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1. Introduction

After the celebrated paper of Ambrosetti-Brézis-Cerami [1] on the solvability
of the elliptic problem

—Au = fi(u) in Q,
u=20 on 012,
u >0 in €,

for f(u) = A"t +u? "t and 1 < r < 2 < g, there have been a huge amount of
research on this type of equations and the effects on multiplicity of the concave
(1 <r < 2)-convex (2 < ¢) nonlinearity. In [3-5] the authors studied the previ-
ous equation with a concave—convex forcing term fy (u) = Aa(z)u” = +b(x)ud?
with changing-sign weights a(x),b(z) by using the so called Nehari manifold
and the fibering map associated to the problem. This approach has proved to
be very useful to deal with this type of problem and have become a subject
of research on its own. The results of [1] were partially generalized to the
p—laplacian operator under Dirichlet boundary conditions in [2,8,11,12,21].
Soon later, other boundary conditions have been considered, as for instance
in [17]. Simultaneously some attention has been accorded to quasilinear prob-
lems that are non coercive. The first work in this direction was the study of the
spectrum of the operator —A,u + V(z)|u[P~?u with Dirichlet boundary con-
ditions and V' an indefinite bounded weight, see [7]. In [16] the author studied
the concave—convex problem

—Apu+ V(x)uP™ = Aa(x)u" "t + b(z)u?™! in ;
u=20 on 0%);
u >0 in Q,

by minimization on the Nehari set and obtained, under various “coerciveness”
conditions related to V', a and b, the existence of up to four solutions: two
solutions satisfying the condition Ey (u) > 0 with

Ey(u) := /Q (IVul? + V(2)|ul?) dz,

and two more solutions satisfying Ey (u) < 0.

Our goal in this work is to generalize the results of [16] for the same quasi-
linear operator, say —A,u + V(z)|u|P~2u, but with different boundary condi-
tions. Precisely, let 2 be a bounded smooth domain of class C%® (0 < o < 1)
with outward unit normal v on the boundary 9Q and Ayu := div (|Vu[P~2Vu)
is the well known p—laplacian operator. The functions V € L>°(Q) and (a,b) €
(C#(092))?, for some s € (0,1), are allowed to change sign. The real number
A is a positive parameter. We will ask the exponents r, g to satisfy 1 < r <

p < q < ps where p, = f’ ]Sfj\l;)ll is the critical exponent for the trace operator

WhP(Q) — L*(09,dp), and p denotes the restriction to 9 of the (N — 1)-
Hausdorff measure, which coincides with the usual Lebesgue surface measure
as 0f) is regular enough. We will consider the following quasilinear elliptic
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Problem I:
—Apu+ V(zur~t =0 in €
L
u > 01in ),

and Problem II:
—Apu+ V(z)uP~t = Xa(z)u""!  in Q;
|Vu‘p_2% = b(z)u?™! on 99 (1.2)
u >0 in €.

The search of solutions for these quasilinear problems can be stated in an
abstract form as the search of critical points of a functional J defined on a
Banach space X, which will take the form

1 1 1
J(u)=-FE(u) — —A(u) — —=B(u), 1.3
()p()r()q() (1.3)
where F, A, B are possibly indefinite but positive-homogeneous functional of
degree p, r, q respectively, with 1 < r < p < ¢q. We will prove several existence
and multiplicity results on critical points of J by minimizing J along several
subsets of the Nehari manifold

N = fue X\ {0}: (J'(u),u) = 0}

associated to J. These existence results for a general functional F, A, B and
X can be applied in many cases, as for instance for the p-bilaplacian operator
with Navier boundary conditions, that is the following Problem III:

{ AZu — clulP~?u = Xa(x)|u]""?u + b(x)u??u in O

u=Au=0 on 99, (1.4)

with ¢ € IR. The p-bilaplacian operator is defined as AZu := A(|Au[P~?Au)
and it has received recently some attention. In the case p = 2 the authors
in [22] generalize the Ambrosetti-Brézis-Cerami problem in the case ¢ = 0
(coercive case), indefinite weight a and non-negative weight b. See also [15] for
similar results in IRY or [13] for Dirichlet boundary conditions (u = Vu = 0)
and p # 2.

This paper is organized as follows. In Sect. 2 we describe the Nehari set,
the fibering map and the different “sign-subsets” of the Nehari set that will be
used to find critical points of the C! functional J which is defined in (1.3). In
Sects. 3 and 4 we prove four different critical points theorems of the functional
J in the Nehari set, c.f. Theorems 3.3, 3.4, 4.1 and 4.2. The hypothesis needed
to apply these general theorems concern the coerciveness of E along the sign-
subsets of the Nehari set described in Sect. 2. In Sect. 5 we present various
conditions in terms of eigenvalues-like numbers that will imply the required
coerciveness and then we prove some existence results (see Theorems 5.1 and
5.7). In Sect. 6 we apply the theorem of the previous section to state some
existence and multiplicity results for problems I, IT and III.
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2. The Nehari set for a concave—convex functional

Let (X, || - ||) be a reflevive Banach space and E, A, B € C*(X,IR). Let us
assume that for some 1 < r < p < ¢ it holds

E(tu) = t*E(u), A(tu) =t"A(u), B(tu) =t'B(u), V(t,u) € R" x X.
(2.1)
The following hypothesis will also be assumed:

(H1) Y(up)new,un € X, if w, — u for some u € X then there exists a
subsequence u,,, such that

Ay, ) — A(u) and B(u,,, ) — B(u).

(H2) E is bounded on bounded sets (i.e. sup |E(u)| < oc) and it is
weX,||u||=1
weakly lower semi-continuous.
(H3) Y(un)new,un € X, if u,, — u for some u € X and E(u,) — E(u) then
Up — U.

By ”—” we denote the weak convergence in X. Let us consider the functional
J defined as
1

T(w) = () = L A) = B(w)

and look for solutions of the problem J'(u) = 0. Since J may be unbounded
from below on the set {u € X ; B(u) > 0}, it is useful to consider the
functional J restricted to the so called Nehari set

N i={u e X\ {0}; N(u) := (J'(u),u) =0},

where (-,-) is the usual duality map defined on X’ x X. Thus v € A if and
only if u # 0 and

E(u) = A(u) + B(u).

Let us introduce the fibering maps associated to J. For v € X \ {0}, we define
the function

Ju: (0,00) — R
t o Ju(t) = J(tu).

Consequently u € N if and only if J, (1) = 0 or yet, tu € N (with t > 0) if

e g . — dJ, d*J,
and only if J,(t) = 0. The notation J,,J, stands here for o ae e
Furthermore, since J/,(u) = 0 for v € N we can write
L) = (- OB - (r ~ AW @)

=@ -r)E(u) - (¢ —7)B(u).
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It is standard to split A/ into three sets that, roughly speaking, correspond to
local minima, local maxima and inflexion points of J:

Nt = {ueX; J.(1) =0,J. (1) >0},
N~ = {u eX;J1)=0,J (1)< 0} :
Noi={ueX; J,(1) = 0,0, (1) =0}
We also introduce the following “sign-subsets”:
A ={ue X;Au) 20}, Ao={uec X;A(u) =0},
Bf:={ueX;B(u) =20}, By={ucX;B(u)=0},
EX i ={ueX;Eu) 20}, & ={ucX;E(u)=0}.
Finally we denote Ag = A* U Ay and similarly for BOi and Eoi. We stress here
that, without further assumptions on F, A, B, the previous sets can be void.

Next we state the following property of N that follows straight from
hypothesis (H1)-(H3).

Lemma 2.1. Let u,, be a sequence in N such that u,, — 0. Then u,, — 0.

Let us give a result on the boundedness of A'. We recall that a subset C
of X is called a cone if tz € C,V(t,z) € RT x C.

Lemma 2.2. Let C C X be weakly closed cone such that
(CNBy)\ {0} Cc&T. (2.3)
Then

(i) the set Nt NC is bounded;
(ii) if sup J(u) < oo then N'NC is bounded.
cNN

Proof. (i) Assume by contradiction that there is an unbounded sequence
uy, E NTNC. Take v,, = HZTH € C and vy € C such that v,, — vg. From
the fact that u,, € NV we have

E(v,) A(vn)

fuallr ~ Tl 20
and passing to the limit we conclude that B(vg) = 0. We have used
here that E is bounded on bounded sets [i.e. (H2)]. From the fact that
uy, € N1 we have

q—r A(Un)

q—p [lunlP~"

and passing to the limit it comes that E(vg) < 0. The possibility of vy = 0
is ruled out by the fact that, in that case, 0 = E(vg) = liminf,,_, F(v,)
and therefore, by (H3), we will have v,, — vg = 0. This is a contradiction
with the property ||v,|| = 1. Thus vg # 0 and we get a contradiction with
the hypothesis (2.3) of the lemma.

