Geodesic flow on Finsler manifolds of hyperbolic type
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Abstract. Let (X, F) be a compact Finsler (no reversibility is assumed)
manifold and X be its Finsler universal covering. In this work we study
the geodesic flow restricted to the set of all geodesics that are minimal
on X. In particular we give a comparison result between the topological
entropy and the volume entropy of (X, F).
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1 Introduction

Let (X, g) be a closed (compact without boundary) and connected Riemannian man-
ifold, p : (X,§) — (X,g) its Riemannian universal covering map and 7 : TX — X
the canonical projection from its tangent bundle. Let us denote by z, the lift in X,
for any picked z € X. An interesting asymptotic invariant hy (volume entropy also
called volume growth) has been introduced in [8] as follows: if vol; B(Z,r) denotes the
volume of the open ball B(Z,r) centered at Z with radius r in the universal covering
()~(,§) of (X, g), then the quantity
hy = lim log vol; B(Z, r)7
r—+00 T

where the limit on the right hand side exists for all # € X and, in fact, is independent
of . This asymptotic invariant describes the exponential growth rate of the volume
on the universal covering and is related to the geometry, the topology and the dynamic
of manifolds (see [10]).

Besides, iterating any homeomorphism ¢ on a metric space (X,d), leads to a
dynamical system. The study and the understanding of this system strongly relies on
the answers to the questions such as how many different orbits it has, how fast it mixes
together various sets, etc. In fact, it is well known that to any homeomorphism of
a compact Hausdorff topological space, there is an attached real which characterizes
the induced action by the homeomorphism on the finite open covering of the space:
the topological entropy. It represents the exponential growth rate of the number of
distinguishable orbits of the iterate for the dynamical system given by an iterated
homeomorphism. Denoting by {¢!}; the geodesic flow of g in the unit tangent bundle
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SX = {(z,v) € TX ; go(v,v) = 1} C TX and by hiop(¢) = hiop(dsx), the
topological entropy of {¢t};, it was established in [8], that

htop (¢t) = hy

with equality when g is of non positive curvature. This estimation was generalized
by A. Freire and R. Mané to Riemannian metrics without conjugate points (see [4]).
Later on, the authors in [6] proved that it is sufficient to consider minimal geodesics
to generate exponential complexity (providing hy > 0). Indeed, denoting by X the
closed and ¢t-invariant subset of SX which consists of all (Z,7) € SX such that the

d
geodesic ¢; with speed £05(0) = 0 is globally length-minimizing, by X = p,.(X’) the
projection of X onto SX, by {¢t }; and {(b’;%}t the geodesic flow restricted to X and
X respectively :

Theorem 1.1 (see [6]). Let (X, g) be a compact Riemannian manifold and ¢%, be the
geodesic flow ¢t restricted to the set of the minimal geodesics X C SX. Then

(1.1) htop((vbt)() 2 hy.

Recall that a compact manifold of hyperbolic type is a compact manifold admitting
a strictly negative curvature. A fruitful attempt to prove the reverse inequality of (1.1)
has been made on compact manifold of hyperbolic type :

Theorem 1.2 (see [5]). Let (X, g) be a compact Riemmannian manifold of hyperbolic
type. There exists a constant 3 depending only on (X, g) such that for each compact
set K C X :

(1.2) hiop(d', 7 H(K) N X, B) < hy.

The inequalities (1.1) and (1.2) highlighted the relationship between the volume
entropy and the topological entropy on a Riemmannian manifold. Since Finsler mani-
fold is a generalization of Riemmanian manifold, it is natural to study the equivalence,
the properties and the implication of such relationship in Finsler geometry setting ;
this is the aim of the present work. Let us mention that some researchers have
treated question related to volume entropy of fundamental group of Finsler manifold
(see [10] and references therein), but according to the authors knowledge, nothing is
yet known about the topological entropy and its relationship with the volume one in
Finsler geometry setting. This work brings them into light.

To do so, let us assume that (X, F) is a Finsler manifold with p : (X,p*F) —
(X, F) its Finsler universal covering map and 7 : TX — X the natural projection
from the tangent bundle T'X onto X. In the sequel, we will still denote p*F by F'.
Pick any = € X and let Z be its lift in X and SpX = {(Z,v) € TX ; F(&,v) = 1} the
unit tangent bundle. The geodesic flow {¢%}; of F is defined by

qﬁ%: SFX — SFX

v o —c(0) = 0.
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Let us denote by Xr the closed and ¢%-invariant subset of S »X consisting of all

- d
(Z,v) € SpX such that the geodesic ¢; with speed %cv(()) = v is globally length-
minimizing. Let Xr = p, ()E'p) stands for the projection of Xp onto SpX, while
{¢%, }+ and {gb’;\?p }:+ will denote the geodesic flow restricted to X'z and X respectively.

