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Abstract This paper is devoted to the study of power in Parliaments. We
explain how the power of coalitions can be computed after elections. We add
to the existing literature by using this analysis to predict what government
may emerge from these elections.
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1 Introduction

Legislative elections are usually followed by the formation of a new govern-
ment in most countries. This outcome is generally reached after a process of
bargaining between different political parties, in order to form coalitions. The
goal of this process is—at least for some groups—to implement a cooperation
by which they can obtain a result that each of them prefers to what they could
have obtained alone or within another coalition. Theorists have for a long
time been interested in the analysis of the process of coalition formation.
Taylor (1971) discusses a set of ‘decision-control’ theories, where it is assumed
that each agent (each player) wishes to be a member of a winning coalition
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(see Sect. 2) and to have as much control as possible over the decision of that
coalition. To cite only two instances, Leiserson (1966) distinguishes a number
of aims which motivate agents in the choice of their partners, such as the
control of other agents, or to minimize ideological differences within
the coalition; this same idea is developed by Axelrod (1970, p. 167), under the
assumption that ‘the less conflict of interest there is in a coalition, the more
likely the coalition will form’, which means that the most probable coalitions
are those containing ideologically adjacent parties.

In this paper, we study the formation of a governmental coalition after
general elections, using game-theoretic concepts and, more specifically, power
indices. The literature on this subject is growing quickly; for an account on the
main directions of the development of this topic, we refer the reader to Holler
and Owen (2001). One important question is: given the weights of the agents in
a game, how stable is a coalition once it is formed? We argue here that this
question is crucial in the context of the formation of a government after general
elections in democracies. Moreover, depending on the sociological environ-
ment, the coalitions that will form take account of both the ideological prox-
imity of parties and the distribution of power inside the coalition. We then
present two methods of prediction of a governmental stable majority in a
democratic parliament, after the evaluation of the power of each party in all
partitions, using Owen (1977) and Owen-Banzhaf (see Owen, 1981) notions of
value. Our difference with previous research based on power indices (e.g. Owen
& Carreras, 1988) is that this evaluation is done with two explicit alternative
assumptions: (i) we first suppose that the party with the largest number of seats
after the legislative elections forms the government: we call this the ‘parlia-
mentary method’; (ii) second, we apply the notion of the core to all the parti-
tions. The choice of these two methods is based on their underlying notions of
stability: in cooperative game theory, the concept of the core is usually asso-
ciated with the idea of stability, and in real political life, the parliamentary
method is considered as an effective way to reach stability. We illustrate these
two methods by applying them to the parliaments of some countries, with the
underlying games depending on the number of main parties—the number of
players—in each country: on the one hand the Republic of Cameroon and the
Czech Republic, where there were four main parties for the periods under
study, and on the other hand the Republic of Germany and Catalonia (Spain)
where there were five main parties. Catalonia was studied by Owen and
Carreras (1988) and the structure of its parliament, given by the repartition of
seats, is quite different from that of the German parliament (from the 2005
legislative elections), although both of them are five-game players. We thus
compare these two games. Besides, the rationale for the choice of Cameroon is
that unlike European democracies, in African countries and especially in
Cameroon, political parties can by no means be ranked along an ideological
axis; hence, this difference permits a comparison between two parliaments’
games with and without an ideological axis, but with the same number of
players. Finally we compare the results of the theory with real events.
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The organisation of the paper is as follows: Section 2 introduces the basic
notations and definitions; In Sect. 3 we explain the methods upon which our
stability notions are based and; In Sect. 4 we apply them to 4-player games,
and then to 5-player games. Section 5 then concludes the paper.

