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1. Introduction

Recently, progress was made in studying Steklov eigenvalue problems. The starting point was the modeling
of an elastic membrane problem whose mass is concentrated on the boundary (see [14]) which has been known
as the so-called problems of Steklov type. The present work is partly concerned with the following problem

Apu =V (z)|ulP~2u in 2

1.1
VulP=2 G2 = Mm(@)(u?)P~" = n(z)(w)P~"]  on 002 -y

(PV,m,n) :

where 2 C RY is a bounded smooth domain of class C%® (0 < a < 1) with outward unit normal v on the
boundary 942, the p-Laplacian operator is defined as Ayu = div(|Vu[P~2Vu), p > 1 and A € R is regarded

as an eigenvalue. We assume that m,n € C"(9f2) for some 0 < r < 1. Finally, V is a given function in

+

L>(£2) which may change sign and v = u* —u~ where u* := max{+u,0}. Problems like (1.1) are usually

known in literature as asymmetric Steklov problems with weights, and the solutions of (1.1) are always
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understood in the weak sense, i.e., functions u € WP (§2) with

/|Vu|p72Vu.Vvdx +/V(x)|u|p72uvda: = A/[m(m)(zﬁ)pil - n(x)(uf)pfl]vda (1.2)

N [0} o8

for all v € WHP(£2) where do is the (N — 1) dimensional Hausdorff measure and the Sobolev space WP ((2)

is endowed with the norm
1/p
lu]| == </|Vu”d:c+/|u|pd0) . (1.3)
2 N

It is well known that the quasilinear problem

{ —Apu+ V(2)|u|P~2u = Am(x)|u|P2u in 2 (1.4)

u=20 on 012

has no principal eigenvalue (i.e. an eigenvalue whose associated eigenfunctions are sign-constant) when V'
has a negative part sufficiently large and m may change sign or vanishes in some part of (2. Lately, an
optimal condition was established in [8] in order to guarantee the existence of principal eigenvalues of (1.4).
Recently, the ideas of [8] were extended in [10] for the following problem

( ) Apu =V (z)|uP~2u in 2 (L5)
P V228 = Am(@)|ulP~?u on 092. '
In short, let
B(V,m) := inf{ Ev (u) ||u||’£p((,m) =1 and B(u) =0} (1.6)

where
/|Vu|p+V )ulP)dz, ||u||Lp(3m /|u|pda and B(u /m )|u|Pdo
17}

for u € WHP(£2). If m is sign-changing then

Ao (Vim) = | inf | By (u)

are the principal eigenvalues of (Py,,) if and only if 8(V,m) > 0. Furthermore, if 3(V,m) < 0 then
A+1(V,m) = —oo. It is worth mentioning that the fact that V is sign-changing potential prevents the
functional energy Ey associated to (1.5) from being coercive and then led the authors of [10] to embed the
problem into a new eigenvalue problem for each fixed A and to construct an eigenvalue curve as A varies.
Indeed,

A=V (a)[ul’~u in 0

1.7

a2 0% = () + )l on 002, (1)
v

where A is viewed as a fixed parameter and g = pu(\) eigenvalue of (1.7) is considered and the following
result holds:
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Theorem 1.1. (See [10].) Let 2 be a bounded smooth domain of class C>* (0<a<1) in RN with bound-
ary 952. Assume that the weights V. € L>(£2) and m € C"(012). Then for every A € R, (1.7) admits a
principal eigenvalue py(N), i.e. an eigenvalue associated to a one-signed eigenfunction if and only if

APV = inf{EV(u); u € Wol’p(()) and /|u\pdx = 1} > 0. (1.8)
0
Moreover py(X\) is simple (i.e. the associated eigenfunctions are a constant multiple of one another) and
there is no other principal eigenvalue of (1.7).

As one can see, the zeros of p; are the principal eigenvalues of (1.5). In this case, the associated eigen-
functions may be denoted by ¢, with fan ¢8do =1 and ¢y > 0 on 2. Continuity, differentiability and
asymptotic properties of the function A € R — p;(\) are given in [10] and we recall these properties are
useful in proving Theorem 1.3 below.

Proposition 1.2. (See [10].)

1. The function A € R — p1(N) is concave and differentiable. Moreover

pi(A\) = — /m(x)cpi(m)da for all X € R. (1.9)
o0

2. If m*T 20 (resp. m™ % 0) then limy_s oo 1 (A) = —00 (resp. limy_,_ oo 11 (A) = —00).
3. If m™ =0 then u; is strictly decreasing.
4. supyep p1(A) = B(V, m) where

B(V,m) =00 ifm(z) >0 a.e ind2 or

BV,m) inf By(u) if0 < |02f] < |00 (1.10)
with
A= {u c Whe(92), / |u|Pdo =1 and /m\u|pda = 0}. (1.11)
o0 002

Theorem 1.3. (See [10].) Let 2 C RY be a bounded smooth domain of class C*%, 0 < a <1, with bound-
ary 082, Assume that V € L>(82) and m € C"(912) and that AP (V) > 0. One has:

1. If m™ = 0 then there exists a principal eigenvalue of (1.5) if and only if B(V,m) > 0. In this case the
principal eigenvalue is unique and it is defined by

)\1(V7 m) = in

nf oy (u) (1.12)

where

Mt et {u e WP (0): /m(x)|u|pda = 1} = M.
982
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2. If m™ #£ 0 then there exists a principal eigenvalue of (1.5) if and only if B(V,m) > 0. More precisely:
(a) If B(V,m) > 0 then (1.5) admits exactly two principal eigenvalues A_1(V,m) < A (V,m), with
A (V,m) defined above and

/\_1(‘/, m) = — uelafl— Ev(u) (113)

M- {u e Whr(Q): /m|u|pd0 - 1}.
o2

(b) If B(V,m) =0 then (1.5) has a unique principal eigenvalue A1 (V,m) given by

where

AM(Vom) = inf Ey(u) =— ér/l\fr By (u).

These infima are not achieved. Moreover any function u Z 0 in W1P(82) satisfying
= /m(m)|u|pda =0 (1.14)
an

is an eigenfunction associated to A1 (V,m).

Turning back to our concern, the problem (Py ) is closely related to (Py,,) and it can be regarded
as an extension of this one. Indeed, (Py, . ) is reduced to (Py,,) when m = n. Note that every principal
eigenvalue of (Py,,) [and (Py,,)] is a principal eigenvalue of (Py,, ). The special cases V =0and V =1
were considered in [1,3,2] respectively under different hypotheses on the space {2 and the weights. Some
more general Steklov problems have also been analyzed, when different hypotheses are made on 2, V', m
and n (see [4,9,15]) and our purpose is to extend known results related.

We are also interested in the problem

Apu =V (z)|ulP~2u in 2

Vu|P=22% = Am(z)(ut)P~! — Bn(z)(u")?~! on 002 (1.15)

(Pv,a,B) : {

with A, B real constants, which in its turns extends (Py,, ). Recall that the Fucik spectrum with weights
is defined as 3 =37, ) = {(A, B) € R?/(Py,;,5) has a nontrivial solution}.

n [2], the authors studied (P1,4,5) and they have shown that 3, ) contains the lines {0} x R, R x {0},
{AM(1,m)} xR, Rx{A;(1,n)} and also possibly the lines {—X; (1, —m)} xR and Rx {—X; (1, —n)}. They have
also found that C := {(A(s), B(s)) = (¢(m, sn), sc(m,sn)) : s> 0} is the first curve in meﬁn) N(RT xRT)
where sz,n) denotes the set 3, ) without the lines mentioned above and

c(m,n) 4 inf max /‘V ‘pda: (1.16)
vET te[0,1]

Similar results have been obtained when considering (Py, m,n) and so far, results about Fucik spectrum
are in their early stage since the study of Fucik spectrum is still a challenge (see [2,5,11]). It is definitely
an interesting fact to focus on (1.15) (as V is sign-changing potential) and the purpose here is therefore to
find a first nontrivial curve in the Fucik spectrum of (1.15).
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To conclude this introduction, let us give an overview of our work. In the preliminary Section 2, we gather
some results relative to the well-known Steklov problem (P, ). Next, we devote Section 3 to not only the
construction of the first nonprincipal eigenvalue c¢(m,n, V') for the weighted asymmetric Steklov problem
(1.1) but also its variational characterization. Useful properties of ¢(m,n, V') with respect to its weights are
investigated in Section 4 where we restrict ourselves to the case one can find principal eigenvalues belonging
to some manifold. We then apply in Section 5 our results to the study of Fucik spectrum with weights
through (1.15) and we end up with some properties of the first nontrivial curve of Z(m,n)'

2. Preliminaries and main assumptions

Let £2 C RY be a bounded smooth domain of class C?® (0 < a < 1) with outward unit normal v on the

boundary 9f2. From now on, we make the assumptions:

(Hy):V € 1=(2)
(Hy) :meC™(02) forsome0<r<1 and m' #0 a.e. in 98
(H,) :neC™(082) forsome0<r<1 and nt #0 ae. in 90.