We obtain the following result showing that the topological entropy of a geodesic
flow on a compact Finsler manifold is bounded from bellow by its volume entropy.

Theorem A Let (X, F) be a compact Finsler manifold and let {¢% }¢ denotes the
restriction to Xp C SpX of the geodesic flow {¢%}: of (X, F). Then

(1.3) hiop(P2,) = hr.

Assuming that (X, F) is of hyperbolic type, we prove that the topological entropy
is bounded above by the volume entropy as follows :

Theorem B Let (X, F) be a compact Finsler manifold of hyperbolic type and K C X
a compact set in the universal cover X of X. Let F = SK N X, where SK =
7 Y K)NSpX. Then there is some constant B depending only on (X, F) such that

After gathering in Section 2 some needed materials for the sake of completeness
and easy reading we study the ideal boundary of a Finsler manifold of hyperbolic
type and the Morse Lemma. In Section 3, we recall the Bowen’s definition for the
topological entropy, afterward we present and prove our comparison results for the
topological entropy.

2 Background materials

In this section we give an overview of some basics tools needed for easy reading and
understanding of the present work for the sake of completeness. We refer to [2, 10]
and references therein for more details.

2.1 Finsler geometry structure

Roughly speaking, as Riemannian geometry extends Euclidean geometry, Finsler ge-
ometry gives a larger environnement than the Riemannian one to study geometrical
objets.

Definition 2.1. Let X be a differentiable manifold. A Finsler structure on X is a

function
F:TX —[0;400)

on the tangent bundle TX of X with the following properties:

1.  Fis C'*° on the slit tangent bundle T X\ 0 where 0 stands for the zero section
(Regularity) ;
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2. F(z, ) =MF(z,v)forallz € X,v € T, X and A > 0 (positive 1-homogeneity)
1 02

2 8vi8vj
every point (x,v) of TX~ 0 given then a metric g, , (strict convexity).

3. The n x n Hessian matrix (gi;):j := ( F2> is positively defined at
ij

Therefore, every Riemannian manifold (M, g) is a natural example of a Finsler
manifold with F' = ,/g.
Consider a and b reals satisfying a < b. Given v : [a,b] — X, a piecewise C*° curve

d dy' 0
with velocity d—z = ch py € T,(»)X on a Finsler manifold (X, F'), one computes its
5t ot dy
length as lp(y) = / F(y, E)dt'
a

For two elements z and y in a Finsler manifold (X, F'), let us denote by C*°(z, y)
the collection of all piecewise C*° curves 7 : [a,b] — X starting from y(a) = z and
ending to v(b) = y. The metric distance from z to y is defined by:

dr(x,y) = inf [ .
rl@y) = ot 0)
In general, F' is non reversible then the induced metric dr is non symmetric.
If a Finsler function F satisfies

F(z, ) = |MF(z,v) foral \eR,

one says that it is absolute homogeneous and for such Finsler function, the associated
distance dg is symmetric.

It is important for the whole theory of Finlser manifolds that one does not sym-
metrize or reduce the general Finsler metric to the special Riemannian or reversible
Finsler case. The non-reversibility is essential, which should be preserved because it
results from the main difference between Finsler geometry and Riemannian geometry.

The metric tensor g on a Riemannian manifold (X, g) depends only on the points x
of that manifold X, namely g = g, ; whereas in Finsler geometry, although the metric
tensor g on a Finsler manifold (X, F') depends on a point x of X it also depends on
tangent vector v to X at = i.e. ¢ = gz,. The non reversibility of the associated
metric to a Finsler function strongly relies on the dependence in the tangent vector.
Nevertheless there is a way to overcome the non reversibility on some Finsler manifold
without symmetrization.

Definition 2.2. A Finsler manifold (X, F') is called uniform if there exists a constant
o such that

1
(2.1) . Grvy < Grws < OF * oo, Vae X and Vo, vg € T, X {0}

F
The constant ap in (2.1) is called the uniformity constant of (X, F') and in this case
ap is finite it is given by

gw,vl (u’ u)
ap = sup sup 3,
2eX | u,v1,02€T X~ {0} \/ Jar,vo (U, 1)
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Let us remark that since dp is non symmetric, the inequality (2.1) gives a helpful
and powerful tool for estimation. In fact, as a consequence to (2.1), we have for all
distinct pair of points z and y :

dp(y,z) < apdp(z,y).

Observe that compact Finsler manifolds and their Finsler universal coverings are
uniform with the same uniformity constant ap.

