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Abstract

In this paper, we provide the closed equations that satisfy two-point correlation
functions of rank 3 and 4 tensorial group field theory. The formulation of the
current problem extends the method used by Grosse and Wulkenhaar (2009
arXiv:0909.1389) to the tensor case. Ward-Takahashi identities and Schwin-
ger—Dyson equations are combined to establish a nonlinear integral equation for
the two-point functions. In the three-dimensional case, the solution of this
equation is given perturbatively at the second order of the coupling constant.
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1. Introduction

Random tensor models [1-3] extend matrix models [4] as promising candidates to understand
quantum gravity (QG) in higher dimensions, D > 3. The formulation of such models is based
on a Feynman path integral that randomly generates graphs representing simplicial pseudo-
manifolds of dimension D. The equivalent of the t'Hooft large N limit [5, 6] for these tensor
models has been recently discovered by Gurau [7-9]. The large N limit behaviour is a
powerful tool which allows us to understand the continuous limit of these models through, for
instance, the study of critical exponents and phase transitions [10-12].

With the advent of the field theory formulation of random tensor models, henceforth
called tensorial group field theory (TGFT) [13-24], one addresses several different questions
such as renormalizability (for removing divergences) and the study of the ultraviolet (UV)
behaviour of these models. It turns out that renormalization can be consistently defined for
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TGFTs and most of them, for the higher rank D > 3, are UV asymptotically free [21]. This is,
of course, very encouraging for the geomeogenesis scenario [15, 23, 24].

It becomes more and more convincing that random tensors and TGFTs will take a
growing role in providing answers to the QG conundrum. Despite all these results, a lot of
conceptual and technical questions arise in this framework for obtaining a final and emergent
theory of general relativity [3]. Among other goals, it would be strongly desirable to establish
more connections with other studies and important results around gravity. This paper provides
the first glimpses of the extension of the recent full resolution of the correlation functions in
the Grosse—Wulkenhaar (GW) model [27-29].

One of the main purposes of a field theory is to find the exact value of the Green’s
functions, which are also called correlation functions. Obviously, this can be a highly non-
trivial task. In the rare cases where this is successfully done, one calls the model exactly
solvable. In a recent work, the renormalizable noncommutative scalar field theory, called the
GW model, was solved [28—43]. This particular noncommutative field theory projects on a
matrix model, and then one can see a model for QG in two dimensions. Let us review this
model arising in noncommutative geometry. Grosse and Wulkenhaar modified the propagator
of the noncommutative field theory by adding a harmonic term, and showed that the resulting
functional action is renormalizable at all orders of perturbation. The proof of this claim was
given using the matrix basis dual to the Moyal space of functions. In [34-36], a new proof of
the renormalizability was given in direct space using multiscale analysis [37]. The GW
propagator breaks the U(N) symmetry invariance in the infrared regime, but is asymptotically
safe in the UV regime [32, 38, 39]. The model is also noninvariant under the translation and
rotation of spacetime. The only known invariance satisfied by the model is the so-called
Langman—Szabo duality [40]. At the perturbative level, the associated Feynman graphs are
ribbon graphs. In a recent remarkable contribution, Grosse and Wulkenhaar successfully
solve all correlators in this model. Using both Ward—Takahashi identities and the Schwinger—
Dyson equation, these authors provide, via Hilbert transform, a nonlinear integral equation for
the two-point functions [29]. From this result, they were able to generate solutions for all
correlators. Thus, the GW model is exactly nonperturbatively solvable. The question is
whether or not this method may apply to other models, in particular to TGFTs dealing with
higher rank tensors. We give a partial positive answer to this question. Indeed, as we will
show in this paper, the resolution method can be applied to find nonlinear equations for the
correlations here as well. Due to the highly nontrivial equations and combinatorics, the full
resolution of all correlators deserves more work, which should be addressed elsewhere.

This paper is organized as follows: in section 2, we derive the Ward—Takahashi identities
of arbitrary rank D TGFT. In section 3 we give the closed equation of the two-point corre-
lation functions for the rank 3 TGFT. We also give the solution of this equation at the second
order of perturbation. In section 4 we provide the closed equation of the rank 4 tensor field.
We give a summary of our results and a review of the paper in section 5.

2. Ward-Takahashi identities for an arbitrary D-tensor field model

TGFTs are generally defined by an action, S[@, @], that depends on the field, ¢, and its
conjugate, @, defined on the compact Lie group, G (ie.,
p: GP—C; (8, > 8p)—@ (g, -+, gp)). For simplicity, we will always consider
G = U(1). We are using the Fourier transformation of the field and are defining the
momentum variable associated with the group elements [g] = (g, &. > &) € U(1)” as
[p] = (1, P2» *+, Pp) € ZP. Using the parametrization g, = e'%, we write
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i), 60p
9(8 = 8p) = D, @(pys -, pp)e ; 0 e 0, 2m). )

P,€EZ

The Fourier transform of the field ¢ is denoted by ¢y,..p,=:¢ Py, -, pp)=:¢p for
simplicity. The functional action, S [@, @], is written in a general case as
D

S[p, ¢l = Zcblz,..DC‘l(p], Py s Ppi P> P2, ~-p’D)¢12...D H&Pipw + §int | ()
Di

i=1

where C stands for the propagator and S collects all vertex contributions of the interaction.
Let du, be the field measure associated with the covariance C, and we have the relation

Cdpl: D = / duc @ Prpys due = [ ddyy doyye i € MR o, )
[p]

The Green’s functions or N-point correlation functions are defined by the relation

1 _ _ _gint
G([P]l, 1278 [p]N) = E f d:uC Pion Pip1 Pty Prpiy © 5, )

where Z is the normalization factor (also called the partition function) given by
Z= / duc e, o)

Let us write the interaction term of action (2) as S™ = AV [, @1=:X ;4 Vi [@, ]. The main
idea of the perturbative theory is to expand the Green’s functions as

C_l)n o~ _ _
. f duc V'@, @1 @4y @ 11, @ 11y P o1y

oo

G(Iph. [ph. -~ [ply)= Y

n=0

= i G, (6)

n=0

Using this formula, the Green’s functions can be computed order-by-order using Dyson’s
theorem.

