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Abstract This work addresses the computation of the prob-
ability of fermionic particle pair production in (d + 1)-
dimensional noncommutative Moyal space. Using Seiberg—
Witten maps, which establish relations between noncommu-
tative and commutative field variables, up to the first order
in the noncommutative parameter 6, we derive the proba-
bility density of vacuum—vacuum pair production of Dirac
particles. The cases of constant electromagnetic, alternating
time-dependent, and space-dependent electric fields are con-
sidered and discussed.

1 Introduction

Noncommutative field theory (NCFT), arising from noncom-
mutative (NC) geometry, has been the subject of intense
studies, owing to its importance in the description of quan-
tum gravity phenomena. More precisely, the concepts of the
noncommutativity in fundamental physics have deep moti-
vations which originated from the fundamental properties of
the Snyder space—time [1]. Further, the results by Connes
et al. [2-4] provided a clear definition of NC geometry,
thus bringing about a new stimulus in this area. The NC
geometry arises as a possible scenario for the short-distance
behavior of physical theories (i.e. the Planck length scale
Ap =
therein. This fundamental unit of length marks the scale of
energies and distances at which the non-locality of interac-
tions has to appear and the notion of continuous space—time
becomes meaningless [5,6,8]. One of the important implica-
tions of noncommutativity is the Lorentz violation symmetry
in higher than two-dimensional space—time [9-11], which,

‘/% ~ 1.6 x 1073 m); see [5-7] and references
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in part, modifies the dispersion relations [12—-14]. It led to
new developments in quantum electrodynamics (QED) and
Yang-Mills (YM) theories in the NC variable function ver-
sions [15,16]. The same observation appears in the frame-
work of string theory [17,18]. Also, the quantum Hall effect
well illustrates the NC quantum mechanics of space—time
[19,20] (and references therein).

In this work, we use a NC star product obtained by replac-
ing the ordinary product of functions by the Moyal star prod-
uct as follows:

fxg=m |:exp (%9“” 0 ® 31}) (f® g)i| , (D

where f, g € C°RP), m(f ® g) = f - g; 6*¥ stands for
a skew-symmetric tensor characterizing the NC behavior of
the space—time, and it has the Planck length square dimen-
sion, i.e. [0] = [kg]. The star product (1) satisfies the useful
integral relation

/ dPx (f % g)(x) = / dPx (g ()
= / dPx f(x)g(x). )

It provides the following commutation relation between the
coordinate functions:
[x*, xV], = xH o x” —x" % x# = i0"", x* eRP. 3)

For convenience, we write the tensor (6#") in the following
form:

0 0 0 o0
-6 0 0 0
ey =1+ N 4)
0 0 - 0 60
o 0 .- —-60
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Equation (4) means that the time does not commute with
the NC spatial coordinates and the dimension D of the NC
space—time is even. Recall that two main problems arise when
one tries to implement electromagnetism in a NC geometry:
the loss of causality due to the appearance of derivative cou-
plings in the Lagrangian density and, more fundamentally,
the violation of Lorentz invariance exhibited by plane wave
solutions [12-14,21].

Like in ordinary quantum mechanics, the NC coordinates
satisfy the coordinate—coordinate version of the Heisenberg
uncertainty relation, namely Ax*Ax" > 6, and then they
make the space—time a quantum space. This idea leads to
the concept of quantum gravity, since quantizing space—time
leads to quantizing gravity. Apart from the overall results as
regards QED and YM theory in NC space—time, it turns out to
be important to understand how noncommutativity modifies
the probability of pair production of fermionic particles. This
is the task we shall deal with in this work.

Pair production refers to the creation of an elementary
particle and its antiparticle, usually when a neutral boson
interacts with a nucleus or another boson. Nevertheless a
static electric field in empty space can create electron—
positron pairs. This effect, called the Schwinger effect [22],
is currently on the verge of being experimentally verified.
Recently, the vacuum—vacuum transition amplitude and its
probability density were computed in four-, three-, and two-
dimensional space—time in constant and alternating electro-
magnetic (EM) fields ([23—-31] and references therein). The
related questions have been discussed and have gained con-
siderable attention in the researchers community.

In this work, we provide the NC version of pair production
of Dirac particles. Specially, we derive the exact expression
for the probability density of particle production by an exter-
nal field. This establishes a relation with important analytical
results which were previously obtained in ordinary space—
time, spread in the literature [22,23,25-27,31]. In particu-
lar, the case of (d + 1)-dimensional space—time, which has
been derived in [23,31], is extended to the noncommutative
case.