Let us denote by Bf(z,7) = {y € X, dp(x,y) < r} the forward open ball of
radius r centered at z and Bg(z,r) = {y € X, dr(y,z) < r} the backward open
ball of radius r centered at x (namely the set of center of balls of radius r containing
x). Every Finsler manifold comes with a natural volume form, which is described as
follows:

fix an arbitrary Riemannian metric g on X, let dvy be its volume form ; pick
z € X and denote by vol,B,(z,1) and voly B} (z,1) the volume with respect to g of
the unit open ball in (X, g) and (X, F') respectively ; the Finsler volume form on X
is given by
volgBgy(z, 1)

d - 979\ )
vr@) = L B (1)

d’l}g (Qj)’

and is independent of the choice of the Riemannian metric g. Then the Finsler volume
for any subset A of (X, F) is volp(A) = / dvp(z).
A

Proposition 2.1. Let « be a strictly positive real number and let ) be a fundamental
domain with diameter o in X. Then for all r > a and for all T and g in €2 one has:

Bf(Z,r —a) € BE(,7) C B (3,7 +a).
Consequently for all & and § in X the following holds
volp (Bf (%, 7 — ) < volp(BE(g,7)) < volp (Bf: (%, 7 + a)).
Proof. Take Z € B} (%, r—«) meaning dr (%, Z) < r—a which infers that dp(Z, 2)+a <
r. Since 2 is of diameter « then for all £ and ¢ in §2 one has max(dp(Z,9), dr (9, Z)) <
«. Therefore dp(y,2) < dp(9,Z) + dp(Z,2) < r. In the other hand taking z €

Bf:(y,r), i.e drp(f, Z) < r, we have by the same argument that dr (%, 2) < dr(%,9) +
dp(g,2) < a+r. O

Proposition 2.2. Let (X, F) be a closed Finsler manifold, # € X and B} (&,r) the
forward ball of radius r in the universal covering X of X. Then

o1 T~
hp = rl}r—i{loo - log volp (B (Z,7))

exists and is independent of T.

Proof. Choose a fundamental domain € in X with diameter . Then

Bf(%,r —a) C BE(g,7) C BL (3,7 + a), Vi, g e .
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Consequently for all Z and § in X the following holds
volp(Bf(Z,7 — a)) < volp(BE(§,7)) < volp(BE (2,7 + a))

since the covering transformations that bring £ and ¢ in £ are isometries. Also for
all positive reals r and s,

B r+s)= ) Bi@s).

JEBY (2,7)

Let N be a maximal subset of B}' (Z,7) whose points are pair-wise b apart. We have

b . b
yeEN

which infers

dgen volp(BE (3, 5)) < volp(BE (2,7 + 3))
(2.2) = cardN - inf,e x volp(B} (7, 2)) < volp(Bf (2,7 + %))
= cardN - infge x volp (B} (7, 3)) < volp(BE (2,7 + 5))

Therefore, a maximal subset N of B} (#,r) whose point are pair-wise b apart has

b
)
and depends on the curvature. Since every point of B;(i, r) is within b of some § in
N then

1
cardinality at most —volp (Bf (&, 7+ 5)) where the constant ¢ is jn)f( volp (B} (2,
Cp ze

B (&,r+s)= |J Bf (@5 +b).
geEN

One may assume that volg (B} (7,7)) is unbounded. Hence one can choose b so that

3b
cp=1. PutA:a—i—?then

b
(2.3) volgp B (%,7 + s) < volp B (%, 7 + g)volFB;C(:E, s+ a+b);
hence
volp B (2,7 + 8) < volp Bf: (%, r)volp B (%, 5 + A)

since
volp B (%7 + s) = volp B (,7 — 5 + 5 + )

< volpBE(Z,r)volpBh(Z,r — 2+ 2 + s+ a).

Using again the relation (2.3), if ks < r < (k+ 1)s then

volp BE(%,7) < volpBf (%, (k+1)s)
< volpBf (%, ks)volp B (3,5 + A)
< - <volpBf(#, s)volp Bh (2,5 + A)*,
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1 1 k
—logvolp B} (#,7) < —logvolpB}(%,s) + — logvolp B} (%, s+ A)
r r r

1 1
< —logvolpBf (%, s) + — logvolp B} (%, s + A)
T s

1 1
(2.4) limsup — logvolpBf(Z,7) < =logvolpBi(Z,s+A) Vs>0
r—+oo T S

and so

1 1 1
limsup — log volp B} (%, 7) < liminf - log volp B} (#, s+A) = lim inf ~ log volp B} (, 5)

r—+oo T s—400 § s—+o00 §

which shows that lim sup log volp B} (#,7) exists. a
r—-+4oo

Definition 2.3. Let (X, F) be a compact Finsler manifold. Analogously to the
Riemannian metric case, one defines the volume entropy of F' as follows:

log volg (B (%, r
hp = lim —2 (B T)

r—00 r

Let us recall some terminologies for the sake of reading:
Definition 2.4. Let (X, F) be a Finsler manifold and X its Finsler universal covering

1. A curve ¢ : [a,b] — X satisfying F(¢) = 1 is said to be minimal if [p(c) =
dr(c(a), c(b)).

2. A curve c: [0;+00) — X is called a forward ray if €|, 1s minimal for allowed
[a,b] C [0;400).

3. A curve ¢ : (—00,0] = X is called a backward ray if C|ia. 18 minimal for allowed
[a,b] C (—o0,0].

4. A curve ¢: R — X is said minimal if €|(o. 18 minimal for allowed [a, ] C R.

5. A C* curve ¢ : R — X is called a geodesic if it has constant speed and for all
sufficiently closed positive reals a < b one has Ir(c|, ) = dr(c(a), c(b)).