E(v,) <
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(ii) Assume that u, € N'NC is a sequence satisfying |lu,|| — +oo and denote
Vp = ”Z—” Since the sequence v, is bounded, there exists vg € X and
a subsequence vy, such that v,, — vg. From the fact that u,, € N we

have, as previously, 0 = B(vp). On the other hand

Hom) (11 - (1) Al

lunlP \p ¢ v Jun P

therefore passing to the limit we get

E(vo) < liminf E(v,, ) <0
k—-+o0
because J(uy,) is uniformly bounded from above. If vy = 0 hence E(vg) =
0 = liminfy_ o E(vy, ) and, from hypothesis (H3), v, — vo = 0. This
is impossible because ||vy,, || = 1 for all k. Thus vy # 0 and we get again
a contradiction with the hypothesis (2.3) of the lemma. O

We also have the following property:

Lemma 2.3. Let C C X be weakly closed cone and assume that
CNA\{0}cer. (2.4)
Then N~ NC has no sequence u,, — 0.

Proof. Assume by contradiction that there is a sequence u,, € N~ NC such that
u, — 0 in X. From the fact that u,, € N" we have 0 = F(0) < liminf F(u,) =
liminf A(uy) + B(uy,) so u, — 0 on X. Take z, := ety € C and assume that

for some zg € X we have z, — 2, A(z,) — A(z0) and B(z,) — B(z0). By
using that u,, € N we have

A(zn) = E(zn)|lunll”™" — B(zn)[Jun ™"
and passing to the limit it comes A(zy) = 0. Besides by using that u, € N~
and (2.2) we have

q—r -
E mn <7B n nqpa
(2n) P (zn)[|un]|

and passing to the limit
E(zp) < liminf E(z,) <0.

Notice that the possibility zg = 0 is excluded because, in that case, we would
have 0 = F(zp) = liminf F(z,) which will imply that z, — zo = 0, a contradic-
tion with the fact that ||z, || = 1. Thus we have proved that zy € C'NAg \ {0}.
Then from the hypothesis (2.4) of this lemma it comes that E(zp) > 0, a
contradiction. 0
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FIGURE 1. Possible forms of m,,

2.1. The fibering map

Let us give a complete description of the behaviour of J,, according to the sign
of A(u), B(u) and E(u). Let us write

J(t) =tP T E(u) — " A(u) =t B(u) = 7 my () — A(u)],

where
My (t) == tP""E(u) — t7""B(u). (2.5)
Clearly, for t > 0, tu € N if and only if ¢ is a solution of the equation
my(t) = A(u). (2.6)

If for v € X\{0} and ¢ > 0 one has that J/ (t) = 0 then J!(t) = t"~tm! (t).
Consequently tu € N if and only if m/,(t) > 0 (similar results for N~ and
Np). In order to study the resolvability of (2.6) let us describe the variation
of the function ¢ — m,(t) for any u &€ & N By. Four possible pictures of the
graph of m, can be drawn:

Case I : E(u) >0 and B(u) > 0 in Fig. 1a;
Case II : E(u) > 0 and B(u) <0 in Fig. 1b;
Case IIT : E(u) <0 and B(u) > 0 in Fig. 1c;
Case IV : E(u) < 0 and B(u) < 0 in Fig. 1d.

We shall now describe the nature of the fibering maps for all possible
signs of A(u), B(u) and E(u). The following behaviour of the function J,
follows from the previous description of the function m,. As above, we will
assume that u & & N By.
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FIGURE 2. Possible forms of .J,

: E(u) > 0 and B(u) > 0.

In this case the function m, has graph as shown in Fig. la.

Case 1.1 : If A(u) > 0 and A(u) < max my, (t) then it is clear that there are

exactly two solutions 0 < ¢1(u) < to(u) of (2.6) with m/, (t2(u)) <
0 < ml,(t1(u)). Thus there are exactly two multiples of u lying in
N, namely t(u)u € Nt and to(u)u € N . It follows that J, has
exactly two critical points, a local minimum at ¢;(u) and a local
maximum at ¢2(u). Moreover J, is decreasing in (0,¢1(u)) and in
(t2(u), 00), increasing in (t1,t2), see Fig. 2b.

Case 1.2 : If A(u) < 0. Then using the graph of m, in Fig. la, we deduce

Case 2

that there exists one positive solution of (2.6). Consequently J,, has
graph as shown in Fig. 2c and there is a unique value ¢(u) > 0
such that t(u)u € N. Moreover m/,(t(u)) < 0, so t(u)u € N~ and
the fibering maps J, has a unique critical point which is a local
maximum.

: E(u) >0 and B(u) <0.

In this case the function m,, is an increasing function of ¢ (see
Fig. 1b).

Case 2.1 : If A(u) > 0, then m,, has a graph as in Fig. 1b and J, has a graph

as shown in Fig. 2e. It is clear that there is exactly one solution of
(2.6), i.e. there is a unique t(u) > 0 such that ¢(u)u € N'. Moreover

m!, (t(u)) > 0 (since m,, is an increasing function of ¢) and so t(u)u €
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N, Thus the fibering map J, has a unique critical point which is
a local minimum, as shown in Fig. 2e.

Case 2.2 : If A(u) < 0 then the function J, is increasing functions of ¢ and so
has graph as shown in Fig. 2d. Consequently (2.6) has no solution,
for all ¢t and thus no multiple of u lies in N.

Case 3 : F(u) <0 and B(u) > 0.

In this case the function m,, is a decreasing function of ¢ and has
graph as shown in Fig. lc.
Case 3.1 : If A(u) < 0 then (2.6) has a unique solution. Since .J, must have
graph as shown in Fig. 2c, we conclude again that there is a unique
t(u) > 0 such that t(u)u € N and since m/,(t(u)) < 0 in this case,
we deduce that ¢(u)u € N'~. Hence the fibering map .J,, has a unique
critical point which is a local maximum.
Case 3.2 : If A(u) > 0 then (2.6) has no solution. Moreover J,, is a decreasing
function of ¢ and has graph as shown in Fig. 2a. Thus in this case
no multiple of w lies in A
Case 4 : E(u) < 0 and B(u) < 0.
In this case m,, has graph as shown in Fig. 1d.
Case 4.1 : If A(u) < 0 and A(u) > 1tn>161 m., (t) then J, has graph as shown

in Fig. 2f. In this case there are exactly two solutions t1(u) < to(u)
of (2.6) with m/,(t;(u)) < 0 < m!,(t2(u)). Thus there are exactly
two multiples of u which belong to A, namely ¢;(u) € N~ and
to(u) € NT. It follows that J, has exactly two critical points, a
local maximum at ¢ = ¢;(u) and a local minimum at ¢ = t3(u).
Furthermore J, is increasing in (0,t¢1), decreasing in (¢1,t2) and
increasing in (t2,00), as in Fig. 2f.

Case 4.2 : If A(u) > 0 then (2.6) has a unique solution and .J,, has graph as
shown in Fig. 2e. Thus there is a unique value t(u) > 0 such that
t(u)u € N. Since m! (t(u)) > 0, we deduce that t(u)u € N and
consequently J,, has a unique critical point which is a local minimum
as shown in Fig. 2e.

It comes out from this calculation that
Proposition 2.4. (i) If either AT NBy NET # 0 or
AT i={uc ATNBTNET; A(u) <m>axmu( N
then NTNET #£0.

(ii) If either Ay NBTNET £ 0 or AT #0 then N™NET £ 0.
(iii) IfA~ :={ue A" NBNE ; Au )>m1nmu t)} # 0 then NTNA~ # 0.

(iv) If A= # 0 then N— N B~ #£0.