To prove the existence of a first nonprincipal eigenvalue ¢(m,n, V) for (1.1), we will review in a more
general setting the approach used in [8,10,11] by introducing two values 5(V, m) and 8(V, n) which guarantee
the boundedness of the energy Ey over the weighted manifold

def

Mo & {u e WP (Q): / () (u*)? + n(e) (u")")do = } 2.1)

on

Remark 2.1. Using the fact that 2 is of class C** for some 0 < a < 1 and m,n € C™(92) with 0 < r < 1,
one derives from regularity results of [12], Theorem 6.1 in [10] (or Theorem A.1 in [7] for a more general
result) that all weak solution of (1.1) belongs to C1:7(£2) for some 0 < o < 1.

The construction of ¢(m,n, V) relies on the application of two very different versions of the mountain
pass theorem to the functional Ey restricted to the manifold M., ,,. The Palais—Smale condition (PS) is
needed in the classical case while the Palais-Smale-Cerami condition (PSC) will be applied to overcome
difficulties that arise when (PS) breaks down. In order to state our main results, we are describing with
more precision the general definitions of (PS) and (PSC). Let E be a real Banach space and let

M:={ueE:g(u)=1} (2.2)

where g € C1(E,R) and 1 is a regular value of g. Let f € C'(E,R) and consider the restriction foff
to M. The differential f’ at u € M, has a norm which will be denoted by || f'(u)||, and which is given by
the norm of the restriction of f/(u) € E* to the tangent space of M at u

Tu(M) := {v € E: (g (u),v) =0},
where (,), denotes the pairing between E* and E.
Definition 2.2. f is said to satisfy the (PS). condition (resp. (PSC). condition) at level ¢ € R if for any

sequence uy, € M such that f(ug) — c and || f'(ug)||» = 0 (resp. f(ug) — ¢ and (1+ |jug| )| f (ux)|« — 0),
one has that u; admits a convergent subsequence.
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3. Existence of nonprincipal eigenvalues when principal eigenvalues exist

We present here the results concerning the construction of a non-trivial eigenvalue for the problem

(Pros) {Apu = V(x)|u|P~u in 2
e [Vul[P=28% = Am(z)(u)P~t —n(z)(u™)P~] on 0N

with all of our basic hypotheses stated above but in addition, we assume throughout this paper that
AP(V) >0,  p(V,m)>0 and B(V,n)>0. (3.1)

We recall that under these assumptions, it can be clearly seen that the main problem (Py,, ,) has a non-
trivial and one-signed solutions if and only if A = A;(V,m) with ¢,, as one-signed associated eigenfunction
or A =X (V,n) with —¢p,, as one-signed associated eigenfunction. As we are interested in weak solutions of
(Pv,m.n), it follows:

Definition 3.1. We say that u € WP (£2) is a weak solution of (Py, ) if for any v € W1P(£2) we have
/\Vu|p_2Vu.Vvdx—|— /V(x)\u|p_2uvdx = /\/[m(m)(qu)p_l —n(x) (u_)p_l]vda. (3.2)
Q Q on

Let us formulate variationally (Py,, ) by considering the functionals
By (u) = /(|vu|p V(@) [uf?)de

and

which are C! functionals on WP (£2). As a result, the relation (3.2) reads:
(Ey(u),v) = (B, ,(u),v), Yve Whr(0). (3.4)

By Lagrange’s multiplier rule, our eigenvalue problem (Py,, ) can be transformed into the problem of
looking for critical points and critical values of Ey where Ey is the restriction of Ey to the manifold

Moy 1= {u e WhHP(0) : Byyn(u) = 1}. (3.5)
Let us recall that for v € M,, ., the tangent space is defined as

TuMopn = {w € WHP(2) : (B, ,(u),w) = 0}. (3.6)

Problem (1.1) will be approached by taking into account the two following cases:
Casel (B(V,m)>0 and B(V,n)>0)
Case2 (B(V,m)=0 or AB(V,n)=0).

Before we go further, we would like to give the following results as our guideline towards the construction
of the first nonprincipal eigenvalue of (Py,,.»).
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Proposition 3.2. (See [6].) Let u,v € M with u # v and suppose that

H:={heC([0,1],M) : h(0) = u and h(1) = v} (3.7)
is nonempty. Assume also that

7tk iy ) > el ) -

and that f satisfies (PS) condition on M. Then ¢ is a critical value of f.

Theorem 3.3. (See [5].) Let K be a compact metric space, Ko C K and hg € C(Kq, M). Consider the family
of extensions of hy:

H:={heC(K,M):h|Ky=hg}. (3.9)
Assume that H is nonempty as well as the following condition

{Ieléll(}gf(ho(t)) < Itréaj?f(h(t))’ Vh € H.

Define

c:= hHellfLI Itléé}%{f(h(t)) (3.10)

Assume that f satisfies (PSC). for ¢ given in (3.10). Then ¢ is a critical value of f.

Remark 3.4. The two previous results are known as versions of mountain pass theorem. The first one
is the so-called classical mountain pass theorem which shall be applied when considering the principal
eigenvalues A1 (V,m) and A (V, n) with their one-signed associated eigenfunctions ¢,, and ¢,, respectively in
case B(V,m) > 0 and 5(V,n) > 0. It is worth mentioning explicitly that a lot of well-known facts break down
when we pass from the previous case to the one in which either 5(V,m) = 0 or 5(V,n) = 0. For instance,
the mountain pass procedure of minimizing FEy over paths going from (g to —pq is no longer suitable since
o & M™. Therefore we shall adopt the approach given by [5] which is depicted in Theorem 3.3.

Lemma 3.5.

1. Let w e L (092) such that w > 0. Then there exist two positive constants Cy and Caz such that for all
u € WhHP(0),

/\Vu|pd:r < C1Ey(u) +Cg/w|u|pdo (3.11)
2 o

2. Suppose AP (V) > 0 and B(V,m) > 0. If Vj = V in L°°(2), my — m in LI(0N) and uy is a sequence
such that Ev, (uy) and [y, mg|ug|Pdo are bounded then wy, is bounded.

3. Assume mt £ 0, m~ £ 0 and S(V,m) = 0. If ux, > 0 is a sequence in M, ,, such that |z € 2 : uy(z) >
0 —k—+00 0 and Evy (uy) is bounded then uy is bounded.

Proof. We adapt the proof made in [8].

1. To prove the first point, we check the following claim:

Ve > 0,3M, > o/ lull2, 0 < s/ VulPdz + M. /w|u|pd0. (3.12)
22 o2
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Let assume by contradiction that Jeq > 0 and a sequence u,, € W1P(§2) such that

lunl? gy > 60/|Vun|pdm+n/w|un|pd0.
2 on

Then, setting vy, : , one writes

= Un
H“n”LP(n)

vnllr(2) =1 and 60/|an|pdx—|—n/w|vn\pda< 1.
Q o9

1011

As v, is bounded in W1P(§2), up to a subsequence, v,, converges weakly to some vy in W1P(§2) and

strongly in LP({2). Passing to the limit, |lvg

? =1and [,,w|v,|Pdo < 0 which yields to a contradiction
with the assumption w > 0. Our claim (3.12) is thus proved. Using now Holder inequality we get

[ viulas| < IVl o (3.13)
7
Combining (3.12) and (3.13), we have for all € > 0, there exists M. > 0 such that
’/Vu|pdx §6||V||Loo(9)/|Vu\pdx+M€HV||Loo(m /w|u|pda (3.14)
2 2 00
and then
/|Vu|pdx ~ By () < e|V]lz=(o / VulPde + M|V 1= /w\u|pda (3.15)
Q o a0
that is
(1 —el[V]lLe(s2)) / |VulPdr < By (u) + M||V || Lo () /w|u|pda. (3.16)
7 00
Letting € > 0 be such that (1 —¢||V||z(2)) > 0, the result follows.
. Let assume by contradiction that ug is unbounded that is ||ug|| — oo and set vy = Hz—in Then there

exists vg € WHP(£2) such that v, converges weakly to vy and strongly in LP(2). In addition, a simple

computation shows that [, m|vg[Pdo = 0 and Ey (vo) = 0. Furthermore

1+/V(az)|v0|pd:r: lim 1+/V(a:)|vk|pdx
k—+4o00
Q 2

lim (/|Vvk|”dx+/|vk|pd0+/v($)|vk|pdm>
k—+o0
o) Q

[210)

lim (Ev(vk)+/vk|pda)
k——+oo
o2

1+/V(az)|v0|pdaz:/|vo|pdo.
o

9]
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Consequently vg #Z 0 in £2. If vg = 0 in 942 then vy € Wol’p(ﬂ) and we deduce that

AP (V) / wolPdz < By (vo) = 0,

a contradiction since AP(V) > 0. Hence vy # 0 in 92 and is an admissible function in the

Vo
HUOHLP(BQ)

definition of B8(V,m) and consequently

B(V,m) < Ev (L> =

||U0HLP(89)

This leads to a contradiction with the assumption S(V,m) > 0 and we get expected result.