The Finsler manifold (X, F) is said to be forward complete if any geodesic defined
over [a,b] can be extended to a geodesic over [a, +oo[. Similarly (X, F) is said to be
backward complete if any geodesic defined over ]a, b] can be extended to a geodesic
over | — 0o,b]. We say that (X, F) is complete if it is both forward complete and
backward complete.

Lemma 2.3. If a uniform Finsler manifold (X, F) is forward complete, it is also
backward complete, thus complete.

Let us denote by S X the unit tangent bundle of (X, F), SpX = {(#,v) € SX :
F(&,v) = 1}. The geodesic flow ®%, : Sp X — SpX of F is defined by &4 (Z,v) = é,(t),
where ¢, : R — X is the F-geodesic defined by ¢,(0) = & and ¢,(0) = v. Let Xp
be the closed and ®%-invariant subset of SpX consisting of all (Z,v) € SpX such
that the geodesic ¢, with ¢,(0) = Z and ¢,(0) = v is a minimal geodesic. We denote
by Xp = p.(Xp) the projection of X to SpX and by qﬁtXF,(thF the geodesic flow

restricted to Xr and X =, respectively.
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2.2 Morse lemma and ideal boundary of a Finsler manifold of
hyperbolic type

For the use made of them in the work, the ideal boundary and the Morse lemma
was presented and discussed in this section. For more details, we refer to [1] and
references therein.

Definition 2.5. Let (X, F) be a Finsler manifold. The function F' is uniformly
equivalent to a Riemannian metric g on X, if there is a positive constant o such that
1

— P flg<ao- I
Qg

Consequently one has for the associated metrics dr and dg:

1

— dp(-,-) <dy(-,) < ap-dp(-, ).

Qg
If in addition, the Riemmanian metric ¢ is of strictly negative curvature then the
Finsler manifold (X, F) is said to be of hyperbolic type and the metric g is called the
associated metric of strictly negative curvature to the Finsler structure F on X.

For any subset A of X and any z € X the distance from x to A denoted by
dp(x,A) and the distance from A to = denoted by dr(A,x) are respectively defined
as follows:

dp(e,4) = if dp(z,a)  resp. dp(4x) = inf dr(a,2).
Also for any two subsets A and B the F-Hausdorff distance between A and B is

defined as follows:
d2 (A, B) = sup dr(a, B).
a€cA

Observe that dp(z, A) < a%dp(A,z) and d¥(A, B) < o%d% (B, A).

The following result is fundamental for the study of the topological entropy of
¢tXF when (X, F) is a compact Finsler manifold of hyperbolic type ; it was proved
by Morse on a 2-dimensionnal Riemannian manifold [9] and was extended in Finsler
geometry setting by Zaustinsky [11]. Thanks to Klingenberg [7] the Morse lemma
holds in arbitrary dimension.

Let (X, F) be a compact Finsler manifold (so F is uniform) of hyperbolic type
(so F is uniformly equivalent to a Riemannian metric of strictly negative curvature).
From now on, we assume the existence of a fixed Riemannian metric gg on X with
strictly negative curvature associated to F' ; we denoted by o the uniformity constant
of F' and by «ag the uniformly equivalence constant of F' to gq.

Proposition 2.4 (Morse Lemma). Let (X, F) be a Finsler manifold of hyperbolic
type. Then there is a constant ro = 1ro(F, go) > 0 with the following properties:

(i) if v : [a,b] — X and x : [ag, bo] — X are minimizing geodesic segments with
respect to F' and go, respectively, joining v(a) = x(ao) to v(b) = x(bo), then

dg(rY[aﬁ b]a X[a07 bO]) g To-
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(ii) for any minimizing F-geodesic v : R — X there is a go-geodesic x : R — X
and conversely for any go-geodesic x : R — X there is a minimizing F-geodesic
v :R— X with
dit (7(R), x(R)) < ro.