We consider the rank D tensor field, ¢, and its conjugate, ¢, which are transformed under
the tensor product of D fundamental representations of the wunitary group,
Uy :=QP, UN). Let U € U(N,), a = 1,2, -, D. The field, ¢, and its conjugate ¢
are transformed under U (N,) as

Prep = [U90] = 2 Usetinan (7)
p'u€EZ

- Sry _ @)

¢]2...D - [¢U (a)]12~~~a-~~D - Z UI%jlp’“galz...g/...D' (8)
P'.€EZ

p’, or simply a’ is the momentum index at position « in the expression ¢,,
action in (2) is re-expressed as follows:

Sk (G gl = D @p.pMirep@iy.p Mo = Chlp. (€))
PrssPp

.......

M;,...p is the inverse of the propagator associated with the model. Rank D tensor fields are
represented by half lines made with D segments called strands. A propagator is a D-stranded
line that, as usual, connects vertices. The variation of the action SX" under infinitesimal
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U (N,) transformation is given by
5(“)[Ski“:|=—i Z I:M((p[éfﬁ](a) _ [B(p](a)(ﬁ)] , (10)
12--D
Pi>>Pp

where B is the infinitesimal Hermitian operator corresponding to the generator of unitary
group U (N,); that is,

(@) _ s(a) iR (@) 2 (@) _ ¢(a) s (@) R2
U =85 + By + O(B), Oy =645 — B, + 0 B), (1)
with BI(,;’} = B,(,‘,’IZ. Consider now the theory defined with external source F (@, @; 1, 77] as
Fln, 7l = z @12..pM2..p + T2..0P12...0- (12)
Pi>*Pp

The partition function of the model is re-expressed as

Zln, 7l = / dpd@ e=Ste-@1+Flo.gnil, (13)
Under U (N,), infinitesimal transformation
SWIF] =i Z [ﬁ[B(p](a) _ [B(p](a)"]n . a4
Pi>*>Pp

Let 6® be the total variation under the action of the group element,
U @ U? ® - ® UP € Ug. Then we get the following proposition.

Proposition 1. The kinetic terms of action (2), (i.e., SX" and F) are, respectively,
transformed linearly as
D D
s@skin = N g@gkin 5@ F = N 5OF. (15)
a=1 a=1
Then, 5®8 = 0 if and only if 58 = 0 for all functional quantity S, which depends on ¢, @,
n, and .

We assume that N; = N, i =1, 2---D, and we take the interaction terms such that they
are invariant under the transformation U@ (i.e., 5@ 8™ = 0). This is the new input in TGFTs:
the U (N,) tensor invariance must be the one defining the interaction [1]. Note that the
measure dgpd¢ is also invariant under U@. The variation of the partition function can be
performed for a = 1, and the results for all values of a € {1, 2, ---, D} may be deduced using
proposition 1. We write

O Zn gl 1
3B, , Zin 7l

[ 40da3i Y (Mizpurn@une
PyssPp

- m2~-~D(pm 2---D(pn 2---D)

: 7 = =S @.@)+Flo,@:n.7
+1 Z (”m 2+-DPn2D = Pm2...0Mn 2---D) € Lo-giFLo gl
Pa5Pp

=0. (16)
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Now take d;0, of the above expression. We get only the connected components of the
correlation functions as

o(7¢p) o(¢
Z (Mm 2D — Mn 2---D) < [ (:ﬁ(ﬂ) (;:7) ]fﬂn 2...D</_)m 2~~-D>
[p] c

_Z < (’7m2 D¢n2 D) [a((ﬁ”l) :| _ (3(@,” 2..0M, 2...[)) |:a(’7(ﬂ):|> , A7)

(7] n on N

which can be simply written as

a(fep) d(gn) |
Mm — Mn —_— m
%:( )<[ o7 oy ](W >
_y (nmce,) Aan | _ 5 A Tuthn) aCip) (18)
on on o .

[rl [p]

Note that equation (18) is valid for all position indices a = 1, 2, ---, D. Let us also remark
that for m = n, the left hand side (lhs) of equation (18) vanishes. In the double derivative d;d,,
we fix the indices such that 7, 74. Then comes the following proposition.

Proposition 2. For index a = 1 (corresponding to UV), we get the Ward-Takahashi
identity

Z (Mmz---D - Mn2---D) < Dlay Qb[ﬁ] 90112~~-D¢1712~~-D >C

Pas+sPp
Oma <%az an Ppypy >C = Oup, <¢"mﬂ2~~~ﬂo By --arp >c’ (19)
which can be re-expressed for an arbitrary position, a, taking any value in {1, 2, ---, D} as

(M = M) ([ 000 ]0a00) = (0.0), = (But)s [0080]= X Gu2enBuaer QO

P2ssPp

We emphasize that the positions taken by indices m and n in relation (20) are the
positions of the momentum index, p,, used in the transformation U @ In conclusion, there are
exactly D Ward-Takahashi identities for the rank D TGFTs associated with this type of
invariance. Note that the Ward-Takahashi identities for the Boulatov model can be found in
[46]. The result obtained therein radically differs from the present identities found in (20).
Furthermore, we mention that we are not considering the TGFT with a gauge invariance
condition on the fields, as is found in [18, 19]. We consider here the simplest TGFT, as treated
in [13, 14]. Most of the results of this work could be extended to this different framework
with little additional work, since only the propagator will be modified. Thus, one expects
similar Ward identities in that gauge invariant framework.
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\/

Figure 1. The vertices of the rank 3 tensor model.

