl of a scalar function w is given as usual by curlw := (g—)‘g, —g—;’:)T while in 3D,

the curl of a vector function w is given as usual by curlw := V x w. Finally, let P¥ be the space of polynomials of total degree not larger
than k. In order to avoid excessive use of constants, the abbreviations x < y and x ~ y stand for x < cy and ¢1x < y < ¢,x, respectively,
with positive constants independent of x, y or 7j,.

3. Anisotropic discretization

The first two sections introduce general aspects of the discretization, for example, the mixed finite element formulation. Section 3.3 is
then devoted to the introduction of anisotropic quantities. The general framework (mesh and general assumptions) will be discussed
in Section 3.5. As it turns out, the assumptions on the mesh that are introduced for anisotropic elements are quite weak are standard in
anisotropic a posteriori error analysis and are similar to the one for isotropic elements. The general assumptions are minimal in order
to make a unified analysis.

3.1. Discretization of the domain 2

Let {7h},>o be a family of triangulations of &2 with nondegenerate elements (i.e. triangles for N = 2 and tetrahedrons for N = 3). We
assume that the triangulation is conform with respect to the partition of 2 into ; and 4, namely each T € 7, is either in € orin Q4.
Let 7, and ’Thd be the corresponding induced triangulations of Q; and Q4. Forany T € 7, we denote by £(T) (resp. N/ (T)) the set of its

edges (N = 2) or faces (N = 3) (resp. vertices) and set &, = | E(M), N, = U N(T).For A C Q, we define
TETH TETH

En(A)y ={Ec&:EC Ay and NVy(A) = {xe N, :xe A}.

Notice that &, can be split up in the form
En = En(Q) U E(Qa) U E(8Q0), (13)

where Q;F = Q, U T;. Note that &(T) is included in £, (3Qq).

The measure of an element or edge/face is denoted by |T| := measy(T) and |E| := measy—; (E), respectively.

For an edge E of a 2D element T, introduce the outer normal vector by n = (n,, ny)T. Similarly, for a face E of a 3D element T, set
n = (ny, ny,nz)T. Furthermore, for each face E, we fix one of the two normal vectors and denote it by ng. In the 2D case, introduce
additionally the tangent vectort = n " := (=ny, n,) T such that it is oriented positively (with respect to T). Similarly, set t; := n; .

For any E € &, and any piecewise continuous function ¢, we denote by [¢]¢ its jump across E in the direction of ng:

lim @(x + tng) — lim @(x —tng) for an interior edge/face E,
[(P]E(X) — t—0+ t—0+
- Iir(r)1+ @(x — tng) for a boundary edge/face E.
t—

Note that the sign of [¢]g depends on the orientation of ng. However, terms such as a gradient jump [Vgng]g are independent of this
orientation.

Furthermore, one requires local subdomains (also known as patches). As usual, let wy be the union of all elements having a common
face with T. Similarly, let wg be the union of both elements having E as face (with appropriate modifications for a boundary face). By wy,

we denote the union of all elements having x as node.
If we have v € [H'(T)]" for all T in 75, then we can define a broken deformation norm on a subset w of Q by

IDRWIL =Y IDW)I} (14)
TCw

Later on, we specify additional, mild mesh assumptions that are partially due to the anisotropic discretization.

3.2. Discrete mixed formulation

We assume a given velocity (resp. pressure) approximation space Hy, (resp. Qn) made of polynomials on each element T of the triangu-
lation 7, and such that Q, C Q (but not necessary H, C H). A precise description of the properties that these approximation spaces Hy,
and Qy, have to satisfy is given in Section 3.5.

Copyright © 2016 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2017, 40 3741-3774
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Let us introduce the discrete divergence operator div, € L(Hp; Qp) N L(H; Q) by
(dthVh)|T = diV(Vh”—), VT €T (15)

Because the velocity approximation space H, may not be included in the velocity space H, we define the approximate solution by
using the weaker bilinear forms ay(.,.) and by (., .):

N—1
ap(u,v) :=2u Z (D(u),D(v))r + j; %(“s T, Vs )T

TET,

+ ;J.(Kﬂu,v)gd,‘v’u,v € H+H,

and
bs(v,q) := —(q,divpv), YV € H + Hp, Vg € Qp.

Then the finite element discretization of (12) is to find (up, pp) € Hp x Qp such that

an(up, vi) + br(vh, pp) + J(Un, vi) = L(vp), Vv, € Hp,

by (us, gn) G(qn), Yqn € Qp. (16)

This is the natural discretization of the weak formulation (12) except that the penalizing term J(up, v4) is added (only non-conforming
case). These penalizing term will be specified later in Section 5. The space Qy, is equipped with the norm || - || while the norm || - ||, on
H;, will be also specified later in Section 5 for non-conforming case.

Forv € HN Hy and for g € Qp, we can subtract (16) to (12) to obtain the Galerkin orthogonality relation:

N—1
07 — .
20 (D7), D(W)g, + > ol (e - 5,vs - )1y + w(K &, v)g — (&, diviv)
j=1 \/KT
— (g, divie)qg — J(up,v) = 0,Vv e HNHy, Vg € Qp,

(17)

where here and in the succeeding text, the errors in the velocity and in the pressure are respectively defined by
e=u—uyande =p—pp,
and the broken deformation D; (e) of the velocity error means its elementwise deformation, namely

(D7, (e)r = D(er). (18)

P

Po.r

)

p Lo

pl,T P1

Figure 2. Notation of triangle T.

Figure 3. Notation of tetrahedron T.
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3.3.  Anisotropic quantities
For an element T, we define 2 or 3 anisotropy vectors p;r, i = 1,...,N, that reflect the main anisotropy directions of that element.

These anisotropy vectors are defined and visualized below as well (Figures 2 and 3).
The anisotropy vectors p;r are enumerated such that lengths are decreasing, that is, |p1,7| > |p2r| = |psr| in the 3D case and

analogously in 2D. The anisotropic lengths of an element T are now defined by h;r := |p;r|, (j = 1,...,N) which implies hjr > hj11 7,
j = 1,...,N—1.The smallest of these lengths is particularly important; thus, we introduce hpinr := hyr = {min }h,z,r. Finally, the
i€f1,...N

anisotropy vectors p;r are arranged columnwise to define a matrix
Cr:=I[pi7...,pnr] € RV (19)
Note that Cr is orthogonal because anisotropy vectors p;r are also orthogonal and
Cf -Cr =diagihiy,..., h% ). (20)
Furthermore, introduce the height hg r over an edge/face E of an element T by

_ NIT|

hE'T = W. (21)

3.4. Relation between anisotropic mesh and anisotropic function

When investigating a residual error estimator for anisotropic meshes, we want to employ the same basic principles as for isotropic
meshes. More precisely, a certain kind of interpolation error estimates is to be derived first. With its help, the finite element error is then
bounded globally from above.

Proceeding this way, we naturally use different and more technical methods than for isotropic meshes. But even more important,
the results of isotropic meshes can not be transferred identically to anisotropic meshes. A certain factor appears now both at the
interpolation error estimates (see Lemma 4.3 of Section 4.2) and the finite element error estimate (cf. Theorem 6.4 of Section 6). This
factor is related to how good the chosen anisotropic mesh corresponds to the anisotropic function under consideration. Basically, the
better this correspondence, the smaller the factor (but always > 1) and the better the estimate (in a meaning that is to be specified later
on). The importance of an anisotropic mesh that corresponds to an anisotropic function can be described and interpreted in different
ways (Ref. [12, page 33]).

We present now the definition of an alignment measure, which measures the alignment of mesh and function. Recall first that if
N =3,

Ho(curl, Qq) = {¥ € L2(Qq)* : curl ¥ € [2(g)* and ¥ x n = 0 on 92}

Definition 3.1 (Alignment measure m) (1) Letv € H'(Q)) (/ = s or d) be an arbitrary non-constant function and ' be a family of
triangulations of ;. Define the matching function m;(.,.) : H'(Q)) x F' — R by [3,12,13]

Y hnr 1 G VY

min,T
, TeT!
M) = v s 22
1

(2) Lety € [H'(R4)]® N Ho(curl, Qq4) be an arbitrary non-constant function and F¢ be a family of triangulations of Q4. Define the
matching function my(.,.) : [H' (Q4)]? N Ho(curl, Q4) x F¢ — R by [13]

S ht | VT C
TeT?
My, T) = Vv o @3)
d

(3) We set now forv e [H'(2)]V, (I = sord):

mv, T8 +m, T8 +m (v, T if ¥ € Hy(Ra),

mMWT) + M T + m. T if v eH, @)

m(v, ¥, Tp) == {

where

H = [H'(Qq)]> N Ho(curl, Qq).
I ——
Copyright © 2016 John Wiley & Sons, Ltd. Math. Meth. Appl. Sci. 2017, 40 3741-3774
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For a better understanding, we discuss here the behaviour of the alignment measure. The structure of the matrix Cy from (19) readily
gives the crude bounds for eachi = 1 or 2

hma T
1<mi(v, T) < max 2
TET,,’ min,T

,I=sord, (25)

where hmaxr = hq 7 temporarily denotes the largest element dimension. Although this bound is pratically useless, it implies an inter-
esting by-product for isotropic meshes. There, one concludes m;(v, 777’) ~ 1 and the alignment measure merges with other constants
and thus ‘vanishes’

For anisotropic meshes, the term C;'—Vv of (22) and the term V((C;'—w)(CT of (23) contain directional derivatives along the main
anisotropic directions p;r of the element T [because Cr = [p17, ..., Pn7], see (19)]. Consider first anisotropic elements that are aligned
with an anisotropic function v or . Then the long anisotropic element direction p; r is associated with a small directional derivative
pIT - VF where F € {v, ¥}. Conversely, the short direction p3 ; has a comparatively large directional derivative p;T -VFwith F € {v,y}.
Consequently, the numerator and denominator of m;(.,.) will be balanced, and m;(.,.) ~ 1. Supplementary details are given in [14].