Now let (X,F) be a compact Finsler manifold of hyperbolic type and (X, F)
be its Finsler universal covering. Let go denote the associated metric of strictly
negative curvature on X. Note that the Riemannian universal covering X, of (X, 90)
is a Hadamard manifold. Let us denote by Xo(oo) its ideal boundary. Two F-
geodesics ¢ and ¢ are said to be asymptotic if there exists a constant n > 0 such
that df (c(R4),c/(R4)) < n, where dif is the Hausdorff distance with respect to the
distance dp. This defines an equivalence relation on the set of minimizing F-geodesics
rays of X. Let X (c0) be the coset of asymptotic minimizing F-geodesics rays ¢ of X.
For each minimizing F-geodesic ray c of X , it follows from Morse lemma that there
exists a go-geodesic ray «y such that d& (c¢(R;),y(Ry)) < n, where 7 is the constant
in Morse Lemma. Let [c] be the equivalence class of minimizing F-geodesic ray ¢ and
let [v] be the equivalence class of the gg-geodesic . The map f defined by

I X(oo) — Xo(oo)
[ — [

is bijective. Then f defines on X (00) a natural topology with respect to which X (c0)
and X((oo) are homeomorphic. R R
Let Gy be the set of the go-geodesics v : R — X and denote by Xr(y) the
following set
X (7) = {(2,v) € X : ¢,(~00) = (—00) and ¢, (+00) = v(+00)}.
Using the Morse Lemma we have

./YNF = U /fp(’y).
Y€Go

3 Topological entropy estimation in Finsler
geometry

In this section we present and prove our main results on estimation of the topological
entropy in Finsler geometry setting by providing a lower and an upper bounds for the
topological entropy.

3.1 Bowen’s definition of topological entropy

Here we recall Bowen’s definition of topological entropy. Let ¢ : V. — V be a
homeomorphism of a metric space (V,d), not necessarily compact. By iterating ¢,
one obtains a dynamical system (X, N, ) where ¢ : (z,n) — (x,n) = ¢"(x). For
each n € N, a metric on V is defined by

dn(@,y) = max (¢’ (x),¢ (y))-
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Let H be a subset of V. For any £ > 0 and any integer n, we say that aset Y C V is
(n, €)-spanning for H if the closed balls B, (y,e) = {x € V : d,(y,x) < e} withy € Y
cover H. If Y C H and B, (y,e) NY = {y} for all y € Y, we say that Y is an (n,¢)-
separated subset of H. Let r,(F, ) denote the minimal cardinality of (n, £)-spanning
sets for H and let s, (H,¢) denote the maximal cardinality of (n, €)-separated subsets
of H. It is easy to see that for any € > 0 we have

rn(Hye) < sp(H,e) < rp(H,e/2).

If H is compact then r,(H,e) < oo,
We recall the following definitions of topological entropy:

1
® hiop(f, H, ) := limsup —logr,(H,€);

n—oo N
b htop(fa H) = ;ig(l)htop(faHae) ;
® htop(f) = sup htop(fa H).

HCV compact

Note that for any € > 0 we have hyop(f, H,e) < hiop(f, H) and if V' is itself
compact, we have hiop(f) = hyop(f, V). If we use s,(H,¢) instead of r,,(H,¢), we
obtain the same value for htop( f,H). For details on topological entropy we refer to
[12].

We need the following less known concept of local entropy introduced by Bowen
[3]. For z € V and 8 > 0 set

Zg(x) :={y eV d(f"(2), f"(y)) < B, Vn € L}.

The S-local entropy htop,loc(f’ B) of f is given by: htopJoc(f’ B) = su‘g htop(fa Zg(x)).
fAS
One says that f is S-entropy-expansive for 8 > 0 if htop loc(f;8) =0.

We consider the following setting: let (V,d) be a metric space and I' C Iso(V)
acting on V. Assume that the quotient V := ‘7/ I' is compact and equipped with a
metric d such that the projection p : V. — V is a local isometry. Let f V—V
be a homeomorphism which commutes with the group I and let f: V — V be the
projection defined by f(z) = pfp~'(z) (this is well-defined since f, I-commutes).
Note that f is a homeomorphism as well.

The following theorem is a slight extension of a result of Bowen (see [3]). It allows
us to estimate the topological entropy using coverings and will be crucial for our
applications.

Theorem 3.1. (see [5] for details) Let K C V be a compact set such that p(K) = V.
Then for any 5 > 0 we have

(31) htop(f) < htop(fv K, ﬁ) + htopJoc(fv ﬁ)

3.2 Lower bound for the topological entropy
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Recall the notation p : X — X for the universal cover of X and

Xp = {(Z,v) € SpX ; ¢,(0) = Z, ¢, is a minimal F-geodesic } C SpX,
X :p*()?p) C SpX.

The following theorem is an extension to Finsler manifolds of the result of Katok and
Hasselblatt in Riemannian geometry (see [6]).

Theorem 3.2. Let (X, F) be a compact Finsler manifold and (thF be the geodesic
flow ¢t restricted to Xp C SpX. Then

(3:2) hiop(P2,) = hr.