2 Notations and definitions

A simple game is a pair G = (N, W), where N (the set of parties) is a non
empty set and W is the nonempty set of all winning coalitions (or nonempty
subsets of N). More intuitively, a simple game is a cooperative n-person game
in which the set of all possible coalitions is partitioned into two subsets; on the
one hand the subset of winning coalitions contains all groups that have the
power to control the game and determine its outcome, and on the other hand
all other coalitions—losing coalitions—have no control power. G is a simple
game with quota if there exists a quota g > 0 and for each party i a non
negative weight w; such that S is winning if and only if the total weight of S,
ws = > wi, is greater than or equal to q.
ieS

In this paper, a simple game with quota G = [N, w;, g] will be interpreted as
formalizing the political configuration within a parliament, where N is the set
of the political parties in the parliament, w; is the number of deputies of the
political party i, g is the number of deputies or the quota necessary to form a
governmental majority at the parliament.

i is pivotal or critical for S in G if S is a winning coalition and S-{i} is not a
winning minimal coalition. The marginal contribution of i in S is 1 if i is critical
for S in G and 0 otherwise. S minimal on G if S is a winning coalition that does
not contain a winning (proper) coalition.

In what follows, we will be concerned with two power indices: Owen and
Banzhaf values.

In Owen (1977) a modification of the Shapley value (1953) is suggested “‘to
take into account the possibility that some players - because of personal or
political affinities may be more likely to act together than others”.

Let v be a simple game with N = {1, 2, 3, ..., n} the set of players. An a priori
union structure is a partition 7' = [T}, T, T,,] of N. The idea is that each 7 is
an a priori union, i.e. a set of players who agree (in a more or less binding
manner) to collaborate.

Letting M = {1, 2, 3, ...,m}, we define a quotient game u = v/T, with the set

of players M, by u(S) = v(Ucs 7)) for each S C M.

Let © be a permutation of N, and define the game = v by 7 v(K) = vr (K),
with K C N and 7 (K) = n K. Furthermore, let p be a permutation of M and
let T, ={jeN:p'(j) e Tk}

A carrier of v is any set H C N with v(S) = v(HN S) for all SCN

The modified value, ¢, is a mapping which assigns an n-tuple (@1, @2,...,0,,)
to each pair [v,7] and which axiomatically is assumed to satisfy the following
axioms:
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Al If H is a carrier for v, then > ¢;[v,T] = v(H).
icH
A2. For any p, [ ﬂ{TlvTZa" T }]7@[ {Tph P2y ﬂm}]
A3. For any je M, the quantity Z @;[v, T only depends on the quotient u = v/T.

Ad4. For any =, ¢;[nv; {T}, Tz, oo Tn¥] = @ry [vi{n Ty, nTa, ..., 7Ty} -
AS. For any two games, v and v/ o¢[v, T| + go[v T =ov+V,T].

Owen (1977) shows that there is a unique value satisfying these axioms,
given by: ' o

If i€T)eT, then @y, 7] =Y ¥ “O U QuKU{i}) v
(QUK) , S KCT;

where Q = |J T, and k, s, t; are the cardinalities of K, S, and T respectively.

=
Owen ( 1981r) rewrites the Banzhaf value: “‘he takes into account the possibility
that some players because of personal or political affinities—may be more likely
to act together than others”. Owen obtains a modification of the Banzhaf value:

If ieT;eT, then ¢;lv,T] = Z Z zmﬂ —==v(Q U {i}) —v(Q UK)]
where Q = (J T, and k, s, ¢ are the cardinalities of K, S, and T} respectively.

reS

3 Two methods of government formation

We evaluate the power of every political party in these partitions, using the
Owen (1977) and Owen-Banzhaf (see Owen 1981) notions of value. Consid-
ering successively each of these two values, our goal is to give a prediction of
which government will be formed at the end of the game, on the basis of a list
of criteria. We suggest the following alternative methods:

3.1 The parliamentary method

The party which obtains the largest number of seats is asked to form the
government. For the sake of simplicity, we call that party ‘partyl’. Then, party
1 must choose the partition that satisfies the following criteria: the parlia-
mentary method, and the method of the core.

Criterion 0: Party 1 chooses a partition which contains a winning coalition of
which it is a member.

Criterion 1: Under the preceding constraint, party 1 must choose a partition in
which it has the maximum power.

Criterion 2: The power of party 1 and its partners must be independent of the
configuration of the parties of the opposition; in other words, the
power of partyl and its partners must be the same, whether the
Opposition is united or divided. We call this criterion the external
stability condition.

