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CONFORMAL SCREEN ON LIGHTLIKE

HYPERSURFACES

C. Atindogbe1, K.L. Duggal2 §

1Institut of Mathematical and Physical Sciences (IMSP)
P.O. Box 613, Porto-Novo, BENIN

2Department of Mathematics
University of Windsor

Windsor, Ontario, N9B3P4, CANADA
e-mail: yq8@uwindsor.ca

Abstract: We study some properties of a lightlike hypersurface M , of a
Lorentzian manifold, whose shape operator is conformal to the shape operator
of its screen distribution. We prove that some specified aspects of the null
geometry of M reduce to the Riemannian geometry of a leaf of its screen distri-
bution. As a physical relevance, we show that there exists such a class of screen
globally conformal lightlike hypersurfaces of 4-dimensional stationary non-flat
spacetimes which admit a Killing horizon.
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1. Introduction

There are three types of submanifolds in a semi-Riemannian manifold, namely,
Riemannian, semi-Riemannian and lightlike. The geometry of lightlike subman-
ifolds is different and rather difficult since (contrary to the other two types) its
normal vector bundle intersects with the tangent bundle.
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Thus, one can not use, in the usual way, the theory of non-degenerate sub-
manifolds to define any induced object on a lightlike submanifold. In 1996,
Duggal-Bejancu [7] published a book on general theory of lightlike submani-
folds of semi-Riemannian manifolds. They introduced a non-degenerate screen
distribution to construct a lightlike transversal vector bundle which is non-
intersecting to its lightlike tangent bundle. It is now well-known that a suitable
choice of screen distribution has produced substantial results in lightlike geom-
etry. On the other hand, we know that the shape operator plays a key role
in studying geometry of submanifolds. Motivated by above line of direction,
the objective of this paper is to study a class of lightlike hypersurfaces M , of
Lorentzian manifolds, whose shape operators are conformal to shape operators
of their corresponding screen distributions. In Section 2, we brief basic informa-
tion needed for the rest of this paper. In Section 3, we define screen conformal
lightlike hypersurfaces (see Definition 1) and prove two results on their exis-
tence. In Section 4, we prove that some essential aspects of the null geometry
of M reduce to the Riemannian geometry of a leaf of its integrable screen dis-
tribution. Recently, the second author (Duggal) has done some study on global
null geometry [4, 5, 6] by introducing a new class of lightlike manifolds, called
globally null manifolds (see Definition 2). In Section 5, we first show a relation
between screen conformal hypersurfaces and globally null manifolds. Then, we
present a physical model of screen globally conformal lightlike hypersurfaces
of 4-dimensional stationary non-flat spacetimes having Killing horizons. Since
the screen distribution of any lightlike manifold is not unique, in Section 6, we
study the behavior of the screen conformality with respect to a change in screen
distribution.

2. Preliminaries

Let (M̄ , ḡ) be a real (n + 2)-dimensional semi-Riemannian manifold, where
n ≥ 1 and ḡ is a non-degenerate tensor field of type (0, 2) and of constant index
q ≥ 1, on M̄ . Consider a submanifold M of M̄ of codimension p with p ≥ 1.
The metric ḡ might be nondegenerate or degenerate on the tangent bundle TM
of M . The case ḡ is nondegenerate has many similarities with the Riemannian
submanifolds [9]. In the degenerate case, basic differences occur mainly due to
the fact that the normal vector bundle TM⊥ intersect with the tangent bundle
along a non-zero differentiable distribution called radical distribution of M and
denoted by Rad (TM)

x −→ Rad (TxM) = TxM ∩ TxM⊥. (1)
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The dimension r (r > 0) of fibres of Rad (TM) is called the degree of nullity
of M . Given an integer r > 0, the submanifold M is said to be r-lightlike
if rank (Rad (TxM)) = r everywhere [7]. Lightlike hypersurfaces M of M̄ are
co-dimension one submanifolds for which r = 1. Given an (n + 1)-dimensional
lightlike hypersurface M , a screen distribution, denoted S(TM), on M is a
subbundle of TM which is complementary to the radical distribution. It is
non-degenerate and has constant rank n. It plays an important role in the
study of induced geometric objects on M . Lightlike hypersurfaces of Lorentzian
manifolds endowed with a conformal structure of Lorentzian signature [1] have
their degenerate metric of signature (0,+, · · · ,+). For this case, the induced
metric on their screen distribution S(TM) is positive definite. For the lightlike
hypersurfaces, (1) becomes Rad (TM) = TM⊥ and we have the orthogonal
direct sum

TM = TM⊥ ⊕ S(TM). (2)

Throughout this paper we denote by F(M) the algebra of differentiable
functions on M and Γ(E) the F(M)-module of differentiable sections of a vector
bundle E over M . The manifolds we consider are supposed to be paracompact,
smooth and connected. Although S(TM) is not unique, it is canonically iso-
morphic to the factor vector bundle TM /Rad TM . The existence of S(TM)
is secured since M is paracompact. Our results will be based on a choice of
S(TM). The following normalization result is known.

Theorem. (Duggal-Bejancu, see [7, page 79]) Let (M,g, S(TM)) be a
lightlike hypersurface of a semi-Riemannian manifold (M̄, ḡ). Then there exists
a unique vector bundle tr(TM) of rank 1 over M , such that for any non-zero
section ξ of TM⊥ on a coordinate neighborhood U ⊂ M , there exists a unique
section N of tr(TM) on U such that

ḡ(ξ,N) = 1, ḡ(N,N) = ḡ(N,W ) = 0, (3)

N =
1

ḡ(ξ, V )

{

V −
ḡ(V, V )

2 ḡ(ξ, V )
ξ
}

, ∀ W ∈ Γ(S(TM |U )), (4)

where V is a non-zero vector field of M̄ such that ḡ(ξ, V ) is non-zero.