The following lemma is useful for the proof of Theorem 3.2. For any positive real
numbers 0 and T, recall that sp(Y,d) denotes the maximal cardinality of a (7, 9)-
separated subsets of Y.

Lemma 3.3. Assume that (X, F) is a Finsler manifold with associated Finsler dis-
tance dr. Let (¢t)t be a continuous flow on X andY C X. For times 0 =ty < t1 <
o<ty =T and 6 > 0, we have

[[st-t (6" 1Y.0) = sp(Y,26),  Vi=1,-- ,m.

i=1
Proof. Let L be a maximal (T, 20)-separated subset of ¥ and let L; be a maximal
(t; —t;_1,0)-separated subsets of ¢'i-1(Y) for i = 1,2,--- ;m. For (z1,Z2," + ,Tm) €
Ly xLyx---x1L,, set

B(z1, 22, ,Tm) i= {z eL; dp(¢t+t'i*1(z)7¢t(z)) <4 vVi<i<m,te [O,ti—ti,l]}.

Since L is (T, 20)-separated, the triangle inequality implies that cardB(x1, -+ , &y, ) <
1. Therefore, since the cardinalities of the L; are maximal implying that they are also
(t; — ti—1,0)-spanning,

cardL = card U B(zy,x9, - ,xm) | < H cardL;.
i=1

(z1,2, " ,Tm)
]

Lemma 3.4. Let (X, F) be a closed Finsler manifold of injectivity radius § = inj(X, F').

Denote by (X, F) the Finsler universal covering of (X, F) with uniformity constant

ap. Let w be a positive real number satisfying 0 < w < 1+2a2 . Let (Ty)r, € N
F

be a sequence tending to +oc starting from Ty (sufficiently large) and defined by

Tit1 =Tk + w%. Fiz z € X, for any g in N, the mazimal 2§-separated set contains

in the annulus E;(Q,Tk +wl) N BE(2,Ty), let ¢z : [0,dr(Z,9)] — X denotes the
minimal geodesic segment from & = c3(0) to § = c3(dr(Z,9)). Then for any pair of
different points 1 and g2 in N we have

dr (cg, (Th), cga (Th)) > 0.
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Proof. The proof is a straightforward computation using the triangular inequality and
the fact that cy, for i = 1,2 are geodesic segments from  to ;. In one hand we have:

dr(G1,92) < dr (91, ¢, (Tk)) + dr (cg, (Th), ¢, (Th)) + dp (cgy (Tk), G2),

which infers

dr(cg, (Tk), cgy (Tk)) = dr (i1, 92) — dp (91, ¢, (T)) — dr (cg, (Tk), J2)-
On the other hand we have

. N - wd
dp(%,79:) = dr(Z,cg,(Tk)) + dr(cg, (Tx), 9:) < Tk + 5

whence dp(cg, (Tk), 5;) < %2, Vi = 1,2. Using the uniform property of F', one gets

- - wo
(3.3) dp (1, ¢, (Th)) < azdr(cg, (Tr), 51) < a%7~
Therefore 5
w
dp (e5, (To), 5, (Ti)) > 25— (1 4 o)
Since w is such that 0 < w < T a2 one obtains dp (cg, (Tk), cg, (T)) > 0. O
Ay

We can now give the proof of Theorem 3.2.

Proof. (Proof of Theorem 3.2)
Fix € X, ¢ > 0 and write

§:=inj (X,F) >0, a:= sup volBj(y,20), b:= htop((thFX).
yEXF

There exists a constant w satisfying 0 < w < ———- and a sequence (T}) tending

1+ a3
to +oo such that

)
(3.4) vol B} (%, Ty, + w) N vol B (2, Ty) > ehr1=o)Tk

for otherwise adding up the volume of the annuli Bj: (:ﬁ, T, + w%) ~ B} (%, T),) with
Tiy1 = Tk + wg starting at Ty sufficiently large would yield that the exponential
growth rate is less than hp(1 — ¢).

Let N}, be a maximal 26-separated set in the annulus B} (%, T, +w$) \ Bf (%, T%),
then we have for all k € N

)
a-card Ny > vol | | J Bf(4,20) | = volBJ (&, Ty + 2) “volB} (%, Ty) > ehr(1=o)Tk,
YE Nk

For §j € Ny, let ¢ : [0,dp(#,§)] — X be a minimal F-geodesic segment with c;(0) = &
and ¢;(dp(Z,9)) = 3. Now, if g1, Jo € Ni with §1 # g2 we have, by Lemma 3.4,

(3.5)  dr(cy (Tk), cg,(Th)) = dr (91, 92) — dr (91, 5, (Tk)) — dr(cg, (Tk), §2) > 0,
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and herefore, the following sets
Sk = —c~(0) g €N,
k- it Y 'y k

are (T}, §)-separated with respect to the following metric d} on SpX,

di(u,v) = m[gof] dp(cy(t), cw(t)), Y (#,u), (,v) € SpX.
te

)

In SpX, the sets Sy := p.(Sg) are (Th, %)—separated. We define the decreasing se-
quence of compact sets

Xy = p. {(5:,11) €SrX ¢y [—\/Tk, \/Tk} — X is minimal} and take ﬂ Xy = Xp.
keN

In order to find large separated sets in A7 we shall find them in the sets X}, observing
that for ¢ € [\/Tk7Tk — /1| we have

(thSk C XA;.