A simple calculation shows that the maximum of m,, in case I is

max m,(t) = <q—p> (p—?“)q ) E(U)Z .
t>0 q—r q—r B(u) a—p
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and the minimum of m,, in case IV is
p—r g—r
> (p ) 7 (=E(u)r
1=r)  (-B)t
The maximum (resp. the minimum) of m,, is achieved at the point

)
£ (u) = (Ep WL (“)) i’). (2.7)

q—r)B(u)

t>0

i, () = - (1=

Let us denote
max my, (t)
A= if 2L >0 (2.8)
ued+nBrne+r  A(u)

in case I and

g
A, = inf _ > 2.
* T ueA-nB-ne- Alu) — 0 (2:9)

in case IV. From the previous discussion it follows trivially that:

Lemma 2.5. (i) If \f > 1 then NoNET = 0. (i) If \; > 1 then NonE~ = 0.

3. Local minimizers of J restricted to the Nehari set and to £1

Our purpose in this section is to prove that, under some suitable assumptions
on A%, B* and £*, the functional J is bounded below and achieves its infimum
on some of the sign subsets of A/ described in cases I to IV of Sect. 2. This will
provide us critical points for J, as a consequence of the following well known
result:

Lemma 3.1. Suppose that u is a local minimiser of J restricted to N'. If u & N°
then wu is a critical point of J relative to X.

Proof. Since u is a minimiser of J on N, there exists v € R (Lagrange multi-
plier) such that

J'(u) = YN’ (u). (3.1)
Thus in particular we have
<J/(u)7 u> - 7<Nl(u)7 u>a
which implies that v(N'(u),u) = 0 because 0 = N(u) = (J'(u),u) (since
u € N). Moreover
(V') ) = pB(w) = rA() — aB(w)
— (v - 1)B(w) ~ (¢ - )B(w)
=J/(1).

Consequently, if v ¢ N, that is J!(1) # 0,then v = 0 and we conclude from
(3.1) that w is a critical point of J. O
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Let us rewrite the functional J for v € A in two different forms:

() = (1 - 1) B(u) + (1 - 1) B(u)

SRR G EC

We then observe the following

Lemma 3.2. (a) J(u) >0 for allu € (N~ NA;)UN"NBHUN"NE);
(b) J(u) <0 for allu e Nt NAF)UNTNBy)UNTNE).

Proof. From (2.2) we deduce the following inequalities
(a) If u € N~ then

q—r q—r
q_pA(u) < E(u) < p_rB(u). (3.3)
Hence
J(u) > max { (q — ;)r(; — p) A(’U,), (q — I;)q(: _p)E(U), (q — ];)q(rq — T)B(u)} ,
(b) Similarly, if u € Nt then
q—r q—r
e TB(u) < E(u) < . _pA(u). (3.4)
Hence
J(u) < min { i ;)q(: =) p(u), 4= f;);: ) (), 4= Z)q(f - T)B(u)} .

3.1. Minimizing J along N/t
A first critical point of J can be found on Nt N &Y, provided this set is not
empty and some ”coerciveness” conditions:

Theorem 3.3. Assume that ETNANT £0, A\f > 1 and
(H4) (A7 N Bo)\ {0} € €%,
(H5) At CET.
Then the following local infimum
i:= inf J(u)
ueN+tNET

1s achieved. Furthermore © < 0.

Proof. The fact that i < 0 readily follows from Lemma 3.2(b). First we prove
that AT NET is bounded. Indeed NTNET C Nt N AT because of inequality
(3.4) and, since A{ is a weakly closed cone, we have

that the condition (2.3) of Lemma 2.2 corresponds to hypothesis (H4),
thus we conclude that A" NE™T is bounded. Notice that in particular we have
that ¢ > —oo. To prove that the infimum 4 is achieved take a minimizing
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sequence u,. Since this sequence is bounded there exists some ug € X such
that, up to subsequence, u,, — ug. By using (3.2) we can write

Tun) = (1 - 1) E(un) - (1 - 1) Alun) > — (1 - 1) Aw).

p g r o q r o q

and letting n — +o0o we get A(ug) > —i(L — %)_1 > (. Then it comes then
from (H5) that E(ug) > 0. We claim that u,, converges strongly to ug in X.
Assume by contradiction that u, # ug. We discuss two alternatives :

Alt. 1. B(ug) > 0. Using the previous classification of the fibering maps, the
graph of .J,,, is as the one in Fig. 2b so there exist 0 < ¢ (ug) < t2(up) such that
t1(uo)ug € NTNET, ta(ug)ug € N™NET, J,, is increasing between ¢4 (up) and
ta2(ug) and decreasing elsewhere. Since we are assuming that w,, 4 ug hence
ug € N and therefore t1(ug) # 1. Let us distinguish two cases: (a) 1 < t2(ug)
and (b) 1 > ta(ug) . In case (a) we have

J(t1(uo)ug) = Juo (t1(ug)) < Juo (1) < liminf J,, (1) = lim J(uy,) = 4. (3.5)
Moreover Lemma 2.5 and hypothesis (H4) imply that Ay = {0}. Thus (3.5)
leads to a contradiction because t1(ug)ug € N*NET. In case (b) using that

0= J&O(tg(uO)) < lim inf J{Ln (tg(Uo))

we conclude that J;, (t2(uo)) > 0 for n large. Since 1 is a local minimum of .J,,,
and the graph of .J,, looks like the one of Fig. 2b then it must be 1 < t2(ug),
a contradiction.

Alt. 2. B(ug) < 0. The graph of J, is as the one in Fig. 2e so there exists
0 < t(up) such that t(ug)ug € N* NET and J,, has a global minimum in
t(ug). If t(up) > 1 again we have (3.5), a contradiction. If t(ug) < 1 we use
that

0= J., (t(ug)) < liminf J., (t(ug)),

uo

so then J;, (1) > 0 for n large, which is also impossible because u, € N. [

3.2. Minimizing J along N~
We now look for solutions of J'(u) =0in N™NET.

Theorem 3.4. Let us assume that N~ NET £ 0, A > 1 and
(H6) By \ {0} Cc E*,
Then the following infimum

j:= inf J

I weN e ()

is > 0 and it is achieved.

Proof. We know from Lemma 3.2(a) that j > 0. Observe that any minimizing
sequence is bounded because (H6) implies the hypothesis (2.3) of Lemma 2.2
and the result comes from (ii) of the aforementioned lemma. Assume first that
7 > 0. We claim that there is a strong convergent minimizing sequence for j.
Assume by contradiction that we have a minimizing sequence u,, — ug such
that A(u,) — A(ug), B(un) — B(ug) but u, # ug. If ug = 0 then Lemma



NoDEA On abstract indefinite concave—convex problems Page 13 of 31 20

2.1 will imply that w,, — 0, which is not the case we are assuming now. Thus
ug # 0. We can also prove that B(ug) > 0 by using the fact that u, € €T and

q—r 1 1
o B(uy) = J(uy) (p r) E(uy) > J(uy).
Then passing to the limit we get B(ug) > 0. Consequently, (H6) implies that
E(up) > 0. Now we distinguish two cases according to the sign of A(u).

Alt. 1. A(up) > 0. In this case J,, and J,, look like Fig. 2b. If w,, /4 ug then
to(ug) # 1. We also have that to(ug)ug € N~ NET (we use here that A\ > 1
to assure that to(ug)ug € N, c.f. Lemma 2.5). Furthermore

0= J7/lo (tQ(UO)) < lim inf J;n (tQ(UO)).
Thus J;, (t2(uo)) > 0 for n large. Since t2(u,) = 1 hence t;(uy) < ta(ug) < 1
and we will have

J < Juy(ta(ug)) < liminf J, (t2(ug)) < lim J,, (1) =7, (3.6)

n—-+oo

a contradiction.
Alt. 2. A(up) < 0. In this case J,, and J,, look like Fig. 2c. If u,, /4 uo then
t(ug) # 1. We also have that ¢(ug)ug € N~ NET. Then again we have

J < Ty (t(up)) < liminf J,, (t(ug)) < lirf Ju, (1) =4, (3.7)
n—-—1+0oo

a contradiction.