3. Two-point functions of rank 3 TGFT

In this section, we consider the just renormalizable rank 3 TGFT on the compact U (1) group,
addressed first in [15]. The rank 3 tensor field is defined by ¢: U(1)*—C, and we expand in
Fourier modes as

P8 8 &) = D, pime el 6, € [0, 27). 1)
P,€Z

As usual, write ¢@,,; = @y, p,p,+ The renormalizable 3D tensor model is defined by the action
S3p, in which the kinetic term takes the form

S = 24_’123 Ci2 P1oss (22)
[p]

where Cj,3 is the propagator. We write the resulting action for the bare quantities, which
involve the bare mass, m, and the three wave function renormalizations, Z,—; 3, each of
which is associated with a strand index, a = 1, 2, 3. The field strength can be modified as
follows:

1
p— (ZIZZZS)6¢ = Zl/z(p’ Z/) =1+ ahpnﬂhﬂ?} b123=0> (23)

where [}, 5,1, is the self-energy or one particle irreducible (1PI) two-point functions. Then, the
renormalized propagator takes the form

Cae =27 (lal + [l +1c| + m?) ", ab.ceZ. 24)

m stands for the bare mass. The interaction of the model is defined by the three contributions
Vi, V5, and V3, expressed in momentum space as

int _ 2 - - 2 - -
Sip = MZ Z P123P321 Prr23P3ony + A2Z Z P1239P32'19172'3P321/

1,2,3 1,2,3

1,2",3" 1',2",3’
1322 Y P13 Prn®rios Py = MV + Vs + A3 Va. (25)
1,2,3
1,2'3"

The vertices of this model are represented in figure 1.
After reducing some constraints, the Ward—Takahashi identities (20) now find the form

Z (Mm23 - Mﬂ23) < (pm23¢n23(pnab¢mab >c = < (pnab(pnab >c - < (pmab(pmab >c (26)
P2:P3
Z (Mlm3 - Mln3) < (p1m3(p1n3(panb¢amb >c = < (panh(ﬁunb >c - < (ﬁamh(pamb >c (27)
P1:P3
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ma b nab ma b

nab na.yp ma p
amb anb amb
m
1 = _
n T — —
anb any amy

abm abn a bm

abhn apn apm

Figure 2. Ward-Takahashi identities.

2 (Ml2m - Mlzn)<¢12m¢12n(pabn@abm>c = <(pabn¢abn>c - <¢abm(pabm>c’ (28)
PPy

with M, = C;;.. Equations (26), (27), and (28) are given graphically in figure 2. Let G[i,'},s,]ab
be the two-point functions with insertion (2, 3); that is,

G[li’lr;'s’l]ab = Z < Pm23 (151123 ¢nab¢mab >C : (29)
D2sP3

The rest of this section is devoted to finding, perturbatively, the exact value of the
renormalizable two-and four-point functions. We will use the Schwinger-Dyson equation,
and then combine it with Ward—Takahashi identities to yield the closed equation that satisfies
the connected two-and four-point functions. The Schwinger-Dyson equation is represented



Class. Quantum Grav. 31 (2014) 185005 D Ousmane Samary

a

3
b= Zp:l (Tapbc + Egbc)

C

Figure 3. Schwinger—Dyson equation for 1PI two-point functions.

cha cha cha
1 2 3
Tabc - Tabc - Tabc - K)
cba ca ca

Figure 4. Definition of Ty, T2 and Top.

dle
EclLbc — >

dbe

ape
2
Eabc -
3
Eabc

Figure 5. Definition of Yape, Yape and Y ape.

graphically in figure 3. The quantities 7/, and X/, for p = 1, 2, 3, are given in figures 4
and 5.
In figure 3, the quantity I, is the self-energy or 1PI two-point function that expresses as

3
Lpe = Z[‘fbc, where ), =Th.+ 2}, (30)
p=1

Also, in figures 3-5 a single circle represents a connected graph and a double circle stands for
a 1PI subgraph. Let us consider now the decomposition given in figure 6. The lhs of this

8
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abc 7N g
c

oo

s}
Q

=N O

pbc

Figure 6. Decomposition of the two-point functions with insertion: case where p = 1.

equation collects all connected graphs that have the vertex insertion. By cutting this vertex
out, one gets a four-point function, but the four-point function can either be disconnected (first
graph on the right-hand side (rhs)), or connected (second graph on the rhs). The connected
four-point function must have a 1PI four-point function somewhere as its core, and then fully
connected two-point functions attached to its four legs. Now, multiplying this equation by
G, means that, on the rhs, in the first graph the upper (bc)-branch attached to the insertion
vertex is removed, and in the second graph the (abc)-branch attached to the 1PI four-point
functions is removed. If one now sums over p and uses the fact that the newly created vertex
is 1,Z2, one gets precisely the function X/, .. Then equation (30) can be written explicitly
using the decomposition of figure 6 as

Zave = 2201 ) GaeGimiper Tave = 2221 Y Gapg. 31)
P p.q

In the same manner, we can obtain the decomposition of figure 7, which allows us to obtain
the relations

Zoe =Z%2 ) GanGitprewr  Tabe = 222 ) Gpg (32)
P pq
and
Zihe =2 ZGa_bLG[iLl';;]ah Tobe = 2723 Zquc' (33)
P p.q

Therefore, using the expressions (31), (32), and (33), the 1PI two-point functions take the
form

Lipe = 2% Y. Gupg + 222 Y Gy + 2223 Y Gy
p.q

> p-q P-4
+ Z°01 Y GaneGiaptoe + Z°42 2 GaneGitprea + Z°43 D, Gane Giipras
p P P
2 2 ) _1 Gabe = Gppe
=220 ) Gupg + Z%2 D Gy + 283 Y. Gpge + Zhy ZGach
P.q Pq Pq P a
Gbca -G ca Gcab -G ab
+ Z/lz ZGa_bl‘—p + Z/13 ZGa_bi—p (34)
B lpl — 15| > 1Pl = Il
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abc Z
a c
b
c
b b
p
p
c .
P b
apec a a
abe (;}
a ¢
b
c
¢ c
p
p
z
ab P a 2

Figure 7. Decomposition of the two-point functions with insertion: case where p = 2
and p = 3.

We assume now that the function G, satisfies the condition
Gave = Gpea = Geaps (35)
and then we get the following proposition.

Proposition 3. Symmetry properties: the connected two-point functions, I 2 can be
obtained using T, Z,bc., and can replace a — b, b — ¢, and ¢ = a, respectively. In the same
manner, I'Sy. can be obtained using T L a—=c, b—a andc — b, respectively.