The paper is organized as follows. In Sect. 2, we quickly
review the Seiberg—Witten maps giving a relation between
NC field variables and commutative ones [17,32,33]. Here
we also expose the main result as regards gauge theory in NC
space, which allows us to write the NC Lagrangian density of
the Dirac particle (coupling to the EM field) with the commu-
tative field variables. In Sect. 3 we compute the probability
density of pair production of a Dirac particle in constant EM
fields. In Sect. 4 we give the discussions and the comments
of our result. This section also contains a similar analysis
in the case of an alternating (EM) field. In Sect. 5, we con-
clude our work and make some remarks. Appendices A and
B are for proofs of the key theorems in the main part of this

paper.

@ Springer

2 NC gauge theory and Seiberg—Witten maps

Like in ordinary space-time, a gauge theory can be defined
on a NC space-time [34] see also [35-39] and references
therein. In the sequel, the NC variables are denoted with a
“hat” notation. Let .4y be a Moyal algebra of functions and
X € Ap be the covariant coordinate expressed in terms of
the gauge potential A € Ay as

X=%+A. 5)

For an arbitrary function 1/} € Ay, the infinitesimal gauge
transformation with parameter A € Ay is 6y = i A x. The
infinitesimal variation of the gauge potential can be written as

§iAM = i[A, A", — i[#*, AlL. (6)
Also the NC Faraday tensor is given by

Fuy = 8,A, — 0,A, —i[A,, Al @)
Its infinitesimal variation is

SFyuy = ilh, Fuvls. )

Besides, the functional action for a Dirac particle on NC
space—time can be defined as follows:

S — / dPx LG, ), ©)
RD
LO ) =P %iy" Dyt — mis x . (10)

In this expression 1/} and v are the Dirac spinor and its asso-
ciated Hermitian conjugate, respectively. The y are the Dirac
matrices, which satisfy the Clifford algebra, {y*, y"} =
2n"*Y, and they are given explicitly in terms of the Pauli matri-
cesol,i=1,23, by

1o 0 ; 0 o
0 _ 2 i _ )

The covariant derivative [)M is expressed as
Dy =0, —iAu*. (12)

We choose i = ¢ = 1 and take the charge of particle equal
to the unit value, i.e. g = 1. The Lagrangian L(V/, V)
describes the propagation of the massive fermion (an electron
in this case) and the interaction with photons via the covariant
derivative IA),L. In this work, we treat in detail the case when
the dimension of the space—time is equal to D = 3 4 1. The
results for the cases where D = 1 4 1 and, more generally,
D = d + 1, computed in a similar way, are given. Note that,
despite the singularity exhibited by the matrix (6*") in the
case of odd dimensions, the probability of pair production is
well defined with the same analysis.

In what follows we give the Seiberg—Witten maps at the
first order of perturbation in 6 [17,32,33]. We write the NC
field variables as a function of the commutative variables:
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o 1

V=1 — Z@“Ax(ax + D)y, (13)
S _ 1 _

V=V - Z@“Ak(ax + D)V, (14)
~ 1

Ay =A, — ZG”{AK, BA, + Fy). (15)

By substituting (13), (14), and (15) in the action (9), we get,
at the first order in 6,

L. W)
—iph [Iﬁ(au — A+ %eaﬁaa&aﬁ(aﬂ — iAW
1 - 1 _
— 10"V 0,(Aa (@ + D)) + S0 I 0u A gy
+£9aﬁ1/_/Au.Aa(aﬂ + Dﬁ)l/f + :‘_;QKAJ/{AK, BAA;L
1 _
+F v — Z@“Amx + D)V (3, — iAu)w}
_ i v _ 1 v

—m [ww + 0" 0V — 20" T ALy + D))
—ieﬂ“Au(av + Dv)(xﬁ)w] + 0(6%). (16)

In the commutative limiti.e. & — 0, we recover, as expected,
the Lagrangian density L¢ of a Dirac field in an ordinary
space—time associated to the functional action S[y, ¥, A]:

[y . Al = / dPx L)

= [ aPx (eowr+ Bo. A Fw). ()

where the quantity B(0, A, ¥, ) depending on 6 is given,
after some algebra, by

: ST
BO,A, ¥, ¥) = iy"0**y [_E(aﬂAK)a)\
1 i i
30 Aud + 5 Ay + 5 Ak Ay

i 1 i
—EAkBMAA + 5(3)LA,()8M — 5(31Ak)Au] v

KA

V(0 Ax) ¥ (18)

Now by performing the path integral over the background
fields ¢ and i, the vacuum—vacuum transition amplitude
Z(A)is

Z(A)
:/\fwaD&expi {[d4x (Y Y@, — iAW

—myy + B, A, w)>}, (19)

in which the normalization constant A is chosen such that
Z(0) = 1. Note that 5(6,0,1,1) =0.