Let us finally prove that j > 0. If this were not the case then for any
minimizing sequence (which we know that will be bounded) we will have
J(u,) — 0. Then, up to a subsequence, there exists ug € X such that u, — g,
A(un) — A(up) and B(u,) — B(up). From Lemma 3.2(a) we know that
N~ NET C BT and hence the possibility ug = 0 is excluded from Lemma 2.3
and (H6) applied to C' = B, so (2.4) is satisfied. Besides by writing

0= lim J(u,)= lim (1 - 1) E(uy) + C - ;) Bluy)

n—-+oo n—-+oo P T
it comes ( )
. plg—r
lim FE(u,) = B(ugp). 3.8
i Bwn) = 0 Bluo) (3.8)

Thus, if B(ug) = 0 then E(ug) < liI_P E(uy) = 0, a contradiction with (H6).
Hence B(ug) > 0. Furthermore, from (3.8) and

0= lim J(u,) = lim (1 - 1) E(uy) — (1 - 1> Aluy,)
n—-+oo n—-+oo p q T q

r(q—p)
q(p—)
two alternatives: Alt. 1. w,, — wug. In this case J(ug) = 0 and we will have
ug € N7 NET (the possibility of ug € Np is ruled by the constraint A} > 1).
But, according to Lemma 3.2(a), J(ug) > 0, a contradiction.

Alt. 2. u, + up. The maps J,, will look as in Fig. 2b and repeating the
argument of Alt. 1 above we have (3.6) and we reach a contradiction. This
conclude the proof of j > 0. O

it comes A(ug) =

B(ug) > 0. We are going to rule out the following
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4. Local minimizers of J restricted to the Nehari set and to £~

4.1. Minimizing J along N/t
We first look for solutions of our problem in N*T N A~ c Nt NE™.

Theorem 4.1. Assume that Nt NA~ #0, A\ > 1 and
(H7) Ay NBy\ {0} C &

(H8) AgnB~ C&T.

Then the following infimum

l:= inf J(u)
ueN+NA-

is < 0 and it is achieved.

Proof. Tt comes from (H7) and Lemma 2.2(i) that N'* N A~ is bounded and
by Lemma 3.2(a) that [ is negative. Let us prove that this infimum is achieved.
Let wu,, be a minimizing sequence. Since this sequence is bounded, there exists
ug such that u, — ug, A(u,) — A(ug) and B(u,) — B(ug). Thus A(ug) <0,
B(ug) <0 and E(up) < liminf E(u,) < 0. From E(u,) < 0 and

T(un) = (; - i) Eun) + (i - 61]) Blu,)
we infer that
Bluy) < qr_qu(un)

and passing to the limit it comes that B(ug) < 0. In particular ug # 0. Now, if
A(ug) = 0, using (H8) we will conclude that E(ug) > 0, a contradiction. Then
A(ug) < 0 and .J,,, behaves either as in Fig. 2d if E(ug) = 0 or as in Fig. 2f if
E(ug) < 0. Let us discuss this two alternatives:

Alt. 1. E(ug) = 0. In this case E(up) = 0 = liminf E(u,) = 0 so u, — ug
by ( H3). Hence J(ug) = I and also uy € N N A~. Since be in N implies
that E(ug) = = A(uo) by (3.4) and we know that A(ug) < 0 = E(uo), then
clearly ug € Ny, so have ug € NN A~ and we are done.

Alt. 2. E(up) < 0. In this case there exist two values 0 < 1 (ug) < t2(ug) such
that to(ug) > 0 is a global minimum value for J,,, t2(ug)ug € N* N A~ and
Ju, is decreasing between t1(ug) and ta(ug), increasing elsewhere. Notice that
ug & Ny because of condition A\; > 1. Let us assume by contradiction that
Up 7> ug. Then

1< J(ta(uo)uo) = Juy (t2(ug)) < Juo(1) < liminf J,,, (1) = lim J(uy,) =1,

a contradiction. 0
4.2. Minimizing J along N~
Finally we minimize along N~ NB~ C N~ NE™.

Theorem 4.2. Assume that N~ NB~ #0, A\, > 1, (H7) and
(H9) AgnBy \ {0} Cc ET.
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Then the infimum

k= inf  J(u)
ueN-NB-

s achieved and it is positive.

Proof. By Lemma 3.2(a) the value k£ > 0. Since N~ NB~ € A~, Lemma 2.2(ii)
and (HT7) imply that any minimizing sequence is bounded. We claim that any
minimizing sequence u,, possesses a convergence subsequence. Indeed, assume
Up — g, A(u,) — A(ug) < 0 and B(u,) — B(ug) < 0 and that w, 4 ug.
Since u, € N~ we have E(u,) < T B(un) < 050 E(ug) < 0. Let us assume
first that & # 0. If ug = 0 then from Lemma 2.1 it comes that u,, — 0 and
therefore 0 = lim J(u,) = k, a contradiction. Thus ug # 0. From hypothesis
(H7) and (H9) we must have uy € A~ N B~. Hence J,, looks like Fig. 2f if
E(ug) < 0 or like Fig. 2d if E(ug) = 0. Let us to discuss this two alternatives.
Alt. 1. E(up) = 0. As we have E(ug) = 0 = liminf F(u,) then u, — ug.
Hence, using that u, € N and passing to the limit we find 0 = F(ug) =
A(ug) + B(up) < 0 so it must be A(ug) = B(ug) = 0, a contradiction with
(HT7) or (H9). We have ruled out this alternative.

Alt. 2. E(ug) < 0. Thus there exists 0 < #1(ug) < t2(ug) such that ¢ (ug)ug €
N~ and t1(u,) = 1. We have used here that t1(ug)ug &€ Ny because of the
hypothesis A\, > 1. Let us assume by contradiction that w,, /4 ug. Hence

0= Ji[to (tl(uo)) < lim inf J{L” (tl(uo))

which implies that .J;, (t1(ug)) > 0 for n large. Thus t1(ug) < 1 or t1(ug) >
to(uy) because J,,, looks line Fig. 2f. In the first case we have

k< J(tl(UO)Uo) = Juo(tl(’uO)) < lim inf Jun (tl(UQ)) < lim inf Ju,,(l) = k,

a contradiction. In the second case let us suppose, up to a subsequence, that
ta(uy,) converges to some s € [1,¢1(ug)]. We have

Jo,(8)) < liminf J}, (t2(un)) =0,

which is a contradiction because J, > 0 on (0,t1(up)). We have just proved
that the minimizing sequence converges strongly and consequently the infimum
k is achieved.

To finish the proof let us check that k£ > 0. Assume by contradiction that
k = 0 and take u,, a minimizing sequence. Since u,, is bounded (as above) then
we can assume that u, — ug for some ug. We have B(ug) < 0, A(ug) < 0 and
up € & . It follows from Lemma 2.3 and (H9) that uy # 0 and from the fact
that u,, € N~ we have

pgr

Alun) > 30— p)

J(up).

Hence passing to the limit we get A(ug) = 0. Thus ug € Ao N By NE; which
contradicts (H9) if B(ug) # 0 or (H7) if B(ug) = 0. O
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5. On various conditions for coerciveness and existence results

5.1. On the coerciveness of E restricted to .Af)t and B(:,t
We want to give in this section some variational conditions on E, A, B that
would imply hypothesis (H4)—(H9). Those conditions will concern the following
constants of coerciveness
iT(A) = inf {E(u) ; Au) = £1},
it (B) =:inf {E(u) ; B(u) = £1},

Jo(A) :==inf{E(u); A(u) =0,u € S},
Jo(B) :=inf {E(u) ; B(u) =0,u € S}.
Recall that S is the unit sphere of X. We give below and existence and mul-

tiplicity result for the equation J'(u) = 0 in terms of the constants jo,i*.

(5.1)

(5.2)

Theorem 5.1. Let us assume hypothesis (H1) to (H3).
(i) IFANF>1, NTNET #£0, it (A) > 0 and either jo(A) > 0 or jo(B) > 0
then there exists at least one solution of J'(u) =0 in N*TNET.
(i) IfANF > 1L, N-NET #0, jo(B) >0 and i™(B) > 0 then there exists at
least one solution of J'(u) =0 in N~™NET.
(iii) If Ay > 1, Nt N A~ # 0 and either
(1) jo(A) >0 and i~ (A) >0 or
(2) jo(B) >0 and jo(A) >0 or
(3) jo(B) >0 and i~(B) > 0,
then there exists at least one solution of J'(u) =0 in NTNA~ C NTNE™.
(iv) If \; > 1, N NB~ # 0 and either
(4) jo(A) >0 and jo(B) >0 or
(5) jo(A) >0 and i~ (A) >0 or
(6) jo(B) >0 and i~ (B) >0,
then there exists at least one solution of J'(u) =0 in N~NB~ C N NE™.

We left the proof to the reader. In the next proposition we give a varia-
tional characterization of i*(A) and i*(B).