3. We suppose by contradiction that uj is unbounded. Proceeding as in the previous case, we reach 0 =
B(V,m) < EV(HWHZ%) < 0 and by Theorem 1.3, vg > 0 in {2 which contradicts |z € 2 : ug(x) >
0| — k400 0. O

Proposition 3.6. If \P (V) > 0, B(V,m) > 0 and B(V,n) > 0 then p,, and —p,, are strict local minima of
Eyv with corresponding critical values Ay (V,m) and A\1(V,n), respectively.

Proof. The proof is partly adapted from an analogous result in [6] and [11]. Let us show that ¢,, is a
strict minimum for Ey (similar argument for —¢, ). Assume by contradiction the existence of a sequence
Uk € My With ug # @, ug — @ in WHP(£2) and Ev(uk) < A1(V,m). We first observe that uj changes
sign for k sufficiently large. Indeed, since uy — ., with ., > 0 then ug > 0 somewhere in (2. If we assume
that ugx > 0 in {2, then

Ev(uk) = /(|Vuk|p + V(m)|uk\p)da@ > A (V,m) /m(x)|uk|pda =X\ (V,m)
19,

since uy, # £, but this contradicts Ey (ug) < A1(V,m). Hence uy, changes sign for k sufficiently large.
On the other hand, the hypotheses Ey (uz,) < A (V,m) and B, ,(ug) = 1 imply

M(V,m) > /(mw V(@) |l de

2
= [Uvuil + V@t )de+ [(9u]” +Via)uz ] da
2 2
M(V,m) > By (uf) + By (u,). (3.17)

One may think of taking into account separately the cases Bm)n(u;) =0, B, n(uk ) < 0and By, n(ug) > 0.

o If By, n(u)) = 0 then one can renormalize u; to show that 3(V,m) < 0 and get a contradiction.
+ Uy

o If By n(u,) > 0 then (B,,L,7L(z];k+))1/1’

and therefore Ev (u;") > A (V,m) B n(uyl).

o If By n(uf) <0, it is rather (—:_,_)f/p that is admissible for A_;(V, m) and we get
Uk

can be seen as an admissible function for the definition of A;(V,m)

M(V.m) By (1) < A (Vi) By () < By ()
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Either Bmm(uz‘) <0 or Bmm(uz‘) > 0, we conclude that

By (uz) > M (V,m)By, » (u}:) (3.18)
Merging (3.17) and (3.18), one writes

By (uy) < M (V,m)Bpn(uy ). (3.19)
We now consider the three cases that arise on B, ,(uy, ):

o Case B, n(u, ) =0

In this case, vy := Nﬁ is admissible for 3(V,n) and then
Jog lwy [Pda)™/P

B(Vin) < By (og) = 27 ()

= ——F < (3.20)
fag luy, [Pdo

which leads to a contradiction with 8(V,n) > 0.
o Case By, n(u;) >0

Uk

[CINCIEE it reads:

Setting vy, :=

Bn(vr) =1 and A (V,n) < Ey(vg) < A (V,m)

by taking into account the definition of A\(V,n) and (3.19). Then, Ey(v;) is bounded and from
Lemma 3.5, we conclude that vy as a sequence in WP (£2) is bounded. Since

1 _ Bm,n(u;) < Bm,n(“];)
l[vell lugllP = [ [V [Pda’

(3.21)

we then reach a contradiction as the right-hand side of (3.21) — 0 according to Lemma 3.7 below.
o Case By, ,(u, ) <0

Up

Taking Vg = m,

one has By, »,(vg) = —1 and as n is sign-changing, it follows
—A_1(V,n) < By (vg) < =A_1(V,m).
As in the previous case, we reach a contradiction.

All in all we have proved that ¢,, is a strict minimum for Ey (similar argument for —¢,). O

Lemma 3.7. (See [3].) Let (vg)i be a sequence in WP (£2) with vi, >=¢ and mes{z € 2 vi(z) > 0} — 0.
Let (ng) be bounded € L1(0S2). Then

Joo k() (vp)Pdo
Jo Vv |Pda

— 0 when k — +o0.

Lemma 3.8. Consider the family paths in M, ,
= {heC(0,1], M) : h(0) = m and h(1) = —py }.

Then I' is nonempty.
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Proof. We borrow construction ideas from [10] by recalling the open sets

052, = {x € 92,m(z) 20} and 902y = {x € 92 n(z) 2 0}.

It is worth mentioning the fact that we deal with two sign-changing weights on 0(2. This makes construction
ideas quite different from the one we are adapting and requires some discussions as one can think of the
different case of intersection of open sets defined above. For simplicity, we shall only deal with the case
where 002% = 902} N 02} is nonempty (similar procedure is applied when considering other nonempty
intersection) in which one can find two disjoint compact sets K; and K> and construct two functions us
and uy in D(ON7T) such that

w=1 onKi;; 0<u; <1 ondnt

us=1 onKe: 0<uy<1 ondn".

Extending u; and ug by zero on 92\002, we get uy,us € D(912) and thereby a function in D(912) defined
as ug = up — ug satisfying

/m(x) (ué‘)pda >0 and /n(m)(ug)pda > 0.
o0 Ele)

Let

be a path which joining ug to uar and
12() = [tug) + (1= )pn)]"", te 1]
be the one joining ug to ¢,,. Using the fact that uj and u, have disjoint supports, one obtains
B (m(t) = /m(ua')pdo + 1P / n(uo_)pda >0, Vtelo,1]
o0 a0

and

B ('yg(t)) =t / m(ug)pda +(1-1) / m(om)Pdo

o9 o0
> min{/m(x)(ua')pdo,/n(x)(ua)pda}
o0 Ele)
>0, Vtelo,1].

Consequently, one has a path v joining ug and ¢,, by considering v, and 2 which satisfies B, ,,(7(t)) > 0
for all ¢ € [0,1]. In a very similar way, we get a path 4/ from uy to —¢,, satisfying By, »(7'(¢)) > 0 for all
t € [0,1] which allows us by putting it together with + to get a well-defined path after renormalization that
belongs to I'. O

One of our main results is as follows

Theorem 3.9. Assume AP (V) >0, B(V,m) > 0 and B(V,n) > 0 and let

.= {7 € C([Ov Hva,n) :7(0) = om and (1) = _Qﬁn}
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Then

c(myn, V) := ’irgl uegl(g[ig,{l])EV(U) (3.22)

is a nonprincipal eigenvalue for (Pym n) which satisfies
c(m,n, V) > max{\ (V,m),\1(V,n)}.

Moreover c¢(m,n, V') is the first nonprincipal eigenvalue of (Py,m.n) in sense that there is no other eigenvalue
of (Py,m.n) between max{A1(V,m),\1(V,n)} and c(m,n, V).

As stated above, we are applying Proposition 3.2 and to demonstrate Theorem 3.9 we need two prelim-
inary results which concern the (PS) condition and the geometry of Ey near the strict local minima ¢,
and —p,,. We formulate these required conditions as lemmas and propositions.

Proposition 3.10. We assume that 5(V,m) > 0, B(V,n) > 0 and AP (V) > 0. Then Ey satisfies Palais-Smale
(PS) condition on My, .

Proof. Let (uy)r € My, ,, be a Palais—Smale sequence, i.e.
Ey(ug) — ¢ ask — 400
for some ¢ € R, and there is (e); with e, — 0 such that:
(B (). €)] < =il (3.23)
for all £ € T,,, M, ,,. We show that for all v € WP (£2),
ap(v) == v — <B;n,n(uk), v)uk € Ty M.