Criterion 3: Party 1 must choose a partition which contains the smallest number
of decisive parties: we call this the internal stability condition.

Criterion 4: criteria 2 and 3.
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3.2 The core

The other method of forming a government that we suggest and analyse is
based on the concept of the core.

After the evaluation of the power of every party in the partitions, we
determine a set of winning coalitions, on which we define the dominance
relation of a partition in the following way:

Let B; and B; be two partitions, we say that B; dominates B; if there exists a
winning coalition in B; such that each party in that coalition has an index
power in B; greater than its power index in B;.

The core is the set of all undominated partitions.

4 Applications

In what follows below, we shall distinguish two categories of games according
to the number of decisive players. We begin with four players; we shall then
consider the five players case. Let us denote the partitions of N = {1,2,3,4} as
follows: B(;jxn = {{i}.{j}.{k}.{l}} when every player is alone, By = {{i,j.k}.{l}}
when i, j and k are linked, and / is alone;

Bjxy = {{ij}.{k,l} when i, and j are linked, k and [ are linked;
Bijrn = {{ij}.{k}.{l}} when i and j are linked, k is alone and / is alone; By =
{N} when i, j, k and [ are linked.

Similar notations for partitions will be used for the five players’ case.

4.1 Games with four players

In this section we examine the games played by parties in the Czech Republic
and in the Republic of Cameroon Parliaments. We shall compare the situation
of the Czech Republic after the 2002 legislative elections with the situation in
the Cameroonian Parliament between 1993 and 1997. The distribution of seats
in each country is described below:

Party Czech Republic Cameroon
Name Seats  Name Seats

1 Democratic Social Party 70 Cameroon People’s 89
Democratic Movement

2 Civic Democratic Party 58 National Union for Democracy 67
and Progress

3 Communist Party 41 Union of the Peoples 18
of Cameroon

4 Christian Democratic 31 Movement for the Defence 6

Party of the Republic

Ideological axis:  3-1-4-2 -
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Let us note in the Czech Parliament, that the minimal number of votes
necessary for any coalition to win is 101, while in Cameroon’s, this number is
91. Thus these Parliaments can respectively be described by quota games in
the following way: G; = [101:70, 58, 41, 31], and G, = [91: 89, 67, 18, 6].

Notice that G; and G, both have the same winning coalitions: 12, 13, 14,
123, 124, 134, 234, 1234.

Now, a crucial difference in the two countries is the fact that because of the
ideological configuration of the Czech Parliament, the formation of coalitions
will depend on an assumption of single-peakedness over the set of parties.
From left to the right, we have 3-1-4-2. More precisely, in the Czech Parlia-
ment, the Civic Democratic Party (2) and the Communist Party (3) alone
cannot form a coalition, that is without 1 and 4. Also, the Christian Demo-
cratic Party (4) and the Communist Party (3) cannot form a coalition without
1. And finally, 1 and 2 cannot form a coalition without 4. For the Cameroonian
case, no such assumption will be made since parties cannot be ranked along
such a one-dimensional axis.

Given the elements above, we can now provide the measures of power,
according to two of classical power indices. Values of Owen and Banzhaf, for
each partition, are summarized in Appendix Table 3. Bold numbers in
Appendix Table 3 correspond to the partition in which party 1 has maximal
power. The set of all partitions obtained with the parliamentary method is
given in Appendix Table 4. Now, using Owen and Banzhaf power indices, our
purpose is to compare the partitions that will be selected depending on the
way the selection is made; here we distinguish the two methods mentioned
above: the parliamentary method and the core.