Now, using the relation Ga_blc = My — e, We get
[ 1l .
Fv}bv o _%m ’ ;Mpbc l_ F,lhc B gMpbc 1_ Féhc ;a(Ta| —rl:l]) ’ GO
Fa3bc B Z2/13 :%MMC 1_ ngc i ;Mpab 1_ rgab - ;Mpah 1_ Fgab ;%lil__rlii};: G

For the rest of this section, we consider the connected two-point functions I'.,., and
finally I’ ,3,“. and I’ fm will be deduced using proposition (3). Then we pass to renormalized
quantities using the Taylor expansion as
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r)

ube = ZMs — MBS + LY, (39)
with

MBS = |a| + |b| + |c| + m MY = |a| + |b| + |c| + m¢. (40)

phys’

Equation (39) can be obtained after using equation (23) and

2 rl
) ”lphys 00(), ( 1)

with the renormalization condition
I = 0 = orgeg”, 42)
such that after replacing the expression of M., we get
Tipe = (Z = 1)(lal + bl + Icl) + Zm? = mj, + T, 3)

which expresses the relation between renormalized and bare quantities. When we set 1; = 4,
equation (34) takes the form

Zm? — mpyys + (Z = D (lal + bl + [c]) + T

1
2% Z — [phys

I + IQ| + |(1| + mphys pga

1
Z 2 rphys

p Ipl + |b| + |C| + Mphys = L pbe

1 iy (44)
N O )
For a = b = ¢ = 0, the relation of mass variation after renormalization is written as
1
Zm* — =Z% Z + Zﬂz
phys
“1pl + lal + mgys — Th° 1Pl + mhys — 100"
iy
—7ZA Z = . (45)

|p| + mphy% rph * |p|

Without any confusion, in the rest of this paper we replace the renormalized mass mphys by
my. Inserting equation (45) into (44), we get the closed equation of the two-point functions of
renormalizable rank 3 TGFT as
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1
(Z = D)(al + b + |c]) + TE* = 2% Z[

Ipl + lgl + lal + mg — T5s

j20] pqa

1
- 2 hys
|p|+|q|+mo—F,5q*}

1
+ZA 5 .
o | I+ 1B+ el + mg — T2

phys phys
1 I abc r pbc

Ipl + 16| + |c| + mg — T2 (lal — |pl)

1 1 e »
- 2_ths+ 2 _ pphys 1Pl - (40)
Ipl + mg 500 Ipl + mg 500

Equation (46) is still very complicated compared to an equivalent equation in [27].

To simplify it and get an explicit solution, we pass to the integral transforms. The process is to
set

=2 T X =27 il @)

PEZ P.9€ZL

We also assume that I,. = I, 1. Then we get the integral equation of (46) as

2 hys
2pl + lal + my — THE

@ = Dlal + o+ 1dl) + T2 =22 [ Lvldlpll 1

1
2lp| + mg — TN ]

o 1
272 / dpp| —
0 Il + 18] + lel + my — I}

pbc
- r
Il + mg — I’
1 rhYs — rhys
| + 1] + lel + mg = 52 (al = Ipl)
N 1 i 48)
Ipl + m¢ — LI Il
with p € R*. We introduce a change of variables,
2 @ » P 2 Y 2 P
al =m , |bl=m , cl=m , =m s 49
= mi s Bl =mi Tl =mi el = mi (49)
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r
thys 2 apy i 50
ae =TT - pHa -y 0

We also take the cutoff, A, such that p, = mO . Let us now define the quantity G,4, as

—aﬂ—ay—ﬂ7+2cxﬂy.

G 61y

l—aff —ay = Py + 2apy — Loy =
apy

Let Jopy, Lapy, and K, be three integrals whose relation is given by

L dp Gopy
Jupy = : 62
P /o (a—=p) (1= pp—yp—vP+2p1P)

1 d/) Gp/}}, -1
L5 = S S it A—
=, (1=p) @=p)’ 9

/1 pdp (1 =a)Gppa _ Gp0
0 (1=p) \ 1—=p2=2ap+2ap? 1-p?
1+ 7/‘ d ( 00 + Gp()())

Then we get the following theorem.

_ 2
Ka—mO

(54)

Theorem 1. The connected two-point functions, Ggg,, of the renormalizable rank 3 TGFT on
U (1) satisfy the closed integral equation

1
Gopy =1+ ﬂ’{y + A dp Gpoo+ (1 — a)(1 = Y1 = 1) Tupy

+(1 - (,l)(l - ﬁ)(l - y)Ga/fy
1 —af —ay — Py + 2apy

1
[_y_A dpGp()0+]Coc

N / " ﬂﬂ; - ppoo / dp 2 4 (1= )Ly - LOOO]} (55)
where
1 Gpo— G
Y = lim dp M, A= 2_/12 (56)
e—~0J0 €p m

Proof. Using the transformations given in equations (49) and (50), the expression (48) takes
the form
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a ﬂ+}’]+ Lapy
(

(Z—l)( +
l—a 1-p 1-y l-—a)1 =-p/H0 -y

72 / pdp 1-a 3 1
o (I=p | 1=p*=2ap+2ap> = Tpa 1 —p* =T

220 (4 dp l (=B -7 1

miJo (A=p)|1=Pp—yp—vB+2008—Tp, 1 - oo

_ 1 (I =p)lap, = (0 = )},

L—=pp—rp =18+ 2p7p — Ly a—p

P S @] (57)
1—1T,0 p

Note that  and y are symmetric parameters in equation (57). This implies that I3, = I5,4. Let
? 0 . .
us now take a | a=p=r=0 and d—la:/}zy:() of the above equation. We come to the relations that

satisfy the renormalized wave function, Z:

pdp (—1+2p—p2+r//,po+l;,p())

Z-1=2Z% s 5 5
(1=0 = T)
Ay - (58)
my S0 p (1 - rpoo)
and
Z_lzﬁ//‘ dp =1+ p+ oo+ T 00
m¢ Jo (1 -p) (1_1;)00)2
_ (/’ + r'poo)rpoo oo (59)
,0(1—1;)00)2 p(l_rpOO)
where we take I o =: OLonr Lo w=0- Now

O ,

Top. | p=r=0 or I jo0 =: Tﬁv\J p=y=0 and I, o =1 ——

let us pass to the new function, G,4,, given in (51). We find the following relations:
G, 00 2 1 — 1 — ,02 G/ 0

+ 14 , zp _ 2p2 + F’/)ﬂO — p( [)) + ( ) PP . (60)

Gooo Gy Gopo G

p+ F/ﬁo() =
pp0

Therefore, equation (59) reduces to

20 A G’
Zl=1+ —2/0 dp[ ;00 + Gp00:|’ (61)
my




Class. Quantum Grav. 31 (2014) 185005 D Ousmane Samary

and (57) takes the form
26y, 1 -z 1 L= @A =pi =D
1 —ap —ay — Py + 20py

_(-—ad-pd-yp 5 [
_1—aﬁ—ar—ﬁwzaﬁya”’y{zufo (

afy

1L=p)| 1 =p?=2ap + 2ap?