Let M :=iy*D, —m+B(0, A, 1, 1) +ie. Then we get
a simpler form:

(20)

iy .
Z(A) = exp [— trIn w]

M

Having the above quantity at hand, we compute the proba-
bility density amplitude | Z(A)|? for various electromagnetic
fields.

3 Transition amplitude in the case of a constant
external EM field

In this section, we consider the EM field, defined in x direc-
tionas B = Bex and E = Eex, E > 0 and B > 0. The posi-
tion and momentum operators X, = (Xo, X1, X2, X3) =:
(X0, X,Y,Z) and P, = id, = (Py, P1, P2, P3) satisfy the
commutation relation:

[Xu, Pul =inuy. 2n

The covariant vector V), is expressed with the contravariant
V# as V, = nuVY, where () = diag(l, —1, -1, —=1).

The covariant Faraday tensor F),, =: 9, A, — d,A,, can be
expressed as
0 E. E, E;
| "Ex 0 -B; By
E=| g 5 o h | (22)

—E,—B, B, 0

withA, = (=EX,0,0, BY).ThenB(#, A, 1, 1) is obtained
as

B@O,A,1,1) = mTQ(B —E)+ %y”[i(E + B)A,
—(E+ B)d, —iA,(EXd, + BY )
—(914,)90
+(02A,,)03 + 9, (EX)0; + 9, (BY)0;].
(23)

Using the charge conjugation matrix C = iy2y, using the
identity C )/,LC_1 = —yli, and taking into account the fact
that the trace of an operator is invariant under a matrix trans-
position lead to

iCy*C~19 —i
Z’(A):exp[—trlnl 4 ki le},

o (24)

where M! = iCy*C~'D, +m —B'(0, A, 1, 1) — ie. The
probability density is defined by the module of Z(A) as

(25)

P2 2 .
|Z(A)|2 = exp [— trln L_HE} ,

MM!
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with
MM = [y"(P, + AT —m*> —m*0(B — E)
+BV/L(PM + Au) - J/M(P,,L + AM)BI +ie.
(26)
The conjugate of B(0, A, 1, 1), denoted by B (0, A, 1, 1),
can then be written
0 16

B, A 1,1) = mT(B _E)+ %c;mc*1

x[i(E + B)A, — i A (EX3 + BY )

—(E + B)3d;, — (01A,)00 + (02A,,)03

+0,(EX)01 + 0, (BY)0].

(27)
At this point it would be worth using the identity
In a-+ie _ /Oo d_s[eis(b-‘rie) _ eis(a+ie)] (28)
b+ie 0o S
to get
2 2,
In —P —mtie - /OO d_se—is(mz—ié)
MM!? 0 N
X[eis[(P-',-A)Z-i-%a‘“’FW—mZO(B—E)-',-X(G)] . eisPZ]
(29)

where the operator X'(f) should be Hermitian. We use the
following commutation relations:

(X", P{]l=—niX""', [P}, X]=niP""}, (30)

also valid when one replaces X by Y and P; by P,. For an
arbitrary operator A, we can define the associated Hermitian
operator denoted by Ay as

.
ap=A20 (1)

From now, the H symbol indexing any operator A, e.g. Ay,
refers to the Hermitian operator associated with A. We then
have the following.