Consider ∇̄ the Levi-Civita connection of M̄ and ∇ the induced connection
on the lightlike hypersurface (M,g) where g is the induced metric on M by ḡ.
With the decomposition (2) and (3), we have

TM̄ |M = S(TM) ⊥ (TM⊥ ⊕ tr (TM)) = TM ⊕ tr (TM). (5)
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Gauss and Weingarten formulae provide (see details in [7])

∇̄XY = ∇XY + h(X,Y ), ∀ X,Y ∈ Γ(TM),

∇̄XV = −AV X + ∇t
XV, ∀ X ∈ Γ(TM), ∀ V ∈ Γ(tr (TM)), (6)

where ∇XY and AV X belong to Γ(TM) while h is a Γ(tr (TM))-valued sym-
metric F(M)-bilinear form on Γ(TM), AV is an F(M)-linear operator on
Γ(TM) and ∇t is a linear connection on tr (TM). In general, induced con-
nection ∇ is not unique and depends on the triplet (M,g, S(TM)). Define a
symmetric F(M)-bilinear form B and a 1−form τ on the coordinate neighbor-
hood U by

B(X,Y ) = ḡ(h(X,Y ), ξ), ∀X,Y ∈ Γ(TM |U ), (7)

τ(X) = ḡ(∇t
XN, ξ), ∀X ∈ Γ(TM |U ). (8)

It follows that,

∇̄XY = ∇XY + B(X,Y )N, ∀X,Y ∈ Γ(TM |U ), (9)

∇̄XN = −ANX + τ(X)N, ∀X ∈ Γ(TM |U ). (10)

Let P denote the projection morphism of Γ(TM) on Γ(S(TM)) with respect
to the decomposition (2). We obtain

∇XPY = ∇∗
XPY + h∗(X,PY ), ∀X,Y ∈ Γ(TM), (11)

∇XU = −
⋆

AU X + ∇∗t
XU, ∀ X ∈ Γ(TM), ∀U ∈ Γ(TM⊥), (12)

where ∇∗
XY and

⋆

AU X belong to Γ(S(TM)), ∇ and ∇∗t are linear connections
on Γ(S(TM)) and TM⊥ respectively, h∗ is a Γ(TM⊥)-valued F(M)-bilinear

form on Γ(TM)×Γ(S(TM)) and
⋆

AU is Γ(S(TM))-valued F(M)-linear operator
on Γ(TM). They are the second fundamental form and shape operator of the
screen distribution S(TM) respectively. Define on U

C(X,PY ) = ḡ(h∗(X,PY ), N), ∀X,Y ∈ Γ(TM |U ), (13)

ε(X) = ḡ(∇∗t
Xξ,N), ∀X ∈ Γ(TM |U ). (14)

One can show that ε(X) = −τ(X). Thus, locally we obtain

∇XPY = ∇∗
XPY + C(X,PY )ξ, ∀X,Y ∈ Γ(TM), (15)

∇Xξ = −
⋆

Aξ X − τ(X)ξ, ∀X ∈ Γ(TM). (16)
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The linear connection ∇∗ is a metric connection on Γ(S(TM)). Hence if S(TM)
is integrable and S denotes a leaf of S(TM) then ∇∗ represents the Levi-Civita
connection of S, intrinsically connected to its geometry. In general, the induced
connection ∇ on M is not compatible with the induced metric g. Indeed, we
have

(∇Xg)(Y,Z) = B(X,Y )η(Z) + B(X,Z)η(Y ), ∀X,Y ∈ Γ(TM |U ) , (17)

where
η(X) = ḡ(X,N), ∀X ∈ Γ(TM |U ). (18)

Finally, it is easy to check that

B(X, ξ) = 0, ∀ X ∈ Γ(TM |U ). (19)

3. Screen Conformal Lightlike Hypersurfaces

It is well known that the second fundamental form and the shape operator of
a non-degenerate submanifold are related by means of the metric tensor field.
Contrary to this we see from (7) and (13) that in case of lightlike hypersurface,
there are interrelations between these geometric objects and those of its screen
distribution. More precisely, the second fundamental forms of the lightlike hy-
persurface M and its screen distribution S(TM) are related to their respective

shape operator AN and
⋆

Aξ by

B(X,Y ) = g(
⋆

Aξ X,Y ), ∀X,Y ∈ Γ(TM |U ), (20)

C(X,PY ) = g(ANX,PY ), ∀X,Y ∈ Γ(TM |U ). (21)

This consolidates the fact that the geometry of a lightlike hypersurface depends
on a choice of screen distribution, and that the latter plays an important role
in studying differential geometry of lightlike hypersurfaces. Moreover, S(TM)
being non-degenerate, its geometry is classical. Thus, one may propose the
following problem:

Find a class of lightlike hypersurfaces, whose geometry is essentially the

same as that of their chosen screen distribution.

As the shape operator is an information tool in studying geometry of sub-
manifolds, we are lead to consider lightlike hypersurfaces whose shape oper-
ators are the same as the one of their screen distribution up to a conformal
non-vanishing smooth factor in F(M). More precisely



426 C. Atindogbe, K.L. Duggal

Definition 1. A lightlike hypersurface (M,g, S(TM)) of a semi-Riemannian

manifold, is screen locally conformal if the shape operators AN and
⋆

Aξ of M
and its screen distribution S(TM) are related by

AN = ϕ
⋆

Aξ , (22)

where ϕ is a non-vanishing smooth function on a neighborhood U in M .