If the anisotropic mesh is not aligned with an anisotropic function v or v, then similar considerations imply that the numerator and
denominator of m;(,,.) are no longer balanced, and thus, m;(,,.) >> 1.

Summarizing, the better the anisotropic mesh 7y, is aligned with an anisotropic function v or ¥, the smaller m;(.,.) will be . This results
in sharper error bounds.

3.5.  Requirements on the mesh and the elements

Mesh assumptions. Let gy, . . ., a, be the nodes of the triangulation 7. In addition to the usual conformity conditions of the mesh
(see [15, chapter 2]) we demand the following assumptions.

e The number of element that contain the node g; is bounded uniformly.
e The dimensions of adjacent element must not change rapidly, that is,

ireny VT, T With TN T/ % @,i = 1...N. (26)

Sometimes, it is more convenient to have face-related data instead of element-related data. Hence, for an interiorface E = T, N T5,
we introduce
hmin1; + Pmi her, +h
min,Tq : min, T, and hE — ET, > E,Tz.

For boundary faces E C T, simply set hming := hmin,1, he := hg,r. The last assumption from above readily implies

hmin,E =

he ~ her, ~ her, and hning ~ Aminty, ~ Amin T, (27)

General assumptions. In our analysis, a Clément type operator Igl plays a vital role. Although the precise definition will be postponed
until Section 4.2, we briefly describe the image space of this operator. Roughly speaking, its functions are continuous and piecewise
linear for triangle and tetrahedra T. From now on, we use the notation

Ve = [Im ('%)]N' (28)

for the Clément interpolation space. The general conditions are now as follows.

(G1) The velocity space Hy, is large enough such that it contains the Clément interpolation space, that is, Vgl C [HY ()Y N Hy;

(G2) In order to obtain robust discrete solutions, the element pairs have to be stable (i.e. the coercivity of the bilinear form a, + J
inZy, := {vy € Hy : by(vh, gn) = 0Vgh € Qp} and the discrete inf-sup condition of by, on Hy, x Qj, are satisfied). Note that this
assumption is not necessary to prove error bounds, but in particular, it guarantees existence and uniqueness of the discrete
solution of (16).

Crouzeix-Raviart property for non-conforming approximation. For non-conforming approximation, we require a variant of the
‘Crouzeix—Raviart’ property:

(CR) . ([uh]E: 1)5 =0 VE € Sh(Qj_),

(Jup - neles g = O VE € E(Qq) U En(920)- (29)

Remark 3.1

The choice of property (29) is natural because the space Hy, approximates only H(div, 24) and not [H'(24)]", while our a posteriori
analysis is only valid in this space for non-conforming case.
|
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4. Analytical tools

4.1. Reference element, affine linear transformation and their properties

Let T be an arbitrary but fixed element. Mainly, we will employ an affine linear mapping Fr that will be defined as follows.
Let 730 be the (column) vector from the origin of the coordinate system to Py and let PyP; be the (column) vectors from P, to P;,
i=1,...,N.We define the matrices A7, H; € RV*N by

— — .
Ari= (P0P1,. " POPN) and Hy := diag (17, ..., hnr).
With the help of the matrix Ar, we now define the affine linear transformation Fr by
Frx) := Ar-x + Py, (30

withx = (x1,...,xN)T ) _ ) )
The reference or unitary element T is defined by its vertices Pp = (0,0)T if N = 2and P, = (0,0,0)T if N = 3;and P, = ¢,
i=1,...,N,wheree; = §;forj=1,...,N.Enumerate the faces E; := Fy ' (E) of T such that

N
E:=Tn{;=0},i=1..,NandE:=TnN{x|; =1}, with [x|; :== > |x].

i=1

The face E; is opposite the vertex P; (Figure 4). ) )
Variables that are related to the reference element T are referred to with a bar (e.g. V). Note that v := v o Fr. We have the following
lemmas (Ref. [12]):

Lemma 4.1 ([12, page 18] Norms of some matrices)
Let T € Tp. Then the following relations hold:

I A7 C7 T lwan=]l C7 A a1 (31)
ICF AT T lrww=Il A7 Cr w1 (32)
| CrH lrrvv=] HrC; ' [lrmwen=1 (33)
IHZ" gwan=] C7 " lrwn = higir (34)

I A7 lrww~]l Cr lgwen ~ Amaxr (35)

I AT Igmwen~ hign . (36)

Lemma 4.2
[12, page 19] Let T € T, and Fr be the transformation such that Fr(X) = A7 - X + Po. Then we have for each v € L2(T) the relations,

v llr= V2NIT| |l v ll7, (37)

E _
HVM=,H%HVH5E€50) (38)

E;

Figure 4. Vertex P; and corresponding face E;.
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4.2. Clément interpolation

For the analysis, we require some interpolation operator that maps a function from H}(£2) to some continuous, piecewise polynomial
function V3. Hence, Lagrange interpolation is unsuitable, but Clément like interpolation techniques have proven to be useful. The
image space Vg will be given by means of its basis functions. To this end, denote by Fr temporarily that affine linear transformation
that maps the reference element T into the actual element T. For simplicity, we describe the interpolation for scalar functions; for
vector-valued functions, the interpolation acts componentwise.

The basis function ¢; associated with a node x; is now uniquely determined by the condition

$i(x) = 8 ¥x; € Ni(Q). (39)
Then V, is defined as the space spanned by the functions ¢;, for all interior nodes x; € N4 (€2). Equivalently, it can be expressed as
VG = {vh € C%(Q) : Vhir o Fr € P'(T), VT € T} N Hy(R), (40)

with Fr as above.
Next, the Clément interpolation operator will be defined via the basis functions ¢; € V‘C),.

Definition 4.1 ([3, section 4] Clément interpolation operator)
Consider an interior node x; € N(2) and the patch wy=supp(g) (cf. Section 3.1). Define the local L? projection operator P; : L*(wy) —>
PO(wy,) by

/ (v —Pv)w = 0 Vw € P°(wy). (41)

For vector-valued functions v € [LZ(WXI.)]N, define the projection componentwise.
Then define the Clément interpolation operator 12, : H)(Q) — V& C H)(Q) by

RQvi= Y PV 42)

X ENH(S)

This operator Igl acts on functions from H}(2) and preserves zero boundary values. Occasionally, we also require an interpolation
operator for functions from H'(R2), that is, without specified boundary values. To this end, denote temporarily the set of boundary
nodes by V4 (922) = N, (Ts U T'y) and define

|c|V = Z Pj(V)(Xj)qJ)j. (43)

X ENp(2)UNL(0€2)

For vector-valued functions, act componentwise again. From now on, Vg, will always be the space of vector-valued functions.
We need also a Clément-type interpolant mapping a (vector) function in Ho(curl, 4) to

Vi := {Vh € Ho(curl, Qq) : V7 € No(T), ¥Te T},

where the set No(T) is defined by No(T) = {p(x) =q+sxXx:qsSE€ R3}. Such an operator was introduced in [16] where interpola-
tion error estimates were given for isotropic elements. The extension to the anisotropic case has been studied in [13]. The Clément-type
interpolation operator is defined with the help of the basis functions ¢ € Vy, E € £,(24), defined by the condition

/1//5 “ty = 8gp VE € E(Qa), (44)
3

where t; means the unit vector directed along E’. Now following, we use the next definition [13]

Definition 4.2 (Clément-type interpolation operator)
For any edge E € &,(Qy), fix one of its adjacent faces Fg. Then define the Clément-type interpolation operator Pq : [H'(24)]3 N
Ho(curl, Qd) —> Vj by

Pay = Z ( A (¥ x nFE)~f;§) wer, (45)

E€&n(24)
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where the (vector) function fgf are determined by the condition (Ref. [13])
(Wer X ng,) - o, = 8pr e, VE E” € En(Qa) N OFc. (46)
Fe
We can prove the following interpolation estimates (Ref. [3, 13]):

Lemma 4.3
Forall v € [H}()]" and for all r € [H'(Q24)]> N Ho(curl, Q4), we have

 ohparlv=1_vi} smiv, T) | Vv 1§, I =sord 47)
TeT!
he 0,112 2 | 2
Y o = RvIE S mie ) | YV G, = sord (48)
E€£h(§_Z;) min,E
e v —Pay |2 m3w, T9) | Vv %, (49)
TeT?
he
> 7 =Py IESmW T I VY g, (50)

EESh(STZd) min,E

4.3. Bubble functions, extension operator, inverse inequalities

For the analysis, we require bubble functions and extension operators that satisfy certain properties. We start with the reference ele-
ment T and define an element bubble function b; € C(T). We also require an edge bubble function bz ; € C(T) for a face E C 9T (2D
case) and a face bubble function bg7 € C(T) for aface E C 9T (3D case). Without loss of generality, assume that E is on the X axis (2D
case) or in the (x, y)—plane (tetrahedral case).
T1Furthermore, an extension operator Fey : C(E) — C(T) will be necessary that acts on some function vz € C(E). Table | gives the
definitions in each case. For vector-valued functions, apply the extension operator componentwise.

