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INTRODUCTION

Also called methanation, anacrobic digestion is a natural process of transformation of organic matter through distinct microorganisms in the
absence of oxygen (Maytre, 1994). It generally comprises four phases: hydrolysis, acidogenesis, acetogenesis, and methanogenesis, and
therefore makes it possible to reduce the quantity of biomass waste and produce energy. It is influenced by several factors such as PH,
temperature,the humidity of biomass waste, and physicochemical characteristics (Rouez, 2008). Diflerent configurations of digesters can be
adopted in anaerobic digestion. Dep ending on the origin of the material and according to the desired result at the end of the digestion, the biomass
can be digested continuously, discontinuously (batch) or semi-continuously (fed-batch) in low or high temperatures, in one, two, three, or four
stages (Arras). In the continuous mode of anaerbic digestion, the digester is fed with a constant flow, and the digestate is evacuated by
mechanical action. This technology is ideal for large installations. The digesters used can be arranged both vertically and horzontaly (PhD
thesis, E'cole de technologie superieure, 2007). In semi-continuous mode, the digester is gradually filled according to the progress of the
reactions to avoid overloading and promote growth. In the discontinuous operation of anaerobic digestion, the substrate is initially placed in
the digester and the latter is hermetically sealed during the entire transformation period. When the quantity of biogas drops or when thereis
no longer any production ofbiogas, thedigester is empty and we stait theprocess again (Hess, 2007). This is how anaerobic digestion is mainly
carried out today in most developing countries. At the end of the anaerbic digestion processes, it often happens that the quantity of biogas
produced is very low or that the pow er methanogenofbiogasis very low, thus involving unnecessary expenses.

How to predict the quantity of biogas in advance?
How to control anaerobic digestion to optimize this quantity of biogas produced?
What are the parameters that act on the methanogenic pow er and on the production of biogas?

These questions raise the need for an analytical study to help engineering to optimize the process of anaerobic digestion of biomass waste.To
control and optimize anaerobic digestion in order to provide approaches to answering these questions, mathematical models have been
developed.
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Thus, some models take into account one or two stages (Donoso-Bravo,2011; PhD thesis, E’cole de technologie superieure, 2007; Bernard,
2001; Arras; Rinco, 2014; Ouchtout, 2021), others three, four, or five stages depending on the case (Laraj, 2022; Fekih-Salem, 2011; Jérd me,
2014; Daoud, 2017). The majority of these models are developed when thedigester is op erating continuously. Few works are available in the
literature relating to the mathematical modeling of anaerobic digestion in discontinuous operation for its analysis, its control, its
optimization and to better predict the production of biogas. Mathematical models of anaerobic digestion in discontinuous operation, at one
stage (acidogenesis), and at two stages (hydmlysis and methanogenesis), have been respectively developed by Arras wassila (Arras) and Salih
(Rinoon, 2014). Recently, a mathematical model of anaerobic digestion in discontinuous operation with recirculation of leachates was
proposed by Larag (9). We propose to develop, analyze mathematically and simulate a mathematical model of anaerobic digestion with four
stages (hydmlysis, acidogenesis, acetogenesis, and methanogenesis ) by the discontinuous op eration to help engineeringand better predict biogas
production during energy conversions.

Model develo pment
Model ass umption

* Anaemwobic digestion is described by a four-step process (hydrolysis, acidogenesis, acetogenesis, and methanogenesis).
* The population of bacteria is divided into three groups of bacteria with homogeneous characteristics.

* The amount of carbon dioxide produced during hydmwlysis is assumed to be negligible.

*  Growth rates follow Monod kinetics (Harmand, 1942).

» Inhibition is not taken into account.

e All the quantity of dead bacteria constitutes a new substrate for the hydrolysis step.

Formulation and description of the model: The substrate compartment is divided into two parts: The slowly biod egradable substrate of
concentration and the easily biodegradablesubstrate of concentration (Fekih-Salem, 2011). Thus, while the acidogenic bacteria degrade the
substrate of concentration , the slowly biod egradable substrate is slowly trans formed into an easily biodegradable substrate with the rate . can
be or acoording to the two visions in practice in the literature. is a constant when hydmwlysis is considered a purely enzymatic phenomenon
without a hydrolytic microbial compartment. When considered as an enzymatic reaction with a hydrolytic microbial compartment,
designates the specific growth rate of acidogenicbacteria of concentration on the slowly biod egradabl e substrate of concentration . In ord ernot
to dragalotofsymbols, we agreeto designate a component and its concentration by the same letter. The hydrolysis reaction is as follows:

Ly
X koS).
()

ko is the efficiency coeflicient associated with the reaction.