Proposition 1 The Hermitian operator associated with
X (0), denoted Xy (0), is given by
0
Xy(0) = E[iEB;ﬁy2 +iEY Oy iRy
1
+5i( "y + vy HEB+y Y EBY Py
+2E2%'x P, + v (E*B — EB>)XY
—yYW3EBY P — 4E3 +3BE»)X?
+(2B? + B’E)Y? + (4E*> + 5EB)X Py
+(Q2B%*+3EB)YP; —2BP; +2BP}

42EP? + 2EP32]. (32)

@ Springer

Further,
Xy (0) = X} 0). (33)

Proof Taking into account the fact that the trace is invariant
under matrix transposition, and using the relation (31), the
operator Xy (0) takes the given form. O

Now we focus on the computation of the following quan-
tity:
O = (Xleis[(P+A)2+%(r/“’Fu,)fmZG(BfE)+XH(9)]|X)

_ e%cmva—mze(B—E)( is[(P+A)2+XH(0)]|X>7

X|e
(34)
where oV = %[y“, yV]. We use the relation
[y(P+A)P =P +A)>%+ %U’WF,“;, (35)
and choose the 4-vectors |[x) = |x,) such that X, |x) =

X, 1x). In the momentum representation, we get a similar
relation for P, |k) = k, k), and we obtain

(k|x)

4
= We”"’“, (x, k) =Y xiki. (36)
i=1

To achieve our goal, we use the Baker—Campbell-Hausdorff
formula given by

2 3 4
et(U-i-V) — etU etVet Czet C3et Cy .

oo
— etU ezV 1_[ et"C,, 37)
n=2

where the constants C,, are given by the Zassenhaus formula
[35,401],

Coot = — i CD" 4iad’ Iy (38)
ntl n Ll —prv Y
with

adyV =[U, V], ad},V = [U,ad} ' V], ad)V = V.
(39)
Explicitly, we get
HUHY) _ otU oV =50V 5 QIV.IU.VIHU.IU. V)

% e%44([[[U,V],U],U]-B[[[XU,V],U],V]+3[[[U,V],V],V]) )

. ey

(40)

where the exponents of higher order in t are likewise nested.
Then we take into account the first approximation of 8 in the
expansion of all quantities and we arrive at the expression

iSI(PHAHX(O)] _ is(P+A) 4isX(0) T (6)
— P’ (1 Lis Xy (0)+ Ty (0)+0(62))
(41)
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where, for t = is, U = (P + A)%, and V = Xy (0), we
have

12 3
Ty(0) = —3[ Vg + E([U’ (U, V1uln)
4
—;—4([[[U, Vi, Ulg, Ulg) +--- . (42)

The expectation value of the operator e/s[(P+A+Xu®)] i

then evaluated as
(X|eis[(P+A)2+XH(9)]|X>
. 2
= / dy (x| P y) (y| T ©)]x), (43)
where 7 (0) = (14+isXy(0)+TH (0)). Now after expanding
U as
U= P}~ P}~ P} — P} —2EP)X —2BP3Y
+E*X? — B’Y?, (44)

we can easily observe that U = UT. Fortunately, we get the
following statement.

Proposition 2 Let U = (P + A)?, and V = Xy (0). The
commutation relations between U and V vanish, i.e.

(U, Vlg =0, [[IU, VIa,Uln, ... 1u, Uln =0, (45)
and therefore Ty (0) = 0.

Proof The proof of this proposition is simply obtained by
using (31) and (32). O

Finally the quantity O is reduced to

O =0c+ Opc(0), Onc(0)=0 (46)
where

0. = e%aWF,w <X|eis(P+A)2|X> (47)
and

Onc(0) = e%“””F;Lu/ dy <X|eix(P+A)2|y>

x(ylislm®0 (E — B) + Xp (0)]]x). (48)
We then obtain the following result.

Theorem 1 Let 6 =: g - 0y where g is a dimensionless

quantity which is bounded by two numbers ay, and a and

such that 6y << 1. The mass dimension of 6y is obviously

0p = [M~2]. Let M C R? be the compact subset of]R2 in

which the following integral is convergent:

/ ] (49)
McR? fo

to # 0 is arbitrary initial time. The trace of the expectation
value O is given by

trO=(1—-p -0, E, B)tr O, (50)

where
1673b o explistoGol |B
o 9 , E, B) = - Ea B )
(6. E. B) aves V! ED
(51)
1
tr O, = ————E B cos h(Es) cot(Bs), (52)
472

f(E, B) being a positive function given by

f(E, B) = [4B® + 76 EB> + 258 E*B*
+494E3B® + 224E*B?> + 12E°B]™!.  (53)

Proof The proof of this theorem is given in Appendix A. O

Note that the quantity o (6p, E, B) leads to the divergence in
the limit where B = 0 and in the limit where 6y = 0. This
expression does not contribute to the physical solution and
then the trace of O isreduced to tr O = (1 — ) tr O,.