In order to avoid trivial ambiguities, we will consider U to be connected and
maximal in the sense that there is no larger domain U ′ ⊃ U on which equation
(22) holds. In case U = M the screen conformality is said to be global.

Examples. (a) The lightlike cone Λn+1
0 of Rn+2

1 . Let Rn+2
1 be the space

Rn+2 endowed with the semi-Euclidean metric

ḡ(x, y) = −x0y0 +

n+1
∑

a=1

xaya, (x =

n+1
∑

A=0

xA ∂

∂xA
).

The light cone Λn+1
0 is given by the equation −(x0)2 +

∑n+1
a=1(xa)2 = 0, x 6=

0. It is known that Λn+1
0 is a lightlike hypersurface of Rn+2

1 and the radical
distribution is spanned by a global vector field

ξ =

n+1
∑

A=0

xA ∂

∂xA
(23)

on Λn+1
0 . The unique section satisfying (3) is given by

N =
1

2(x0)2
{−x0 ∂

∂x0
+

n+1
∑

a=1

xa ∂

∂xa
} , (24)

and is also globally defined. As ξ is the position vector field we get

∇̄Xξ = ∇XX = X, ∀X ∈ Γ(TM).

Then,
⋆

Aξ X + τ(X)ξ + X = 0. As
⋆

Aξ is Γ(S(TM))−valued we obtain

⋆

Aξ X = −PX, ∀X ∈ Γ(TM). (25)

Next, any X ∈ Γ(S(TΛn+1
0 )) is expressed by X =

∑n+1
a=1 Xa ∂

∂xa , where
(X1, · · · ,Xn+1) satisfy

n+1
∑

a=1

xaXa = 0 (26)
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and then

∇ξX = ∇̄ξX =

n+1
∑

A=0

n+1
∑

a=1

xA ∂Xa

∂xA

∂

∂xa
,

ḡ(∇ξX, ξ) =
n+1
∑

A=0

n+1
∑

a=1

xaxA ∂Xa

∂xA
= −

n+1
∑

a=1

xaXa = 0, (27)

where (26) is differentiated with respect to each xA. From (26) and (27) we
obtain ∇ξX ∈ Γ(S(TΛn+1

0 )), that is, AN ξ = 0. Compute ANX for X ∈
Γ(S(TΛn+1

0 )). Let X, Y ∈ Γ(S(TΛn+1
0 )). Using (24) and (26) we obtain

C(X,Y ) = g(∇XY,N) = ḡ(∇̄XY,N) = −
1

2(x0)2
g(X,Y ),

that is,

g(ANX,Y ) = −
1

2(x0)2
g(X,Y ) X, Y ∈ Γ(S(TΛn+1

0 )).

Therefore, we have

ANX = −
1

2(x0)2
PX X ∈ Γ(TΛn+1

0 ). (28)

Taking into account (25) and (28) we infer the following relation

ANX =
1

2(x0)2
⋆

Aξ X, X ∈ Γ(TΛn+1
0 ),

that is, Λn+1
0 is screen globally conformal lightlike hypersurface of Rn+2

1 with
positive conformal function ϕ = 1

2(x0)2
globally defined on Λn+1

0 .

(b) Lightlike Monge hypersurfaces of Rn+2
q . Consider a smooth function

F : Ω → R, where Ω is an open set of Rn+1, then

M = {(x0, · · · , xn+1) ∈ Rn+2
q , x0 = F (x1, · · · , xn+1)}

is called a Monge hypersurface [7]. Such a hypersurface is lightlike if and only
if F is a solution of the partial differential equation

1 +

q−1
∑

i=1

(F ′
xi)

2 =

n+1
∑

a=q

(F ′
xa)2.
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The radical distribution is spanned by a global vector field

ξ =
∂

∂x0
−

q−1
∑

i=1

F ′
xi

∂

∂xi
+

n+1
∑

a=q

F ′
xa

∂

∂xa
.

Along M consider the constant timelike section V ∗ = ∂
∂x0 of Rn+2

q . The vector
bundle H∗ =span{V ∗, ξ} is nondegenerate on M . The complementary orthogo-
nal vector bundle S∗(TM) to H∗ in TRn+2

q is an integrable screen distribution
on M called the natural screen distribution on M . The transversal bundle
tr∗(TM) is spanned by N = −V ∗ + 1

2ξ and τ(X) = 0, ∀X ∈ Γ(TM); indeed,
τ(X) = ḡ(∇̄XN, ξ) = 1

2 ḡ(∇̄Xξ, ξ) = 0. Therefore, Weingarten equations take

simplified forms ∇̄XN = −ANX and ∇Xξ = −
⋆

Aξ X. We deduce

ANX =
1

2

⋆

Aξ X =, ∀X ∈ Γ(TM).

Hence, any lightlike Monge hypersurfac in Rn+2
q is screen globally conformal

with constant positive conformal function ϕ(x) = 1
2 .

Remark 1. In case q = 1, the natural and the canonical (see [7]) screen
distributions coincide on Lightlike Monge hypersurfaces. This is to say that,
endowed with the canonical screen distribution, lightlike Monge hypersurfaces
are screen globally conformal in Lorentz space. Moreover, it has been proved in
[7, p. 133] that the geometry of a Monge lightlike hypersurface of R4

1 essentially
reduces to the geometry of a leaf of its canonical screen distribution. This result
can be proved for Rn+1

1 . Thus, for this class of lightlike Monge hypersurfaces,
our proposed problem is completely solved.