Proposition 5.2. Let us assume hypothesis (H1) to (H3). Assume that jo(A) >
0 and that i*(A) € IR. Then there exits o+ € X satisfying A(p+) = £1 such
that

E'(ps) = Bt (A)A (pr).

Similarly, if jo(B) > 0 and i*(B) € IR then there exits ¢+ € X satisfying
B(¢+) = £1 such that
D.
E'(¢+) = gli(B)B/(GH)-
Proof. We only prove the first part. If u,, € X with A(u,) = 1 is a minimizing
sequence for, say, iT(A) then the sequence u,, is bounded. Indeed, otherwise if
we take v, := HTZ—"H hence, up to a subsequence, there exists vy € X such that

vp, — vg, A(v,) — 0 and E(v,) — 0. Notice that vy # 0 because otherwise it
will follows from 0 = E(vg) < liminf F(v,) = 0 and (H3) that v, — 0. This
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is impossible since ||v,| = 1. We then have vy # 0, A(vg) = 0 and E(vy) <
liminf E(v,) = 0, a contradiction with the hypothesis jo(A) > 0. We have
just proved that u, is bounded. The proof that i"(A) is achieved is standard
and we omit it here. Let us denote by ¢4 an element of X where the infimum
is achieved. From the Lagrange multipliers rule it follows that there exists
A € IR such that E'(p4) = AA’(p4). By testing this last equation against ¢
and using the different homogeneities of F and A we get the result. d

Remark 5.3. As a matter of fact the constraint A(u) = 1 in the definition of
it (A) :=i"(A,1) can be replaced by, say, A(u) = ¢, where ¢ in any positive
number. In that case, it is trivial to prove that it (A, c) = ¢7it(A,1). A similar
statement can be formulated for i~ (A) and i*(B).

Remark 5.4. We can easily prove that jo(A) and jo(B) are achieved provided
they are finite and jo(A, B) := inf{F(u) ; A(u) = 0,B(u) = 0,u € §} > 0.
However we can not give a variational formulation of any of them mainly
because, in general, we don’t know if the set A=1({0}) (resp. B~1({0})) is a
manifold.

5.2. On the coerciveness of E and a principal eigenvalue

In this section we look for sufficient conditions implying (H4) to (H9) in terms
of the first eigenvalue of the operator E. Precisely, let us assume the following

(H3)' (Y, || - ||y )a Banach space s.tX is cont. one-to-one embeded onY,
X — Y is compact and u — |u||} is Fréchet differentiable.

Let us denote x(u) = [lu||}-. Then it is straightforward from (H2)—(H3)’ that
A :i=inf {E(u) ; ||ully =1} (5.3)

is > —oo and it is achieved. Moreover, if E(p) = A1 and ||¢|ly = 1 then, by
Lagrange multiplier rule, E'(¢) = A1 x'(¢).

We can give now the following sufficient conditions in terms of A; to
assure (H4)—(H9). Notice that the following conditions are stronger than the
ones in terms of i*(A), i*(B) etc. Let us also stress here that A\; > 0 is
equivalent to & \ {0} = 0 and therefore (H4) to (H9) are trivially satisfied.
Hereafter we denote

By, ={p e X \{0}; E'(¢) =X (¥)}-
We have

Proposition 5.5. Let us assume (H1) to (H8) and Ay = 0. Then

(a) E,\lm.AarﬁBO:@@(HZL
(b) Ex, CA™ = jo(A) >0,i"(A) > 0= jo(A) >0 and (HS),
(¢) E\ CB™ = jo(B)>0,i"(B) > 0= (H6).

Proof. We only prove (b), the proof of the other cases are similar. Trivially
iT(A) > A1 =0 and jo(A) > Ay = 0. Assume by contradiction that it (A4) =0
and let u, € X with A(u,) = 1 be a minimizing sequence for it (A). If the
sequence u, is bounded then, up to a subsequence, u,, — ug for some ug € X.
Hence A(ug) = 1 (so in particular ug # 0) and E(ug) = i*(A) = 0. Hence
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U, U
0=XN =F (O) SO 0 s an eigenfunction associated to A; and

[uolly [[uolly
we have again a contradiction with the assumption of (b). Thus the sequence
(up,) is unbounded. Let us take v, := ﬁ; hence there exists vg € X such
Un

that, up to a subsequence, v,, — vg, A(v,) — 0 and E(v,) — 0. Notice that
vo # 0 because otherwise it will follows from 0 = E(vg) < liminf E(v,) = 0
and (H3) that v,, — 0. This is impossible since ||v, || = 1. We then have vy # 0,
A(vg) = 0 and E(vg) < 0. By using the inequality

0=\ <E ( Yo >
HUOHY

we deduce that E(vg) = 0 so vy belongs to E),, a contradiction with the
assumption of (b). The proof of jy(A) > 0 rules similarly. O

We can obtain two more solutions of J'(u) = 0 in the case A\; < 0, that
is, when £~ # ). To do so, let us assume in this case that

(H3)" oy (E):={ e R; Juec X\ {0}, E'(u) = A (u)} C {\}U]0, +o0].
We have

Proposition 5.6. Let us assume hypothesis (H1) to (HS8). Then

(a) jo(A) > 0= (HS8) and (HY),
(b) jo(B) >0= (H4) and (H7).

Let us assume also hypothesis (H3)" and (HS8)". Then

(¢) jo(A)>0and Ex, C A~ = (H4) and i*(A) > 0= (H4) and (HS5),
(d) jo(B) >0 and E\, C B~ = (H4) and it(B) > 0= (H}4) and (HS).

Proof. (a), (b) are trivial. We only prove (c¢) as the proof of (d) is similar. Let
us denote

d = inf{E(u); A(u) >0,|ully =1}

and prove that d > 0. Clearly d > 0 = (H4). Since for all © € X satisfying
A(u) =1 we have E(W) > d, the conclusion iT(A) > 0 will follow, and also
(H5).

First we claim that d is achieved. Indeed, if u,, is an admissible sequence
with E(u,) — d then we can prove that the sequence is bounded (otherwise
the sequence v, = e will satisfy E(vy,) — 0,|lvplly — 0, so, up to a
subsequence, v, — 0, in contradiction with (H3) and the fact that ||v,| =
1). Let ug € X be such that u, — wug. Thus A(ug) > 0,|ug|ly = 1 and
consequently d < E(up) < liminf F(u,) = d. We have proved that E(ug) = d
and d is achieved. If A(ug) = 0 hence d > jo(A) > 0 and we are done. If
A(ug) > 0 hence

d=inf{E(u); A(u) > 0,||ully =1}
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and d is then a local minima of E under the constrain |ju||y = 1. By Lagrange
multiplier rule, there exists A € IR such that E’(ug) = Ax'(uo). By evaluating
this equation at uy we readily obtain

pd = pE(uo) = (E'(uo), uo) = Ax'(uo), uo) = pA.
Since Ey, C A~ then A # Ay and therefore d = A > 0 by (H3)". O

We can now give the first main existence result of this section. This result
generalizes Theorems 4.8 and 5.7 of [16].

Theorem 5.7. Let us assume hypotheses (H1) to (H3)'.

(i) Assume that N* N ET £ O and N\f > 1. If either \; > 0 or \; = 0 and
E), CA™ NB~ then there exists at least two solutions of J'(u) = 0.

(ii) Assume that Nt NEY # 0 and \f > 1. If \; =0 and Ex, C A~ N B
then there exists at least one solution of J'(u) = 0.

(iii) Assume that NTNA-#0, N=NB~ #0 and \; > 1. If jo(A) > 0 and
Jo(B) > 0 then there exist at least two solutions of J'(u) =0 in E~.

(iv) Assume (H3)", NTNET # 0, \f > 1 and \y < 0. If jo(A) > 0 and
E\, C A~ then there exist at least one solution of J'(u) =0 in ET.

(v) Assume (H3)", NE*NEY # 0, \f > 1 and A\ < 0. If jo(A) > 0,
Jjo(B) >0 and Ex, C A~ N B~ then there exist at least two solutions of
J'(u)=01inET.

Proof. (i) Clearly we have (H4), (H5) and (H6) from Proposition 5.5. Thus
the local minimum of Theorem 3.3 provides us a first solution of J'(u) =
0. Since we also have (H6), a second solution comes from Theorem 3.4.