Theorem 2 The vacuum—vacuum transition probability is
|Z(A)|? = exp[— [ dx w311 (x)] where

1 o
@34+1(x) = m/ ds
0

« cot(Bs) — Siz] (54)

ism?

[(1 — ©)EB cot h(Es)

whose real part, denoted by R.w(x) = "’"‘2‘”*

1 0 ism
— 2_/ dse
877 J_o s
1
X [(1 — o)EB coth(Es) cot(Bs) — —2:|
S
m*e EB =1 B
=+ —(1- —coth | kmr—
167 +4n2( p);kco (nE)

2
X exp (_kn;n ) (55)

, Is given by

2

Rews1(x)

Proof The proof of this statement is given in Appendix B. O

4 Discussion of the results

In this section, we discuss the reported results in Theorems
1 and 2 and make some more comments in the framework of
d + 1-dimensional space—time.

(1) Let

1 B krm?
Uy = §coth<k7rf) exp (— ”;" ) k e N\{0}. (56)

We get

m?
= exp <——> <1 57

@ Springer
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and conclude that the corresponding series, i.e. Y po | Uy is
obviously convergent. Recall that there exist two positive
constants a; and a, such that for a; < p < az, 6p << 1.
Then there exists a bound on 6 in which the solution (55) is
well defined. We have

m4a2 EB
e az)ZUk < News41(x)
k=1
4 o0
m™a EB
< - — (1 — Uk. 58
<o Tal—an ) U (58)

k=1

(2) Consider R, 3+1(x) as the probability density pro-
vided with Eq. (55), in the limit where 6 — 0 i.e.

Him Rews1(x) = Newe 341 (x)- (59)

This expression corresponds to the commutative limit derived
by Q-G. Lin (see [25]) and is given by

EB &
MRetwe341(x) = — ]; Ug. (60)
We get
Rews1(x) < Rewe 3+1(x), (61)

and we conclude that the noncommutativity increases the
amplitude |Z(A)|?. This shows the importance of noncom-
mutativity at the high energy regime in which the creation
of particles is manifest. The same conclusion can be drawn
as in Ref. [28], in which pair production by a constant

external field on NC space is also considered. Note that
Rewzp1 (x) = ’11165 if E = 0. For B = 0, we use the

Taylor expansion (108) given in Appendix B, and we get

k
LT S

k=1

0
Rews TV (x) =

m m g

167
The commutative limit which corresponds to the case where
» = 0 is restored.

(3) Inthe case of 1+1 dimensions we consider the electric
field E = Fe,, with £ > 0 and B = 0. The nonvanishing
component of the tensor Fy, is given by Fyp; = E. The
quantity B(6, A, 1, 1) given in Eq. (18) takes the form

(62)

mOE 19)/
B(91 As 17 1) = _T +

—iA EXd) —

LEA, — Ed,
31AM30 + 9, (EX)01]. (63)

We remark that the result (63) is also obtained by taking
in (23) the magnetic field B to be zero and by deleting the
coordinate components Y and Z. Now, we refer to (29); the
Hermitian operator X' () is obviously

@ Springer

6
Xy (0) = E[iEzy‘)yl +2E%y% ' x P —4E3X?
+4E%X Py). (64)

We use the following results which are applicable in 1 + 1
dimensions:

E
is(P+A)? 65
xle Ix) = 4 sin h(Es) (©5)
and
. 1
(xle’*" ) = —. (66)

By performing the same computation in Appendix A and B,
we obtain

=0) > 1 k7tm2
Rew( TV (x) = —ﬂ(l—p)zzexp -
k=1
ng.)
- 67
< (67)

In the limit where 6 — 0 Eq. (67) restores the commutative
limit given in [25].

(4) Let us discuss the case of (2 + 1)-dimensional space—
time. The matrix (8)*" becomes singular and takes the form

0 60
o=1-6 0 0]. (68)
0 00

Then the noncommutativity of space—time is described by
the commutation relation

% x', =i, [x% %1, =0, [x', x*], = 0. (69)

Despite this singularity of the matrix (6#"), the SW applica-
tion (13), (14), and (15) are well satisfied. Therefore using
the fact that

, 2 (1-i)E
(x| P T x) = — (70)
2(2m)2s2 sinh(Es)

and
- p2 1—1i
(xle" P |x) = ———, (71)
4Q2m)2s2

we can derive the probability density of particle creation from
the vacuum by external constant EM fields. We obtain

E} 1 krrm?
4n2<1—5o>2—3exp<— 5 )

=0
Ne “’2+1 )(x)
=1 k2

m35<)

8(27)?
and obviously the limit & = 0 restores the result of Ref. [25].
(5) Furthermore, the previous investigation [31], devoted

to such an EM field as E = E cos(t)ex and B = Bey, has
also been considered here in the framework of the NCFT.