The element bubble function br for the actual element T is obtained simply by the corresponding affine linear transformation.
Similarly, the edge/face bubble function bg 1 is defined. Later on, an edge/face bubble function b is needed on the domain wg = T; UTs.
This is achieved by an elementwise definition, that is,

bEITi = bE,T,.,I' = 1,2.

Analogously, the extension operator is defined for functions vg € C(E). By the same elementwise definition, we obtain Fey (ve) € C(we).
With these definitions, one easily checks

br =0o0n aT, br =0o0n 8WE, || br ”oo:” be ”oo: 1.

Next, one requires the so-called inverse inequalities. They can only be expected to hold in some finite-dimensional space. The choice
P covers all relevant case of our analysis.

Table I. Bubble functions and extension operator on T.

Ref. element T Bubble functions Extention operator

br = 33%y(1 — X — 7)
Fext(ve) (X, y) 1= vg(X)

0<Xxy b[:j— :22)_((1 —X—Y)
x+y<1
bj— = 44)_()_/2(1 —X—-y—2)
Fext(VE')()_(rylz) = VZ:()_(,)_/)
0<%z ber = 3%J(1 X —§ —2)
X+y+z<1
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]
Lemma 4.4 (Inverse inequalities)

Let £ € £(T) be an edge/face of an element T. Consider v; € [P¥(T)]N and v¢ € [P¥ (E)]V. Then the following equivalences/inequalities
hold. The inequality constants depend on the polynomial degree kj or ky but noton T, E or vr, V¢.

I vrb}? llr~I vr lir 1)
I Vvrdy?) Ir< s v 7 (52)
| veby? lle~|l Ve |le (53)
| Fext(Ve)be lI7< A I Ve lle (54)
|V (Fext(VE)DE) II7< M2 hit 1 1 Ve e (55)
Proof
Reference [17]. O

4.4. Anisotropic trace inequalities

Here, we collect the trace estimates used in the succeeding text.
The first trace inequality is readily obtained by standard scaling techniques [12]. But before, we introduce the following definition
[12].

Definition 4.3 (Directional derivative) y
Let v be a function in H'(T). The directional derivative D;r (i = 1,..., N) is defined by

(51,TV,...,D1,TV)T = H;'C/ - Vv,ve H'(T).

Here, this derivative D,;T is deﬁrled for a fixed element T. Hence, we introduce a derivative D; which is defined globally for almost all
x € 2, and which coincides with D;7 on a element T:

Div(x) = 5;,Tv(x) forxeT.

Lemma 4.5 ([12, page 22, lemma 2.3] First trace inequality)
Let T be an arbitrary element and E be anedge/face of it. For v € H'(T), the trace inequality

I i< he’ (1w B+ 17 vy I2) (56)
holds. The componentwise form is

N
AL (n v+ Y k| Dy ||%). (57)
i=1

The second, improved trace inequality in the isotropic version (i.e. on the standard element).
Lemma 4.6 ([12, page 23, lemma 2.4] Second trace inequality)
Let T be an arbitrary element and E be an edge/face of it. For v € H'(T), the trace inequality

I 12 he 1y e (L I3+ 1 7 vy 12) (58)
holds. The componentwise form is

N
lwlz<he' v lir (ll v I+ hir i Dy II$)- (59)

i=1
5. Discrete Korn’s inequality and example of finite element

5.1. Discrete Korn's inequality on anisotropic meshes

In this section, we establish the Discrete Korn's inequality on anisotropic meshes. Indeed, for choice (16), elements satisfying discrete
Korn's inequality on isotropic meshes as in [9] have to be used ([8]). To our best knowledge, the elements for the stability of (16) on
anisotropic meshes are not yet proved [3, page 11].

Let K be a bounded connected open domain in RY (N = 2 or N = 3) and 7, anisotropic triangulation of K. The classical Korn
inequality (cf. [18-20] and the references therein) states that there exists a (generic) positive constant Cx such that

Vik < Ce (I DOV) llox + | v llox) Vv € [H'(K)]". (60)
Let RM(K) be the space of (infinitesimal) rigid motions on K defined by

RM(K) := {x e K—a+7n-x:acR"andn € so(N)}, (61)
. ______________________________________________________________________________________________________|
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where x = (xi,...,xy) | is the position vector function on K and so(N) is the Lie algebra of anti-symmetric N x N matrices. The space
RM(K) is precisely the kernel of the strain tensor, that is,

vv e [H'(K)]Y,D(v) = 0 <= v € RM(K). (62)
Let ® be a seminorm on [H' (K)]" with the following properties:
ACp > 0/ D(V) < Co || V |14, YV € [H'(K)]V, (63)
where Cqg is a generic positive constant depending on ® and
®(m) = 0and m € RM(K) <= m = a constant vector. (64)
Note that such a seminorm is invariant under the addition of a constant vector ¢, that is,
OV +¢) = d(v), Vv e [H(K)N, Ve e RV, (65)
Then, (60), (62), (65) and the compactness of the embedding of H' (K) into L2(K) imply that
IVlik < Ca (I DY) [lox +D(v)) Vv € [H' (K)]". (66)
Let Vg, = {ve[l2(K)]":vy=vr e [P'(T))",VT € T} be the space of piecewise linear vector fields and Wy =

{we [H' (K] :wir =wr € [PT(T)]Y, VT € 75} be the space of continuous piecewise linear vector fields. We define a linear map
F: V5, —> Wy as follows. Then Fv is defined by

Fy(s) := ! Z vr(s), Vs € My, (67)
| s Texs
where
xs ={Te€Th:se N(T)}, (68)

is the set of simplexes sharing s as a common vertex and | x| is the number of simplexes in y;. Note that |ys| < 1forall s € A, The
following lemma contains the basic estimate for the operator F.

Lemma 5.1 (cf. [9])
It holds that

v =F)© £ Y M), Vv € Vi, ¥T € Ty and ¥s € N(T), ©
E€&s

where
E ={Ee€ & :s € IE} (70)
is the set of interior sides sharing s as a common vertex and [v]g is the jump of v across E.

Theorem 5.1 (Discrete Korn'’s inequality)
Let @ : [H'(K, Tn)]Y —> R be a seminorm satisfying conditions (63)-(64) and, in addition, the condition that

h
(@V—F)?s Y o | VIel2Vv € Va. (71)
EeSh(R) min,E

Then the following estimate holds:

h
VI ez S |1 DRIEHOWP + 37 o= | Vel | Yv € Vr, (72)
Ee&n(K) min,E
where
[H' (KT = {v € [2K)]" s vir € [H' (DY, VT € T
and

1/2
. 2
IVt iy = (Z |V|1,r) :

TETh
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Proof
Let v € V7;. We use inequality (66) and the definition of operator ®. We have

2 2 2
VI iy < V=PVl gz + 1FVT o
SI D)2 + (@FV)? + v — AVl
S D7 (W IE + (@) + (D — FV)? + v — FvZ .

The condition (71) leads immediately to
he
Vi wrmy ST PHWIE + @V + Y0 o Vel + IV = FViZi
E€En(K) min,E

We estimate now the term |v — Fv|fﬂ KT We have, by a standard inverse estimate (cf. [15,21]),
v —Fviz <ILAT" g | det (Ar)|[v—Fvl3 2, (73)

with | |
I’
where det (A7) is the determinant of matrix At. Thus, by inequality (36) of Lemma 4.1, we obtain

7|
h2

min,T

| det (Ar)| =

lv—Fvli; < v — Fv|$j. (74)

Asvr — Fvjr € [PT(T)]", then we deduce by norm equivalences (over finite-dimensional spaces) that

T
v —Fv]?; < l | > lvr = Fn ). (75)
min,T seN(T)
Lemma 5.1 leads to |T|
lv—Fvf; < > D IV (76)

m'nT SEN(T) EEEs
Let now z = [v]¢ € [P (E)]N — Z € [P (E)]". We consider N = 2 to simplify. Then E = [0, 1]. For 5 = 0 or 1, we have

z()I* = 12G)]* < 2O + 2D ~I1 2 [I7= = | zllz. (77)

Thus, we obtain by inequality (76)
T 1
v=Prs DL g IVl (78)

SEN(T) EEEs min,T

In addition, hgr = "f'ETll hence,

V-FvEr s Y ) P | el (79)

SEN(T) EEE; mlnT

|V FV|H1 K,TH) ~ Z Z

TETH E€E(T) mln T

Consequently, we have
hET

Il [VIellZ, (80)

that is,
V= Flowm S D D I Vel (81)
TETh EEE(T) m'n E
The theorem is finally proved. O

Examples of seminorm. The following are examples of ® that satisfy conditions (63)-(64) and (71). The validity of (63) and (64) is
obvious in all three examples.

Example 5.1
Let @, : [H' (K, Tn)]N —> R be defined by

O (V) == sup / [v-m]|, Vv e [H' (K THI", (82)
meRM(K),IIerK=1,fFK m=0JT%k

where Iy is a measurable subset of K with a positive N — 1-dimensional volume.

. ______________________________________________________________________________________________________|
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Using (26), (63), (64) and a standard finite element estimate for the L?-norm, condition (71) can be verified as follows:

(@1(v—Fv))® <[ v —Fv |5

(1) We estimate the term || v — Fv ||2.

< Y llv—Fv|?