(ii) We have (H4) and (H5) from Proposition 5.5 (a)-(b). Thus the local
minimum of Theorem 3.3 is a solution of J'(u) = 0.

(iii) From (a) and (b) of Proposition 5.6 the hypotheses (H7), (H8) and (H9)
hold. Then we get two solutions from Theorems 4.1 and 4.2.

(iv) From (c) of Proposition 5.6 the hypotheses (H4) and (H5) hold. Then we
get one solution from Theorem 3.3.

(v) From (c) and (d) of Proposition 5.6 the hypotheses (H4), (H5), (H6) and
(H7) hold. Then we get two solutions from Theorems 3.3 and 3.4. O

5.3. A variational characterization of )\it

We have proved in the previous section the existence of four solutions of the
equation J'(u) = 0 provided Af > 1, where AT has been defined in (2.8) and
(2.9). Let us here give some variational characterization of these values. For
the sake of simplicity let us denote
Oz::p_r7 B:= q—p7
q-—r q-—r

so it holds
0<a,0<1, a+p=1, qa+7r8=np.
Observe that
(AHP = pPainf{E(u); ue EY NATNBY, A(u)’B(u)* =1},
(AD)? =pPainf{-E(u); uc ENA NB™, (—A(u)?(—B(u)* = 1}.
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Proposition 5.8. Let us define
Jo (A,B) :==inf {E(u) ; u € Af NBy NS} (5.4)
Jo (A,B) :==inf {E(u); ue Ay NBy NS}. (5.5)

If i (A, B) > 0 then \f is achieved. Furthermore, for any u € X where A} is
achieved we have

By = B/ 4 (@805

AQw) (u) Blw) B'(u) (5.6)

A similar result holds for A\, under the constraint j, (A, B) > 0.

Proof. fu,, € AT NBTYNET with A(u,)? B(u,)® = 1is a minimizing sequence
for A and (u,,) is bounded then, up to a subsequence, u,, — g for some ug €
X that will satisfy A(ug)®B(ug)® = 1, so ug will be admissible in the infimum
and then it is achieved. If ||lu,|| goes to +oo then for v, = Tui We will have,

up to a subsequence, v,, — vg for some vy € X, A(v,)?B(v,)® = —0

_1
[

and E(vg) < liminf ﬁ:ﬁz = 0. We can rule out the possibility vy = 0, since
in this case E(vg) = 0 = liminf E(v,) and then, from (H3), v, — vy which is
impossible because ||v,|| = 1. Thus vy € & NAJ NB, a contradiction with the
constraint jg (A, B) > 0. Let us denote ®(v) := A(v)?B(v)® and observe that

®~1{1} is a C'-manifold. By Lagrange Multiplier rule we have that for any
5

w e &1(1) with E(u) = 207 there exits € R such that B'(u) = @' (u).

Testing this identity at u we have

(B (u), u) = u(BB(w)* A(u) (A" (u), u) + aA(u)’ Bu)*"H{B'(u),u))

that is pE(u) = u(rf + qa) = pp and the identity (5.6) follows after a simple
computation. O

Remark 5.9. As in Proposition 5.5 one has

(i) M >0=ji(A,B) >0,
(ii) If Ay =0 then
(1) Ex, NAF NBf =0 = jf (A B)>0.
(2)Ex, N A; NBy =0=j;(A,B) > 0.
Let us show that, in a particular case, the variational equation (5.6) is
equivalent to the equation J'(u) = 0. By equivalent we mean here that a

multiple of a solution of (5.6) is a solution of J'(u). Let us observe that if
¢ € X \ {0} is a solution of (5.6) and we denote for simplicity

a(\+\6 B(\+\B
b B0 0/ 00) -
A(p) B()
then for any ¢ > 0 the function v = cyp satisfies
E'(v) = dyc® " A'(v) + doc?" 9B’ (v).

Thus we have the following result
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Proposition 5.10. Assume that ji (A, B) > 0 and that

(AP = (g)ﬁ. (§>a (5.8)

Then there exists a solution of J'(u) = 0 satisfying u € ATNBT. The constant
Cpgr ‘= (2)5.(5)0‘ is > 1.

A similar result can be state for A\f if j; (4, B) > 0.

Proof. Recall that J'(u) = 0 if and only if E'(u) = 2A(u) + EB'(u). Let
© € X be a point where A+™ is achieved. A simple computation shows that
we can choose ¢ > 0 such that cp is a critical point of J, that is, dycP™" = g
and docP™ 1 = 5 if and only if

and using the fact that a + 3 = 1, A(p)’B(¢)* = 1 and (5.7) we get (5.8).
Let us write
q;r B IZ %71 g 17%
(par) N (r) (r) '

In(cpgr) = (g - l)lng +(1- g)lng =(@—-1hy—(y—1)Inz,

One has
qg—r

where we have put x := £ and y := 2. Using the fact that the function
f(z):= infl is strictly decreasing for z > 1 we conclude that “=.1In(cpq.) > 0

and therefore the constant ¢, > 1 as claimed. O

Remark 5.11. Notice that, if (5.8) holds, we can not distinguish the solution
of the problem J'(u) = 0 obtained in Proposition 5.10 from the one obtained
in Theorem 3.3 or the one in Theorem 3.4.

6. Existence results for quasilinear problems

6.1. Existence and multiplicity results for Problem I

Let © C RN be a bounded smooth domain of class C** (0 < a < 1) with
outward unit normal v on the boundary 09Q. Let V € L*®(Q) and (a,b) €
(C#(09))?, for some s € (0,1), and allow them to change sign. The exponents
r,q to satisfy 1 <r < p < ¢ < p, where p, = 65,]\1;)142 the critical exponent for
the trace embedding; p denotes the restriction to 02 of the (N — 1)-Hausdorff
measure, which coincides with the usual Lebesgue surface measure as 02 is
regular enough. Finally let the number A\ be a positive parameter.

Take X = WP(Q) with the usual Sobolev norm || - [/ ,. Solutions of
Problem I are understood in the weak sense, that is,

/(\Vu|p_2VquO+V(m)|u|p_2ug0) :/ (Aalu|""2u+blu|*"?u)p dp. (6.1)
Q o0
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Vo € WHP(Q). Let us consider
E(u) = / (IVul? + V(@)ul) dz, A(u) = A / a(p)ul" dp,
Q oN

B = [ vt dp.

and the energy functional

I = SB(w) ~ LA - £ Bw)
1 p p x_i a ’LLT _1 Uq
= L avur vy de=2 [ ol dp— [ bl dp

It is clear that solutions of Problem I are positive critical points of J. It is
also clear that A, B satisfy (2.1) and hypothesis (H1) since the trace opera-
tors WHP(Q) — L™(98, p) and WP (Q) — LI(95, p) are compact (remember
that r,q < p.). Hypotheses (H2) and (H3) are well known properties of the
p—laplacian operator, c.f. [18].

Let us consider the compact embedding W1P(Q) — Y = LP(Q) and
denote || - ||, the Lebesgue norm of LP(£2). The eigenvalue A1 defined in (5.3)
takes the following expression:

A1 = inf {/ (|Vul? + V(z)|ulP) dz ; uw € WHP(Q), [|lull, = 1}
Q

and it corresponds to the least eigenvalue p of the following eigenvalue problem
with Newman boundary conditions :

{ —Apu+ V(x)|ulP~?u = plu/P~'u in Q,

|Vu|p*2% =0 on 99. (62)
ov

This problem should be understood in the weak sense, that is, for all ¢ €
wWir(Q)

/ (IVulP2VuVy + V(2)|ulPup) dz = u/ |ulP~?ugp da. (6.3)
Q Q
It is known (c.f. [6]) that A; is simple and isolated in the sense that

inf {s > A1 ; p solves (6.3) for some u € W'P(Q)\ {0}} > Ay.

We then have that hypothesis (H3)’ is satisfied and that E}, is of dimension
1. We will denote by 7 the unique eigenfunction of LP-norm equal to 1 asso-
ciated to A;. It is also known that ; is sign definite and never vanishes in €.
Furthermore, there is a second eigenvalue Ao for problem (6.2) and it can be
characterized as

Ao = inf {p > Ay 5 g solves (6.2) for some u € W'P(Q)\ {0}}. (6.4)

In order to apply Theorem 5.7 we are going first to determinate under
which conditions on a, b, V' the Nehari sign-sets used in Theorems 3.3, 3.4, 4.2,
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4.1 are non empty. For this purpose we will use Proposition 2.4 of Sect. 2. Let
us denote

I ={peco;alp) 20}, Ti:={pecaQ;blp) =0},
Too:={p€d; alp) =0}, Tpo:={pecdQ; b(p)=0}.