The following table summarizes the results:

Czech Republic 2002-2006 Republic of Cameroon 1993-
1997
Parliamentary Core Parliamentary Core
Owen B1243) B1342), B1243) Bas.ay Ba2s.ay
B(i342) Ba3pa), Baazs) B(1243) Bzoay
B(134.2) B(1423)
Banzhaf B(14)2.3) B(13)2A4) - -
Baz3)

We can see that, when the power is measured by Owen’s value:

i) The parliamentary method leads to the choice of partitions which are in
the core:B(i24, 3y andB 1342y for the Czech parliament. The parliamentary
method leads to the choice of partitionsB (123 4), B(1243), B(1342) Which are
different from the choice of the core (B(i234), B132.4), Baap3)) for the
Cameroonian parliament.
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ii) Bq3pa4) is in the core for both the Czech and the Cameroonian parlia-
ments, satisfies criterion 1 for both the Cameroonian parliament and
Czech parliament but fails to satisfy the external stability.

B(1423) is in the core for both the Czech and the Cameroonian parliaments,
satisfies criteria 1 and 2 for the Czech parliament and fails to satisfy the
internal stability condition. For the Cameroonian parliamentB 4, 3) satisfies
criterion 1 and fails to satisfy internal and external stability.B (123 4) is only in
the core for the Cameroonian parliament, satisfies criterion 1, but fails to
satisfy the external and internal stability conditions. It is also a non valid
partition for the Czech parliament due to ideological constraints.When the
power is measured by the Banzhaf value:

i) For the Czech parliament, the core leads to the choice of partitions:
B(142.3) and B3 .4).

The external stability of B145 3) is due to the fact that, because of ideological
constraints, B(1423) is not a valid partition.

ii) For the Cameroonian parliament, the parliamentary method does not
propose any partition because partitions B(123.4),B(132.4).B(1423) fails to
satisfy the external stability. The core of Cameroonian parliament is
empty because of the presence of the partition B34 1) which dominated
the partitions suggested by core of the Czech Parliament. The partition
B (2341 is also dominated by B 15 34).

Our next question is as follows: how predictive are these methods to under-
stand actual political behaviour?

i) Government {1, 4} is the one which was formed after the Czech legislative
elections of 2002, with an Opposition made of parties 2 and 3 existing
separately, that is partition B(4,3). This situation corresponds to the
government composed of Democratic Social Party, Christian Democratic
Party while Civic Democratic Party and the Communist Party are in
Opposition.

This government is proposed by the core according to both indices of power.
Let us note that each method proposes governments other than {1, 4}.

ii) After the legislative elections of 1993 in Cameroon, the first government
which was formed was composed of the pair Cameroon People’s
Democratic Movement-Movement for the Defence of the Republic,
what coincides with the proposal of the core according to Owen’s value.
Let us note that this government does not satisfy external stability
according to Owen’s value and Banzhaf value: the power of party 1 is
maximum only if the Opposition is divided. However, two years later,
the governmental coalition widened by the integration of Union of the
Peoples of Cameroon. This new government is more in conformity with
the theoretical forecasts of the parliamentary method according to
Owen’s value.
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4.2 The German parliament game

The distribution of seats in the German parliament (2005-2009) country is
described as follows:

Party Name Seats
1 Democratic Christian Union —Democratic Social Union 226
2 Democratic Social Party 222
3 Liberal Party 61

4 Party of Left 54

5 Greens 51
Ideological axis: 4-5-2-1-3

This Parliament is described as the game G = [308: 226, 222, 61, 54, 51]

Winning coalitions are the following ones: 12, 123, 124, 125, 134, 135, 145,
234, 235, 245, 1345 and 2345.

Now, German parties can be ranked on an ideological axis from left to the
right: 4-5-2-1-3. This implies that the only admissible partitions are the ones in
Table 1, which simultaneously indicates the power of every admissible parti-
tion, according to the two power indices.

The parliamentary method and the core yield the results summarized
below:

Criterion 1 Criterion 2 Criterion 3 Criterion 4 Core
Owen B(12.3,45), B(12.3,45), B(12,3,45), B(12,3,45), B(12,3.45)»
B123.45), Ba2345) B23.45) B2345) B123.45),
B234.5) Ba2345) Bz345)
Banzhaf B(12,3,45), B(12,3<45), B(12<3,45)7 B(12‘3,45), B(12,3,45)7
B234.5) Ba23a4s) Ba2345) Ba23as) B23.4.5)
B3245)

The parliamentary method along with Owen’s value leads to coalition {1, 2},
parties 3, 4 and 5 being divided in the opposition. And this is exactly the
government that emerged from the 2005 legislative elections.