By definition, the rate of areaction is equal to the opposite ofthe rate at which one unit ofthe reactant disappears. It is also equal to the speed
of creation of a unit of the product (15). Thus, from reaction (1) we have:

dX(j . 1 (!S] —
dt kg dr ° @)

As described and explained in (6), the acidogenesis reaction is as follows:

i (85))X,
k]Sl Xy + kS, + k3C0O5.
3)
So,
1 dS X 1 dS, 1 dCO
—— Ll _ T2 ()X
ky dt dt ko dt ks dt 4)

The substrate is composed of acetic acid, volatile fatty acid, alcohol, and hydrogen. Then, thesubstrate is consumed by acetogenicbacteria for
their growth, and they are converted into catbon dioxide and substrate composed ofacetic acid and hydrogen (13). The reaction of acetogen esis
can be written as follows:

Mo (S )Xy
kySv— Xy + k583 + keCO;. )
So,
1 ds, X, 1 dS 1 dCO
e My Pl o S S PR SR
ky dt dt ks dt ke dt (6)

In the final phase, the methanogenicbacteria ofconcentration consume the substrate and they are converted into carbon dioxide andmeth ane.
The methano genesis reaction is as follows (6):

12 (82) Xz
k?SﬁX’l + kgCO7 + kgCHy. (7)
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Sl‘l-
1dS: _Xo _ 1 dCHy _ 1dCO,

- === = = Ma(82)X2
Ld Ak &t kg ar ®)

kiji =0;1;2;3;4;5;6,7;8;9 designate the efficiency coefficients associated with the reactions. mi(Si)l;v;2 the respective growth rates and are a
function ofthe substrate. Growth rates are assumed to follow Monod kinetics (14). We therefore have:

Si
wi(S;) = Bt our tour i € {Liv;2}
K, + Si )

By the principle of conservation of mass, we have:

ky = fo(ki —1) (10)
ky=(1=f2)(ki = 1) "
ks = fy(ks—1) a
ko = (1= f3)(ka = 1) 22
ks = (1= i)k —1) (14)
ko = falk7 —1) (15)

Where are the transformed propottions (See figure (1) and the system (Witelski, 2015) for more detail). In the continuous operation of
anaerobic digestion, it is the mle rather than the exception not to take into account the mortality of bacteria. But in discontinuous operation,
mortality cannot be neglected (Witelski, 2015). Also, dead bacteria constitute a new substrate for the hydolysis stage(2,8). By denoting 4/ as
the mortality rate of bacteria, from (2),(4),(6), (8) and (9) the schematic view of the process (Figure 1) and the model that we propose are
expressed as follows:

akgXa

f2 [
\ f
(A=~ _
: e \ +
# ¥y 4
[ v, =0, +(CHs )
hydrolysis ~ acidogenesis acetogenesis " methanogenesis

Figurel: Schematic view used for modeling the process of anaerobic digestion. The parameter f2 represents the part (proportion) of
(a1 — D557 51% transformed into Sv and (1-f2) represents the part (proportion) transformed into CO2 during the acidogenesis phase.
The parameter f3 represents the part (proporfion) of %+ — 1) & %5 5Xv tramsformed into S2 and (1- f3) represents the part
(proportion) transformed into CO2 during the phase of acetogenesis. The parameter f4 represents the part (proportion) of

: Py o
k7 =%, %55  ransformed into CH4 and (1- f3) represents the part (proportion) transformed into CO2 during the phase of

methanogenesis. a is the proportion of dead

bacteria transformed into the substrate for the hydmlysis step and we take in our work a = 1.
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( % = —lgXp + aky(X; + X, +X5)
%i_l = kokyXo — ki K;Tsl Sixy
aX, _  Hm 51X —kgXy
dt K5 +8
e o 1, ke
% = ks %S‘.X‘. — k7 K;:‘_zsz 5X>
1X: 2
Idsz = K:‘:Sl Ll
% =k Fﬁ—l—?l Si1X1+ke K:’i 5, SuXo+ ks Ks, :r__‘sg Skt K:m-l—lSQ e (1)
With the initial conditions
Xo(to) = Xo,; S1(to) = S1,: X1 (to) = X153 Sv(t0) = Sve: X (t0) = Xvy3 52 (f0) = Sa,: X2 (t0) = Xag: Ve(to) = Vi (17)

a is the proportion ofdead bacteria trans formed into the substrate for the hydrolysis step and we take in ourwotk @ = 1. Vgis the quantity
ofbiogas (CO2 +CHa4) produced per unit volume at time t .