(I =p5A =1G

/)dp [ (1 - (X) Gppa

_M]Jrﬁ " _dp [ 6
L=p2 | mgdo A-pl1-pp—m-vb+20m "
(- a)(GPﬁV - 1) + Gpoo = 1 _ Gopyr
(a = p) P L—=pp—rp—7vB+2p0p
I =p)(I —ap —ar — Pr + 2apy)| Gup, — 1
* (@ = P)Gapy ( )] | o

Inserting (61) into the lhs of (62) and dividing by Z, one gets

a2 (- =-pHU=-7p) A . G’ oo
Cor =2 m()zl_aﬂ_a}’—ﬁy+2aﬁycay/(; P ’ + G00
(L= @)1 =1 =Gy, (G = 1)

24 /A )
mg Jo 1= fp—yp—vB+ 2018 (@ =p)
pdp |: (1 - a)Gppa

+(1 —a)(I = p)(1 = 7) Gy ﬁf/‘
l—af—ay—=Pr+2apy | Zz7'Jo (1 =p)|1-p*=2ap + 2ap?

_ GppO ﬁ A d,D (1 - ﬂ)(l - y)G/)/iy _
]+ 2 fO (1 —ﬂ)[l — PBp —vp — vB + 2pvp Coo

1 - p2 mg
=Gy = 1) G — 1
4 (G ~ 1) 4 ] . (63)
(@ =p) J4

Replacing (61) with (63) yields
24 A G’ 00 (1-ad-pa-7p)
G(lﬂ}/ =1+ — / dp ? + G/)OO _ ( ﬂ) 14 ”
mg 0 p 1 —ap —ay — Py + 2apy
A G A (d-al-pa-yG
% f dp( o Gpoo) B / a a1-p V) Gopy
0 P 0 L—=pp—rp—1P+2pp

X(Gaﬂr - 1)

(a=p)
(=) =)A= 7)Gupy

1 —af —ay — Py + 2apy
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/'A pdp (I = 0)Gppa _ Gppo
o (I=p)\1=p%=2ap+2ap> 1-p°

x| mi TRT—t
1+ —/1/ dp( P20 + GpOO)
mg J0 p
A (=AU -DGy . (=G 1)
= Gpo0
o A=p|\1=Bp-rp—vp+20m8 " (@—p)
Gy — 1
T ) . (64)
p
Simplifying identical terms, we get the result of theorem 1. O

Note that Gyypp = 1 and dGygy = 0. Equation (64) shows the occurrence of the singular

d_ / A % and / Y for A = 1, which needs to be removed. We will
-a’JO 1-p 0 p

integral kernel, /0 A p

use the Cauchy principal value of the divergent integrals, and also take the limit value at
points 0 and 1; that is,

1 a—e€ 1 1 €
/ = lim[ / + / ] ae 1), / — lim . (65)
0 e—0 0 a+e 0 e—0,e'>1Je

The nonlinear integral equation (55) is of the form

1
Gaﬂy =1+4 A f(Gaﬁys Gpﬁys GpaO’ GpOOs y, a, ﬁ’ }’)dp (66)

Now we can easily see that (55) suffers from a lack of symmetry. This inconvenience is due to
the position of parameter a. So given that @ = 0, we get the symmetric solution given in the
following proposition.

Proposition 4. At first order in J, the solution of equation (55) for a = 0 is given by

G0ﬁ7=1+/1/[1+(l_ﬁ)(l—}’)(ln1+ﬂ7f—ﬂ—y B

1 =14+ A1Kys. 67
1= By 1= By )] o ©n

Then, using the symmetry properties of proposition 3, we get the symmetric solution G,)," as

Gapy' =1+ A1 Kopy + 22 Kopa + 4'3K0ap, (68)

with 1, = 221 p=1,2,3and a. p. y € [0, ).

b
mg

We use the symmetry relation (35) and get the following result.

Theorem 2. The closed equation of the symmetric two-point functions, Ggg,, satisfies the
nonlinear integral equation
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1I-ad-p0-7y) /1 dp Gopy
1 —aff —ay — Pr + 2apy a—p

2Py = B =1)Gup Goa0 — Gpoo 1 G0
Gapy / dp ——— + f dp -y
L=Ppp—yp—vB+2p1p L-p 0 P

/ dp Go0 — GM( f ap 20
)]]} (69)

+ a f dp /
Proof. Using the relation (35), we can extract the quantity X, after simplification as

K. =—G-l /1 dp G/)aﬁ —Qaf—a-p) /1 dp Gap
“ 0B S 0 1 —ap — fp —af + 2app

1 1 Gopp — G
v dpﬂ_()ﬂ_ﬁf wﬂ]+f ap Coeo = oo
0 0 0 1-p
1
+f dp(—+ ) (70)
0 p a—p

Then, note that XC,, is a function only of parameter a. We then take # = 0 in the last equation,

1
Gupy =1 +/1’{y+/ dp Goo0 +
0

and we get
= _GO(IO(/ d /’00 + a/ dp f poo ]
a—p
1 Goa0 — G 1 1
o[ ap GG dp(_+ } &
0 1—-p 0 p a-—-p
By replacing the relation (71) in expression (64), we get the desired result. O

Now we are reaching the point where it is possible to give the solution of equation (69).
Let us write the solution of this equation as

Gopy =1+ D VXY, X =0. (72)

n=1

The n order terms, Xffﬁ)y, can be deduced by iteration. We give here the quantities Xaﬂy and

Xfﬁ)y in the following statement.