(72)
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Indeed, following step by step the approach displayed earlier

in this work, and using the following relation:
iS(P+A)2|X> _ —iEB cos(t) 73)
1672 sin h(Es) sin(Bs)’

after some algebra we get

(x|]e

Fom2
elSm

~ 1 o
B (1) = 477—21[0 as [(1—9)
E B cos(t) cos h[ E cos(t)s] cot(Bs) B 1
x sinh(Es) 2|
(74)

We found that the probability density of pair production of
Dirac particles in NC space-time with an alternating EM
field is given by

~ m*o  EB
Rewz41(1) = “Tom + m(l - &)
o0
—1H" B

X Z ( n) cos(nm cos(t)) coth (mr E)

n=1
nnmz
X exp <— z ), (75)

from which, in the limit where the NC parameter 6 = 0, we
recover the formula of Hounkonnou et al. [31] i.e.

o(t) = % Z (—nl)” cos(nm cos(t)) coth (nn%)
n=1

nwm?
X exp (— £ > (76)

A more compact form of Eq. (75) in the case of arbitrary
D = d + 1 dimensions can be given in the same way. We get
for B = 0 the following results:

d+1 )

- E 72 cos(t) (=D"
tH)=1-

Bai(0) = (1= 9)—73 ; g
nw nrm?

X COS exp | —

cos(t) E
mi+lp

- (77
42)F )T

Also, by replacing the vector field A, by A, = A, + fu,

where A, = (—EX,0,0,0) and f, = (—Esin(x), 0,0, 0)

correspond to the plane wave function, we get

d+1 00
~ (2E) 7 (1 + cos(x)) (=D"
Ban1 () = (1 =) = ; gz
( 1+ cos (x)> < nnmz)
x cos | nm——— |exp| —
2 2F
md+

i (78)
42) 7 (m) T

All these results use the computations performed in Appen-
dices A and B. In the limit where 8 = 0, Egs. (77) and
(78) lead to the results of [31]—see also [23], in which the
generalization in arbitrary dimensions is given in the case of
quasiconstant external EM fields.

5 Concluding remarks

In this paper, we have considered NC theory of the fermionic
field interacting with its corresponding boson. We have
used the Seiberg—Witten expansion describing the relation
between the NC and commutative variables, to compute
the probability density of pair production of NC fermions.
We have showed that, in the limit where the NC parameter
6 = 0, we recover the result of Qiong—Gui Lin [25]. Our
study has highlighted that the noncommutativity of space—
time increases the density w of the probability of pair creation
of the fermion particle. Our results can easily be extended to
take into account the case where D = 1 + 1.
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Appendix A: Proof of Theorem 1

We give the Proof of Theorem 1. We have introduced the two
quantities: 6y and g, and we decompose the NC parameter 6
as

0 = o0y, suchthat ) << 1. (79)

The first step is to re-express Oy (0) as follows:

e%"’”Fﬂ“/ dy (x| P+ y) y]
—is[m*0(B — E) — Xp(0)]|x).

— peo / dk dy (x|ei* "+’ )ty
x is6pG(E, B, 0)|k) (k|x)

Onc(6) =

@ Springer
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_ @e%’auvl«"m,/ dk dx (x[e* P4’ [x)
x (is60G(E, B, 0)), (80)

where
G(E, B,6) = {mz(E B+ % [iEBy3y2

+iE2)/O)/1 + i32y3y2

+%i(7/°y1 +y*y)EB + vy EByk,

+2E%y y'xki + y%y*(E*B — EB)xy

—y'Y3EByk) — (4E> + 3BE?)x?