E€ER(K)

<> v=Fv3;

TETH

< Z | v—Fv ||3; (Trace Theorem )
TeTh

S (Ve =F)[3+ | v—Fv]?).
TETh

Iv—FvlZ =6|T| [v=FVIZS|T] >  [(v=FW)E)

seN(T)

Norm equivalences (over finite-dimensional spaces) lead to

Hence,

and by Lemma 4.1, we deduce

YW=~ Y [v-F))* (83)

seN(T) SEN(T)

Iv—FvZ SITI > l(v=Fv))P,

seN(T)

RELTEEIUE SO (84)

SEN(T) EEEs

We consider the element reference T and we take N = 2 to simplify. Now, letz = [v]z € [P'(E)]V — 2z € [P'(E)]", with

E=1[0,1(forN = 2).
We use (38) and we obtain

Thus,

Furthermore, inequality (86) implies

Also,

Hence,

Thus,

[2(9)] = [2(5)] < [2(0)] + (D] ~[ Z [|z - (85)

l2(5)| < EI"2 [ z |l e [VIE(s)] < T2 ) Ve le -

U
lv—rvzs Y ) ) I Vel (86)
SEN(T) EEE;
N|T| 1
her = —and1 <X —— 87
ET ] S by (87)
hE,T
Ilv—Fvlfs D0 35— I Vel (88)

SEN(T) EEEs 'min,T

her <he and  hmint ~ hming. (89)
2 he 2
Iv=Felzs 32 3 57— I Vel (90)
sEN(T) E€EE;  minE
2 he 2
Dollv=rvlis > o I Vel Ch)
TETH Ecgy(k) MinE

(2) We estimate the second term || V(v — Fv) ||2. We have the equalities

V(v—Fv) = A7T-V(v—=Fv) and

Fr(x) = Ar X + Py = xand dx = Js, - d¥,

Copyright © 2016 John Wiley & Sons, Ltd.
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where Jg; is Jacobian of transformation. Hence,

I Vv —Fv) Iy = s | / AT - (v Fw)2dx
T

—T 112 o Cul2
< el 11 AT P V= FV2;

7| Tl — 2
< IV—Fvli; < [v—Fviz.
h?mn T v hrzmn T v
As before, norm equivalences over finite-dimensional spaces lead to
Y I =F)O)lgy ~ V=Fv |7 (92)
sEN(T)
That is,
Tl
IVO=F)IF S 5— D 1(v—F)(S)|Rn (93)
min, T seN(T)
By Lemma 4.1, we obtain
IT|
I V=PI S 7 — 3 D V() e (94)

minT se A/ (T) EEEs

Using the same technical as before, we have

< 2 3 e | el

m|n T seN(T) Eegs min,T

I V(v—-FlF <

let

;
IV RS T 3 Y T el

min,T SEN(T) EEEs mln T

Finally, we have

he
DoN=Fvrs D0 IVl (95)
TETh Ecep(k)  MInE
Equations (91) and (95) lead to estimate (71).
Example 5.2
Let @, : [H' (K, Tn)]N —> R be defined by
Dy (v) == Qv [k, YV € [H'(K, Tr)]", (96)
where Q is the orthogonal projection from [L?(K)]" onto the orthogonal complement of the constant vector fields, that is,
Ov:.i=v ! /v (97)
' Kl Jx
Condition (71) can be verified as follows:
(@2(v—FV)? Sl v—Fvlf = > [ v—Fv|? (98)
TETH

and by (91), we deduce (71).

Example 5.3
Let @3 : [H'(K, Tn)]¥ —> R be defined by
D3(v) = | Y / curl(v)|, Yv € [H' (K, TV (99)
TETH
Condition (71) can be verified as follows:
(D3(v—FV)? S IV=FV[} ) = D IV—FVf3; (100)
TETh

and by (95), condition (71) holds.
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|
5.2.  Example of finite element
In this section, we present some examples of finite element pairs fulfilling the theoretical assumptions of the previous sections. Their

stability is proved on some anisotropic meshes. The anisotropy of the elements is crucial for assumption (G2) that is related to the
stability of the (anisotropic) element pairs.

5.2.1. Crouzeix—Raviart elements. In this subsection, for a triangulation of Q2 consisting of triangles in 2D or the tetrahedra in 3D, we
will use a variant of the non-conforming Crouzeix-Raviart piecewise linear finite element approximation for the velocity and piecewise
constant approximation for the pressure, namely

H; = {Vh IVhT € [P1(T)]N VT e 777/(["/7]5/ 1)E =0VEe Sh(Qj'),
(Ivh - Mele, 1) = OVE € En(Rq) U Er(0Q24) }

and
Qh = {qn € L3(Q) : gnjy € PUTIVT € T} .
The bilinear form J(,, .) is defined here by following the decomposition (13) of &:

J(u,v) =JQS+(u,v)+JQd(u,v)+Jagd(u,v) (101)
where b
JQ;" (u,v) = (14 2up) Z hz,E /E[u]E - [v]eds,
E€£/,(S'25+) min,E
h
Jo,(uv) = Z 2 £ /[u]E - [v]eds and,
E€Eh(Q2q) | MINE E
h
o= Y [ neldv- neleds.
EeEp(9S2) MinE YE

Note that each element of £, only contributes with one jump term in J(u, v).
We are now able to define the norm on Hy,

1/2
N—1
v lni={ D Vs + D (Vs v )+ [ vIZ+ I divavilg + J(v,v)
TET, j=1
We define the subspace of Hy,
Z, ;= {vy € Hy : by(vp, gn) = 0,Yqy € Qn} (102)
and the bilinear form on H, x Hp,
Ch(up, V) := ap(up, vp) + J(up, vp). (103)
Thus, problem (16) leads to
Ch(un, vp) + bp(vh, pn) = L(Vh), YV € Hp, (104)
by (up, gn) = G(qn), Yqn € Qn
From Holder’s inequality and the trace theorem, we derive the boundedness of Cp, L, G and by,
Lemma 5.2
There holds
|Ch (un, vi)| I un (lnll vh lln Yun, Vi € Hp + H, (105)
|br(Vh, gn)| SN Vh llnll gn | YVh € Hp + H,Vgh € Qp, (106)
IL(va)| <II vh lln YVh € Hy + H, (107)
1G(gn)| <1l gn Il Yan € Qn (108)
Lemma 5.3
If v, € Zp,, then divyv, = 0
Proof
Because divyvy € Qp for vy, € Hy, we take g, = divpvy, leading to (divyvy, divpvy)o = 0, and the lemma follows. O

To apply the abstract theory of mixed problems in for example, Girault and Raviart [10] and Brezzi and Fortin [22], we must show that
Ch(.,.) is coercive on the constraint set Zy. This is accomplished in the next lemma.
|
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Lemma 5.4 (Coercivity)
Ch(.,.) is coercive on Z: there is an o, > 0 such that

Ch(Vh,Vh) > op || Vh”ﬁ,VVh ez, (109)

Proof
Let v, € Z,. We have

M 1

Ch(vn vh) =21 ) [ DOVR)IF + 1K™V Vi), +
J

TETS j=1
+ JQS+ (vhr Vh) + JQd(Vh, Vh) + Jan(vhl Vh)-

Ivh -5 I,

We consider now the seminorm & defined by

d(vp) = Z /curl Vg . (110)

TET,

We recall that curlvy, € L2(T) if N = 2, while curlv, € [L2(T)]? if N = 3forall T € 7j. Further,

d(vp) = ‘/;2 curl vy,

= ‘/695 Yz (Vh)
s/ [ye (V) +/ [ye (V)|

< > /|Vr(Vh)|+ > /|Vr(vh)|

EGS;,(F ) E€ENTT))

where for £ € £,(;),
v o Vh - T|E if N=2,
YeVhie =y, xng if N=3, (t-n=00nk)
e Estimationof ) ., 1, Jg lyz (v)|. We have by Cauchy-Schwarz inequality

/2

e (W) < ( |yf(vh>|) (diam ()|
Z / Ec&R(T) /

E€&n(T)

/A

(/h’r(vh)l ) 2(because diam(E) < 1)

Ec&R(T)

h 172 h —1/2
Z (m.EnE) (/|Vr(vh)|) (hﬁq.ﬁ,f)

E€ER(Ts)
1/2

3 (hgf)(/ ) x

E€ER(Ts)
1/2

5 )

Eegh(rs)

/A

A

X

Now, we set
1/2

_ hrzmnE
my = Z eR, 111

ey \ e

and we have
1/2

) /Iyr(vh)l < mp ( ) (/I[vh | ) (112)
E€En(Ts) E€&R(Ts) mmE
Hence,

1/2
Z /|Vr(Vh)| < my (JQS+ (Vh,Vh)) . (113)

Ecen(Ty) ' E
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o Weestimate now } cc¢, (1) J& lyz (vp)]. As before, we apply Cauchy-Schwarz inequality

1/2
> [iveti < a2 ( [ o)