Thus for £ = ag(v) in (3.23) we obtain

|<E§/—(uk), U> — <Bfn,n(uk), U>Ev(uk)| < sk}v — <B;n7n(uk),v>uk|. (3.24)
Let us say that uj remains bounded in WP(£2). Indeed assume by contradiction that us is unbounded.
Then, up to a subsequence, v, = ”Z—:H converges to some vy weakly in W1P(£2) and strongly in LP(§2) and

in L?(02). Hence, passing to the limit, we deduce that

Ev(uk) _
[ ||P

(/ Voo |Pdx + /V(x)v0|pdx) <liminf Ey (vg) = lim inf (3.25)
o) 2

On the other hand, By, ,(ux) = 1 thus By, »(vx) — 0 as k — 400 that is
Byn(v0) = /m(va')pdo + /n(vo_)pdo =0.
a0 o0

This gives By, n(vy) # 0 and B, . (vy) # 0. Indeed, assume by contradiction that By, (vj) = 0 or
By (vy ) = 0. For simplicity, we shall only deal with Bmm(var ) = 0 (the same argument holds when
considering B, »(vg ) = 0). We have
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1+/ z)|vg }pdx* lim 1+/V(x)|fu,j|pdx

k—+o00
o o
= lim </|Vvk|pdx+/|v,j}pd0+/ z)|vjt [? daz)
k—+o0
80 9

= kEI-iI-loo (EV (vk ) /’vk ’pda>

o0
1+/ (@) vt ;de:/|vg|Pdg
2 o0

and consequently vy # 0 in £2. If vi = 0 in A2 then v € W, *(£2) and we deduce from (3.25) that

A0 [Jugae < (/!Vva“}pdx+/V|va“{pdx> <0,
2 2

Q
a contradiction since AP(V) > 0. Hence v{ # 0 in 92 and m is an admissible function in the
Uo LP(8%2
definition of B(V, m) and consequently
o
B(V,m) < EV(_‘_()) <0.
lvg l[2r002)

This leads to a contradiction with the assumption S(V,m) > 0 (a similar argument for B, ,(vy) = 0
would lead to a contradiction with the assumption 3(V,n) > 0) and we conclude that B, ,(vj) # 0 and
Bin(vy) # 0. As By, (v0) = By (vg )+ Bum.n(vy ) = 0, one has either B, ,,(vd) < 0 or By, n(vy) < 0. As-
suming B, ,(vd) < 0, the functions v and Y are admissible functions in the definitions

[Bun@OI?  [Bun(vg)]?
of A\_1(V,m) and A1 (V,n) respectively. As a result

_)\—1 (Va m) <

and

By (vy)

)\1(‘/, ’I”L) B (1}_) .
m,n\Vg

IN

We then obtain A\ (V,n) — A_1(V,m) < #&’;) = 0 that is Ay (V,n) < A_1(V,m) < A (V,m) for any n
and m. This fails to hold in the particular case m = n and we then reach a contradiction. From all above
we reach the conclusion that uy is a bounded sequence in W1?(£2). Up to a subsequence uy — uo weakly
in WP (§2) and strongly in LP(£2) and in LP(9£2). Choosing v = uy — ug in (3.24) and passing to the limit

we obtain
<B;n’n(u;€), Up — u0> — 0

and then

lim (/ |Vur P2 Vug V (up, — ug)dx —|—/V(QL“)|uk|7”_2uk(u;~C - uo)dx> =0.

k— 4o
(9}
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Using Holder inequality, we get

/V(x)|uk|p_2uk(uk —ug)dx < ||V / |uk|p_1|uk — ug|dx
0 0

p—1 1
P P
< |Vl (/ |uk|pdx) (/ g — u0|pdx>
1?) 9,

—1
= IV llzoe llull7s o) s — uollLe (o)
(£2)

and as uy converges to ug in LP(2), it follows

/V(az)|uk|p_2uk(uk —up)dz — 0
0

and consequently,

k—+4o0

lim /|Vuk|p_2VukV(uk —ug)dz = 0.
7

Moreover,

/(|Vuk|p_2Vuk — [Vuo[P " Vug) (Vuy, — Vug)dz — 0.
2

Applying the (ST) property stated in Lemma 3.11 and Hélder inequality, one easily derives that Vuy — Vug
in LP(£2) and consequently uy — ug in WHP(2). O

Lemma 3.11 ((S*) property). (See [13].) For all z,y € RN, we have

@ =yl < e[ (P22 — |y~ 2y) (@ — )] 2P + i)

withc=c(p), s=pifl<p<2ands=2ifp>2.
Lemma 3.12. Let my, € L4(052) be a sequence with mit # 0. If mj} — 0 in L9(912), then A1 (V,my) — o0.

Proof. Let assume by contradiction that A;(V,my) is achieved at ¢ with o > 0. We then have
a0 a0

so that ||prllpy — 00. As M (V,my) = Ev(pk) is bounded then (¢x)r by Lemma 3.5 is bounded which
leads to a contradiction and we conclude that A1 (V,my) — co. O

Proposition 3.13. Let E, g, M, f and f be as considered previously in (2.2). Let ug be a strict local minima
of f, i.e. for some g > 0,

fluo) < f(u) (3.26)
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for all w € M with u # up and ||u — uo||g < €o. Assume that f satisfies the (PS) condition on M. Then,
for any 0 < e < g,

flup) <inf{f(u):ue M and |u— uollp = e}. (3.27)
Proof. A version of the proof that uses Ekeland’s variational principle can be found in [6]. O

Lemma 3.14. (See [6].) Let E, g, M, f and f be as considered previously in (2.2). Assume that f is bounded
from below on M and satisfies the (PS) condition on M. Let r € R and consider

0= {uGM:f(u)<r}.
Then any (nonempty) component O1 of O contains a critical point of f.
We are now ready to prove Theorem 3.9.

Proof of Theorem 3.9. First of all, I" is nonempty from Lemma 3.8. Furthermore the (PS) condition and the
geometric assumption (3.22) are satisfied by Proposition 3.10 and Proposition 3.13. In a nutshell, it remains
to show that c¢(m,n,V) is the first nonprincipal eigenvalue of (Py,, ) in sense that there is no other
eigenvalue of (Py,, ) between max{A;(V,m), A\1(V,n)} and c¢(m,n, V). We are using the same approach as
in the proof of Theorem 3.1 (see [6]). We then assume by contradiction that there exists an eigenvalue A
that verifies

max{)\l(V, m), )\1(V, n)} <AL C(mvna V)

and let u € M,, ,, be the corresponding eigenfunction as a solution of (Py,, ). Hence u changes sign (since
A > max{A1(V,m), A1 (V,n)}). In addition

/m(m)|u+|pd0 >0 and /n(z){u*|pd0 > 0.
20 an
Indeed if for instance

/m(:c)|u+‘pda =0 (a similar proof leads to /n(m)’u‘ ’pda > O)
o0 a0

then ﬁ is an admissible function in the definition of 3(V,m). So
p

1% JoN QAN T _ut pd 0
< — —
pv.m) < V<|u+np) a(é‘""‘(m)(nwnp) 7=0,

a contradiction. Now if
/m(:c)}uﬂpda <0
o0

then

ut

(~ Jo (@)t Pdo) 77
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is an admissible function for A_;(V,m) and consequently

eavm < B Ton AP
But
By (u*) = —A(—a é m(x)|u+y”da>
then

A=E ut
- V((fmmwuﬂpdo)vp

) > AL (Vim) > <A (Vim),
a contradiction. Therefore

Bpn(ut —tu”) = /m(m)|u+|pda + 7 / n(x)|u_|pdo >0
o0 o0

and one can define

ut —tu
n(t) = Bl —ta e '€ [0:1]

which is a path in M,, ,, joining

ut

’U::W to u.

‘We then note that
Ey(m(t)) =X forallte[0,1].
Indeed, firstly

Ey(ut) +tPEy(u™)

Bvn) ==t — )

and secondly

Ey(ut) = /\/m(o:)|u+|pda
on

tPEy(u™) = )\t”/n(m)|u7|pda.
on

By combining both equations in the previous set, we get:

Ey(u") +t"Ey(u”) = )\</ m(z)|u+|pd0 + P / n(az)|u|pd0>

o8 o8
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ie.
Ey (u+) +tPEy (u_) =ABnn (u+ — tu_).
Lastly
Ey(m(t)) =X, Vtel0,1].
By reasoning completely analogous to the previous,

(1—tyut —u~
(B (1 = t)ut —um))l/r’

Ya(t) == t€0,1]

defines a path in M,, ,, joining

—u-

R O v

such that
Ey (72(t)) =X forallt € [0,1].

We shall now describe the construction of two paths in M,, , which stay at levels < A, one goes from ¢,

to v and the other from to —,. Combining everything together, we get the desired path

from ¢, to —p,.

We first construct the path from ¢,, to v by considering the manifold M, ,,. Clearly v € M,, ,,, and
the critical points of the restriction Ey of Ey to Mp,m are the normalized eigenfunctions of A, for the
weight m. Since v does not change sign and vanishes on a set of positive measure, v is not a critical point
of this restriction of Ey to My, . Consequently there exists a C! path v : |—e,+¢e[ — M with
v(0) = v and %Ev(l/(t))h:(). Following a little portion of this path v in the negative or positive direction
(this portion is called v1), we move from v to w by a path in M,, ,,, which, with the exception of its
starting point v where Ey (v) = A, lies at levels < A. The path ~3(t) := |v1(¢)| then lies in M,, ., goes
from v to v; := |w| and remains, with the exception of its starting point v where Ey (v) = A, at levels
< A (since Ey(v1(t)) = Ev(|vi(t)])). We now construct a path from vy to ¢, and for that purpose, we are
constructing by using Lemma 3.12, a weight 7 € L2(92) such that (2)T #Z 0, Ay(V,7) > X and 7 < m on
0. When m™ # 0, it suffices to take i = em™ — m™ in this construction with & > 0 sufficiently small and
f=em—kyxyp if m~ =01i.e m >0 with k£ > 0 sufficiently high and xp denotes the characteristic function
of the ball B C 9{2 such that m™ # 0 on 92\ B. We now consider the manifold M,, 5 and the subset

0= {u € Must By (u) < )\}.