+@2B? + B?E)y? + (4E*> + 5EB)xkg
+(2B* +3EB)yk; — 2Bk3 + 2Bk}

Y2EK + 268 } (81)
Equation (81) is subdivided into three contributions, namely
Go =m*(E — B) + % |:iEBy3y2 +iE%y0y!
+iB%y3y? + %i(yoyl + y3y2)EB} : (82)
G = %[yoy]EBykz +2E%y% 'xki —y'y EByki

+(4E? + SEB)xko + (2B? + 3EB)yk3 — 2Bk}
+2BIk} + 2Ek3 + 2Ek3], (83)

and
1

Gy = E[;/(’;/3(15219 — EB*)xy — (4E> + 3BE*)x?
+@2B% + B’E)y?]. (84)

We are especially interested in the first order Taylor expan-
sion of the form

is6oG(E, B, 0) = exp(istpG(E, B, 6)) — 1. (85)
Going back to Eq. (34), this equation can be expressed as

O=(1-p0.+gpet
x / dk dx (x|e!* P+’ |x) exp(isboG(E, B, 6)). (86)

First we consider the contribution exp(is6pG)
of exp(is6pG(E, B, 0)) in (86) and the integral relation

© e%\/? fors > 0,
/ e dx = n 87)
—00 e_?\/g fors < 0.
@ Springer

We get, respectively,
1560y 2 5
K1 = [ dkgexp T(_ZB]‘O + (4E° + 5EB)xkp)

€

ESEl

——4E 5EB ,
sBOy P [ top (1T TIER) X

(88)

N
Ko = /dkl exp |:ISTO(2BI<% + 27/0y1E2xk1

—ylﬁEBykl)}

—— 2 E
V sBoo eXp[ t6p 2V EX

—y1y3EBy)2} : (89)

P

=e

56,
K3 = / dk; exp [”70(2Ek% + J/O)/IEBykz)]

IS

/56
—ef [ X _exp |:1S—OE232y2:|, (90)

sE0y 16E

56
Ky = / dks exp[lsTo(ZEk§

+(2B? + 3EB)yk3)]

P

56,
=e il exp |:lS—O(ZB2 + 3EB)2y2].

s Efg 16E
o1

Using the properties of the gamma matrices and the results
of [25,31] we get the following:

tre2" Fuv = 4cos h(Es) cos(Bs) (92)
is(P+A)? __ iEB 93

(xle Ix) 1672 sin h(Es) sin(Bs)’ ©3)
i p2 _ i

(x[e"" |x) = “Ten22 94)

We can evaluate the trace of relevant quantities in Eq. (86).
On the other hand, before obtaining (50), we compute the
trace off dk explis6y(K|G(E, B, 0)|k)], i.e.

/dx/ dk explisfo(k|G(E, B, 0)|k)]

4
= explisfGo] / dtdx dydz [ | K explisfoGal. (95)
j=1
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This is obtained by using the Gaussian integral. Moreover,
taking into account Egs. (88), (89), (90), and (91) we get

c 2

LT
- 4E? + 5EB)*¢
s29§EB 5 )

4

[ 1) explistoGal=

j=1
lS90

168

{ 16B

iso EZBZ 2
16E

3(E*B — EB%)xy

— Y% E2x —yly EBy)2

+icE (232+3EB)2y2+ [y

—(4E*+3BEH)X*>+ 2B* + BZE)yZ]}. (96)
In this relation, the quantity

4E*%?
16B

exp {—[(4E2 +5EB)%x? —
+8By°y3(E’B — EB*)xy — 8B4E> + 3BE2)x2]}
7

contributes to the integration respect to x. We get after inte-
gration

iz 16Bm
c
s00(12E4 + 8E3B + E2B?)

Hence, it is straightforward to obtain

4 , 1673 [B
/ dx dy Hle explisfpGal = —m Ef(E, B).

j=1
(102)

We choose the subset M € R? such that f ‘tl—;dz = b (for
example M could be the unit disk of R?). We find

/dtdzdxdy/ dk [is60(KIG(E, B, 0)|Kk)]

1 3 \ f( )exp[.‘SG g]
- Ea B 4 0¥01,
3

with | ‘tl—édz = b = [L?]. Finally the following expression is
obviously satisfied:

(103)

trO=0—-p—0y, E, B)trO,, (104)
where

1
tr O, = —— E B cos h(Es) cot(Bs). (105)

47 2
This ends the Proof of Theorem 1.