Proposition 1. Let (M,g, S(TM)) be a lightlike hypersurface of a semi -
Riemannian manifold (M̄ , ḡ). Suppose S(TM) is integrable and any leaf of
S(TM) is totally umbilical immersed in M̄ as a codimension 2 non-degenerate
submanifold with nowhere vanishing spacelike mean curvature vector field. If
the screen distribution is parallel along integral curves of theradical distribution,
then M is screen locally conformal.

Proof. Let us denote M ′ a leaf of S(TM). We have

∇̄XY =
⋆

∇X Y + C(X,Y )ξ + B(X,Y )N, ∀X,Y ∈ Γ(TM ′). (29)

The mean curvature vector field of M ′, say H⋆, is a vector field of the rank 2
bundle (TM⊥ ⊕ ltr(TM)), that is the normal bundle of M ′ in M̄ . Therefore,
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there exist two smooth functions α and ρ such that H⋆ = αξ + ρN . Since M ′

is totally umbilical immersed in (M̄, ḡ), we have

C(X,Y )ξ + B(X,Y )N = g(X,Y )(αξ + ρN), ∀X,Y ∈ Γ(TM ′).

Therefore, it follows that

B(X,Y ) = ρg(X,Y ) and C(X,Y ) = αg(X,Y ), ∀X,Y ∈ Γ(TM ′). (30)

Also, as 〈H⋆,H⋆〉 = 2αρ and H⋆ is nowhere vanishing spacelike, we get αρ > 0
on M . From (30), C(X,Y ) = α

ρ
B(X,Y ), ∀X,Y ∈ Γ(TM ′) with α

ρ
> 0 on

M ′. This is equivalent to ANX = α
ρ

⋆

Aξ X, ∀X ∈ Γ(TM ′). Since S(TM) is

parallel along integral curves of Rad TM , we have ANξ = 0 = α
ρ

⋆

Aξ ξ. Thus,

ANX =
α

ρ

⋆

Aξ X, ∀X ∈ Γ(TM)

which implies that M is screen locally conformal with ϕ = α
ρ
.

Remark 2. If M̄ is of constant sectional curvature c, then for c 6= 0 the
non-vanishing condition on H∗ is not necessary, for in this case, we always have
α 6= 0 at every point.

Theorem 1. Let (M,g, S(TM)) be a lightlike hypersurface in a Lorentzian
manifold (M̄, ḡ). The following assertions are equivalent:

(a) (M,g, S(TM)) is screen locally conformal.

(b) There is a (maximal) domain U in M on which M and its screen distribu-
tion have commutative shape operators. Moreover, their corresponding
principal curvatures are the same up to a nowhere vanishing smooth func-
tion ϕ on U ⊂ M .

Proof. If (M,g, S(TM)) is screen locally conformal, then on the confor-
mality domain U , there exist a nowhere vanishing smooth function ϕ such that

ANX = ϕ
⋆

Aξ X for all X tangent to U ⊂ M . Then, the commutativity of the

shape operators AN and
⋆

Aξ is immediate on U . Hence, there is a local frame

field with respect to which
⋆

Aξ and AN are simultaneously diagonal. Therefore,

consider on U ⊂ M an eigen frame field (E0, · · · , En) both for AN and
⋆

Aξ. If
µi and λi denote the principal curvatures corresponding to Ei with respect to

AN and
⋆

Aξ respectively, then by (22), µi = ϕλi and the last assertion in (b)
follows.
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Conversely, assume (b). The commutativity of the shape operators AN

and
⋆

Aξ implies the existence on U of a frame field (E0, · · · , En) with respect

to which AN and
⋆

Aξ are simultaneously diagonal. Let µi and λi denote the

principal curvatures corresponding to Ei with respect to AN and
⋆

Aξ. The last
assertion in (b) requires that there exists on U , a nowhere vanishing smooth
function ϕ such that µi = ϕλi, 0 ≤ i ≤ n. Decompose a tangent vector X ∈ TU
on the frame field (E0, · · · , En) such that X = XiEi. Then,

ANX = AN (XiEi) = XiANEi = XiµiEi = XiϕλiEi

= ϕ
(

XiλiEi

)

= ϕXi
⋆

Aξ Ei = ϕ
⋆

Aξ

(

XiEi

)

= ϕ
⋆

Aξ X.

Thus, (22) holds for a non-vanishing smooth function ϕ on U ⊂ M .

Remark 3. On the eigenspace, say N0, of the zero eigenvalue of
⋆

Aξ, we
note the following. Let S denote a subbundle of S(TM) defined by

S = span {
⋆

Aξ Y, Y ∈ Γ(TM)}.

Then,

N0 = span {
⋆

Aξ Y, Y ∈ Γ(TM)}⊥M = S⊥M ,

where ⊥M is the orthogonality symbol in M . In particular, if S coincides with
S(TM), then any eigenvector field in N0 is a multiple of ξ.

4. Geometry of Lightlike Hypersurfaces

In general the screen distribution is not integrable. In case of the screen locally
conformal lightlike hypersurfaces we have the following theorem.

Theorem 2. Let (M,g, S(TM)) be a screen locally conformal lightlike hy-
persurface of a semi-Riemannian manifold (M̄, ḡ). Then the screen distribution
is integrable. Moreover, M is totally geodesic, totally umbilical or minimal in
M̄ if and only if any leaf M ′ of S(TM) is so immersed in M̄ as a codimension
2 nondegenerate submanifold.