Table 1 Power indices in the German parliament game

Partitions Owen value Banzhaf index

B(12345) 0.30; 0.30; 0.13; 0.13; 0.13; 0.28; 0.28; 0.14; 0.14; 0.14;
B1235,4) 0.33; 0.33; 0.16; 0; 0.16; 0.33; 0.33; 0.16; 0; 0.16;
B(12453) 0.33; 0.33; 0; 0.16; 0.16; 0.33; 0.33; 0; 0.16; 0.16;
B(12345) 0.50; 0.50; 0; 0; 0; 0.50; 0.50; 0; 0; 0;
B(12345) 0.44; 0.44; 0.12; 0; 0; 0.40; 0.40; 0.20; 0; 0;
Bi2s3.4) 0.44; 0.44; 0; 0; 0.12; 0.40; 0.40; 0; 0; 0.20;
B2345) 0.50; 0.50; 0; 0; 0; 0.50; 0.50; 0; 0; 0;
B(12453) 0.50; 0.50; 0; 0; 0; 0.50; 0.50; 0; 0; 0;

B(13245) 0; 0.33; 0; 0.33; 0.33; 0; 0.33; 0; 0.33; 0.33;
B(1.3245) 0; 0.44; 0; 0.28; 0.28; 0; 0.50; 0; 0.25; 0.25;
B12345) 0.30; 0.30; 0.13; 0.13; 0.13; 0.28; 0.28; 0.14; 0.14; 0.14;
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Also, the proposal of the core according to Owen’s value coincides with the
government which was really formed: B(12345) and B(i23.4s).

This situation corresponds to the government composed of Democratic
Social Party, Democratic Christian Union and Democratic Social Union;
while Liberal Party, Party of Left and the Greens are on the opposition. Let us
note that the core proposes governments other than {1, 2} more precisely the
government B(123 45).

The parliamentary method along with the index of Banzhaf leads to coa-
lition {1, 2}, parties 3, 4 and 5 being divided in the opposition. And again this is
the government that emerged from the 2005 legislative elections.

The core according to the index of Banzhaf makes the same proposal but it
adds the possibility that parties 2, 4, 5 have to form a government and parties 1
and 3 are divided in the opposition: B 324s).

Partitions B(; 3245) are not selected by the parliamentary method because it
does not give maximum power to party 1. This situation corresponds to the
government composed of Democratic Social Party, Party of Left, and the
Greens; while Democratic Christian Union and Democratic Social Union and
Liberal Party divided in the Opposition.

4.3 The Catalonian parliament game

The distribution of seats in the Catalonian parliament (1980-1984) is
described as follows:

Party Name Seats
1 Convergence-Union 43
2 Catalan Socialist Party 33
3 Catalan Communist Party 25
4 Catalan Centrist 18
5 Catalan Republic Left 14

Ideological axis:3-2-5-4-1

The corresponding game is G4 = [68: 43, 33, 25, 18, 14]. The winning
coalitions of G, are the following ones: 12, 13, 145, 123, 124, 134, 125, 135, 234,
235, 1234, 1245, 1235, 1345, 2345 and 12345.

The measure of power according Owen and Banzhaf values are given in
Table 2 below:

The core and parliamentary methods then yield:

Criterion 1 Criterion 2 Criterion 3 Criterion 4 Core
Owen 3(1245‘3) 3(1245‘3) B(1245‘3) 3(1245,3) B(14,235)
Banzhaf B(145.2,3) - - - B(14.235)
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Table 2 Power indices in the Catalonian parliament game