Assume that k is large enough, such that

1) 2b

Z) < VT > =

STy (Sk,4) <e and T, > pr
We apply Lemma 3.3 and obtain
) 1) 1) 1 _
STk—\/TT(QSﬁSk, 1) -5 7 (Sks Z) > 57, (Sk, Z) > card Nj > EehF(l Tk,

showing that

0 1 VT 1 -
R ﬁs’“’i) > aehp(l )Tk=2bVTh > Eehp(l 2e)Tk

Let now

T e (O,Tk — \/JT;C} and set my = {Tk_T\/ﬁJ e N.

Applying Lemma 3.3 again we have:

mp—1
. 5 - 5 5
(H 5T(¢FT+\/T75kv8)> STy — T —my. 7 FkT+mSk7§) > sp_ ﬁSk,Z)
1=0

(3.6) > lehpu—zam
a
and hence
mﬁl (¢1T+ms 5) - éehF(l_QE)Tk
ST\ PR ky o =
=0 8 STy — Tk—ka( ?kT+\/TT“5k7g)
lehF(1725)Tk
P ‘Ii{;
ST(SFng)
(3.7) > lehF(l—Qe)Tk—QbT’

a
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where in the last step we assumed that 7' is large, so that sp(SM, g) < 2T, Hence

one of the factors in the last product has to be “large”, i.e., for some i € {0,--- ,my —
1} we have
. ) 1 hrp(—2e)T)—2bT 1 T
s zFTJm/:fTCSk’ )= e > el T Ty

g a a

Note also that ¢>}T+msk C A}, so when letting k¥ — oo while fixing T" and using
my — oo, we find a (7T, %)—separated set in Xp = N X of cardinality at least

lehF(1—2s)T lim efiﬁ—f _ lehp(l—Qa)T.
a k—s00 a
Hence
hr — 2 < yop (D, g) < htop (P, )
which completes the proof of Theorem 3.2. (Il

3.3 Upper bound for the topological entropy of a Finsler
manifolds of hyperbolic type

We equipped SgX with the metric d} defined as follows:

dy(@,0) := max dp(cy(t),co(t) Y (Z,u), (Z,v) € SpX.

Let (X, F) be a compact Finsler manifold of hyperbolic type, go its associated Rie-
mannian metric with strictly negative curvature, ar the uniformity constant of F', ag
the uniformly equivalence constant of F to gg and ry the constant in Morse Lemma.

In this subsection we prove the following theorem:

Theorem 3.5. Let (X, F) be a compact Finsler manifold of hyperbolic type, X its
Finsler universal covering and K a compact subset of X. Let F = SK N X, where
SK = n=Y(K)NSpX. Then there is some constant 3 = B(F, go, ar, g, o) such that

htop(¢%,-7:7 B) < hr.

In order to prove this theorem, we construct spanning sets for F. Let K € X be
a compact set with diam K = a. For r > a consider

K,.={:eX, r—a<dp(3K)<r}

Let K° and K[ be the minimal e-spanning sets for K and K,, respectively. For
g€ K ze Ky, let xg: : R — X be the go-geodesic connecting § and Z such that
X3:(0) = g and x3:(d4(7, 2)) = Z. By the Morse Lemma, there exists a (unit speed)
minimizing F-geodesic 75z : R — X that is ro-close to yzz(R). Set

(3.8) Pri={42(0) ; § € K°,2 € K{} C Xp.

Using similar arguments like in [5], we obtain the following result:
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Lemma 3.6. Assume that the subset P. in relation (3.8) is defined, then P, is a
(r — 1, 8)-spanning set for F = SK N X with respect to the metric dk where (3 is
given by B := (2 + 3a})ro + (a2 + af(ad + 1))e.

Proof. Let v : R — X be a minimizing F-geodesic with ~v(0) € K. Then ~(r) € K,
and one can choose §y € K¢ and z € K such that

max (dp(gj,v(O)),dF(v(O),g)) <e and max (dp(é,'y(r)),dp(’y(r),é)) <e.