Proposition 5. Perturbatively, at second order in A, the symmetry solution of equation (69)
using the Cauchy principal value is given by
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(I -od =50 -y
1 —af —ay — Py + 2apy

72

6

N2
x[z\’fxl,})y[ln% - 1)

1 2By — p— XY 1ooxhy— 1 X
[ @hr =P = D iy b [l apRm T g, S
o L—=Ppp—yp—Pr+ 2w 0 L—p 0

2 bW 0 x )
- % + % - /0 ap et Z 0 T 00 ey i LD 4 0(22), 73)

3
Gopy =1+ 1X), +,1'2{ -5+

p a

where Goy = 1| and where the first order term xﬁ),zy is

(- =AU =7 pr—B-r+ 1]' 74
1 —af —ay — Py + 2apy 1 - py

The exact values of the integrals in the rhs of (73) are given using the following relations:

' X a N (1-pU -y (_1+lnﬂy—ﬁ—7+l)

X0, =1+ (ln(l—a)—1+ln

0 a-p l—a 1—ap—ay— Py+ 2apy 1 - py
a +ﬂy—ﬂ—y+1lnﬂy—ﬂ—7+1)
—a Wy—-p-v 1= py
(I-ad-pd-p (2> . -a
1l —aff—ay—py+2apy\ 6 1 —a
a 1
+1n(1—a)1n1_a—1_a)
d-mmd-pd -y
B+r—-26n1 - ap — ay - Pr + 2apy)
X(n_z_uzﬂy—ﬂ—wl
6 1= pr
_1nﬁ+r—2ﬂrlnﬂy—ﬂ—7+1] s
L= pr 1= pr

x((l —a)n -

and

CaB - B X (-2 z
[ apmrn =t T o o 1n<1—a)(ln(l—m—”‘“_“)(%_1]
0 a

P

_ 2 2
g —a) + L —a) = |+ o1, (76)

a 6 6

where
ooxk 7T2 7T2

L) = Y, Li()="—, Li(—-1)=-2"—, Li0)=0. (77
@ =Yg L) =" Li(=D==- Lo (77)

k=1
Let us immediately emphasize that the above solution is related to the coupling constant,
A1. To establish the full solution of the two-point functions of our model, which takes into

18
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account the three coupling constants 1,, p =1, 2, 3, we must use the symmetry condition
of proposition 3. The end result is given by the sum of three equations (36), (37) and (38).

Therefore, the two-point functions, ng;“, of the 3D tensor model are given by the relation

: 2 3 1 - 1-pa -
G;/};}I/n=1 + A/IXS[%/ + /1/12 7T_ -4 ( a)( ﬂ)( 7)
6 2 1 —af—ay— Py+2apy

2
1) (1-a)
o (w022
1 28y — B — XL 1 X(}Z) —x0 1 X(L)
+/ a @By — P —1)X,p +/d a0 pOO_a/dp a0
o L —=pp—yp—Pr+2ppw 0 1 —-p 0
2 (1

3 X0y — 2l + X8 1—a)?
—”—+——f dpr0 T 0 T T0ad oy gy (L= @) +0(17?)
6 2 0 P a

1 —ap

Pra -5+
6 2 1—af—ay— Py+2apy

2
x| 2 [ A=A _ 1]
I: Pr ( ﬂ
(m M

1 Qay — a — y)X o xd - e 1 X
0 0 0

+ALXD 4 z’%{”—z >, U-od=Ad-p

L —ap—yp—ay+2ap l—-p 1= pp
a2 3 ! X/(J}J)O_X/()%))O"'X(()}J)O 1 (1=-p° 3
__+__/ dp - X In — | b+ 0(43)
6 2 0 P p

: - - - _ N2
ST NN T-D KA d-ad-pd -y x) [ =02
6 2 1-apf—ay—pr+2apy v

+fl ” Qap —a — fX Sy .\ /1 dﬂx;‘;o— X y/1 ” X5

0 1l —ap — pp —af + 2app 0 1-p 0 1—yp

oW @ p( L= 2

+ 3 / dp 70 00 00 ng)o lnﬂ
2 p Y

2

T
6

] +c9(1/§) (78)

where /', = 2/1,,/m02; p=1,2,3a B,y €0, 1); and Gooo = 1. Note that solution (78)
satisfies condition (35) if and only if we set 4;" = 4,” = A3’. Let us also emphasize that the
higher-order solution can be attained perturbatively by iteration.

4. Closed equation for two-point functions of rank 4 TGFT

The same method used in last section will be implemented here to establish the renormalized
two-point functions of the rank 4 tensor field first given in [13]. We provide the master

equation of the two-point functions. The action, S4p, of the model is also subdivided into two
terms as
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Sup = SEin 4 ginc (79)
The kinetic term, S&7, is given by
4
Sip = Z #1234 [ Zl’iz + mz] P1234- (80)
€z i=1

Note that in a four-dimensional case, the renormalization is guaranteed by the presence of the
propagator associated with the heat kernel [26]:

4 -1
C(p) = [pr + m2] = M. (81)
i=1

int

S,p 1s related to the interaction, which is divided into three fundamental contributions (Vs ,
V6,2, and V, 1) given by
Vo1 = Z @034 Prioza Prayar Prigiyar Prigiaiar @raisege + permutations (82)
p/EZ
Voo = z @134 Priaaa Prosiar Priosar @rigiaiar @raisig + PeErmutations (83)
P,€Z
Vit = ). @isy @rozs @riazy Proye + Permutations, (84)
pjeZ

and an anomalous term, (V4 ),

Vir = | 20 Puosa #isa || 2 vz drasa | (85)
p;EL P;€L

This last vertex is not taken into account in the computation of the correlation functions
because it is disconnected and does not contribute to the melonic Feynman graph of the
theory. This vertex could be interpreted as the generation of a scalar matter field out of pure
gravity [13]. The vertices are represented in figure 8.