We have v1 and ¢,, which belong to ©. Moreover the only critical point in O of the restriction Ev of Ey to
M. 18 ©m (because the first two critical levels Ay (V,m) and Ay (72, V) of Ey verify \;(V,m) < A < A1 (7, V)
by the choice of 71). Applying Lemma 3.14 to the component of O which contains vy and using the fact that
any open connected subset of a manifold is arcwise connected, we get a path ~4 in O from v; to ¢,,. By
the choice of 7, we write

- / (m(@) (ra () + 2 (ra(t)”)")do

a0
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< [ (@) ()" + m(@) (a())") o
o
_ / m(@)|ja(t)|"do, vt € [0,1] (3.28)
o0

which guarantees the well-defined of

: \74( )P
’75(t) : fag |74 )|pd0')1/p

as a path in the original manifold M,, , going from v; to ¢,,. Finally

v (75( )) faQ EV(’T?YE )t))|pdg <A

since v4(t) € O and by (3.28),
/m(x)|’y4(t)|pda > 1.
EYe)

The path ~5 allows us to join v1 to ¢,,, by staying at levels < A. By a similar argument, we get to a

path which goes from ( 0 —, and by putting these paths together, we ultimately define a

e
B (—u=))l/P
path v from ¢, to —p, which verifies Ey (y(t)) < ¢(m,n, V). This contradicts the definition of ¢(m,n, V)

n (3.22). O
This result extends obtained results in [10, Proposition 4.2]. Indeed

Corollary 3.15. In particular case m = n, one obtains a variational characterization of the second eigenvalue
A2(V,m) of problem (Py.mm) with

A V, = ) 7V = inf E
2(V,m) = ¢(m,m, V) ~ET wero)) v(u)

where

I = {’y € C([O, 1],Mm7m) :v(0) = o and y(1) = —(pm}.
Remark 3.16. In the last step of the proof of Theorem 3.9, we conclude that for u € M, , with © > 0 and
Ey < p for some p, there exists a path in M,, ;, which joins u to ¢,, and made up of nonnegative functions

but remains at levels < p as well. A similar remark can be found in [6] and [10].

As an application of Theorem 3.9 one can enlarge the family of paths in (3.22) and keep the same minimax
level. This is expressed in the proposition below.

Lemma 3.17.
Iy == {y € C([0,1], My ) : 7(0) > 0 and v(1) < 0}

18 nonempty.
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Proof. From the proof of Lemma 3.8, one can find u € WP(£2) such that
/m(x) (u™)’do >0 and /n(x)(u_)pda > 0.
o0 a9
Defining v, (t) := (1 — t)"/Put — ¢1/Py= ¢ € [0,1] and recalling the fact that u* and u~ have disjoint

supports, we get

Bn(1(0) = (1= ) [ m(a) (@) do +t [ n(a)(u)"do
o082

[210)

> min{/m(z)(u+)”da,/n(z)(u)”da} >0, Vtelo,1].

20 an

The path
71(t)
'YQ(t) = , te [0, ].]
(Brmn(11(1)))/7

is then well-defined in Iy. O
Proposition 3.18.

e(m,n, V) = ’Yléllf_:o tren[aaﬁ] Ev (v(1)) (3.29)

where
Iy ={v€C([0,1], My, ) : 7(0) > 0 and v(1) < 0}.

Proof. The right-hand side of (3.29) that shall be called d is finite due to Lemma 3.17 and d < ¢(m,n, V)
since I' C Ip. Let us assume by contradiction that d < ¢(m,n, V) and choose p with d < p < ¢(m,n, V).
Let v be a path in I'y which remains at levels < p and proceed as in [6] by considering a path in I" that will
remain at levels < p. This shall contradict the definition of ¢(m,n, V') in (3.22). To construct such path we
first go from ¢,, to ¥(0) by using Remark 3.16, then we follow ~ from +(0) to (1) and finally we join (1)
to —p, by still using Remark 3.16. 0O

Turning to the case S(V,m) = 0 or 8(V,n) = 0 where lots of well-known facts break down, we shall in
practice apply Theorem 3.3 with K = [0,1], Ko = {0,1}, f = Ey, E = W'?(§2), g = By, and H = I
as defined below. We recall that when 5(V,m) = 0 or 8(V,n) = 0, one can deduce from Theorem 1.3 that
the infima in (1.12) and (1.13) are not achieved. Moreover eigenfunction associated to A1 (V, m) belongs to
A defined in (1.11). This fact is a handicap to the use of classical mountain pass theorem.

Proposition 3.19. Assume that m~ # 0, n~ % 0, AP(V) > 0 and B(V,m) = 0 or B(V,n) = 0. Then
c(m,n, V) > max{A1(V,m), \1(V,n)}.

Proof. The proof is similar to the proof of Proposition 18 in [8]. One observes first that c¢(m,n,V) >
max{A1(V,m), \1(V,n)} and we will only prove that c(m,n,V) > A1 (V,m) since the proof for c¢(m,n,V) >
A1(V,n) is similar. Thus assume by contradiction that c(m,n,V) = A1(V,m). Then there exists v, in I}
such that

m[%% Ev (v(t)) — A (V,m) when k — oo.
teo,
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Let v, € Iy and define

F(8) = B (YO)F) = Bun (1)) for t € [0,1]. (3.30)

As f is a continuous map with f(0) = B, (7(0)) =1 and f(1) = =By, n(y(1)) = —1, one can find some
s € (0,1) satisfying f(s) = 0. Hence

Bin (’y(s)"‘) =Bnn (fy(s)_) and 1= By, (fy(s)) =Bnn (’y(s)+) + B (’y(s)_).

Therefore
. 1
Bm,n (’Y(S) ) = Bm,n (’Y(S) ) = 5
As a result, for every k, there exists ¢, € [0, 1] such that
. 1
Bm,n (’Y(tk) ) = Bm,n (’Y(tk) ) = 5 (331)

Setting uy, := i (tr), we deduce from (3.31) that Q%u; € M, , and Q%UE € M, p, so that

1
By (uf) > 5)\1(‘/, m).

‘We now state that

kk:r_loo Ey (uk) = —)q(V, m). (3.32)
Indeed,
1
1 1
< E t) — = (V, A1 (V,m).
tlél[gf] v(’Yk( )) 5 1(Vim) — B 1(Vym)
Assume by contradiction that uy as a sequence is unbounded in W1P(§2) then we set vy = ﬁ and up

to a subsequence, vy converges weakly to some vy in WHP(§2), strongly in LP(£2) and in LP(9£2). Clearly,
vp # 0 and we have

/m )ug|Pdo = /m (Ju | + |uy ) do

/m ‘uﬂdo—k/m ‘uk|do’
= /m(x)|7k(tk)+|pd0+/m(x)hk(tk)jpdg
on o0

+

| =

1
2

i.e.
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[ m@lupds =1
a9

it follows that

m(x)|ug|Pdo 1

/m(x)|vk|pda = Joa =
o0

[ [k [P

and going to the limit, one obtains
/m(m)|vo\pda =0.
an

Then

o—mv,m)sm( v )S|l lim By(u) < tim 0™

lvollp /-~ Ilvollp k=0 = koo [JulPllvollp

which means Ey (vg) = 0. Recalling Theorem 1.3, we say that vg is an eigenfunction associated to Ay (V,m)
and as a result, either |z € 2 : uf (z) > 0] —jt00 001 |z € 21 up () > 0] —>ks400 0. Without loss
of generality, let assume that [z € 2 : u, () > 0] — k400 0. Combining (3.31), (3.32) and Lemma 3.5
we conclude that u, is bounded in WLP(£2) and up to a subsequence, we may assume that u, converges
weakly to some uy in WP (§2) satisfying

By (ug) = %)\1(\/, m) and /m(x)’ug’pda = %
o0

Thus Q%u; € M, ,, realizes A1 (V, m) and therefore v, > 0 which contradicts the fact that [z € 2 : u (x) >
0] —k—+00 0. To sum up, the sequence uy is bounded in Wl’p(Q) and arguing as above for u; we reach a
contradiction. 0O
Lemma 3.20. There exist u; > 0 and ug <0 in My, ,, such that

Ev(ui) <c(m,n,V) and Ey(uz) <c(m,n,V).

Proof. An easy adaptation of Corollary 19 in [8] based upon Proposition 3.19. O

The main result about the existence of a first nonprincipal eigenvalue of (Py,, ) in case where we need
(PSC) condition to be applied is as follows.

Theorem 3.21. Consider u; > 0 and us <0 in M,, , such that
Evy(u1) <c(m,n,V) and Ey(ug) <c(m,n,V).
Define
Io:={v€C([0,1], My n) : 7(0) = u1 and v(1) = us}.

