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Abstract

We present the Jacobi’s second equality in the form of stochastic
equation. By the theorem of factorization of the solution of Fokker-
Planck equation, the solution of Bloch equation is obtained and using
the Matsubara formalism we determine the wave functions of a free
particle and harmonic oscillator of the Euclidean quantum mechanic
that permitted us to calculate the Leipnik entropy of ours particles.
Showing that the joint entropy of the free particle increases with time
and for the case of harmonic oscillator it fluctuates with time and
frequency.

1. Introduction

We consider the Jacobi’s second equality in the form of a stochastic
equation as follows [1]:

+i880|(xs, T, X, t) g

X
T m OX, P

(M

t
where (1) is the Wiener process, S¢(X¢, T; X, t) = IT L(xs, XS)ds is the

action functional along the classical trajectory of an arbitrary field with the

Lagrangian L(Xg, XgS).

The corresponding Fokker-Planck equation of the stochastic equation (1)
has the form [2, 3]:
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The fundamental solution of equation (2) can be obtained from (1) by the
method of substitution of variables in Wiener integral in the following form:
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Using the factorization theorem this yield:
exp{— % Sei(Xes T X, t)}

W (Xg, 0; X, T3 X, t) = T
exp[— ESd(XO, 0; X, t)}

Z(Xp> 0; X, T),  (4)

where
Z(Xp> 0; X¢, T)
B T 1 8254 (x(s), s; X, t)
= .[C expli— IO (V(X(S), s)— 7m ¢ o ds |dyXs,
X(O) = Xo> X(t) =X, X(T) =X (5)

is the Kac’s formula [4, 5].
From equation (5), we arrive at

5 0Z(Xg, 0; X, T)

= —HZ(xg, 0; X, 1)

and

ho exp‘:_%sd (X‘C’ T X, t):| R 1
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We see from the evaluation that the Brownian motion is related to
Euclidian quantum mechanics. This can be used to evaluate the wave

function of any particle.
2. Wave Function of Free Particle and Harmonic Oscillator

Considering our theory, the probability density of a free particle is given
by
W (Xg, 0; X, T; X, t)
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from where the solution of the Bloch equation is given by
2
_ ﬂ (X — X‘c)
exp { 2 t—r1 }
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To obtain the solution of the Schrodinger equation \V(Xr’ T, X, t), we

Z(Xe, T X, 1) =

use the Matsubara formalism, that is,

t—>it, it
Thus
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The dependent wave function at time T in momentum space can be

written easily as

. 20 t - Jt=1y 5 1
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In the same manner, the solution of the Bloch equation, the wave

function in coordinate and momentum space of the harmonic oscillator are,

respectively, given by
m ® 2 L2 N
exp{ 27 st —1) [(x5 — x“)cos w(t — 1) XTX]}
mno ’
2hsin ot — 1)

. mo 2 2
expy —i ———————[(X5 + x“)cha(t — 1) — 2xx.]
WX, T %, 1) = { 2hsho(t \?) }’ (11)

Z(Xe, Ty X, 1) =

TTmo
2insho(t — 1)
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3. Calculation of the Joint Entropy of the Free Particle and the
Harmonic Oscillator and their Numerical Result

The joint entropy is defined as follows [4, 6-8]:
_ 2 2
(1) = ~[ @ wix, O I wix, V)

~ [ dpl G(p, O 10| §(p, ) ~nh”. (13)

The probabilities densities of the free particle in the coordinate and

momentum space are given by the following equations:
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and
lw(p. t p )2 = 2 X=X = (14)
\Vp‘t’ ’pz _TE XT_XO .

Equations (14) into (13) give the joint entropy of a free particle as
follows:

ij (r) = % X _tXO (t- r)z[ln(%) (t-1)- %} —In2nn.  (15)

For the case of harmonic oscillator the joint entropy is
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Figure 1. Joint entropy of a free particle versus time.
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Figure 2. Joint entropy of harmonic oscillator versus time.
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Figure 3. Joint entropy of harmonic oscillator versus frequency.
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4. Conclusion

We obtained the wave functions of free particle and harmonic oscillator
of Euclidean quantum mechanic using the Kinematics’ Brownian motion due
to the random canonical transformation. This helps us to determine the joint
entropy of ours particles and to show that: the Leipnik entropy of a free
particle increases with time and in the case of harmonic oscillator it
fluctuates with time and frequency. This result indicates that the information
entropy of free particle increases with time however it is periodically

transferred between systems in the case of harmonic oscillator.
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