Partitions Owen value Banzhaf index

B(12345) 0.40; 0.23; 0.23; 0.066; 0.066 0.38; 0.23; 0.23; 0.08; 0.08
B(12453) 0.58; 0.25; 0; 0.08; 0.08; 0.50; 0.30; 0; 0.10; 0.10
B23451) 0; 0.42; 0.42; 0.08; 0.08; 0; 0.375; 0.375; 0.125; 0.125
B14s523) 0.33; 0; 0; 0.33; 0.33 0.33; 0; 0; 0.33; 0.33
B(145yz,3) 056, O, O, 022, 0.22 0.72;0, O, 014, 0.14
B(13245) 0.33; 0.23; 0.33; 0.055; 0.055 0.31; 0.23; 0.31; 0.07; 0.07
B14.235) 0; 0.33; 0.33; 0; 0.33 0; 0.33; 0.33; 0; 0.33
B(1235.4) 0; 0.39; 0.39; 0; 0.22 0; 0.43; 0.43; 0; 0.14
B14235) 0.16; 0.16; 0.16; 0; 16.0.33 0.16; 0.16; 0.16; 0; 16.0.33
B(12345) 0.16; 0.25; 0.25; 0.16; 0.16 0.16; 0.25; 0.25; 0.16; 0.16
B4235) 0.42; 0.16; 0.16; 0.08; 0.16 0.42; 0.16; 0.16; 0.08; 0.16
B12345) 0.40; 0.23; 0.23; 0.066; 0.066 0.38; 0.23; 0.23; 0.08; 0.08

In the Catalan case, the actual government was composed of parties 1, 4
and 5, which are the Convergence-Union, the Catalan Centrist and the Cat-
alan Republican Left.

The core according Owen’s value and Banzhaf value’s also selects parti-
tions B(14235). This situation corresponds to the government composed of the
Catalan Socialist party, the Catalan Communist Party and the Catalan
Republican Left. The opposition is composed of the Convergence-Union and
the Catalan Centrist, united or divided.

The parliamentary method according to Owen value’s selects parti-
tionB 245 3). This situation corresponds to the government composed of the
Convergence-Union, the Catalan Centrist, and the Catalan Republican Left.
This government is larger than the government which was really formed.

Let us now compare with Owen and Carreras (1988) results. The Catalan
Communist Party is alone in opposition.

Owen and Carreras supposed that certain coalitions can be formed, they
evaluated they power of each party in these partitions.

They supposed that the Catalan Socialist Party and the Catalan Communist
Party form a coalition each of the other parties being alone: it is the parti-
tionB(1, 23, 4, 5) in our study.

The value of Owen of each party in this partition isB( 2345, = [0.16; 0.25;
0.25; 0.16; 0.16].

The index of Banzhaf of each party in this partition is B 234 5) = [0.16; 0.25;
0.25; 0.16; 0.16].

Owen and Carreras supposed that the convergence-Union party and the
Catalan Republican Left form a coalition, each of the other parties being
alone: this gives partition B(i4, 2, 3, 5) in our study.

The value of Owen of each party in this partition is: B(14235) = [0.42; 0.16;
0.16; 0.08; 0.16].
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The index of Banzhaf of each party in this partition is: B(14235) = [0.42;
0.16; 0.16; 0.08; 0.16].

If the Catalan Socialist Party and the Communist party form a coalition on
the one hand, the Convergence-Union and the Catalan Centrist forms also a
coalition on the other hand, the Catalan Republican Left being alone: it is the
partition B(i4, 23, 5) in our study.

The value of Owen of each party in this partition is: B(14235) = [0.16; 0.16;
0.16; 0.16; 0.33].

The index of Banzhaf of each party in this partition is: B4235) = [0.16;
0.16; 0.16; 0.16; 0.33].

Finally Owen and Carreras suppose that the Catalan Socialist Party and the
Catalan Communist Party form a single coalition, they associate the Catalan
Republic Left.

Our study does not consider this political configuration, because it supposes
that parties 2 and 3 must vote together each time, we cannot have 253, or 352
but we can have 235 or 325.

Our study supposes on the other hand that parties 2, 3 and 5 form only one
coalition and the two other parties being divided: it is the partition B 235 4).

Owen’s value of each party in partition B 235 4) is: [0; 0.39; 0.39; 0; 0.22].

The index of Banzhaf of each party in partition B 354 is: [0; 0.43; 0.43;
0.0.14].