Then
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&(m,n,V) = inf By (~(t 3.33
c(m,n, V) nf max v (v(t)) (3.33)

is a nonprincipal eigenvalue for (Py.m, ). Moreover
é(m,n, V) =c(m,n, V).

Corollary 3.22. c(m,n,V) is the first nonprincipal eigenvalue of (Py,.n) in sense that there is no other
eigenvalue of (Py,m.n) between max{\(V,m), \1(V,n)} and c(m,n,V).

The rest of this section is devoted to the proof of Theorem 3.21.

Proposition 3.23. Assume that AP (V) > 0 and 3(V,m) =0 or 8(V,n) = 0. The functional Ey satisfies the
(PSC). condition on My, ., for every ¢ > max{A1(V,m), A2(V,n)}.

Proof. Let ¢ > max{\;(V,m), \1(V,n)} and uj, € M, ,, be a (PSC) for Ey. Then there exists a sequence
e with £, — 0 such that

Ey(ug) —c ask — 400

and
’ €k
< —- .
(B (), )] < Tl V€ € TuMunn, (3.34)
where
jell= [ veras+ [ repaz
2 o8

is an equivalent usual norm of WP(£2). By arguing as in the proof of Proposition 3.10, we assume by
contradiction that uj is unbounded and setting v = ”Z—:” Up to a subsequence, there is some vy such that

vp — vo in WP(£2) and vy, converges strongly towards vg in LT (£2) and in La-1 (02). One defines

w = (vg — Vo) — </(m($)(u2)p_1 — n(x)(u;)p_l)(vk — vo)d0> up € Ty Mo -

a8

We choose ¢ = w in (3.34) and divide it by ||ux||P~! to obtain

(o0 =) = ([ (o) ()" = ) 0)") o o)) B ()

00
rlusl] | (e —vo) _ m(z)(v)" " = n(@)(v)" ) (v — vo)do v
T LA fJull]] NP <aé( (@) (vf) () (vi)" ) (or — vo)d > k (3.35)

The right-hand side of (3.35) — 0 as k — 400 and as [, (m(z)(v )P~ = n(z)(v; )P~)(vk — vo)do — 0
while k — 400, it follows that (E}, (vg),vx, — vo) — 0 when k — +o00. By using the ST property of —A,,
depicted in Lemma 3.11, Holder inequality and the same technic as in the proof of Proposition 3.10, we
conclude that vy — v in W1P(£2). Moreover

By (ug)
[k P

Bm,n(uk)

ol =1,  Ev(w) =
(||

and By, (v) =
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Thus
vg Z 0, Ey(v9) =0 and By, ,(vo) =0. (3.36)

On the other hand, for every w € WP (£2),

ag(w) = w — ( / (m(@) ()" = n(a) (u;)“)wdcf) g, € Ty Mo

o8

and taking & = a(w) in (3.34), it follows

(Bt )~ ([ o))" = o))"y ) )

of

€k p—1 —\p—1
S Tl ‘w - </(m($)(uz) —n(z)(uy,) )wdo) ug (3.37)
00
We then divide (3.37) by |lug||P~! and we get
‘<E(/(vk),w> — </(m(z)(v,‘l’)p1 — n(x)(vk_)pl)wdcr>EV(uk)
o

7€k‘|uk” v m(z) (v = () (v0) " Nwdo v

= T | Tl (84( )" = ko)) i (559

and passing to limit, relation (3.38) becomes
/(\VUOV’_?VUOVM + V(2)|vo[P2vow)dz = c/(m(:c) (va')pfl - n(x)(v&)pil)wda,
0 09
which means vg is a weak solution of problem
AP’UQ = V|’U0|p72110 in 2

|Vv0|p_2% = )\[m(vg)p_l - n(vo_)p_l} on 012
We then distinguish two cases:

1. Case vy is sign-constant
In this case, [,,m(z)(vg)Pdo =0or [,,n(z)(vy )Pdo =0, and vy is therefore an eigenfunction associ-
ated to ¢, which contradicts [Theorem 1.3, 2.(b)].

2. Case vy changes sign
Here as an v) = [oom(@)(vi)Pdo + [,,n(x)(vy)Pdo = 0 then [,,m(z)(vi)Pdc < 0 or
Joom o )Pdo < 0. Assume for instance

/m(x) (var)pda <0
o8

and consider the two following subcases:
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(a) If [y, m(z)(vg)Pdo < 0 then —A_1(V,m) < % = —c, which is impossible since
A (V,m) < M (Vym) < c. .

(b) If [, m(z)(vy)Pdo = 0 then [,,n(z)(vy)Pdo = 0. Thus, vy = dpo and vy = d'¢g for (d,d’) #
(0,0). As a result, vy is sign-constant and according to the first case, we reach a contradiction.
Thanks to the two previous subcases, we conclude that [, m(z)|vg |[Pdo > 0 and in a similar way, we

also prove [, n(z)|vy [Pdo > 0, which goes against the fact that By, ,(v) = 0 in (3.36).

All in all, we claim that w; is bounded and by repeating the same argument used for v, we reach the
conclusion that, up to a subsequence, ug converges. 0O

With these data in hand, we are ready now to prove Theorem 3.21.

Proof of Theorem 3.21. After applying the results above to Theorem 3.3, there is no doubt anymore that
¢(m,n,V) is a nonprincipal eigenvalue for (Py,, ). It is now left with the fact that ¢(m,n, V) = ¢(m,n, V).
Summarizing one has ¢(m,n,V) < &(m,n, V) since Iy C Iy. To show the reverse inequality ¢(m,n, V) <
c(m,n, V), let € > 0 be sufficiently small and v € I such that max, e (jo,1]) Ev(u) < c(m,n, V) +e. We
set ug = v(0) and claim that either there exists a path 4 in M,, ,, from ug to u; such that Ey remains at
levels < ¢(m,n,V) + € or u; and us can be connected by a path which remains at levels < ¢(m,n,V) + ¢
as well. In both cases, the conclusion would be é(m,n, V) < ¢(m,n, V) + e and the proof will be ended.

From [8, Lemma 23, V = 1], the functions S,,(t) := B(V +t,m) and S, (t) := B(V +t,n) are differentiable
with £,,(0) = [, [€o,m|Pdo > 0and §],(0) = [, |¢0,n|Pdo > 0 where g, and —pg ,, are normalized eigen-
functions associated to A1 (V,m) and A\ (V,n) respectively which satisfy (1.14). As a result, 8(V +t,m) > 0
and S(V 4+ t,n) > 0 for every ¢t > 0 small enough so that max{Evy:(ug), Byii(u2)} < ¢(m,n,V) +e. We
now consider the open set O’ := {u € My, ,, : Ey4i(u) < ¢(m,n, V) + e} and observe that if ¢ > 0 is small
enough, then ¢(m,n,V) < ¢(m,n,V +t). This comes from the fact that if v realizes c(m,n,V + ¢) then
c(m,n, V) <maxyeqy(jo,1)) Ev(u) < maxyeq (o)) Evii(u) = c(m,n,V +1t) (taking a look at the last part of
the proof of Theorem 3.9). Hence O’ has at most two arcwise connected components (see [6, Lemma 14])
because ¢, (V +t,m) and —p,(V 4 t,n) are the only critical points of EV-H, in @', If u; and ugy belong to
the same arcwise connected component then é(m,n, V) < ¢(m,n, V) + e. On the contrary either ug and u;
or ug and uy can be connected. 0O

4. Asymptotic behaviors and monotonicity properties

Here, we present some useful properties which will be used in the next section to construct the first curve
of Fucik spectrum with weights. These properties are well-known in the literature and can be easily adapted
in the current case of interest. As one can note, 3(V,.), A1(V,.) and ¢(m,n, V) are strongly depending on
one another and we shall therefore show how each value varies with respect to its weights and its link with
others.

Proposition 4.1. Let m,n € L9(952) and V be in L>°(§2) such that % <g<ooifp< N andqg>1if
p > N. Assume that my — m, ngp —n and Vi =V as k — 4+oo. Then the following assertions hold:

1. m= £ 0 (resp. n= # 0) implies that S(Vi,my) — B(V,m) as k — +oo (resp. B(Vi,ni) — B(V,n) as
k— 4o00).

2. m~ =0 (resp. n= = 0) implies that B(Vi,mi) — B(V,m) and liminf 8(Vi, mi) > B(V,m) (resp.
B(Vi,ng) = B(V,n) as k — +oo and liminf B(Vi,ng) > B(V,n)).
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Proof. Since the proofs for the boundary weights are similar, we are only proving the assertions with the
weight m and the same arguments can be written to deduce the results when n is considered. Let us take
m and V as in the hypotheses of Proposition 4.1 and assume that mj; — m and V;, = V when k — +o0.