Hypotheses

Hypothesis 1 The coeflicients Ky, k; i = {1;4;7}, £2, /3 and f4 satisfy the following conditions:

0 < kg < min{ ;s tm,  finy }

(18)
Vie{l;4;7}:k>1
{ }iki (19)
Vie {2:3:4}:0< f; < 1 20)
Hypothesis 2 The parameters ki; i = {0;1;2;3:4;5;6;7;8;9} are strictly positive and satis fy the fol lowing condition:
i (akaky + atkoky + atkoks + kakaky + kaksks + kaksko +kakekr) <1,
1R 4R7
(21)
Existence and uniqueness of solutio ns
A solution of system(16) is a function
R X (1) = (Xolr): 100X (0 01 X (0): Sa(0): Xa (1): V(1)) € RS
¥ F(X) & B* with
—kpXo + atky(X) + X, +Xa2)
’\'uk.r;xn - j\'| K:IJ:I_I 5 51X
IE‘I.’.’.‘.EESm — kX
ka— Hy — 5, X —ky .__.}"I“.".\ —5.X,
Ks, +8) Ks, + 8¢
F(X)= Mo,
I;T‘ SoXy = kaXy
. Hm, My :
ks f\_’s::'{ 5.X, —ky E;—:-S—:S}k]
Hins :
K, +5 52X3 —kgXs
o Mmy v g Mmoo g Hmy Nk Hmy X
K B i SiXi+ho g =S Kotk T §2X2 + kg K i5 §>X,
(22)
The system (16) becomes
X _Fxy:  Xio)= (Xoy3 5103 X1y:Svi Xogs S20: X2, 1V )T

-l” : (23)
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All partial derivatives of order 1 of F exist and are continuous at any point of its domain. F is therefore of class C'. Consequently, the
initial valueproblem (23) admits a uniquesolution satis fying the fixed condition X(70) = X00;.510;.X10;Sw;Xv0; 820, X20; Vgo)T .

Positivity and boundedness of solutions

Lemme 3.2.1: Positivity of solutions

If X005 19: X103 Svy i X0y s 823X, et Vi, are all positive, then Xo(t):S1(2): X (2):S,(2): X,(1); S2(1): Xa (1) and Vi (t) remain positive for all t = 1
Proof

Assume that Xo ;81,5 X1, Sy X1 82,: Xo, et Vy, are all positive.

vie {1;»2}, dX. () _ (K3 ‘fg S,( ) —ka)Xi(t). then Xi(r) = Xi(ro)exp( J;, (Ks i’}‘ @ 5i(7) ) —kq)dt). Since X;(fo) = X, > 0. we have:

Xi(t) = 0,Vie {1;v:2}andVt = 1o
By considering the first equation ofthe system (16) we have:

dXp(1)
dt

= —th()(!) + kg (X[ (t) +X;-(f) +X2(t))
2 —kpXo(t)

By bringing the second member into the first and by multiplying the inequality by its integration factor, we obtain:

Ik

oo ks dx"( ) 0 M["X{)(I) is increasing on [fy, +eo[. Therefore,

+ ke X0 (1) > 0 = 4 (ol

efo ‘h‘*‘xo( 1) = Xo(to) for all ¢ € 19, +oo]. Thus, Xo(t) = Xo(to)e Yo’
Since Xa(in) = 0. we conclude that Xn(#) = 0 for all t € [tn. +ool.

Xp(r)) = 0. Then the function t — e

By considering the second equation of the system (16) we obtain:

dS;}{(f) = kokpXo(t) —ky 1y (S1(1))X, (r)
Z =k (S1()Xi (1)
_kl.umeI (I’)
Z WSI(I)
> at)S)(r) avec a(t) = %ﬁg)

By bringing the second member into the first and by multiplying the inequality by its integration factor, we obtain:

Si(t) =8, (.fg)e'ﬂo sMs gor all t € [tg,+eo[. Since S;(ty) = 0 and the exponential function is always positive and not zero, it is clear that
S1(t) = 0 forall ¢ € [ty, +oe].
Using similar reasoning, we show that: V7 € [fg, +eo[, X (1) = 0, Su(1) = 0, X,(1) = 0, 82(1) 2 0, Xa(¢) = 0er V(1) =0

