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Abstract 

We present the Jacobi’s second equality in the form of stochastic 
equation. By the theorem of factorization of the solution of Fokker- 
Planck equation, the solution of Bloch equation is obtained and using 
the Matsubara formalism we determine the wave functions of a free 
particle and harmonic oscillator of the Euclidean quantum mechanic 
that permitted us to calculate the Leipnik entropy of ours particles. 
Showing that the joint entropy of the free particle increases with time 
and for the case of harmonic oscillator it fluctuates with time and 
frequency. 

1. Introduction 

We consider the Jacobi’s second equality in the form of a stochastic 
equation as follows [1]: 
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The corresponding Fokker-Planck equation of the stochastic equation (1) 
has the form [2, 3]: 
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The fundamental solution of equation (2) can be obtained from (1) by the 
method of substitution of variables in Wiener integral in the following form:  
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Using the factorization theorem this yield: 
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( ) ( ) ( ) τ=τ== xxxtxxx ,,0 0  (5) 

is the Kăc’s formula [4, 5]. 

From equation (5), we arrive at 
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We see from the evaluation that the Brownian motion is related to 
Euclidian quantum mechanics. This can be used to evaluate the wave 
function of any particle. 

2. Wave Function of Free Particle and Harmonic Oscillator 

Considering our theory, the probability density of a free particle is given 
by 
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from where the solution of the Bloch equation is given by 

 ( )

( )

( )

.

2

2exp
,;,

2

τ−π

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

τ−
−

−

=τ

τ

τ

t
m

t
xxm

txxZ  (8) 

To obtain the solution of the Schrödinger equation ( ),,;, txx τψ τ  we 

use the Matsubara formalism, that is, 

., τ→τ→ iitt  

Thus 
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The dependent wave function at time τ in momentum space can be 
written easily as 
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In the same manner, the solution of the Bloch equation, the wave 
function in coordinate and momentum space of the harmonic oscillator are, 
respectively, given by 
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3. Calculation of the Joint Entropy of the Free Particle and the 
Harmonic Oscillator and their Numerical Result 

The joint entropy is defined as follows [4, 6-8]: 
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The probabilities densities of the free particle in the coordinate and 
momentum space are given by the following equations: 
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Equations (14) into (13) give the joint entropy of a free particle as 
follows: 
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For the case of harmonic oscillator the joint entropy is 
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Figure 1. Joint entropy of a free particle versus time. 
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Figure 2. Joint entropy of harmonic oscillator versus time. 
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Figure 3. Joint entropy of harmonic oscillator versus frequency. 
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4. Conclusion 

We obtained the wave functions of free particle and harmonic oscillator 
of Euclidean quantum mechanic using the Kinematics’ Brownian motion due 
to the random canonical transformation. This helps us to determine the joint 
entropy of ours particles and to show that: the Leipnik entropy of a free 
particle increases with time and in the case of harmonic oscillator it 
fluctuates with time and frequency. This result indicates that the information 
entropy of free particle increases with time however it is periodically 
transferred between systems in the case of harmonic oscillator. 
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