When Opposition is united Owen’s value for each party in partition B4 23s)
is: [0; 0.33; 0.33; 0; 0.33], and the index of Banzhaf of each party in partition

In the same manner the Convergence-Union and the Catalan Centre
form a single coalition by associating the Catalan Republican Left, our
study does not consider this political configuration, because it supposes that
1 and 4 votes together each time, we cannot have 154, 451 but we can have
145 or 415.

Our study supposes on the other hand that parties 1, 4 and 5 form only one
coalition and the two other parties being divided: which gives partition
B14s523).

Owen’s value of each party in partition is: B(14s23) = [0.56; 0; 0; 0.22; 0.22]
and the index of Banzhaf of each party in partition is: B(14s23) = [0.72; 0; 0;
0.14; 0.14].

When Opposition is united Owen’s value of each party in partition B y4s 23
is: [0.33; 0; 0; 0.33; 0.33], and the index of Banzhaf of each party in partition

5 Conclusion
This paper was devoted to the study of the possibility of a stable government

after general elections. We can notice that the solution of the game will always
be a partition of N. The corresponding political configuration is a situation
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where there are one the one hand a government and on the other hand an
opposition, which can be united or divided.

We successively consider 4-player and 5-player games. The two 4-player
games are equivalent in the sense that although the weights and the quotas are
different, they have exactly the same winning coalitions; but they differ in that
in one of them—the Czech Republic—political parties can be ranked along an
ideological axis (which corresponds to single-peakedness), whereas in the
other one—the Republic of Cameroon—there is no such possibility. It appears
that the presence of an ideological axis increases the tendency to stability: the
proportion of stable coalitions (the number of all stable coalitions out of the
total number of all possible coalitions) is higher for the Czech Republic than
for the Republic of Cameroon; and this is true whatever the underlying power
index. In our two 5-player games, all parties can be ranked along an ideo-
logical axis; however, the two games do not have the same set of winning
coalitions. This shows that, under single-peakedness, stability highly depends
on other parameters of the game. Let us first notice that the parliamentary
method gives an advantage to the party that has the largest number of seats,
that is the party with the largest weight (and which is then in charge of forming
the government).

Ultimately, note that the solutions proposed by party 1 can be
disapproved by the other parties, especially in a dynamic approach where
each party makes the same reasoning as party 1 and looks for the partitions
in which it belongs to a stable government. The core gives this possibility to
all political parties. With the core, party 1 can be found in the opposition
although it has the largest number of seats in the parliament, in particular
when the government proposed by the other parties dominates the
government proposed by party 1.

The choice of the optimal partition depends on both the underlying power
index and the description of the ideological landscape of the political parties
in each country. In other words, the choice of the optimal partition also
depends on the hypothesis of single-peakedness over the set of parties.

Finally, it appears that when two different power indices lead to the same
stable partitions with party 1, these partitions are equivalent although the
power that each index assigns to party 1 is different.

The results in the paper show that the analysis above is to a large extent in
accordance with what actually happened during the periods under consider-
ation.

The scope of this paper is restricted to games with four or five players due
to illustrations, although the framework is general; with more players the
number of partitions grows considerably; nevertheless, it should be interest-
ing, at least under the hypothesis of single-peakedness, to consider games with
a greater number of players.
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Appendix

Table 3 Power indices for the two 4-player parliaments

Partitions Owen’s value

Banzhaf index

With single-
peakedness
Czech Republic

Without single-
peakedness
Republic of
Cameroon

With single-
peakedness
Czech Republic

Without single-
peakedness
Republic of
Cameroon

Ba2zg
B1234)
B1243)
B(1342)
Bsan
B1234)
B(23.4)
B34
B1324)
B3z
B(13.24)
B1423)
B142.3)
B1.423)
B3

0.50; 0.16; 0.16; 0.16

0.66; 0.16; 0; 0.16
0.66; 0; 0.16; 0.16

0.50; 0; 0.50; 0
0.66; 0; 0.33; 0
0.33; 0.16; 0.33; 0.16
0.66; 0; 0; 0.33

0.50; 0.16; 0.16; 0.16

0.50; 0.16; 0.16; 0.16
0.66; 0.16; 0.16; 0
0.66; 0.16; 0; 0.16
0.66; 0.16; 0; 0.16