Lemme 3.2.2: Boundedness of the solutions

Under Hypothesis 1 and Hypothesis 2, the solutions of the system (16) remain bounded for all initial conditions of positive components

Proof
Let Vbe the function defined on (#;+oo(by

ks otkaks  ky (kg -i-kq]k:is ko ih

V = y ol Wt S Eeant S o g Ol o AL
(r) =Xo(t) + aXy (1) + aX, (1) + aX; “H[A .(A4*LA4!.~+A- . : “ )81 (1)
k kg + kg )k kg + ke
—{: + :(;_ . 5;[{_'] E +k- )Su(t) + [: + ”:: ’J.S {t)+ Velr)
4 4RT 7 4 7 7 (24)

From the equations ofthe system (16), we have:

dv (e k
dE ) _y, [ﬁ (atkyler + otkoky + Otkyks + kkaky + kpksks + koksko + kokgky) — 1} X, (1)
1K4K7
(25)
Since k‘)k (ak4k7 + thkoky + ko ks + kykyky + kokskg + kakskg + kzkbk']) < 1 and Xy (r) remains positive. So the function V' is decreasing.
T

SinceV is lower bounded by zero, then 0< IET«:@V([) oo
Therefore, Xo(r); Sy (£): X, (£):Su(1): X,(¢): 82(1);: X (r) and V(1) are bounded on [ty; +eo[ (Since they are positive)
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Validation tests of the new model (Numerical simulations)

To test our model, we compared the dynamics of the solutions of our model with the dynamics of the solutions of the Rouez's model (2).
Thus, first, we repotted the results of the simulations of the Rouez’s model, and second, we presented the results of the simula- tions of our
model for the different types ofbiomass used by Rouez. The biomasses used by Rouez are household and simil ar waste (leftovers from meal s,
expired products, food plastics, etc.). These biomasses are categorized and are denoted FG, MAT, BOIS, etc. according to their components.
Our simulation results are obtained using the ode45 function of MATLAB. The majority of the values of the parameters of our model are
taken from (2). The values of the other (new) parameters are assumed. The simulation results are as follows.

For biomass was te noted FG

Fé
2000 - Ky =0.128, Hpmax= 0.3; fi=
iy 0.70; f:=0.76; Y=005X,=
< 1600 4 o 5 -
i 1751; B, =2, Sp = x )
% PO [€O:]ls =0.[CH,)s =0, B
S 1200 4 K., = 160 k,=0.03 s g
£ T coz £
z 3 e —— " g
= g
g s CO2exp 8
= s CH4 exp
— —
30 40 50 60

Time (dayz) * "

20 0
Time {davs)

Figure 2. Left. The dynamics of the solutions of the Rouez mo del and the dynamics of the experimental data for the noted biomass FG
(2). Right: The dynamics of the solutions of the model (16).
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The comparison of the evolution of the solutions of our model and that of Rouez shows that our model is in agreement with the data
experimental data obtained by Rouez. There is a correlation between the dynamics of the solutions of our model and the experimental data of
Rouez. Our model thus makes it possible to predict the production ofbiogas. Stability in the production ofbiogas is observed ffom the 35days
(See Figures 2;4 and 6). Our model also makes it possible to have and understand the dynamics of the variables which are not taken into
account by Rouez (2), in particular the concentration of acid ogeni cbacteria, the concentration of acetogenic bacteria, the con centrationof easily
biodegradabl e substrate, and the concentration ofacid (See Figures 3; 5 and 7).

CONCLUSION

A mathematical model involved in the energy conversion of biomass wastein discontinuous op eration has been developed and analyzed tohelp
the engineer to predict the performance of the reactors without necessarily taking the phase of realization and experimentation. We are
interested in the process of anaerobic digestion for the production of biogas in a digester in discontinuous operation. Modeling this mode of
conversion is an essential tool for predicting biogas production. The new model of ordinary differential equations takes into account all stages
of anaerobic digestion in batch operation. This model, which was not available in the literature, was analyzed mathematically. The existence,
uniqueness, positivity, and boundedness of the solutions of the model are proven. The validation tests of the model have shown that the
dynamics of its solutions are in agreement with the experimental data of the literature. The results of these tests made it possible tohave and
understand the evolution ofthevariables which arenot taken into account in theliterature.
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