1. Let us suppose m~ # 0 and show that 8(Vi,mg) — B(V,m).
We get

/ my(z)do — / m(z)do >0 and / my(z)do — / m(z)do <0 as k — +o0.
092, 89 a9 a9

Thus for k sufficiently large
Oy i ={2€dR : mp(z) >0} #¢ and 02 = {z €N : my(z) <0} # ¢
and using Theorem 1.3, there exists on the one hand, A € R and u € W?(£2) such that:
Jlupdr =1 [mi@)upde =0 and 5(vim) = ) = Evla)
o o8
and on the other hand, for each k, there exists A\;, € R and u € W1P(£2) such that:
/ luglPdo = 1, /m(m)|uk|pd0 —0 and A(Ve,me) = () = By, (ug).
o9 a9

From Lemma 3.5 one gets that 8(Vi, mg) = p1(Ag) is bounded from below. It is left showing that (Ax)x
is a bounded sequence. Let then assume by contradiction that up to a subsequence, A\, — +oo when
k — +o0. Let w € WhP(£2) such that:

/ |wlPdo =1 and /m(x)|w|pda > 0,
o9 o9
then
BV, mi) < Ey(w) — Ag /mk(m)|w|pdo — —00, (4.1)
a9

which is impossible since 3(V, my) is bounded from below. A similar argument holds when considering
Ar — —oo and one can conclude that the sequence (Ag)g is bounded. From (4.1) we deduce that
B(Vi, my) is bounded from above. As a result, (uy)y is bounded in WP (£2) and converges not only to
we WIP(2), up to a subsequence but also in L9 (£2). This results in,

Ey(u) < liminf Ey, (ug)

and then,

B(Verme) = () < BV, m) + / (Vi = V) (@)|ulPdz — s / mi (@)l do
(9] on
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which leads to:
limsup B(Vg, mg) < B8(V,m).
In conclusion, B(Vj, my) — S(V,m) as k — +oo.

. Let us assume that m~ = 0 and prove that §(Vi, m) — 8(V, m) and liminf 8(Vy, my) > B(V, m).
Let w € WHP(£2) such that:

/ |wlPdo =1 and /m(x)|w|pda = 0.
o0

on

Then
B(Vim) < By, (w) = [ (IVuP + Vela)up)da
(93

< (1 + Villoo) wll” < (1 + M) Jwl|” (4.2)

where ||[Villoo < M for all k. Let &,& € WHP(92) realize 3(Vi,m) and B(V,m) respectively. From
Lemma 3.5,

1€k]|? < C1Ev (&k) + Co = C18(Vi, m) + Cs, (4.3)

and then, the sequence (£x)x is bounded. Using (1.10), one gets:

B(Vig,m) < | |VEPdz + | Vi(x)|EPdz
frweras |

2

and
BV,m) < [ \VerPdr + [ V(@)lslrde

Jvarie |

i.e.
B(Vesm) — / Vi(a)l¢[Pda < B(V,m) — / V(@) [fPde (4.4)
(9] 2

and

B(V,m) — / V(@)lxlPdr < BViom) — [ V)P, (4.5)

2

b\

From both (4.4) and (4.5), we deduce that:

/ (V — Vi) (@)|ePdz < A(Vim) — B(Viom) < [ (V = Vi)(@)|a|Pde
N

Q

and since &, is bounded in Lf"‘A’/(.Q)7 we conclude B(Vj,,m) — S(V, m).
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We are now going to show that
lim inf B(Vi, my) = BV, m).

As we know from Lemma 3.5 that 8(V, my) is bounded from below, up to a subsequence, one can find
u € WHP(£) such that up — u and up — u in LPY(£2), where B(Vi, my) is reached at uy. We also
know that:

/m(:c)\u|pda = lim /mk(x)\uk P=0
k— 400
09 a9

and

/ |ulPdo =1,
o0

which imply 8(V,m) < liminf 8(V, my) and the conclusion follows. 0O

Proposition 4.2. Let m,n € L1(02) and V € L*>((2). Assume that (3.1) is verified with my, — m, n — n
and Vi, =V ask — +oo. If B(V,m) =0 (resp. S(V,n) =0), we then assume in addition that 3(Vi, my) > 0
forallk € N and m~ #£ 0 (resp. B(Vi,nk) > 0 for all k € N and n~ # 0). Hence, the following relations
hold:

1. M(Vie,mi) — M(V,m) as k — 400 (resp. A\1(Vi,ng) — A (V.n) as k — +00).
2. c(mg,ng, Vi) — c¢(m,n, V) as k — +o0.

Proof. The ideas follow those in [8, Proposition 26] but we present them here because of the slight difference
that occurs.

1. We will show that \q(Vi, mx) — A1(V,m) as k — +oo and by arguing in the same way, one can also
conclude that Ay (Vy,ng) — A1 (V,n) as k — +00. We then distinguish two cases:
(a) Case B(V,m) > 0.

In this case, from Proposition 4.1, one writes:
B(Vk,mg) >0 for k sufficiently large.

Let ¢ and ¢, be the eigenfunctions associated to Ay (Vi,myg) and A1 (V,m) respectively and let
w € My, m. Since

/mk(x)|w\pda — 1 ask — +oo,
o0

one gets:

p V oo p
fa(z mg(z)|w|Pdo fan mg(x)|w[Pdo

Thus, A\1(Vg, my) is bounded and from Lemma 3.5, we conclude ¢y is bounded. In addition,

Pm
M) S (i )
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which implies:

At (Vies ) / 1 (1) g P < / Vpm|Pda + / V(@) lom|Pda
P,

on (94
i.e.
A (Vi) / (1) P < My (Vi) — / V(@)omlPdz + / Vi ()| P
on 0 0
or
M (Vim) — A (Vi) / 1 (1) g Pl > / (V = Vi) (@)lom[Pda.
o 0
Moreover
Pk
A(V,m) < EV< )
1(V,m) oy (@) [el) 77
leads to
A (V,m) / m(a)|pnlPdo < / VoxlPdz + / V(@)gulda
o 0 0
i.e.
A (V,m) / m(@)|grlPdo < A (Vi mi) — / V(@) lpnlPda + / V(@)|pu Pde
o 0N P,
or

/ (V = Vi) (@) i Pde > 2 (Vi) / m(@)loxlPdo — s (Vi mi).
(93 o0

Both (4.6) and (4.7) imply:

/(V — Vi) (@)|om[Pdz < A (V,m) — Ay (Vie, my) /mk(fc)lgamV’do
5 o0

< Jo(V = Vi) (@)]prlPda + A1 (Vi, mi)

B fag m(z)|pr|Pdo

A (View ) / 1 () o[ P o
o0

To sum up,

M (Vi,mg) — M (V,m) — 0 as k — 400

M (Vi,mg) — A (V,m) as k — +oo.

1031

(4.6)

(4.7)
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(b) Case g(V,m) =0.

Here,
B(Vi,mg) >0 forall k e N.
Then,
B(Vi,mi) >0 forall k€ N (up to a subsequence)
or

B(Vk,mg) =0 forallkeN
In the former case 8(Vi, my) > 0 for all k € N, we consider, for all € > 0, a function

<PAO+%

B : 4.9
(oo m(@)|or, + L|Pdo)? (4.9)

Ug :

(taking from the proof of Theorem 1.3 in [10]) for some 0 < 9 € C*°({2) and such that:
Ev(us) < )\1(‘/, m) +e.

One has:

/(V = Vi) (@)|uclPdr — e < A (V,m) — A1 (Vie, my) /mk(x)|ug|pda

2 802

JoV = Vi)(@)|px[Pdz + M (Vi, my)
Joo m(@)|pklPdo

— M (Vie,myg) [ mg(z)|ue|Pdo. (4.10)
/

The result follows as in (4.8) when k — +o0 (¢ > 0 is arbitrary).
Let us now consider the case 3(Vj, my) = 0 for all k¥ € N and assume that 8(Vi, my) is reached at
& and B(V,m) at £&. As m™ #£ 0, one gets:

B(Vi, mg) — B(V,m)
and it reads:
& — & when k — +o0.

Let v € WHP(£2) such that:

/m(x)gpflvda >0 (which is impossible).

o0

Consequently, for k sufficiently large,

/mk(x)gpflvda > 0.
a0
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Thus,

(Ex, (&), v) <E' (©),v)
Jog mi(z)€P~ vdo fan x)&P~tudo

)\ (Vk,mk) —)\1(V,m).

2. Let us now show that:
c(my, ng, Vi) — ¢(m,n,V) when k — +o0.

For this purpose, we will need first to prove the upper semicontinuity and at last the lower semicontinuity.
Let € > 0 and « € I" such that:

E |4
2y 0w <dmnv)e

Using continuity, we reach for k sufficiently large,

By, (3(1)
N T @ @) + @ @ e~ V) @1

From Proposition 3.29, it comes

By, (1)
e ) < ) TG e Ga e

and consequently,

lim sup ¢(my, ng, Vi) < c(m,n, V) +¢
k—+o00

We conclude the upper semicontinuity since € is arbitrary. Returning to the lower semicontinuity, we
assume by contradiction that

e(mg,nk, Vi) — ¢o when k — +oo with ¢y < ¢(m,n, V).