0; 0.33; 0.33; 0.33
0.50; 0.50; 0; 0

0.66; 0.33; 0; 0

0.33; 0.33; 0.16; 0.16
0.50; 0; 0.50; 0

0.66; 0; 0.33; 0

0.33; 0.16; 0.33; 0.16
0.50; 0; 0; 0.50

0.66; 0; 0; 0.33

0.33; 0.16; 0.16; 0.33
0.50; 0.16; 0.16; 0.16

0.50; 0.16; 0.16; 0.16
0.60; 0.20; 0.20; 0

0; 60; 0; 0.20; 0.20
0.50; 0; 0.50; 0

0.75; 0, 0.25; 0

0.33; 0.16; 0.33; 0.16
0.75; 0; 0; 0.25

0.50; 0.16; 0.16; 0.16

0.50; 0.16; 0.16; 0.16
0.60; 0.20; 0.20; 0
0.60; 0.20; 0.20; 0

0; 60; 0; 0.20; 0.20

0; 0.33; 0.33; 0.33
0.50; 0.50; 0; 0

0.75; 0.25; 0, 0

0.33; 0.33; 0.16; 0.16
0.50; 0; 0.50; 0

0.75; 0; 0.25; 0

0.33; 0.16; 0.33; 0.16
0.50; 0; 0; 0.50

0.75; 0; 0; 0.25

0.33; 0.16; 0.16; 0.33
0.50; 0.16; 0.16; 0.16

Table 4 Partitions for the two 4-player parliaments under the parliamentary method

Power index

Criterion 1

Criterion 2

Criterion 3

Criterion 4

Owen SP B34y, Baps) B1243) B(1243) B1243)
no SP B123,4), B(1243) Bi234) B123.4) B1234)
B1342), Ba234) B1243) B(1243) B(1243)
B32.4), Ba1a23) B1342) B(1342) B1342)
Banzhaf SP B(13,2,4), B(14<3,4) B(14‘2,3) B(14,2<3) B(14‘2,3)
no SP B(]2'3,4) B(|2,3’4)
B32.4) - Baso.ay -
B1a23) B1a23)
References

Axelrod, R. (1970). Conflict of interest Chicago:Markham.
Holler, M. J. (2001). G. Owen (Eds.) Power indices and coalition formation. Boston/Dordrecht/
London: Kluwer Academic Publishers.
Leiserson, M. (1966). Coalitions in politics Ph.D. Dissertation. Yale University, New Haven.
Owen, G., & Carreras, F. (1988). Evaluation of the Catalonian Parliament 1980-1984. Mathe-
matical Social Sciences, 15(1), 87-92.
Owen, O. (1977). Values of games with a priori unions. In R. Henn, O. Moeschlin. (Eds.),
Mathematical Economics and Game Theory(pp. 76-88). Berlin:Springer-Verlag.

@ Springer



82 N. G. Andjiga et al.

Owen, G. (1981). Modification of the Banzhaf-Coleman index for games with a priori unions. In
M. J. Holler. (Ed.), Voting and voting Power. (pp. 232-238). Wurzburg: Physical-Verlag.
Shapley, L. S. (1953). A value for n-person games, Annals of Mathematics Studies, Study 28. (pp.

307-317). Princeton University Press.
Taylor, M. (1971). Mathematical political theory. British Journal of Political Science, 1(3), 339-
382.

@ Springer



	On the evaluation of power in parliaments �and government formation
	Abstract
	Introduction
	Notations and definitions
	Two methods of government formation
	The parliamentary method
	The core
	Applications
	Games with four players
	Taba
	Tabb
	The German parliament game
	Tabc
	Tabd
	Tab1
	The Catalonian parliament game
	Tabe
	Tabf
	Tab2
	Conclusion
	Acknowledgments
	Appendix
	References
	Tab3
	Tab4


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages false
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /Description <<
    /DEU <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [2834.646 2834.646]
>> setpagedevice