Proof. It is well-known that the screen distribution is integrable if and only
if the shape operator of M is symmetric with respect to the induced metric

tensor g. The integrability assertion follows relation AN = ϕ
⋆

Aξ and the

symmetry of
⋆

Aξ with respect to g. For the last assertion of the theorem, let X,
Y be tangent vector fields of the leaf M ′ of a screen distribution and h′ be its
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second fundamental form in M̄ as a codimension 2 nondegenerate submanifold.
We have

∇̄XY = ∇⋆
XY + C(X,Y )ξ + B(X,Y )N ,

which leads to

∇̄XY = ∇⋆
XY + g(

⋆

Aξ X,Y )(ϕξ + N),∀X,Y ∈ Γ(TM ′|U ) ,

that is

h′(X,Y ) = B(X,Y )(ϕξ + N) =
√

2|ϕ|B(X,Y )

(

ϕ
√

2|ϕ|
ξ +

1
√

2|ϕ|
N

)

,

∀X,Y ∈ Γ(TM ′|U ), where
ϕ

√

2|ϕ|
ξ +

1
√

2|ϕ|
N is a unit normal vector field

on M ′. As
√

2|ϕ| is nowhere zero and B(X, ξ) = 0, ∀X ∈ Γ(TM ′) the last
assertion in the above stated theorem follows.

It is known [7] that, in general, the induced Ricci tensor on any lightlike
submanifold is not symmetric. For a screen lightlike hypersurface we prove the
following theorem.

Theorem 3. Let (M,g, S(TM)) be a screen locally (or globally) lightlike
hypersurface of a semi-Riemannian manifold (M̄n+2(c), ḡ) of constant sectional
curvature c. Then the induced Ricci tensor on M is symmetric.

Proof. Using equation (3.1) on p. 93 of Duggal-Bejancu [7] one can show
that the general expression of the Ricci tensor of M is as follows:

Ric (X,Y ) = R̄ic (X,Y ) − ḡ(R̄(ξ, Y )X,N)

+B(X,Y )tr AN − g(ANX,
⋆

Aξ Y ). (31)

As M̄n+2(c) is nondegenerate we have R̄ic (ξ, Y )X = ± cḡ(X,Y )ξ, where one
can take either the sign + or −, depending on the chosen definition of the
curvature tensor. Thus, taking − sign, (31) reduces to

Ric (X,Y ) = R̄ic (X,Y ) + cḡ(X,Y ) + B(X,Y )tr AN − g(ANX,
⋆

Aξ Y ).

Since g and B are symmetric, it follows that

Ric (X,Y ) − Ric (Y,X) = g(ANY,
⋆

Aξ X) − g(ANX,
⋆

Aξ Y ).

Finally, by equation (22) Ric (X,Y )−Ric (Y,X) = ϕg([
⋆

Aξ,
⋆

Aξ]Y,X) = 0, which
completes the proof.
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5. A Physical Model

In this section we present a physical model of screen globally conformal lightlike
hypersurfaces. For this purpose, we first recall the following definition.

Definition 2. (Duggal [4]) An (n + 1)-dimensional (n > 1) lightlike mani-
fold (M,g) is said to be a globally null manifold if it admits a global null vector
field and a complete Riemannian hypersurface.

An up-to-date information on globally null manifolds, with some physical
applications, is available in [4, 5, 6].

Theorem. (Duggal [4]) Let (M, g) be an (n + 1)-dimensional (n > 1)
globally null manifold. Then, the following assertions are equivalent:

(a) The screen distribution S(TM) is integrable.

(b) M = M ′ × C ′ is a global product manifold, where M ′ is a leaf of S(TM)
and C ′ is a leaf of Rad TM in M .

(c) S(TM) is parallel with respect to the metric connection ∇ on M .

Consider a special class of globally null manifolds, denoted by (M,g, G),
such that each M carries a smooth 1-parameter group G of isometries whose
orbits are global null curves in M .

Proposition 2. An (n + 1)-dimensional (n > 1) special globally null man-
ifold (M,g,G) is a global product manifold M = M ′ × C ′, where M ′ and C ′

are leafs of a screen distribution S(TM) and the Rad TM of M . Moreover,
S(TM) is integrable.

Proof. Let M ′ be the orbit space of the action G ≈ C ′, where C ′ is a
1-dimensional null leaf of Rad TM in M . Then, M ′ is a smooth Riemannian
hypersurface of M and the projection π : M → M ′ is a principle C ′-bundle,
with null fiber G. The global existence of null vector field, of M , implies that
M ′ is Hausdorff and paracompact. The infinitesimal generator of G is a global
null Killing vector field, say ξ, on M . The metric g restricted to its screen
distribution space S(TM) then induces a Riemannian metric, say g′, on M ′.
Since ξ is non-vanishing on M , we can take ξ = ∂

∂θ
a global null coordinate

vector field for some global function θ on M . Thus, θ induces a diffeomorphism
on M such that (M = M ′×C ′, g = π⋆g′) is a global product manifold. Finally,
the integrability of S(TM) follows from the equivalence of (a) and (b) in above
quoted Theorem of Duggal [4].
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In [5, Example 2] it has been shown that there exists a pair of globally null
hypersurfaces of a globally hyperbolic spacetime [3] manifold. Based on this
result, we prove the following result.

Theorem 4. Let (M, g, G) be a special globally null hypersurface of an
(n + 2)-dimensional (n > 1) globally hyperbolic spacetime manifold (M̄, ḡ).
Suppose the induced Ricci tensor on M is symmetric. Then, one can choose a
canonical integrable distribution S(TM)⋆, of M , with respect to which M is a
screen globally conformal lightlike hypersurface.