Let us immediately emphasize that vertices of the type V51 and Vj | are parametrized by
four indices, p € {1, 2, 3, 4}; the vertices contributing to V; , are parametrized by six index
values, pp’ € {1.2, 1.3, 1.4, 2.3, 2.4, 3.4}. The couple, pp’ will be totally symmetric (i.e.,
pp’ = p’p). One can check that these interactions are invariant under U (N, ) transformations.
Then, the same procedure for finding the Ward-Takahashi identities applies. The Ward—
Takahashi identities of equation (20) are re-expressed as

(Mu3s = Mi3a) < [ 4.4, 3 Pn23a Pm2zs >C = (P Prosa >C — ( PrsaPrne >C (86)
(Minss = Minss) < [ 2.5, 21034 P13 > = (PuaaPruna), = { PrnsaPiusa), (87)
(Mizns = Mizas) ([ 0,0 Pr2usions) = (1aPns), = (Pranathions), (88)
(Mi23m = Mio3n) < [%@n 1231230 P123m >C = <¢123n@1z3n >C - <§77123m¢'123m >C' (89)

20
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Figure 9 gives the Schwinger—Dyson equation of the two-point functions. This figure
collects the 1PI two-point functions. Let us discuss the contributions in figure 9. The graphs
of figure 10 are related to the graphs made with vertex Vi ;. The first graph of this figure is
denoted by T'5;.1,, and the sum of the other two is =5 . The graphs of ﬁgure 11 are related to
the graphs built with vertex Vg ». The first graph of this figure is called 7, % 2 and the sum of the
other two is Zubcd. In the same manner, the graphs of figure 12 take into account the graphs
built with vertex V; ;. The first graph is called X ! and the sum of the other two is T.%.}.
Then, the relations given in figures 10, 11, and 12 are re-expressed simply as

6 1;p 6 2; pp’ 4 1;p
ubcd ubcd ’ ubcd - ade abcd abcd (90)
with
PP 6,2; pp’
F ahcd Tabcd + 2 abcd I abed
2; pp’ 6, 2 pp'
- ahc + 2 > Fahcd Tabcd + Z:abcd (91)

Therefore, the equation in figure 9 takes the form
Laved = Tgpea + Tapet + Tipea- 92)

All of the above quantities are obtained by using the following symmetry properties.

Proposition 6.

o '8 1% can be obtained using 'S, )\ ' and replacing a — b, and b — a.

o 1'% V3 is obtained using I'S;\ ' and replacing a — ¢, b — a, and ¢ - b.

o 'S % is obtained using TSN ' and replacing a —-d, b—-a c— b andd— c.

These above symmetries are well satisfied for I'ss i ?. In the case of TS5 "7, we get:

o 1'% 13 can be obtained using T52% " and by replacing a — b, and b - a.

o I'5% 2 is obtained by replacing in I'$% ", a — ¢, b — a, and ¢ — b.
Ffbcfi 2 is obtained by replacing in I$;% ", a - b, b — a, ¢ - d, and d — c.

o I'5; % ** is obtained by replacing in T35 ", ¢ — d and d — c.

o I'%2%3* is obtained by replacing in T$% "™, b — ¢, ¢ = d, and d - b.

We then focus our attention on Iy, = IS5+ ik VY + 152%™ We also call

G[mflla,,c the two-point functions with insertion (1,2,3), wherein the momentum indices,
Di»> P2» D3, are summed; that is,

Gllmn;JﬂhC = Z < Pm123Pn123Prabe Pmave >C' 93)
P1sP2>P3

The following relations are satisfied:

_ 72 -1 (ins 6.1:1 _ 2
i ' = Z%6.1:1Cabea ), GaveaGlipiver  Tepeti ' = Z%6.1:1Cabed Y., Gpgras (94)
P P.g.r
6,2; 14 _ 2 -1 ins 6,214 _ 2
Zoped = Z726,2:14Cabea ZGabch[laprcds Topci = Z7262,14Cabea Z Gpgras 95)

14 p.q.r

21
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AN N——A4 - -

N N

v ) = =
NS D —
PR T

Vo1 /\/ Vooa i Vi > Vion T

Figure 8. Vertex representation of a 4D tensor model.

a . . a
_ b : : b —
Fabcd*é . . (ii
d . . d

b,l,p 4,1,p 6 2,pp
E (Fabcd abcd) pr Fabcd

Figure 9. Schwinger—Dyson equation of a rank 4 tensor model.

O
ol — v . @ !+ 3 Permutation p
A\ N

Figure 10. Definition of |

@
M [1] IV g oSyt
apid a a N

Figure 11. Definition of I'S3,,.

. ‘ 7 .
Fi})lcd = N E e @ ¢+ 3 Permutation p

Figure 12. Definition of I'%! ..
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—1 ins
Sobed ' = 22/14,1;1ZGabch[w;]bcw Tased ' = Z%6.11 Z Gpgra> (96)
P pa.r
and then
1 —1 ins —1 ins
Tipea = Z*Capeatort| D GaveaGiapised + D Gpara | + Z*Caveator1s| Y GaveaGiapisea
) pa.r P
+ z Gﬂqm + 22’14,1;1 ZGabch[glps]bcd + Z qura . 97
pa.r P gt

We set Ag 1,p = 6,1, 46,2:pp’ = 46,2, and A4, = A4,1. Note that the connected two-point
functions can be expressed as G(;,Ld = Mupea — Tapca- Then we get

_ _1 Gpbea — Gapea
Tapea = Z*Mpea’s. ZGablcdi Y Gpyra
» VA (a ) o
prLd abcd

+Z M, dei62 zGabcdi Z qura

» Z(a ) s

2 -1 prcd abcd
+Z744,1 ZGabcdi z para
» Z(a ) s
1 1 Livea = Tpped

=Z Mbd/%l -
“ ; Mppea = Tppea Mpbea — Ipbea Z(a2 - p2)

1

Paq.r pqra — I—]'nqra
1 1 Livea = Tpbed
+Z M dej.6 2 z - e i
o\ Mpbed = Ippea - Mpbea = I pbed Z(a2 - pz)
1
+2
Pgr Mpqm I;qm
Lz, 1 B 1 Livca — Tpbea
p Mpbcd - rpbcd Mpbcd - I—})bcd Z(a2 — pZ)
1
TR Jpe——— | 98)
P Mpqra - rpqm

Now we use the Taylor expansion that allows us to pass to the renormalized quantity as

Tipea =20 = m + (Z = D(@> + 0 + ¢ + %) + T, (99)
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with conditions Ijopo = 0 and 0lyg0o = 0. This implies that
Goly=a*>+b>+ 2 +d>+m> - TE,. (100)
Then we get the following proposition.