Lemma 6.1. (1) T #£ 0.

(2) If T £ 0 then NTnNET £ 0.

(3) If T #0 then N NET #0.

(4) If T, NT, #0 then NTNA~ £ 0 and N~ NB~ #0.

Proof. The proof of (1) is trivial and we only prove (2), the proofs of the other
cases are similar.

(2) We distinguish two cases:

Case a) I'f N (', UTy0) # 0. In this case we can construct a C°° function
v in 9 such that A(v) > 0 > B(v). Let u € WHP(Q) having v as its trace.
Let £ be a C*° cut function such that 0 < ¢ < 1, £ = 1 in a small ball
B(zg,7) C  where |u| > ¢ for some ¢ > 0, £ = 1 in a neighbourhood 5 :=
{z € Q; dist (x,00) <6} of 9Q, and £ = 0 in Q\ (B(z,2r) U Q). We can
assume that

& / Ve > / € ((Vaf? + V]ul?) (6.5)
B(xzg,2r) B(zo,2r

which implies that E(u) > 0. Thus u € AT NB; NET and from Proposition
2.4 (i) we infer that N T NET £ ().

Case b) If I'f C I'} the construction of u and £ runs similarly, starting with
v € C*(09) such that A(v), B(v) > 0. The cut function & can be chosen in
such a way that (6.5) is satisfied as well as

q—r

=0 < (1) (20) B s

SIS

Thus éu € AT and the conclusion follows from (i) of Proposition 2.4. O

We remember here the coerciveness values defined in (5.1), that in our
case will be

jola) i= inf{ [ s v@mes [ aur=o ||u||1,p=1},
Q o0

Jo(b) = inf{/ VP + V (@)|ul? / blul? = 0, [ull 1, = 1}.
Q o0

Finally let us recall the definitions (2.8) and (2.9) and write for sake of sim-
plicity
max my, (t)

. i >0
Het wEA+NB+NET Auw)
by
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and
i t
P g )
T ueA-nB-ne- @

which do not depend on .
We can now reformulate Theorem 5.7 as the following existence and mul-
tiplicity result for Problem I.

Theorem 6.2. (i) Assume that Tf # 0 and T} # 0. If either \; > 0 or
A =0 and [yqap] < 0, [,obel < 0 then there exists at least two
solutions for any A € (O,u;l).

(ii) Assume that T} # 0. If \y = 0 and [, ap} < 0 then there exists at least
one solution for any A € (0, ,u;l).

(iii) Assume that T'y NT, # 0. If jo(a) > 0 and jo(b) > 0 then there exist at
least two solutions in E~ for any A € (0,/[1).

(iv) Assume that Tf # 0. If Ay < 0 < Ay, jo(a) > 0 and [, ap} < 0 then
there exist at least one solution in ET for any A € (0, u;")

(v) Assume that T} # 0 and T} # 0. If \1 < 0 < Ao, jo(a) > 0, jo(b) > 0,
faﬂ ap] <0, and fag bpl < 0 then there exist at least two solutions in
ET for any A € (0,13 ").

In particular we have from cases (iii) and (v) that

Corollary 6.3. Assume that Tf # 0, T)F #0 and Ty NT, £ 0. If A\ <0 < Ag,
jo(a) >0, jo(b) >0, [,oapi <0, and [y, be] < 0 then Problem I possesses
at least 4 solutions for any A € (O,min{,u_;l,,u:l}).

Proof of Theorem 6.2. The existence of weak solutions in each of the 4 cases
have already be done in Theorem 5.7. Since each solution comes as a local
minimizer of J along the sign subsets of the Nehari set and all of these subsets
are invariant by taking the absolute value of a function u, we can assume that
all these critical points are > 0. Besides the result of [6, Theorem A.1] implies
that all solutions are bounded and the regularity result of [14] gives that they
are of class C1%(Q) for some a € (0, 1). Finally the Strong Maximum principle
of [20] insures that non negative solutions of the problem are >0 on Q. [

Remark 6.4. Unfortunately we are not able to replace the conditions jy(a) > 0
and jo(b) > 0 by, say, a condition related to some suitable eigenvalue. We just
remark that both jo(a) > 0 and jo(b) > 0 imply that AP > 0, where AP denotes
the first eigenvalue of —A, + V|u|P~2u with Dirichlet boundary conditions.

Remark 6.5. In the case @ > 0 (resp. b > 0) and a "nice” zero set I', o one
should be able to relate the condition jo(a) > 0 (resp jo(b) > 0) with the
positivity of the first eigenvalue of —A,u + V|u[P~2u over WhP(Q, T, ) =
{ue WhP(Q); u=00n dQ\ .0}, as was done in [7, Proposition 11].
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6.2. Existence and multiplicity results for Problem IT

Let © C RN be a bounded smooth domain of class C** (0 < a < 1) with
outward unit normal v on the boundary 99Q. Let a,V € L*(Q) and b €
C*#(09) for some s € (0,1) be possibly indefinite and the exponents r,¢q to

satisfy 1 < 7 < p < ¢ < px where p, = f}(ﬁ;)l) and let the number A be a

positive parameter. Take X = W1P(Q) with the usual Sobolev norm || - |1,
the operators

E(u) =/ (IVul? + V(@) ulf) dz,  A(u) =X [ a(z)lu]" dz,
Q Q
B(u) = [ b(p)[u|?dp,
o0
and the energy functional
1 1 1
J(u) =-FE(u) — —A(u) — =B(u
(u) . (w) = —Au) . (u)

1 P P _2A a(x)|u|” x—l ul?
=~ [ avar + V@) de =2 [ a@llde= 2 [ sl ap

p
A, B satisfy (2.1) and hypothesis (H1) since the embedding W1?(Q) — L"(Q)
and the trace operator W1P(Q) — L9(9,p) are compact (remember that
r,q < px < p*). Solutions of Problem II are understood in the weak sense,
that is,

/ (IVulP2VuVe + V(2)|ulPup) = / Aa|u|""2up d +/ blu|T%up dp,
Q Q a0

(6.6)
for all ¢ € WP(Q). Similar to the previous case, (H2) to (H3)” are also
satisfied with A, defined in (6.2) and A, as in (6.4). Let us consider again the
compact embedding W1P(Q) — Y = LP(Q) so the eigenvalues A\; and Ay have
been already defined for Problem I. Let us denote

Qf = {recQ;alx) =20}, TFf:={pcoQ;blp)=0}.
We study now the sign-sets associated to J.

Lemma 6.6. (1) T #0.

(2) If QF £ 0 then Nt nET £ 0.

(3) If T #0 then N—NET #0.

(4) If Qy #0 and Ty #0 then NTNA- #0 and N™ N B~ # 0.

Proof. (2) We can easily construct a C°° NW,*(2) function & with support
on a small ball where a > 0 such that E(£) > 0.

(3) Let v € C* be a function defined in 0Q such that B(v) > 0 and let
u € WHP(Q) having v as its trace. Let £ be a C* cut function such that
0<&<1,£=11in asmall ball B(xg,r) C Q where |u| > ¢ for some
¢ >0, ¢ =1 in a neighbourhood Qs := {x € Q ; dist (z,0Q) < §} of 99,
and £ = 0 in Q\ (B(z,2r) UQys). We can assume that

f/ \WWZ/ EP(Val? — V]ul?)
B(zo,2r) B(zo,2r)
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which implies that E(£u) > 0. Thus éu € B NET and from Proposition
2.4 (i) we infer that N'*T NET #£ (.