Proof. Since Rad TM is integrable, using the fibre bundle theory, we
construct a special globally null hypersurface of M̄ as follows: Let (x0 =
t ; xa, xn+1) be coordinates on M̄ such that (t ; xa) are coordinates on M in-
duced by the foliation determined by Rad TM and (xn+1) is a coordinate on the
fiber of Rad TM , where a ∈ {1, . . . , n}. It is easy to see that this construction
is invariant with respect to any allowable coordinates transformations. Assume
that Rad TM is spanned by a global null vector field ξ. Consider a natural
basis { ∂

∂ t
; ∂

∂ xa , ∂
∂ xn+1 }, with respect to which the global null vector field ξ is

given by

ξ = ξ0 ∂

∂ t
+

n+1
∑

α=1

ξα ∂

∂ xα
,

n+1
∑

α=1

(ξα)2 = (ξ0)2. (32)

It is known that a globally hyperbolic spacetime may be written as a topological
product M̄ = R × S where S is a Cauchy hypersurface. Such a spacetime is
of the form (M̄ = R × B, ḡ = −dt2 ⊕ ḡ′) with (B, ḡ′) a Riemannian manifold.
Moreover, Beem and Ehrlich [3] have shown that there exists a class of globally
hyperbolic warped product spacetimes of the form

M̄ = M1 × f M2, ḡ = g1 ⊕ f g2, (33)

where (M1, g1), (M2, g2) and f are a time oriented globally hyperbolic space-
time, a complete Riemannian manifold and a smooth function on M1. Such
product spacetimes possess at least one timelike covariant constant vector field.
Thus, we may choose (without any loss of generality), along M , a timelike
constant vector field V = − ∂

∂ t
which satisfies the required condition ḡ(V, ξ) =

ξ0 6= 0, that is, V is not tangent to M . It follows that the vector bundle
B = Span { ∂

∂ t
, ξ} is non-degenerate on M . Take the complementary orthogo-

nal vector bundle S(TM)⋆ to B in TM̄ , which is a non-degenerate distribution
on M complementary to Rad TM . This means that S(TM)⋆ is a screen dis-
tribution on M such that B = S(TM)⊥, which we call the canonical integrable
(follows from Proposition 2) screen distribution on M . Using this, (3), (4) and
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(32) we obtain

N = (ξ0)−1 (V +
1

2 ξ0
ξ ), (34)

which we call the unique canonical null transversal vector bundle of M . Since
by hypothesis induced Ricci tensor on M is symmetric, it follows from Proposi-
tion 3.2 of [7, p. 99] there exists a pair {ξ,N} on U such that τ(X) = 0, ∀X ∈
Γ(TM). Now using (10) and (34), we get

0 = τ(X) = ḡ(∇̄X N, ξ) = X(ξ0)−1 ḡ(V, ξ) +
1

2
(ξ0)−2 ḡ(∇̄X ξ, ξ)

= X(ξ0)−1 ξ0.

Consequently, ξ0 is a constant. Also, the two Weingarten equations (10)
and (16) reduce to

∇̄X N = −A
N

X , ∇X ξ = −
⋆

Aξ X, (35)

respectively. Now using (19) and (34) we obtain

∇̄X N =
1

2
(ξ0)−2∇̄X ξ =

1

2
(ξ0)−2∇X ξ = −

1

2
(ξ0)−2

⋆

Aξ X .

Finally, using the reduced Weingarten equations (35) and above we get

AN =
1

2 (ξ0)2
⋆

Aξ . (36)

Thus, as per Definition 1, (M,g,G) is a screen globally conformal lightlike
hypersurface of M̄ with constant conformal function

ϕ(x) =
1

2 (ξ0)2
. �

Remark 4. A globally hyperbolic spacetime of the form R × B includes
Minkowski space and the Einstein static universe, but it fails to include several
other physical spacetimes such as Schwarzchild, Reissner - Nordström, and Kerr
spacetimes. This is why we have used warped products (in the proof of The-
orem 4) to include above and more general spacetimes. Also, in the following
physical model we show that the use of warped product globally hyperbolic
spacetimes is necessary for some cases.

Physical model. Consider a 4 - dimensional stationary spacetime (M̄, ḡ)
which is chronological, that is, M̄ admits no closed timelike curves. It is well-
known [8] that a stationary M̄ admits a smooth 1-parameter group, say Ḡ,
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of isometries whose orbits are timelike curves in M̄ . A static spacetime is
stationary with the additional condition that its timelike Killing vector field,
say T , is hypersurface orthogonal, that is, there exists a spacelike hypersurface
orthogonal to T . Our model will be applicable to both of these types. Denote
by M̄ ′ the Hausdorff and paracompact 3-dimensional Riemannian orbit space
of the action Ḡ. The projection π̄ : M̄ → M̄ ′ is a principal R - bundle, with
the timelike fiber Ḡ. Let T = ∂

∂t
be the non - vanishing timelike Killing vector

field, where t is a global time coordinate function on M̄ ′. Then, the metric ḡ
induces a Riemannian metric g

M̄′
on M̄ ′ such that

M̄ = R × M̄ ′, ḡ = −u2 (dt + η)2 + π̄⋆ g
M̄′

,

where η is a connection 1 - form for the R - bundle π̄ and

u2 = −ḡ(T, T ) > 0.

It is known that a stationary spacetime (M̄ , ḡ) uniquely determines the or-
bit data (M̄ ′, ḡ

M̄′
, u, η ) as described above, and conversely. Suppose the orbit

space M̄ ′ has a non - empty metric boundary ∂M̄ ′ 6= ∅. Consider the max-
imal solution data in the sense that it is not extendible to a larger domain
(M′, g′

M′
, u′, η′ ) ⊃ (M̄ ′, g

M̄′
, u, η ) with u′ > 0 on an extended spacetime M′.