E€en(I)) (114)
< an(vh,vn)'/2.
By estimates (113) and (114) and Young's inequality, we obtain the estimate
(®(vh)* < mﬁJQ;r (Vh, Vh) + an(Vh, Vn) (115)
Thus,
Mgy (Vh, Vh) + an(Vh, Vi) + || D7s(Vh) [, 21 D7z (vh) IS, +(P(vh)?
+ g+ (Vh, V).
Using discrete Korn's inequality of Theorem 5.1, we obtain
mpd e+ (Vh Vi) + @n (W, Vi) + || D7z (i) 5,2 Y | V(va) 7. (116)
TET,
Thus, there exists a constant ¢, > 0 such that
(Vi Vi) + @V, Vi) + D [IDOAIF = cn g D I VR)IF +I(Wh Vi) ¢
TET, TET,
namely
Ch(Wn Vi) = ch 4 D || VOR)IIF + I(vh Vi) ¢ - (117)
TET,
In addition,
N—1
Ch(Vh, V) > Z (R7E A (118)
j=1
Ch(Vh,Vh) Z” \'/3 ”§2d . (119)
Finally, estimations (117), (118) and (119) lead to estimate (109) of Lemma 5.4 with o, = min {1/2,cx}. O
In order to verify the discrete inf-sup condition, we define the space
X:={veH:vg, € [H(Qq]"},
and the Crouzeix-Raviart interpolation operator I, : X — Hj by
/v = /I,,v,VT € Tn,VE € E(T). (120)
3 E
Then we have the following lemma.
Lemma 5.5
I, is stable in [H"(22)]", namely we have
|IhV|1,T < |V|1l7', Vv e X VT € 7;, (121)
Hence, we can prove the inf-sup condition by a standard argument.
Lemma 5.6 (Inf-sup condition)
There is a constant 8, > 0 (dependent of h) such that
by (v,
inf _ PO an) (122)
€ vyeny [ gn I X || va lln
Proof
Consider an arbitrary but fixed g, € Q4. Then by [10, corollaire 2.4, page 24], there exists v € [H}(R)]" C X, satisfying
divv —qp, InQ (123)

[vive < lanlle-
. ______________________________________________________________________________________________________|
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We take vy, = Ipv € Hy. We have by (121) and Green'’s formula

-y Z/hn (V—vp)

TETh EEE(T)

—Z Z /n (v—vp) =0.

TeTh EEE(T)

bn(v — vk, gr)

Hence, there exists a constant C > 0 such that

by (Vh, Gn) = br(v,qn) =[ Gn I’=C |l an Il v &2 - (124)
Thus, to obtain inf-sup condition (122), we will show the estimation
vzl v s (125)
(1) Estimate the term } ;- [Vh|? . We have by (121)
IviEez Vg, 2 Y vl (126)

TET,

(2) Estimation of term Zreﬁd | divvy ||2. We obtain by the same inequality (121),

IviEe~Ivhe = D V-2 D R,z Y Il divwgi7. (127)

TETh TeTd TeTy

(3) To estimate the term || v, [|%,,, we consider the scalar function v € H'(T) and an operator S : H'(T) —> P'(T) defined by
A
S i= Spv = ( f )w,
2 ElJe )

i=0

with ¢ == 1 — NX,i=1,...,Nand )_t,-(éj) = 6;j,j = 1,...,N.Thus, we have the estimations

(& 1)

sé;QH)H‘MH¢M

R E

In addition, ~
|Ei|
I viz= Bl vz (128)
hence,
= ||
r i
15712 5Y o v IR
= |Eil
N
S Z ﬁ v ||§,
i=o '
N
he,r
SY v
i= Il
N
maxT 2
I AN
As by (37),
— Il Sevli7
| Sav [12= 2N|T|T; (129)
hence,
(130)

I SavII2 < Amaxt || VI
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Thus, for a function v € [H'(T)]", we obtain
I Sh"”% < Amax,7 |l V”%

Further, we conclude by (131), there exists a constant 8, > 0 such that

2 2
v G,z Pl va i, -

N—1
(4) Toestimatetheterm Y || vsp- 7 ||%,, we consider arete/face E € £,(T}) and we have
j=1

[ vspn - 7112 S|l snllz, (Cauchy-Schwarz inequality) ,
<\ vsp — V|24 | V]|, (triangular inequality).

Using first trace inequality of Lemma 4.5 [(i.e. estimate (56)), we obtain
I vsn -2 < [hg" (Il ve = vIF+ 1| € Vo —wF) + I vIZ].
Cauchy-Schwarz inequality and definition of matrix Ct lead to

Ivsh - gliz < [he (Il v = VIIF + hpper | VOV = V)II7) + [] vIIZ]

She Ve = V7 + he oo 1 VOV =) 7+ v g, -

Thus, we have the estimate
|| Vsh * Tj”é < hE_1 (1 + hmax,T) ” V”%’ + 2hE_1h?nax,T|V|$,T+ ” v “%,QS'

and hence, there exists a constant 8, > 0 such that

N—1

2 2
IV I202 Ban 3 1 Ven -1 I -
j=1

(5) We estimate the term J(vj, v4). We remark that J(v, v) = 0, because v € [H(2)]V.

(a) EstimateJQ+(vh,vh).
JQ? (Vh,vp) < Z Jmszjr (Vh, Vp), with
TETH
he
SngrWnv) = (1 +20) Y o [ valellZ
feg, TNy MNE

Jmszjr (Vh, V) = Jmsz:f (Vh =V, vy —V)

h
=+20) 3 o v vElE

feenrne;) MnE

Using theorem trace and first trace inequality of Lemma 4.5, we obtain

1 2, 2 2
Irng; (Vh Vh) £ Z 5— (I va = V117 + hiar IV — VIT7)

feen TNy MnE

1
< Z I (I vo = VIIF + B rlvn — VI3 7).

fesy ety M7
Applying estimates (121) and (131), we obtain
1
JTﬂQj’ (Vh,Vh) < Z 2 (hmax,T ” v ”%,SZS +hr2nax,T ” v ”iﬂs) ’
min,T

Eeen(TNS2T)

namely,

—2 2
JTHQ?L (Vh,vh) S Z 2hmax theinr IV ”1,95

Ecen(TNS2T)

(131)

(132)

(133)

(134)

(135)

(136)
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Thus, there exists a constant 3 > 0, such that
Iviig2 Band o (Vh, Vi) (137)

(b) Forthe termsJq,(vh, Vi) and Jyq,(Vh, Vi), we use the same technical as in the proof on the bound JQ+ (Vh, vp). Further,
there exist two constants 4, > 0 and s > 0 such that

IV I3 o2 Banday (Vi Vi) (138)

VI3 a2 Bsndos,(Vh Vh). (139)

The lemma is finally proved with 8, = C mini<i<s Bia-

O
Theorem 5.2
The pair (Hp, Qp) is stable on the anisotropic meshes.
Proof
Follows directly from Lemmas 5.4 and 5.6. O

6. Error estimators

In order to solve the Stokes-Darcy coupled problem by efficient adaptive finite element methods, reliable and efficient a posteriori
error analysis is important to provide appropriated indicators. In this section, we first define the local and global indicators and then
the lower and upper error bounds are derived.

Our a posteriori analysis requires two technical results that are recalled [8, section 3]. The first one concerns a sort of Helmholtz
decomposition of elements of H.

Theorem 6.1 ([8, section 3])
Any v € H admits the Helmholtz type decomposition

V=Vg+Vy, (140)

where vo, vi € H but satisfying vy € H'(Q)V,

0 in Q

= curly in Qg, (141)

Vi

where ¥ € H}(Qq) if N = 2, while ¢ € H'(24)® N Ho(curl, Q4) if N = 3, with the estimate
Ivollhe + ¥4 < (VI (142)

The second technical result that we need is a regularity result for the solution (u, p) of (12).

Theorem 6.2 ([8, section 3]) )
Let (u,p) € H x Q be the unique solution of (12). If f € H(curl, Q4) and K € [C®"(24)]"*V, then there exists € > 0 such that

Ui, € H2 Q).

6.1. Residual error estimators

The general philosophy of residual error estimators is to estimate an appropriate norm of the correct residual by terms that can be
evaluated easier and that involve the data at hand. To this end, denote the exact element residuals by

R,r = f+ 2udivD(up) — Vpyin T € T, (143)

Ryr = f— uK 'up, — Vp,in T € 7. (144)
As it is common, these exact residuals are replaced by some finite-dimensional approximation called approximate element residual r; 1,
| =s,d,
nre[PKMNonTeT).

. ______________________________________________________________________________________________________|
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This approximation is here achieved by projecting f on the space of piecewise constant functions in Q; and piecewise P functions in
Qg; more precisely forall T € 7%, we take

1
f:—/fxdx,
A

while for all T € 7,9, we take fr as the unique element of [P'(T)]" such that

/fr(X)-Q(X) dx = /f(X)'q(X) dx,vq € [P'(T)]".
T T

Finally, the global function f4, is defined by
f, =frinT,VT € Tp.
Hence,

ror = fr + 2 divD(uy) — Vprin T € T, (145)

rgr = fr — K 'up — Vpuin T € T2 (146)
Next, introduce the gradient jump in normal direction by

| [2uD(un) — pal) - ngle for aninterior edge/face E,
ne 0 for a boundary edge/face E,

where I is the identity matrix of RV<V,

Definition 6.1 (Residual error estimators)
For a conforming discretization, the local residual error estimators are defined by

6
Z ©7 foreach T € Tj, (147)
=1

with
0, = { hgnin,T l rs,r||i if Te 7';:
L hoinr Irarls 0f T eT7,
O {hﬁﬂnj | curl(f, — uK w2 if TeTq,
2T =

0 it TeT7.),
®3r :=[l g —divup|?,
2
hz ) N—1 k:
T
o= Y S s Yon b g
fegy@rnl) ¢ =1 k E
h2.;
CHEDY r;n,m' Il Pap = Psp + 2pms - D(usp) - Nz,
E€ATNT £
h2; .
> %"T I Jensll2 if TeTs,
@2 — EEEH(ATN)
U o7 2 ; d
Y el i TeTd
EE€ER(OTN2y)
For a non-conforming discretization, we set
9
Or = Z ©% foreach T € Ty, (148)

i=1
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where , ,
htinr N rsrlly if TeTy,

O = { 2 2 d
' hor I varlld if TeTq
02 . | Moy [l curl(fy — uKlup)|Fif T e T,
T 0 if TeTp,
©3r =l g—divulr,
h2 N—1

@i’T — Z 2in,T

— E 3
E€EER(ATNT)) j=1

2

’

e
Ush * Tj + £2“5 . D(us,h) i
o E

n2. -
O3y = Z % | Pah — Psh + 21ns - D(usp) - ng]|Z,
E€ER(ATNTY)) £
h2. .
Z r;\]lEnT ” JE,ng”é If Te 7’5,
Q2. — E€ER(ATNSLS)
U hﬁﬂn,T 2 d
“ht I pnlellg if T €T,
E€ER(ITN2y)
h
2 . E 2
Olri= D I ulel
E€&h(dTNS2g) ~ Min,T
he
2 . 2
Opr= > o | [un-nelellz
E€£(ATNA2y)  mMinT
he
2 ., 2
Ori= >, (2 | [kl
Eegp@Tn) M

with ugp := Un|©, and p;p == p/—,|Q/,I =s,d.