We take into account the following two cases:

(a) Case B(V,m) > 0 and 8(V,n) > 0.
Let ¢ € M, », be an eigenfunction associated to c(my, ng, V). From Lemma 3.5, we then deduce
that the sequence (¢y)x is bounded and up to a subsequence, ¢p — ¢o in WHP(£2) for some
¢o € WEP(£2) and ¢ — ¢ in LT‘q'(Q). Setting v = ¢ — o in (3.2) and passing to the limit, one gets:

hm /\v¢k|P VoV (or — ¢o)dz =0

and using both (S*) property Lemma 3.11 and Hélder inequality, one easily follows ideas of
proof of Proposition 3.10 and shows that ¢p — ¢o in WP(£2). Finally, ¢o solves (Py,.,) for
A=co < c(m,n,V) and we get,

co =M (V,m) and ¢g=pmn
or

Co — /\1(‘/,71) and qbo = —
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Let suppose without loss of generality that co = A1 (V, m) and ¢g = ¢y, Since ¢, — ¢g in Lrd (2),
then

mes{x € 2 : ¢; (x) >0} — 0 as k — +oo.

This implies through Lemma 3.7 that

fan nk(x)(Qz)];)de'
)

— — 0.
EVk( k

Besides,

/|V¢)k|p’2V¢vad:E+/Vk(x)\d)k\p’zgﬁkvdx
(9 (9]

= c(mg, ng, Vi) /[mk(m)(cf);)p_l — ng(z) (¢,§)p_1]vda (4.12)

082

for all v € W1P(£2). Taking v = ¢, in (4.12) leads to:

/|V¢ﬂpd$+/Vk($)|¢ﬂpd33=C(mkankaVk)/nk(x)(ﬁ)pda
o0

2 N

1 _ Jo () (¢, )Pdo
c(mp, i, Vi) Evy, ()

— 0 ask — +oo,

a contradiction since 1/¢q # 0.
(b) Case (V,m) =0 or 8(V,n) = 0.
Let us assume for instance that 3(V,m) = 0. Then (vy)r € W1P(£2) defined as

K2
[

is bounded in W1P(§2) and up to a subsequence, (y); converges to ¢g € W1P(£2). In addition,

Vi =

By ($x) = By, () + / (V = Vi) (@) Pda
(9]

hence
Ey(¢r) — 0 as k — 4oo0.
Up to a constant, 5(V,m) is reached at g, i.e. ¢g solves (Py, ). Consequently,
mes{z € 2 : ¢p(z) <0} — 0 ask — +oo

and we then reach a contradiction as in the previous case and the right conclusion follows.
The two cases above guarantee the lower semicontinuity and as a final conclusion,

c(mg,ng, Vi) — c¢(m,n, V) as k — +oo. a
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Proposition 4.3. If m < m and n < 7 then ¢(m,n, V) > c(h,n, V).

Proof. Let v be an admissible path for the definition of ¢(m,n, V') given by (3.22). Then

1= /(m(x) (v®&) )" + i) (v(t) )" )do < /(m(x) (v + a(z) (v(t) ")) do

o1 o9

i.e.

and consequently,

A(t) = (O [0, 1]

(Brin.an(7(£)))1/7

is well-defined and admissible for ¢(m, 7, V) given by (3.29). In addition,
< By(4(t) Ve o,1]

ie. c(im,n,V)<elm,n,V). O

Proposition 4.4. If m < m, n <7 in 02 and

(m —m) (u+)pd0 + /(ﬁ —n) (u_)pda >0 (4.13)
0 90

for at least one eigenfunction u associated to c(m,n,V), then ¢(m,n, V) > c(h,n, V).
Proof. The proof can be easily adapted from the one given in [6, Proposition 25]. O

I3

Some sort of separate sub-homogeneity that holds in [2,5,6] also holds with our issue (Py.m,,,) and it
reads:

Proposition 4.5. If 0 < s < § then
c(sm,n, V) > c(8m,n,V) and c(m,sn,V) > c(m,3én,V). (4.14)
Proof. We will prove the first inequality of (4.14) and by similar arguments one can also prove the second

inequality of (4.14). Let u be an eigenfunction in My, ,, associated to c(sm,n, V) and v the path joining
Ysm and —¢y, in Mg, , constructed from u as in the last part of the proof of Theorem 3.9. The path

s\ /P
0= (2) a0t s, tep
is then admissible for ¢(8m,n, V) given by (3.22) and we have:
B () =3 [(920 + V@R Yo+ (9207 + Vi i) )ds
7}

19,
< Ly

&

(v(1))
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with strict inequality if v(¢)* # 0. Hence the path 4 goes from ¢z, t0 —p, in Mgy, , and remains at levels
< c(sm,n, V) except v := —u/(Bsm.n(—u))/? where Ey is at the same level as c(sm,n, V). Consequently,
c(dm,n, V) < ¢(sm,n,V) and let us assume by contradiction that c(8m,n,V) = c(sm,n, V). Applying [6,
Lemma 26] to the path 4 in Mgy, », one can conclude that v must be a critical point of EV on Mgy, ,, with
¢(8m,n, V) as an associated eigenvalue which cannot be held since v is one-signed function. This puts an
end to the proof. O

Remark 4.6. From (3.22), one easily checks that ¢(m,n, V) is homogeneous of degree —1 with respect to
the weights m and n i.e.

c(sm,sn, V) =s"te(m,n, V), Vs> 0. (4.15)
5. Fucik spectrum with weights

In this section, we carry on the following problem

Apu = V]ulP~2u in 2
( V,A,B) : (51)

|Vul[P~28% = Am(ut)P~! — Bn(u™)P~! on 002

and our purpose is to look for (4, B) € R? such that (Py 4 p5) has a nontrivial solution. This set which
is denoted by >_,, ) is the so-called Fucik spectrum associated to (Pyv,,5). This problem is related to
(Pv,m,n) since it reduces to it when A = B.

One easily checks that }_,, ) contains the lines {A;(V,m)} x R, R x {A(V,n)} and also possibly the
lines {—A1(V,—m)} x R and R x {=A1(V,—n)}. Let us start looking for the part of 3, ) that lies
in JA1(V,m), +oo[x]A1(V,n),4+o0[. This leads us to denote by sz)n) the set >, . without the lines
enumerated above and (4, B) € 37, v N (JA1(V,m), +00[x]A1(V, n), +o0[) implies that A > A1 (V,m) and
B > A\ (V,n). One might notice Z?m,n) does not necessary lie in R™ x RT due to the fact that \;(V,m)
and A1 (V,n) are not necessary positive. We thus have the following results.

Theorem 5.1. Assume that m*™ #Z 0, n™ £ 0, A\P(V) > 0, 3(V,m) > 0 and (V,n) > 0. For s > 0, the line
B = sA intersects 3, ) N(A1(V,m), +oo[x]A1(V,n), +00[). Moreover the first point in this intersection
is given by A(s) = c(m, sn, V), B(s) = sA(s) where ¢(m,n,V) is defined as in (3.22).

Proof. From Theorem 3.9, (4, B) € 32, ,y N(JA1(V,m), +00[x]A1(V, n), +00[) is such that no element of
Z?mm) belongs to the segment [(A1(V,m), A\1(V,n)), (A, B)[ if and only if A = A(s) = ¢(m,sn, V). O

We get a first curve C := {(a(s), 5(s)) = (e(m,sn,V),sc(m,sn,V)) : s > 0} when we let s vary in
10, +00[. Some properties of this curve are as follows:

Proposition 5.2.

1. The functions A(s) and B(s) in Theorem 5.1 are continuous,
2. «(s) is strictly decreasing,
3. B(s) is strictly increasing.

Proof.

1. The continuity of A(s) and B(s) is a consequence of the continuity of ¢(.,., V) (see Proposition 4.2).
2. Let 0 < s < &' then from Proposition 4.5, one writes

c(m, sn, V) > c(m, s'n,V)
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that is
A(s) > A(s).

3. Recall that B(s) = sc(m, sn,V) and from (4.15), B(s) = ¢("2,n,V). Let 0 < s < s’ then & < % and
applying again Proposition 4.5 we get

C<E/,7’L,V> > C<T,TL,V>
s s

B(s') > B(s). O

that is

Following the notations of [11], we set

Ap = lim A(s), By = lim B(s), As = lim A(s), By = lim B(s),
s—0 5—0

§—00 Emde el

A=inf{Ey(u") : Bpn(u) =1,Bnn(u”) >0},
and

B=inf{Ey(u") : Bnn(u") =1,Bnn(u’) >0}
The following result depicts the asymptotic behavior of C.

Proposition 5.3. Assume that m™ £ 0, nt £ 0, AP(V) >0, B(V,m) > 0 and B(V,n) > 0.

Proof. Confer [11]. O
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