Under these conditions, it is known [8] that in any neighborhood of a point
x ∈ ∂M̄ ′, either the metric g

M̄′
or the connection 1 - form η degenerates, or

u → 0. The third case implies that the timelike Killing vector T becomes null
and, there exists a Killing horizon H = {u → 0} of M̄ . This Killing horizon H
is related to special globally null hypersurfaces as follows:

Let (M, g) be a lightlike hypersurface of a stationary spacetime (M̄, ḡ).
First, we state the following known general result.

Theorem. (Duggal-Bejancu [7, p. 87-88]) Let (M,g, S(TM)) be a lightlike
hypersurface of a semi-Riemannian manifold (M̄, ḡ). Then, the induced connec-
tion ∇, on M , is independent of S(TM) if and only if the second fundamental
form h of M vanishes. Also, the following assertions are equivalent:

(i) M is totally geodesic, that is, B vanishes identically on M .

(ii) There exists a unique Levi-Civita connection ∇ on M .

(iii) Rad TM is a parallel distribution with respect to ∇.

(iv) Rad TM is a Killing distribution on M .
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Suppose (M,g) satisfies above result. Then, its Rad TM is a Killing dis-
tribution. Therefore, it follows from the equivalence of (i) and (iv), of above
result, that a globally null (M,g) is a totally geodesic (i.e., invariant) hyper-
surface of a stationary spacetime manifold M̄ . Now consider the case when the
timelike vector field T ∈ M̄ becoming null, that is,

Lim(T )
u→0

= ξ,

where ξ ∈ Γ(T (M̄ )) is a null Killing vector field. Then the spacelike hypersur-
face M̄ ′ of M̄ degenerates to a 3-dimensional globally null hypersurface M of
M̄ such that a leaf M ′ of S(TM) is identified with ∂ M̄ ′, that is,

M ′ = ∂M̄ ′ ⊂ M̄

is a common 2-dimensional submanifold of both M and M̄ . Since M is totally
geodesic in M̄ , we conclude that M admits a smooth 1-parameter group G of
isometries (induced from the group Ḡ of M̄) whose orbits are global null curves
in M . Obviously, for a totally geodesic M the induced Ricci tensor must be
symmetric. Thus, it follows from Theorem 4 that there exists a screen glob-
ally conformal lightlike hypersurface (M, g, G) of a 4-dimensional stationary
spacetime manifold (M̄ , ḡ) of general relativity.

Physically, it is important to find those stationary spacetimes M̄ which are
geodesically complete, chronological and their orbit space M̄ ′ has a non-empty
metric boundary ∂M̄ ′. The last condition is necessary for the existence of a
screen globally conformal hypersurface of such a spacetime M̄ with a Killing
horizon. For this purpose, we recall the following result.

Theorem. (Anderson, [2]) Let (M̄ , ḡ) be a geodesically complete, chrono-
logical, stationary vacuum spacetime. Then M̄ is the flat Minkowski space R4

1,
or a quotient of Minkowski space by a discrete group Γ of isometries of R3,
commuting with Ḡ. In particular, M̄ is diffeomorphic to R × M̄ ′, dθ = 0 and
u = constant.

Anderson result above implies that only a non - flat M̄ will have a non -
empty metric boundary of its orbit space. It turns out that Asymptotically
flat spacetimes are best physical systems for the non - flat stationary space-
times, many of them do have Killing horizons. For example, among stationary
spacetimes, Schwarzchild, Reissner -Nordström, and Kerr spacetimes, all have
Killing horizons [8]. As mentioned in Remark 4, for such physical cases, it is
necessary to use warped product globally hyperbolic spacetimes of the form
(33) which include above mentioned three stationary spacetimes and several
others. Using above information one can show that, in particular, Theorem 4
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will also hold if the ambient manifold is a warped product non - flat stationary
spacetime having Killing horizon.

Example. Consider the case of a 4 - dimensional Schwarzchild spacetime
(M̄, ḡ), with the metric

g = −A(r) dt2 + A(r)−1 dr2 + r2 ds2
s2, A(r) = 1 −

2m

r
,

where m and r are the mass and the radius of an isolated star or black hole and
represents their vacuum exterior regions. This metric is spherically symmetric
on M̄ ′ = (2m, ∞ ) × S2, such that ∂(M̄ ′) is given by a totally geodesic S2 and
r = 2m. Consider a new coordinate system ( v, r′, θ, φ ) such that v = t + r̄ a
null coordinate, where r̄ = r + 2m log (r − 2m). Then above metric transforms
into

ds2 = −A(r) dv2 + 2 dv dr + r2 ds2
s2 ,

which is non-singular for any non-zero r. For r = 2m we have A(r) = 0,
then, due to the absence of the term dv2, we get a lightlike hypersurface, say,
(M, g, r = 2m, v = constant ) of M̄ , whose screen distribution is topologically
a 2 - sphere S2. Denote by C ′ the 1 - dimensional null manifold generated by
the null vector field ξ. Then, it follows that (M, g) has a Killing horizon given
by S2 such that

M = S2 × C ′, g = π⋆g
S2

, π : M → S2.

Finally, as explained above for the general case, (M, g ) is a special globally
null (and, therefore, a screen globally conformal lightlike) hypersurface of a 4-
dimensional Schwarzchild spacetime M̄ with a Killing horizon S2 in the sense
that the null Killing vector field ξ ∈ Γ(T (M)) vanishes on S2.