(4) We prove that A~ # ). Let 0 < v € C'™ be a function defined in 9 such
that B(v) < 0 and let u € W1P(Q) having v as its trace. We can assume
that u > 0 by replacing u by |u| if necessary. If A(u) > 0 let us take a
function 0 < w € Wy (Q) with support in € such that

/ aw” < —/ au”
o) Q

which implies that A(u + w) < 0. Hence replace u by u + w, which also
has v as trace. Let £ be a C*° cut function such that 0 < ¢ <1, =1
in a small ball B(zg,r) C Q, where |u| > ¢ for some ¢ > 0, { = 1 in
a neighbourhood Qs := {z € Q ; dist (z,0Q) < &} of 9Q, and £ = 0 in
Q\ (B(x,2r) USys). We can assume that

cp/ Vel 2/ S (IVul” = Vul?)
B(xzo,2r) B(xo,27)

which implies that E(£u) > 0. The cut function £ can be chosen to satisfy
also

wor>~(522) (55)” e e

Thus £u € A™. The proof of the other case is similar. O

We keep here the same notation for the different coerciveness constants,
although they read now as follows

jola) i= in { [1wur v s [ aful =0l = 1} 7
Q Q

Jolb) = inf{ [ s v [ b|uQ=o,u||1,p=1}.
Q o0

We left to the reader the expressions of p* in terms of the operators E, A, B.
We can now formulate an existence and multiplicity result for Problem II. We
generalize some results of [10,17] where this problem was studied for V = 0,
a=b=1.

Theorem 6.7. (i) Assume that QF # 0 and T} # 0. If either Ay > 0 or \; =
0 and fQ apl <0, faﬂ bpl < 0 then there exists at least two solutions for
any X € (0, u7").

(ii) Assume that QOf # 0. If \y = 0 and [, ap] <0 then there exists at least
one solution for any A € (0, ,uj_l).

(iii) Assume that Q; # 0 and Ty # 0. If jo(a) > 0 and jo(b) > O then there
exist at least two solutions in £~ for any A € (0, u~").

(iv) Assume that QF # 0. If Ay < 0 < Ao, jo(a) > 0 and [, ap] < 0 then
there exist at least one solution in ET for any X € (O,u;l)
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(v) Assume that QFf # 0 and T} # 0. If A1 < 0 < Aa, jo(a) > 0, jo(b) > 0,
fQ apt <0, and faﬂ bl < 0 then there exist at least two solutions in ET
for any \ € (O,/@l).

The proof of this theorem comes from Theorem 5.7 and the regularity
results quoted in the proof of Theorem 6.2.

Corollary 6.8. Assume that QF # 0 and T # 0. If \y < 0 < X2, jo(a) > 0,
Jo(0) >0, [, apt <0, and [, bp] < 0 then there exists at least 4 solutions of
Problem II for any A € (0,min{pu )"t u='}).

Remark 6.9. In [10,17] the authors also proved non-existence of solutions for
large values of \. To our knowledge this is an open problem in the non coercive
case.

6.3. Existence and multiplicity results for Problem ITI
Let us now discuss the solvability of
A2u — clulP~?u = Xa(x)|u]""?u + b(x)|u]??u in Q
u=Au=0 on 0N).
The open bounded set 2 C IR" is assumed here to have a Lipschitz boundary

and a,b, € L*°(Q) and ¢ € IR. By a solution of this problem we mean a function
uw e W2P2(Q) N WP () such that

/ |AuP2AuAp = / (cluP~?u + Aa(z)|u]""?u + b(z)|u|"*u) ¢  (6.7)
Q Q
holds for all ¢ € W2P(Q) N W, (Q). Here V,a,b € L®(Q) and 1 < r < p <

q < p**, where

N N
= Np— o if p< Ex p** := +o00 otherwise,

is the critical Sobolev exponent for W2P(Q). The space W () := W2P(Q) N
W, P(2) endowed with the equivalent norm

[ullw = [|Aull,

is reflexive uniformly convex Banach space. Take X = W (Q),

B(u) = / (Auf = clup?) dz, A(u)

Q
:A/Qa(x)wdx, B(u):/ﬂb(x)|u|qu,

and the energy functional
1 1 1
J(u) =-FE(u) — -A(u) — =B(u
(u) , (w) = —Au) . (u)

1 1
_ 7/ (JAuf? — clul?) dx—ﬁ/ a(x)|u|rdx—f/b(x)|u\qdp.
pJa rJa q.Ja
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It is clear that A, B satisfy (2.1) and hypothesis (H1) since the embedding
W(Q) — L"(Q) and W(Q) — LI(2) are compact (because r,q < p**). Thus
(H1), (H2) and (H3) hold.
The coerciveness of E depends on the position of ¢ with respect to the
first eigenvalue of the following p—bilaplacian problem
{A%u = plulP~tu  in Q,

u=Au=0 on 0f, (6.8)

with weak formulation
/ |AuP72 Aul de = u/ lulP2upde Vo € W(RQ).
Q Q

According to [9] there exists A\; > 0 a least eigenvalue of (6.8), and this eigen-
value is principal, isolated and simple. Furthermore it holds

A = inf{/ |Aul” 5 w e W(Q), |lull, = 1}-
Q

Let @1 > 0 with ||¢1]|, = 1 be an eigenfunction associated to A;. Denote by
Ao = inf{X > A1 ; A solves (6.8)}.

The fact that As € IR is an eigenvalue of the Dirichlet p-bilaplacian and the
existence of a sequence of eigenvalues is proved for instance in [19]. Finally let
us denote

Qf ={ze€Q;alx) 20}, Qf :={zrecQ;bx) =0}
Qoo ={xeQ; alr) =0}, Qo:={xeQ; blx)=0}
Lemma 6.10. (1) & # 0.
(2) If QF #0 then NTNET £ 0.
(3) If Qf #0 then N=NET #0.
(4) If Q; NQy #0 then NTNA- #0 and N~ NB~ #0.
Proof. (2) We distinguish two cases:
a) QFN(Q, UQo) # 0. In this case we can construct a C*°NW(2) function
v with support in a small ball B(zg,2r) C QF N (2, U Qo) such that
A(v) > 0> B(v). Let € be a C* cut function such that 0 < £ <1, £ =1
in B(xg,r) C Q where |v| > ¢ for some € >0, £ =0 in Q \ B(zo,2r). We
can assume that

e / NS / € (AP + clof?) — 2 / Vol [VEP  (6.9)
B(xo,2r) B(zo,2r) Q

which implies that E(¢v) > 0. Thus éu € AT N By NET and from
Proposition 2.4 (i) we infer that Nt N ET # 0.

b) If QF C Q;r the construction of v and ¢ is analogous to the previous
case, starting with v € C*°Q) such that A(v), B(v) > 0 with support in
a small ball B(xg,2r) C QF. The cut function £ can be chosen in such a
way that (6.9) is satisfied as well as

A(gv) < (q_p) (p_r> Lk ——

q—r q—r B(¢v)a—r t>0
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The proof of the other cases are similar.

The coerciveness constants are now

jo(a) := inf {/ |[Aul? — clul? ; / alu|” =0, ||lullw = 1} ,
Q Q
Jo(b) := inf {/ |[Aul? — clul? ; / blu|? =0, [|ullw = 1}
Q Q

and one also has to rewrite the constants u* in terms of the operators E, A, B.
By applying Theorem 5.7 we get

Theorem 6.11. (i) Assume that QF # 0 and Q; # 0. If either ¢ < A\; or
c= A1 and [, a9l <0, [,bp] <0 then there exist at least two solutions
for any X € (0, u3").

(ii) Assume that QF # 0. If c = X1 and [, ap] < 0 then there exists at least
one solution for any A € (0, ,ujrl).

(iii) Assume that Qy N, # 0. If jo(a) > 0 and jo(b) > 0 then there exist at
least two solutions in E~ for any A € (0,/[1).

(iv) Assume that QF # 0. If Ay < ¢ < g, jo(a) > 0 and [, ap] < 0 then
there exists at least one solution in ET for any X € (O,u;l)

(v) Assume that QF # 0 and QF # 0. If My < ¢ < A2, jo(a) > 0, jo(b) > 0,
fQ ap] <0, and fQ bl < 0 then there exist at least two solutions in ET
for any A € (O,u;l).

Corollary 6.12. Assume that Qf #0, QF #0 and Q; NQ # 0. If A <c <
A2, jo(a) >0, jo(b) > 0, [,ap] <0, and [, bp] < O then there exist at least
4 solutions for all A\ € (0, min{u, )=, u='}).

Remark 6.13. Notice that we do not claim in the statement of Theorem 6.11
that the solutions are positive. The reason is that we can not use, for a local
minimizer v € W2P(Q), the relation J(u) = J(|u|) to deduce positivity of
solution, since it can happen that |u| & W2P(Q) even if u € W2P(Q). The
existence of positive solutions of Problem III is, to our knowledge, an open
problem.
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