Appendix B: Proof of Theorem 2

This section is devoted to the proof of Theorem 2. To evaluate
the integral (54) before getting (55), we need to collect infor-

» B(E*B — EB?)?y? 08 mation as regards the physical properties in the limit where
X CXp | 150 (12E* +8E3B + E2B?) ©8) the magnetic field B tends to zero. This is clearly given in
o . [25]. However, we think that it may be instructive to collect
Considering Eq. (98), the expression here all the arguments and rewrite the complete proof for
B(E’B — EB?)?y? /50
exp 1 is6p ( )y ls—OE2B2 2
(12E* + 8E3B + E2B?)  16B
is60 12 2 2, 2 2.2
——FE°B 2B 3EB
t16E y ( + )7y
0
LI O(2B3 + BZE)y }
. E(4BS+76EB> +258E?B* + 494E3 B3 + 224E*B? + 12E° B)y>
= exp 1is6 99)
16(12E* + 8E3B + E2B?)

contributes to the integration with respect to y. We get after
integration:

s 167 (12E4 + 8E3B + E2B?)
SO0E (4B + T6EBS + 258 E2B* + 494E3 B3 + 224E4B2 + 12E°B)
(100)

Consider f(E, B) as a positive defined function given by the
following:

= [4B® + 76EB’ + 258 E>B* + 494E> B3
+224E*B? + 12E° B!

J(E, B)
(101)

our purpose. All the integrals will be performed in the com-
plex half-plane. We will select only the positive half-plane.

Consider first the integral [ ds €
theorem, we simply get

S o2
00 eism ) m4
ds — = —iT—.

106
00 s 2 (106)
. (0.¢]
Let us consider [~ ds ¢
ities at point z = 0 (poles of order 3), at 7 = ”ET andz = "

@ Springer
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(simple poles). Let Res(zq) be the residue of /(z) at the point
z0 € C. We write the Taylor expansion of cot(z) and cot /(z)
at point zq as

cot(z) = — s g (—1)’<22’<%(Z _ 7)1
:ZJZO—Z;ZO—(ZZSZO):M (107)
and
coth(z) = : —lzo _,_ki:; ZZk%(Z _ Z0)2k_1
= Z_1Z0+Z_32’0 - (1_4510)3 +ol o (108)

where B, stands for the Bernoulli numbers with the ini-
tial values (Bp = 1, By = —1/2, B, = 1/6, B4 =
—1/30, By,—1 = 0,n = 2,3,...). After taking into
account the Taylor expansion of cot h(Ez) cot(Bz) in Egs.
(107) and (108), and the fact that cot(iz) = —i tan h(z), we
get simply

m*

RCS(O) = _ﬁ’ (109)

Res (ﬂ) = Lexp (imzﬂ) coth nrE , (110)
B nmw B B

inmw 1 nwm? nw B
Res| — )| =——exp| — coth| —— . (111)
E n E E

00 eism
/ ds cot h(Es) cot(Bs)

00 s

> 1 nmw nwE
=2y | — ( 2—) th{ ——
lnn_l[”” exp (im 2 co 2

1 < nnm2> (nnB)]
——exp| — coth| —
nmw E E

m

2BE’

—im

(112)

By multiplying the above result by E B itis clear that the limit
B — 0 is not well defined. This is why Eq. (110) cannot be
taken into account in the physical situation. Therefore (112)
reduces to

@ Springer

2

o0 elSWl
/ ds cot h(Es) cot(Bs)
s

—00

4 00
. m . 1 _m'rm2 nt B
=—lﬂﬁ—2lﬂng_l [Ee E COtl’l< £ >:|

(113)

izm2 .
Now let k(z) = ez4 cot h(Ez) cot(Bz), z € C. The inte-
grand has singularities at point z = 0 (poles of order 6), at
7z = "¢~ and z = 7 (simple poles). Using the same argu-
ment as (109), (110), and (111) we get, respectively,

im]o

120BE’

Res (%) = (nBT;‘exp (im2%> coth (%) (115)

inmw iE3 nmwm? nr B
Res| — | = ——exp| — coth .
E (rn)* E E

(116)

Res(0) = (114)

Now we come to the interpretation of Egs. (114), (115), and
(116).

e Equations (114) and (116) lead to a complex probability
density and then cannot be taken into account.

e As we have seen in Eq. (110), Eq. (115) leads to a singu-
larity at the limit B — 0. This pointless expression also
will not contribute to N, (w).

The same analysis can be provided, using the holomorphic
function

coth(Ezz)4 cot(Bz) expliz(m?® + 60Go)].

Taking into account the above two comments, we conclude
that the function o (6p, E, B) does not contribute to the prob-
ability density, and therefore the positive integer n disappears
in Eq. (55). Finally, by taking into account only Eq. (113),
Theorem 2 is proved.
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