The global residual error estimator is given by

O:= [> ez (149)
TETH

Furthermore, denote the local and global approximation terms by

- Peoing || £—Fn |17 if TeT.,
7= .
Poin (|| £ — 4 lr +lcurl(f—f,)|I7) if T e T2,

&= /Z ¢2. (151)
TETH

Recall further the notation for the velocity error e = u — uj, and the pressure error e = p — p,.
To prove local efficiency for w C @ and v € H U Hy, let us denote by

2 2
Ivihe = D IM3r

(150)

and

6.2. Proof of the lower error bound

TCONQ;
2 : 2
+ > (U vIF+ [ divav)
TC®N
+lvs xnlfng + Y Jr(v,v),
TCw
where h
E 2
Few =0+20 Y ol
feen (e MNE
he he
+ > MR D [V nelell2,
E€ER(Qy)NE(T)  MinE E€ER(29)NE(T) ~ MinE
for non-conforming discretization, and we set
2 . 2 2 ; 2
IV 2= VP, + IV 12 g, + I divy 2 g

for conforming discretization.
The main result of this subsection can be stated as follows.
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Theorem 6.3 (Local lower error bound)
Let (u, p) € H x Q be the exact solution and (ux, py) € Hp x Qp be the finite element solution. Then under the assumptions of Theorem
6.2, the following local lower error bound holds:

Or sl elns +lela + Y. &r,

T Cor

where @r is a finite union of neighbouring elements of T.

Proof

We begin by bounding each of the residuals separately.

(1) Element residual in Q;. Set wr :=r;rbr € [H(‘,(T)]N and consider

)

[ wr = [ @ + 2udivD(wn) ~ o) - wy
T T
Introduce f and use the weak formulation (12) to obtain
/rs,T'WT = /(fh_f)'WT
T T
+ /(ZMD(U) : Vwr — pdivwy)
T
+ /(Z;Ldiv D(up) — Vpp) - wr.
T

Integrating by parts in this last term, we obtain

/Tl‘s,r-Wr=/T(fh—ﬂ~Wr+2M/TD(e)2V(Wr)—/T8diVWT-

Cauchy-Schwarz inequality implies that

/l‘s,T'WT SIE=fo lirll wr llr +Qulefsr+ 1 & D) Iwrla,r
.
The inverse inequalities (51) and (52) and the obvious relation || wr ||7<|| ror || imply

Irsrl? < (1 = fa lIr +hgnrlelr + honr e D) sy 7,

or equivalently
O17 < hminy | F—Fn llr +lelir+ 1 e llr.

Element residual in Q4. Setwy :=r47b7 € [Hg(T)]N, use (12) and integrate by parts to obtain

/Trd,T SWr = /;(fh — uK™up — Vpp) - wr
= /r(fh — K™ uy — Vpy) - wr
+ /T(;LK_‘u —f) - wy — pdivwy)
= /T(f,7 —f)-wy + /T(,uK_1e -wr — edivwy).
As before, the Cauchy-Schwarz inequality and the inverse inequalities (51) and (52) lead to
O17 < hoing | F—Fn lr + | K e [lr + [l e I .

Curl element residual in Q4. For T € 7,9, we set

(152)

(153)

(154)

(155)

Cr = curl(f, — uK~'uy) and wr = Crbr. Hence, we notice that curlwr belongs to H and is divergence free; therefore, by (12), we

have
a(u, curl wr) = (f, curl wy),

Copyright © 2016 John Wiley & Sons, Ltd.
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or equivalently
/(,uK_1u —f)-curlwr = 0. (156)
.
But by Green’s formula, we may write

/CT-WT = /curl(fh —f)-wr + /(f— uKup) - curl wr,
T T T

and by using (156), we deduce that

/CTWT = /curl(fh —f)-wr + //,LK_1 (u—up) - curl wr.
T T T

By Cauchy-Schwarz inequality, we obtain

/TCT-WT < Jeurl(f = Hllrwrlir+ | K™'e |7 [lcurl wrllr.
Again, the inverse inequalities (51) and (52) allow to obtain
Oy7 < K e |Ir +hminrllcurl(f, — )]|7. (157)
(4) Divergence element residual in Q. We directly see that
g —divu, = divu—divu, = dive;
hence, by Cauchy-Schwarz inequality, we conclude
Os37 =Il g — divuy </ dive |7 . (158)

(5) Interface elements on I';. To estimate ®,r and Os 7, we fix an edge E included in I', and for a constant r¢ fixed later on and a
unit vector N, we consider

Weg = fEbEN

that clearly belongs to H. Hence, the weak formulation (12) yields
a(u,we) + b(wg, p) = (f, We)o,

that is equivalent to

/ (2uD(u) : D(wg) — pdiv wg) + / (LK 'u - we — pdiv wg)
Ts Td
(159)

N—1
He
+ —(uy - Tjy WEs * "-})E =(f WE)CUEr
L

where T; (resp. Ty) is the unique triangle/tetrahedron included in Q; (resp. $24) having E as edge/face. On the other hand,
integrating by parts in T; and in Ty yields

f (21D (uy) : D(We) — prdlivwe) + / (K™ - we — py div w)
Ts Td

N—1
nan
T TR
j=1 VY

= — [ @udivD@uy) - Vpy) - we + / (WK up - We + Vpy) - we
Ts Td

N—1
Han
+ Z — (Ush - T Wes - T))E

Z G

- fE (IonleWe - ne — 240(ne - D(up) - W),
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Subtracting this identity to (159), we find

N—1

Ha
[E (IonleWe - ne — 240(ne - D(ugp) - W) — ; v

= / (2uD(e) : D(wg) — e div wg) + / (UK e - wg — & div wg)
Ts Ta

(us,h * T, WEs - tj)E

N—1
o
+ Z M—l;(es T, WEs * Tj)E
j=1 ¥4
— | (F+2p divD(up) — Vpp) - we — / (F— uK™"up - We — Vpy) - WE.
Ts Taq

In that last terms introducing the element residual r; 7, we arrive at

N—1
o
/E (IphleWe - e — 2/1(ne - D(usp) - We) — ; %(um G Wes - T)e

:/ (2uD(e) : D(wg) —edivwe) + | (K e - wg — & div wg)
g Ta (160)

N—1
Ho
+ — (e~ TjyWEs * 77/)E
—/ (F—fn +rgr) - we —/ (F—fr +rgr) - We.
Ts Td

(@) To estimate ®47,foreachj=1,...,N—1, we take

S5

ra
rE=Up- 7+ 712“5'D(“h)'fjandN =71
(241

Let us assume that T = T;. Recall that ry € P¥(E) for some k € N depending on the chosen finite element space. With
this choice, identity (160) and inverse inequality (53) yield

Irel? < [ (21D(e) : D(we) — £ divwe) + [ (uKe - we — edivw)
Ts T4

N—1 e
1

+ (& T Wes - T))e
=1V

NG

— | F—fhtrr)-we— | (F—Fh+rqr)-we
Ts Tq

Hence, the Cauchy-Schwarz inequality, inverse inequalities (54) and (55) and estimates (154) and (157) lead to

hmin,T
1/2
hE,T

7
up -7+ %2"; -D(up) - T
1

< lelhwe+lllwet Y (161)
E

T Cwg

withwg =T, U Ty
(b) To estimate ®sr, we take
e = Pan — Psh + 2iuns - D(Usp) - ngand N = ng.