Let x be the go-geodesic connecting v(0) and ~(r) parametrized such that x(0) = ~(0)
and x(dg, (9, 2)) = 7(r). Due to the negative curvature, the function

it €[0,dgy (9, 2] — P(t) = dgo (X(1), X2 (1))
is convex thus for all ¢ € [0, dy, (y, 2)], one has:
(3.9)
dgo (X(8): Xy= (1)) < max{dy, (7(0),9), dgy (v(r), 2)} S €9, Vi€ [0,dg(9,2))-

In fact, for any ¢t € [0,dy(7,2)], we write t = ¢ X 0 + (1 — ¢) x dg, (g, 2) for some
c € 10,1]. Then

U(t) = P(ex 0+ (1 =) x dgy (9, 2)) = cp(0) + (1 — )9(dg, (9, 2))
= cdg, (x(0), x32(0)) + (1 — c)dg, (x(dg, (7 2)), X3z (dg, (¥, 2)))
= cdg, (7(0),9) + (1 = ¢)dg, (7(r), 2)
< max{dyg, (7(0),9) dg,(7(r),2)}.
Also,
dgo (7(0),9) = dgy (9,7(0))
dgy ((r), 2) = dgy(2,7(r))

and v and y are minimizing geodesics.

<
<

Let A = ~[0,r] and B = 7520, '] be the segment of 5z lying ro-close to x3:(0, dg(7, 2)]
with respect to the F-Hausdorff metric d% (vgz is a minimal geodesic in the ro-tube
around Yz, showing that B exists and 0 < 1’ < dg, (¥, Z)), namely

dg (X@E([Ov dgo (ga 2)})7 B) < rp.

Using the Morse Lemma (Proposition 2.4) and equation (3.9), we find (omitting
for the moment the intervals [0, dy(7, 2)] for x, xy2)

A (A, B) < dfF (A, x) + d (x, xgz) + A (xgz, B) < 2r0 + ae.

By the definition of the F-Hausdorff distance d, for any t € [0,7] there is some
"€ [0,7'] satisfying
dp((t),v5z(t)) < 2ro + eag.

Recall that v and vz are minimal F-geodesics and

dp(7(0),752(0)) < max (dr(7,7(0)),dr(7(0),5)) < 7o +e.
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o Ift <t then

/

t+t = dr(75:(0),7:(t + 1))
< dp(752(0),7(0)) + dr (v(0),7() + dr (Y(t), vz () + dr (vgz ('), vz (t + 1))
< rodedt+2r0+eal+t=2t+3ro+e(ag+1)

implying that ¢’ — ¢ < 3rg +e(ad + 1) < a3 (3ro + e(ad +1)).
o If t/ <t then

t dF(V(U) (1))
dr (7(0),752(0)) + dp (v52(0), 75z (t) + dr (vgz ('), ¥(t))
dr (7(0),75z(0)) + dp (732(0), 7z (t') + abdp (v(£), 752 (t))
ro + e+t 4+ a%(2rg +cad)
a2 (rog + )+t + a%(2rg +eal)

INCINCIN N

implying that ¢ — t' < a% (3rg +e(ad +1)).
Thus for any t € [0, ] there is some ¢’ € [0, r'] satisfying
dp(Y(t), 75z (t') < 2ro + ea
such that one has in one hand
It —t'| < aF:(3ro +e(af + 1))
and in another hand

dr (3= (1), 75:(0) < max {di (33 (min(t, 1)), 93z (max(t, 1)), b (52 (min L, 1), 752 (max(t, 1)) |

max(|t —t'|, %t —t'|)
|t —t']
ot (3ro + e(ag + 1)).

NN

N

Therefore

dr(y(t),v5:(t)) < dp(y(t),v5z(t) + dr(vgz(t),
< 2r0+a05+aF(37‘0+6( (2)+1))
(3.10) = (2+3ap)ro+ (ag + ap(af +1

Taking 3 := (2 + 3a'%)ro + (a3 + a%(ad + 1))e, we obtain

di(5(t),¥52(t)) = slél[%ﬁ] dr(y(t+s),v5z(t+s)) < Vte[0,r—1].

We can now prove the theorem 3.5.
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Proof of Theorem 3.5. Using inequality (2.2), we have for any z € K,

-1
card K¢ < C. - vol B} (:Ic,r +a+ E) ,  where C; := (inf vol B (4, 6)) ,
2 yeX 2

which implies that

card P, < card K¢ - card K; < card K¢ - C. -volB;,ﬂr (i,r—i—a—i— g) .

Hence

htop(d},]—', B) < lim logcard P, < lim log vol B} (55,7‘ +a-+ E) .

r—o+oor — 1 r—+oor — 1 2
Since
€
e logvolBf (:E r+a+ 7)
Tim : (2 5 o= 0 rtats, FA® 2
T g lesvlBf (B vat 3) = m | = et
= hp.
Then htop(¢%»}—75)<hF~ O
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