Proposition 7. The closed equation of the two-point functions of a four-dimensional tensor
model is given by

Z-1)(a®+ b+ >+ d?) + TH%

v Z 7 1 Mpeq
= Mapeate, > 2 2 2 2 hys 2
S PP+ AP+ mg = TG mg (P2+m02—rﬁ(1)135)

hys hys hys
Z Ihd — Theea 1 Mpea 5060

PP+ b+ dP g — T (az—p2) mg (p2+m02—l“lf(1}38) P’

Z 2 1 M, abed

. _ L
224242 2 hys 2 s
g | PP A @ a +mg - T mg (p2+q2+r2+m02— 1?;‘,"5)

V4 _ L Mahcd
PP A mg =TS mg (p? o+ md — TR

+M 6.2 2
P

hys hys hys
4 Thed — Thpea 1 Mpea 060

22 2 2 2 h 2 : 2
PG mg T (@ - p) i (P md - D) P

+ Z z’ _ L ZMypea
2+ @+ P+ a®+mg = TR mg (p* + ¢* + rt+ md — IO
pq.r )4 q 0 pqra 0 \p”+tq +r-+mg pqr0
Z Z
+a1 Z 2 2 2 2 2 phys 2 2 phys
p P + b+ c"+d + mgy — pbed P + mgy — rpogo
h h, h
Z Fal:;)c}:is - F[Ehgj VA F[?O(\{S

- 2 hys 2 hys
P+ d e mg = TR (a?-p?) PP Hmi — TR P
A A

+ ) -~
2, 2. 2 2 hys 2 2. 2 hys
S+ mg =TS PP+ @+t mg = TS

(101)

Proof. Equation (101) can be simply obtained using the relation Zm02 - mpzhys in the same
way that we saw in the last section:
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_ 1 1 s

2 2 hys 2 2 h 2
~\p?+mg —Thde P +mg — oo p

Z _ 1
+ Z 5 thS] + ZMot0 6.2 [ Z[

2, 2 2 2 2 hys
pagrP” 4T F T My = L S\ p° +mg = I'jodo

1 o z
- + Z phys

2 2 h 2 2 2, 2 2
po+myg — g P par D" T4 F T my = Lo

1 1 th S
m“lz( _ poao]

2 hys 2 I
> p2+m0—FI£’033 p2+mo—1“5038 p?

z B 1
+ N MOOOO = . (102)
o P+’ +rr+ mO2 - ,E’;‘,y(?] Zmo2

Then (101) takes the form by replacing relation (102) into the rhs of equation (98). O

Let us note that the continuous limit of equation (101) can be built. We identify the sum
as Zp = 2/000 dp and Zp,q‘r = 2/0oo p*dp. We also impose the cutoff, p,, in the UV and
change the variables as

a*=m¢ ¢ , br=m¢ b , czzmoz—y ,
l—«a 1-p 1—y
A
d? =m¢ ¢ s 2 = mp p s 2 = mf . 103
0iT—. P Ol—p D, I (103)

Now let us define the two quantities, s(a, f, v, €) and p(a, S, y, €), as

s@ By, €)=1—af —ay —ac — fy — fe — ye
+2afy + 2afe + 2aye + 2fye — 3afye (104)

and
pla, py,e) =1 —a)l = pHd =) —e). (105)

Equation (101) is re-expressed as

p(a B, v, €) o2 Lapye
0
(I =)l =p =y —e) (1 —a)(1 =Byl =)l —e)

_ v T=p 4 [za-pa-pa-ni-e
=2My;,
Maﬁ}’é(ﬂ&] + /16,2){»/(‘) 2m0 mop (1 _ p)2l S(,D, 'B’ 7, €) _ 1—/')/5}'€

1 Mype(1 = p) _ Z(l -p) (I = p)Lopre — (1 — ) ppye

mé 1 = Lo (s(p, B, v, €) — Fpﬂye) (a—p)

mg(Z - 1)
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1 Mape (1= p) Thono +/A 1 [mop dp Z (1 -p)3d —a)
mg (1_1;1000) P 0 2mo\N1—=p (1 =p)2| s p,p,a) = Ly

1 ZMopye (1 = p) 3

m02 (2.03 - 3/)2 +1- 1—/')pp0)

e /A IF dp ZA-pd-pU -yd —e)
' 0 2mo\ mop (1 -p)? 5P B V> €) — Lypye

Z (1 - p) Z (1 - p) (I =) Lapre = (1 — ) e
1 = Tho00 (s(p, By, €) — Fpﬂye) (@ —p)
L2 =p Do /A 1 [mop  dp 2’1 -p)’0d - a)
(1—1;]000) /7 0 zmo l_p (I_P)2 S(p7p’paa)_I;Jpp(l
Z2 1 — 3
(20> =3p> + 1 = Lp0)
The wave function, Z, can be also deduced as
A 1— G’ pooo
1= 2 (A, + 4 o [T=p (G )
7= 11102( 6.1 + 6’2) —/0 2m8 moyp £000 + 14 (107)
T ] 2 (G )
S 2y \Zr00 T
where
s(a, p, v, €)
s(a, Py, €) = Lype = , (108)
Gaﬁw
and
My = zm 5@ P10 (109)
p(@ p.v, €

Finally, by replacing the expressions (107) and (108) in equation (106), we obtain the closed
equation in the continuous limit, which will also be fully addressed in forthcoming work.

5. Conclusions and remarks

In this paper, we have presented a perturbative calculation of two-point correlation functions
of rank 3 TGFT. As discussed, the correlation functions are given by combining Ward—
Takahashi identities and Schwinger—-Dyson equations, which allow us to establish the
appropriate closed equation. The closed equation in the 4D case is also given.

We proved that the nonperturbative techniques, as developed in [27-29] can be reported
to the tensor situation. Indeed, although we only solve our closed-form equations for the two-
point functions at initial orders, it is very promising to see that we can obtain even solutions in
this highly combinatoric case. In future investigations, we can now undertake a calculation of
the general solution at all orders of the coupling constants for both rank 3 and 4 models.
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Let us note that we take the coupling constants, A =: 4,, p =1, 2, 3, and we pass to
the renormalized quantities as (4, = 4 pphys +0O4 l?hys)). For further explanation, see [15], in
which the one-loop computation of the S-function is given. This approximation leads to the
finite coupling constant and therefore the solution of equation (78) is well given. The more
complicated cases will take into account the bare coupling as the effective series of A7*; that
is,

s = Na,an,or A= 3 b)) (110)

n=0 n=0

This will take form after writing the closed equation of the four-point function, and by using
the relation

Too0000 = AP, (111)

where I'fl,,cdef represents the 1PI four-point functions.
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