As before, identity (160), inverse inequalities (53)—(55) and estimates (154) and (157) lead to

Brmin,7
S 1Pan — psh+21ms - D(Ush) - Nl < lelnwe + lellhwet Y & (162)
hE,T T'Cwe

(6) Normal jump in Q. For each edge/face E € &,(£2;), we consider wg = T; U T,. Let us assume that T = T. Recall that Jgn, €
[PX(E)]N for some k € N depending on the chosen finite element space. We set

We == —Fext(Jeng )bk € [Hg)(wf)]N'

First, the weak formulation (12) yields
a(u,wg) + b(we, p) = (f, we)w,,
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that is equivalent to
f-wg= | (2uD(u)—pl) : D(wg)

[O)3 WE
+ (Pl — 2uD(u))Nng - We.
3&)5
By elementwise partial integration, we further have
~ [[Jenc-we = | @uD(u) - i) : D)
E WE

2
- Z / (—2pdiv D(up) + Vpp) - We.
i=1"Ti

Hence, by the previous identity (163), we obtain

2
- /E Jew e =3 /T (F— (—2j0 divD(up) + Vpn)) - we

- (2uD(e) — el) : D(wg)

WE

We introduce the approximation f, of f and use the Cauchy-Schwarz inequality and inverse inequalities (53)-(55) to obtain

i=1 hmin,T

2 1/2
h
I Jene lle< hEY (Z(nf—fh I + Il ¥, ||r,-)) + T (leliwet | € llwe)

Now, estimates (154) and (157) lead finally to

Amin g
# I Jene 5 €l woet || & lloet Y hming || £ =4 [l (163)

E T Cwe

Pressure jump in Q. For each edge/face E € £,(Q4), we consider wg = T; U T». As [pp]r € P°(E), we set
We = [ph]ebeng € [Hy(we)]".

First, we notice that as p € H' (wg), we have by Green formula

(Vp-wg + pdivwg) = 0.

(<23

Again by elementwise partial integration, we further have
2
/[ph]EWE ‘N = Z [ (Vpn - we + pp div wg).
E =T
Taking the difference of these two identities, we obtain
2
/[ph]EWE ‘g = Z/(V(ph —p) - We + (pn — p) div wg).
E i=1YTi
Recalling that Vp = f — uK~'u and introducing the term f, — uK~"uj, we find
2
Jlerlewe e =3~ [ (Vpn— - k") we + (o1~ ) dliv )
E i=17Ti

2
= | (Vb =i+ 1K™ up) - we + (py — p) dliv we)

i=17Ti

2
—|—Z/(fh—f+,uK_1(u—uh))-wE.
i=1Ti
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Now, we fix T = T; and we apply the Cauchy-Schwarz inequality and inverse inequalities (53)—(55). We obtain

2 1 1
lipnlelle S 3" lIkanlinhi + o — plinh; * (164)

i=1

1 2 1
+h2 D (I —fullr + 1K (u—up) 7). (165)

i=1
Finally, by estimates (154) and (157), we deduce that

™ _
hmTfII[Ph]Ellfi Y hming llf = fallr + lellos + 1K €lo- (166)

1
E T Cwe

(8) Non-conforming elements. It remains now to estimate the local indicators ®; 1, ®gr and g r. Because by Theorem 6.2 the

jump of u is zero through all the edges of Q4, hence for all i = 7,8 or 9, we clearly have
O7r S Jr(up, up) = Jr(up —u,up — u) < lu—upar. (167)
Summarizing all results provides the desired local lower error bound (152). O

6.3. Proof of the upper error bound

We proceed similarly as [3, section 6]. First, we bound the pressure error (for conforming and non-conforming discretizations). The
bound of the velocity error is only derived for conforming case. The bound of the velocity error for non-conforming case will derive as
[8] in a forthcoming paper. Section 7 gives the procedure of proving the non-conforming case for the velocity field.

6.3.1. Error in the pressure. We start with an estimate of the pressure error that is valid for conforming and non-conforming elements.

Lemma 6.1 (Error in the pressure)
Let (u, p) € H x Q be the exact solution and (up, pn) € Hp x Qp be the finite element solution. Then under the assumptions of Theorem
Ve € HY(Q0) if N=2,

. . ‘| N .
6.2, there exist functions vo . € [H'(2)]" and ¥, with Ve € [H' Q) N Holcurl, 2q) if N = 3,

both depending on ¢ = p — pj, such

that the error in the pressure is bounded by

I e IS mVoe, ¥e, TH)(©O + O+ [l € [l - (168)
Proof
Because ¢ = p—pp € L3(£2), then [10, corollaire 2.4, page 24] there exists a function v, € [H}(2)]Y C H depending the error & such that
Jo edivvg
lells =~ (169)
[ Vel

This inequality is equivalent to the continuous inf-sup condition, applied to the pressure error €. Because the continuous inf-sup condi-
tion is not related to the discretization, the inequality constant is independent of any mesh anisotropy. As vo € H, then v, admits the
Helmholtz type decomposition (Theorem 6.1) :

Ve = Voe + Vg, (170)
0ing2,

1 H _ H 1 N i —
curly,inQy, where Yo € Hy(RQq) if N = 2 while Y € [H'(Q4a)]" N Ho(curl, 24) if N = 3 and

where voe € [H'(Q)]Nand v = {

satisfying estimate (142). For U = (u,p) e H, UH x Qand W = (v, q) € H, U H x Q, we define the continuous bilinear form Lp:
Lh(UI W) = Ch(u/ V) + bh(ur q) + bh(V,p). (171)
Thus,

N—1
L, (U, W) = 2u Z (D(u), D)7 + (K 'y, V), + Z &(u STV T

TG'ThS j=1 \/I?f
=Y (divu,g)r = Y _ (divv,p)r + J(u,v).
TETh TETH
WesetVep = Voehn + Vign With voen = Io(Voe) and

v _Jaurlyen  in Qg

R in Q

where o | ove i N=2
R\ Paye i N=3.
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Note that vg s belongs to Hy N [H)(Q)]", while vq ¢, simply belongs to H, N H (¥, being in HY(4) if N = 2 and ¥z € [H'(Qg)]* N
Ho(curl, Qq) if N = 3, its curl belongs to Ho(div, 24) hence v ¢ 5, its extension by zero in Q;, stays in Ho(div, 2)). With these definitions
and noticing that div, (Ve —Vp) = divy(Voe —Vo,e,n) and that J(up, Ve p) = 0, we may write for W = (v¢, 0) € [H) ()] xQ, Up = (up, pp),
Wh = (vgn, 0) and under the assumptions of Theorem 6.2

Ly (U — Up, W — W) = Lp(U — Up, W)
=2/ ) (D(e),D(ve))r + (1K 'e,ve)

TET,

+Z”“ (&5 Ve - 7)1y — (div(ve), £)g.

11\/1?1

(divve e)e =2u ) (D(e),D(ve)r + (1K e ve) g,
TET,

We deduce

N—1

el

+ ) = (e T (Ve = Ven) - )1,
= vk

—Ly(U — Up, W — Wp).
Now for a triangle T € 7;", we recall that vy ¢ — Vi 04 = curl(¥e — Ve p)inT and use Green'’s formula to obtain
La(U = Un, W = Wp) = Y { (F—f1, Vo — Vo) + (Fs7, Voe — Voen)r }
TET,

+ Z { (F—fn, Voo — Voen)r + (a7, Vo — Vosh)r
TeT?

+ (curl(fy — K™ up), Ve — Yen); + (curl(f—fy), Ye — Wa,h)r}
+ Z ([pnles (Vo,e — Voen) - NE)T

E€ER(S24)

- Z ([ﬂ (K uh)]E: WE_Wsh Z (JEne Vo e — VOsh)E
E€ER(29) E€ER(2s)

+ > {(Pd,h —Psh + 20N - Ugh - N, (Vo — Vo) - Ne)E
EESh(l:‘/)

no
—Z (Usp - 5 + 2ung - D(Usp) - T, (Voe — Voeh) - 7)), }

Hence,
(e.divve)e =21t ) (D(e),D(ve))r + (1K e, ve)q,
TET,

N—1
pen
+Y (e g ve - g)ry

= vk

+ Z { (f—fp, Voe — VO,s,h)T + (rs,T: Voe — vO,E,h)T }
TET,

+ Z { (F—fn,vo,e — Vo,a,h)r + (rgr, Vo, — Vo,a,h)r

TeTd
+ (curl(y — 1K™ ), Yevren) + (curl(f = ), Ve — Vo))
+ Y (prle (Vor — Voen) - e)y

E€ER(S24)

- Z ([M (K uh)]E: 1/fa_‘/fah Z (JEngs Voe — Voeh)e
E€ER(24) E€ER(S25)

+ ) {(Pd,h = Psh 210 - Usp - N5, (Voe — Voen) - Ne)E
Eesh(f,)

_ZM ush 7+ 2ung - D(Usp) - 7j, (Vo,e — Vo,en) - T/) }
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The Cauchy-Schwarz inequality, the trace theorem, the Poincaré-Friedrich inequality and the Clément interpolation results of Lemma
4.3 imply

(e, divve)e < 2u || D7s(e) o, D(Ve) llo, +41 | K™ 'e (o4l ve llo,
N—1 e
1
+ — le-glr ¢ Il Vve lla
+ {m(Voe, Ve, Tn)} (O + Ol VVoe llo + | Ve ).
We use property (142) and condition (3) of the tensor K, we obtain

(e,dv Vel S { (O + ) (Vo Ve, To)+ Il € lln | 1l Ve lu (172)
Let
(e, divve)g
1 S {MWVoe, Ve, Tn)} (O + O+ [ e n. (173)
I've llhe
Finally, estimates (169) and (173) finish the proof. O
Remark 6.1

Note that the result of Lemma 6.1 does not depend on regularity result of Theorem 6.2 for conforming case.