Remark 5. Mathematically, the existence of geodesically complete and
chronological stationary spacetimes puts strong conditions on both the topology
and geometry of its orbit space M̄ ′ outside large compact sets. For purely
geometric reasons, it is interesting to find those conditions, both with respect
to flat and non - flat stationary spacetimes. However, physically, since there do
exist Killing horizons of some spacetimes, our Theorem 4 and its physical model
establishes a relevance of screen globally conformal lightlike hypersurfaces with
some physically significant stationary spacetimes.
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6. Stability with Screen Distribution Change

As mentioned before, the screen distribution is not unique, although for a chosen
screen distribution, we have a unique rigging tr(TM) which is complementary
vector bundle to TM in TM̄ . In this section, we are interested in the behavior
of the screen conformality with respect to a change in screen distribution. That
is to find how much there are which satisfy this property? Is this an intrinsic
property?

In the following we denote by S1 the first derivative of the screen distribu-
tion, that is the distribution

S1(x) = span {[X,Y ]|x, Xx, Yx ∈ S(TxM)} , (37)

for x ∈ M . As the screen distribution is integrable, S1 is a subbundle of S(TM).
Let S(TM) and S(TM)′ denote two screen distributions on M , h and h′ their
second fundamental forms with respect to tr (TM) and tr (TM)′ respectively
with respect to the same ξ ∈ Γ(TM⊥|U ). We know from [7, p. 83] that the local
second fundamental form B of M is independent of the screen distribution, that
is, B = B′.

Lemma 1. M is screen locally (or globally) conformal if and only if the sec-
ond fundamental forms C and B of the screen distribution and M respectively
satisfy

C(X,PY ) = ϕB(X,Y ), ∀X,Y ∈ Γ(TM |U ) , (38)

for some smooth function ϕ on U ⊂ M .

Proof. From (20), (21) and (22) we obtain

C(X,PY ) = g(ANX,PY ) = ϕg(
⋆

Aξ X,PY )

= ϕB(X,PY ) = ϕB(X,Y ).

Now consider {Wi}, 1 ≤ i ≤ n an orthonormal basis of Γ(S(TM)|U ). For the
screen distribution S(TM)′, consider also the local orthonormal basis {W ′

i}, 1 ≤
i ≤ n. As tr (TM) and tr (TM)′ are rigging with respect to the same ξ ∈
Γ(TM⊥|U ), it is easy to check that [7, p. 87]

N ′ = N −
1

2

{

n
∑

i=1

εi(ci)
2

}

ξ +

n
∑

i=1

ciWi,

W ′
i =

n
∑

j=1

Aj
i (Wj − εjcjξ) , 1 ≤ i ≤ n, (39)
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where the ci are smooth functions on U , {ε1, · · · , εn} is the signature of {W1, · · · ,Wn}
and (Aj

i ) is an orthogonal matrix of S(TxM) at any x ∈ U . Thus, the induced
connections ∇ and ∇′, with respect to S(TM) and S(TM)′, are related by:

∇′
XY = ∇XY + B(X,Y )

{

1

2
(

n
∑

i=1

εi(ci)
2)ξ −

n
∑

i=1

ciWi

}

. (40)

Lemma 2. A relationship between the second fundamental forms C and
C ′ of the screen distributions S(TM) and S(TM)′ respectively is as follows

C ′(X,PY ) = C(X,PY ) −
1

2
||W ||2B(X,Y ) + g(∇XPY,W ), (41)

where the characteristic vector field of the screen change is given by

W =

n
∑

i=1

ciWi. (42)

Proof. Using (39) and (40) we get

C ′(X,PY ) = ḡ(∇′
XPY,N ′)

= ḡ

[

∇XPY + B(X,Y ){
1

2
({

n
∑

i=1

εi(ci)
2)ξ −

n
∑

i=1

ciWi}, N ′

]

= ḡ (∇XPY,N) + ḡ(∇XPY,
n
∑

i=1

ciWi)

+ B(X,Y )







1

2
(

n
∑

i=1

εi(ci)
2) −

n
∑

j=1

n
∑

i=1

g(ciWi, cjWj)







= C(X,PY ) + g(∇XPY,W ) −
1

2
||W ||2B(X,Y )

which is the desired formula.

Let us denote ω the dual one form of the characteristic vector field W with
respect to the metric tensor g, that is

ω(X) = g(X,W ), ∀X ∈ Γ(TM). (43)

Theorem 5. If the screen distribution S(TM)′ generated by {W ′
i} as given

in (39) is screen locally conformal then the one form ω in (43) vanishes identi-
cally on the first derivative space distribution S1. In particular, if S1 coincide
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with S(TM) then there is a unique screen locally conformal distribution, up to
an orthogonal transformation.

Proof. If S(TM)′ is locally (or globally) conformal then by (38), (41) and
the fact that B = B′ we obtain

g(∇XPY,W ) = φB(X,Y ), ∀X, Y ∈ Γ(TM) , (44)

for some smooth function φ on M . As the right hand side of (44) is symmetric
in X and Y we obtain

g(∇XPY −∇Y PX,W ) = 0, ∀X, Y ∈ Γ(TM).

Therefore, we have g(∇XY − ∇Y X,W ) = 0, ∀X, Y ∈ Γ(S(TM)), that is,
ω([X,Y ]) = g([X,Y ],W ) = 0, ∀ X, Y ∈ Γ(S(TM)) which is the announced
necessary condition.

Now assume that S1 = S(TM) that is ω vanishes on S(TM). By (42) and
(43) we obtain W = 0 that is the functions ci are zero. Thus, (39) becomes
W ′

i =
∑n

j=1 Aj
iWj (1 ≤ i ≤ n), where (Aj

i ) is an orthogonal matrix of S(TxM)
at any x ∈ M which completes the proof.
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