6.3.2. Error in the velocity-conforming case.

Lemma 6.2 (Error in the velocity-conforming case)
Assume a conform discretization and let vq ¢, V- be the functions from Lemma 6.1. Then there exist function ey € [H'(Q2)]N and Ve
Ve € H)(Q24) if N=2,

WIth) o e H1(Qa)P N Holcurl, Q) if N =3,

both depending on e = u — uj, such that the error in the velocity is bounded by

I e s {mieo, Ve, To) +m(Voe, Ve, T)/2} (© +0). (174)

Proof

We define the bilinear form for U = (u,p) e Hx Qand W = (v,q) € H x Q by A(U, W) = a(u,v) + b(v,p) + b(u, g). We are setting
now W = (e, —div e) and we have well W € H x Q because (div e, 1) = 0. Note that for W, = (vs,gn) € Hp x Q C H x Q, we have
A(U — Up, W — Wp) = AU — Up, W) and

AU — Uy, W) = a(e,e) + b(e,—dive) + b(e, ¢)
=2u || D(e) [}, —(e,dive)o+ | dive |} +

pats

N—1
+u(K e e)q, +
m( Jag + ) %

j=1

2
el -

We deduce

N—1
_ na .
2u ]| D) g, +u(K e, e)q, + ) = lle-g I, + || dive g

= vk
=AU = Up, W= W) + (¢, dive)o

The classical Korn inequality and property (3) of the matrix K lead to
| Ve lg, + lelg, + | dive g, S AU — Un, W — Wp) + (¢, div e)q. (175)
As e € H, then e admits the Helmholtz type decomposition (Theorem 6.1) :

e=¢g+e, (176)
whereey € [H'(Q)]Nand e; = cur(I)l/;n i?sﬂd where yre € H)(Rq) if N = 2 while Y € [H'(Q4)]N NHo(curl, Q4) if N = 3 and satisfying
e ’

estimate (142). Now we define the function e, € Hj, by
]
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e, = egp + en, Witheg, = lg(eo),

_faurlen  in Qg
e"”_{ 0 in  Q, (177)

where
I%l//e if N=2

Ven = {Pm//e i N=3. (178)

Thus, the definition of operator A and integration by parts in each element lead to

2 2 H 2
[ Vellg, +lelg,+ Il divelg,<

=< Z { (f—fre0 —eon)r + (rs7,€0 — eo,h)r}
TET,

+ ) { (F—fn @0 —eopn); + (rar. € —€op)r
TeTd

+ (curl(fy — 1K un), Yie — Ven) + (curl(f — ), Ve — Van); |
+ Z ([pnle: (€0 — €op) - )

E€EN(S24)

= Y (e K un)le Ve — Ven),

E€EN(S24)

- Z (JE,ngr €y — eO,h)E

E€ER(S25)

+ Z {(Pd,h — Psh + 21N - U - N, (€9 — @) - NE)E
Eegy(T)

N—1
Hon (
- — (Ush - 7 + 2un; - D(us,h) * T (eO - eO,h) : Tj)
2 3
+ (g, dive)q + (divu, — g, —dive)q.

Recall that
el =Il Ve Ig, + I elig, + | dive ||, and
dive = g — div upin Q.
Invoke again the Cauchy-Schwarz inequality, the Clément interpolation inequalities (Section 4.2) and the bound of | ¢ || from

Lemma 6.1. Additionally, employ the triangle inequality for the exact residual R; 7 (/ = s or d) as well as the obvious bound || divuy, ||< ©
to obtain

I el < (®+)m(eo, Ve, Tn) ll € lln + || divun—g |5
+ {mWoe, Ye, T)(O + O+ [l e [ln} || g —divuy [ .

I g—divus o= Y 02,50 <@+ (179)
TETH

Recall also that

Hence,
Il elli < (® + m(eo, Ve, Th) [ @ ln +(© +£) || e ls
+{mVo.e, Ve, Tn)(O + )+ [ e [|n} O.
Finally, Young's inequality and the trivial relation 1 < m(,, .,) provide the desired velocity error bound. O

The error bounds for the pressure and velocity immediately yield the following main theorem.

Theorem 6.4 (Upper error bound-conforming case)
Assume a conform discretization. Let vq ¢, ¥/ be the functions from Lemma 6.1 and e, e be the functions from Lemma 6.2. Then the
error is bounded globally from above by

Ielln + [l & IS tm(eo, Ve, Th) + M(Vo.e, Ye, Th)} (O + £). (180)
. ______________________________________________________________________________________________________|
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Proof
Follows directly from Lemmas 6.1 and 6.2. O

Commentary 6.1 (Upper error bound-conforming case)

The upper error bound (180) contains several alignment measures m(., .,.). This is in contrast to estimators for isotropic meshes: For
anisotropic discretizations, all known estimators are (explicitly or implicitly) based on an anisotropic mesh that is suitably aligned with
the anisotropic function.

Compared with the isotropic estimators, our upper error bounds are special in the sense that the alignment measure cannot be
evaluated explicitly. However, this should not be considered too much as a disadvantage. For example, the alignment measure m(e, ., .)
for the error e = u—uy, is of size O(1) for sufficiently good meshes [3]. We expect a similar behaviour for the other alignment measures.

In pratical computations, one may simply use the error estimator without considering the alignment measures [3]. For adaptive
algorithms, this is well justified because the lower error bound (152) holds unconditionally.

6.4. Application to isotropic discretization

Because our analysis gives new results for conforming case on isotropic meshes [5-7], we here summarize them. On isotropic discretiza-
tions, our analysis holds with hyinr ~ hg ~ hy for E € £(T) and the alignment measure m(.,.,.) ~ 1. In other words, the given results
may be rephrased as follows: the residual error estimator is here given by

6
Z ©?7;, foreach T € Tj, (181)

i=1

where . ) i ,
Orr=hz | rrl7, ifT € Tyl =sord,

O {h% | curl(f, — uK=up) |2, if TeTq,
T =

0 if TeT?
037 =l g —divu}?,
N—1 N
®z21,T = Z he Z ush -7+ 7}2'15 -D(usp) - gl ¢
E€ER(ATNT)) j=1 !
@2;:= > hel pan—psh+ 2uns - D(usp) - g2,
E€ER(ATNTY)
Z hE ” JE,nE”%r if Te 7;15’
@2, — ) E€ER(ITNQY)
or o helllpelel if TeTd
E€&R(OTNRg)

while the approximation term becomes

[ i he |l =4 |7, VT e T7,
T Uhr(l = I +lcur(f—f)li7), VT € 7.

We recall that hr (resp. hg) is the diameter of T (resp. of E). With these definitions, the lower error bound (152) of Theorem 6.3 holds for
any isotropic elements T. On the other hand, the upper bound (180) of Theorem 6.4 reduces to

leln+1ell<@®+9). (182)
7. Conclusion and further works

We have proposed and rigorously analysed a posteriori error estimate for the finite element approximation of Stokes-Darcy equations
with anisotropic meshes in RN, N € {2,3}. The existence and uniqueness are provided for non-conforming finite element method.
Different strategies are applied to estimate the lower and upper error bounds. These main results are summarized in Theorems 6.3 and
6.4. For isotropic discretizations, much of the analysis simplifies. The main results are presented in Section 6.4 and the investigations
seem to be novel for conforming case.

In the forthcoming works

e Upper error bound (non-conforming case). We proved the bound estimation of the pressure using both conforming and non-
conforming elements while only show the estimation of the velocity of the conforming case. To obtain the upper bound of
the velocity field error for non-conforming case, Clément interpolation operators are not sufficient because additional terms are
included in the error estimators (see ©; 1, i € {7,8,9} in Section 6.1) that measure the non-conformity of the method in the veloc-
ity field. In order to treat appropriately this non-conformity, we further need an estimate of the non-conforming error. Thus, we
intend to proceed as in [8, proof of theorem 3.3] while building an adapted anisotropic Oswald interpolant that preserves the

|
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continuity of the normal trace through the interface. We present also the results of numerical tests with the finite element meth-
ods proceeding similarly to [3, 13]. Note that the Oswald interpolation operator that has been built in [8] is only valid for isotropic
discretizations.

Interface conditions. We have adopted in this work Beavers—-Joseph-Saffman conditions [23, 24] as interface condition, which is
fine here. Note that Beavers—Joseph-Saffman condition is an simplification of Beavers—Joseph [25] by neglecting the tangential
velocity in the porous media, but it may lead to an inaccurate accounting of the exchange of fluid between the porous media and
the fluid in the conduit. It was once widely used because Beavers—Joseph condition poses some difficulties due to its indefinite
contribution to the total energy budget. However, those difficulties were overcome by Cao et al. a few years ago [26,27]. That is why
we hope in a near further work on this model to adopt the most natural interface condition, namely Beavers—Joseph condition.
Furthermore, a comparative study will be made with the current work.

Analytical tools. In many applications, the fluid region is much narrower than that of the porous medium. Therefore, a widely
accepted approximation is to treat the fluid domain as a line (in 2D model) or a symmetric tube (in 3D model), which is called a
pipe flow model [28]. In fact, one previous work [29] dealt with the non-conforming finite element method for such cases. But
unfortunately, the toolkits developed in the current manuscript are not valid in the limit that the domain of the flow shrinks to a
line or a symmetric tube because, in this case, according to our discretization, the factors hyin,r in continuum pipe flow domain
would cancel, and therefore, the quantities h_ - would tend towards the infinity. Thus, we wish in the further considered the
appropriate anisotropic discretization used in [30] to constuct the a posteriori error indicators for a coupled continuum pipe-
flow/Darcy model in karst aquifers on anisotropic meshes. However, note that a posteriori error estimates for this model with the
new non-conforming element used in [29] remain still an open problem on isotropic meshes.

Boussinesq equations. Finally, we like to extend our results to Boussinesq equations with thermocapillarity effect on the surface
and non-homogenous boundary conditions for the velocity and the temperature [31].
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