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Abstract: The present paper is concerned with the interesting situation of the existence of transverse
velocity and thermal boundary layers in the case of flow past a horizontal plate embedded in a saturated
porous medium.The analysis shows that the transverse and thermal boundary layers are thicker than the
axial boundary layers. The obtained expressions for both velocity and temperature associated with axial
and transverse boundary layers are exact solutions and the expressions for the shear-stress at the wall
and the specific heat flux are obtained. The study allows one to impose the constraint on the velocity of
the free stream .
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Nomenclature:
A quantity which involves boundary layer thickness is defined as

Al V

uoézf

2
1. B the porous parameter defined by B = ?

2. Cp specific heat of the convective fluid

3. K permeability of the porous medium
14

4. P Prandtl number P, = —
a

dT

5 0 (X) specific heat flux: g (X) = ﬂd—y| y0

Xu
6. Re local Reynolds number Re = —2
14

7. T temperature
8. T, temperature of the free stream

9. T, temperature of the plate
10. U velocity in the X direction
11. U, velocity of the free stream

12. v- velocity in the y-direction

13. X horizontal co-ordinate

14. 'y vertical co-ordinate

15. o« thermal diffusivity

16. O thickness of the velocity boundary layer in the X direction
17. &; thickness of the temperature boundary layer in the X direction

18. A thickness of the velocity boundary layer in the Y direction
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. . A
19. & the ratio of boundary layer thickness, & =g

0,
20. & dimensionless variable & =—1
T T 5

21. v kinematic viscosity of the fluid
22. p density of the fluid

23. I shear stress
INTRODUCTION

The problem of flow past a flat plate is one of the interesting problems in fluid mechanics, which was first
solved by Blasius (1908) by assuming a series solutions. Later, numerical methods were used (Howarth, L.,
1938) to obtain the solution of the boundary layer equation. In all the above analysis, it is presumed that a

boundary layer of variable thickness & is formed about the plate and in this layer the stream-wise component of
the flow velocity u varies from zero on the plate to the free stream value U,. However, no mention is being

made of the boundary layer associated with the transverse component V which turns out to have considerable
influence on the motion of a viscous fluid past a plate. In this direction Kanakov (1960) investigated the
formation of two boundary layers associated with two components of velocity Uand Vv ; in the first, of

thickness & , the component U varies from O to U, ; in the second, of thickness A , the component V varies

from O at the plate to O in the free stream.

The present problem is addressed to the question of whether such a situation arises in a steady flow past a
flat plate embedded in a saturated porous medium and other related aspects. The purpose of the present study is
to determine the exact solutions for the governing equations of motion for two dimensional boundary layers and
for the energy equation. In section 2 we formulate the problem; in section 3 we obtain exact solutions for
governing equations and we show that the transverse boundary layer is thicker than the axial boundary layer.
Furthermore we have computed the shear-tress at the wall and the specific heat flux. In section 4 we obtain the
temperature distribution and in section 5 we have estimated the approximation error when we replace the exact
solution for the equation of motion by the approximate solution in (Chandrasekhara, B.C., 1986) which allows
to impose the constraint on the velocity of the free stream.

Mathematical Formulation:

The physical model consists of a flat plate parallel to the X axis with its leading edge at X =0 and
infinitely long down stream. For mathematical analysis we assume the properties of the fluid and the porous
medium such as viscosity, permeability and conductivity, to a first approximation, are constant. Under these
assumptions the governing equations of motion for two dimensional boundary layers, following
(Chandrasekhara, B.C., 1986) and (Choudhary, M., M. Propster and J. Szekely, 1976) are:

ou ov
a—+a—=0
oo &)
ou ou ou v
ua—'f‘va—:Va 2 —?U
X y y )

where K the coefficient of permeability of the porous medium.

The following analysis is based on the notion of a second laminar boundary layer of thickness A being formed
on the plate (Lu, L., C.R. Doering and F.H. Busse, 2004).

The boundary conditions of the problem expressed in terms of A have the form
u=v=0,y=0

®
u=u,,v=0 y=A @
ou
oy 0y=a ©
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Analytical solution:
Taking into account the stream function i the components U and Vv of the velocity can be written as

follows

u:a—l/j V:_a_l//
oy OX )

Putting l//(X,y)= f (77) where nz% and O a thickness depending on X the equation (2) is

transformed to the form

2
8t 100 g o
K v dx

which produces the solution f in the form

dx (8)

A
where & = g is the ratio of the boundary layer thickness and the stream function i has the form
X, y)=f
v(xy)=1(n) ©

Taking into account the relation (8) and the boundary conditions (3-5) we obtain the solutions U,V in the
following form

1
—f' O<y<A
5 1(m) o<y
u(x,y)= 0 y=0
Ug y=A
(10)
ndo .,
L f 0< A
v(x,y)=16 dx () y=
0 y=A (11)
ou 1.,
—_— 77
Where
O (e
fl( )_ 61/52 e\/?@ )
e do 2 _(&-n) ’
dx [:I.-i-e\/K ]
(13)
26
"( ) 6vs eﬁ(i 7)_ \/?(547)
= Ed o
zdié‘ (1_’_6\/?(5 I)J
(14)
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Following ( Chandrasekhara, B.C., 1986) we consider that

J513{18+B)(2+B) -%é: (18+B)(2+B)

1
4JRe (15)

where B = ? is the porous parameter.

We assume that the velocity profiles of u with the co-ordinate Y, in the second boundary

layer are similar to the analogous profiles in the first boundary layer. In this case the variable 77 of U is defined
as

p=da_Ys
A &5 (16)
Substituting (16) into (10) we obtain the expression for U in terms of the original variable 77 =§ and &
as
1
o \s an

In the above equation, the variable 77 varies from O to & as in (11) ; the expression for the transverse
velocity V, which satisfies the boundary conditions at 77 =0and 77 = &, is obtained , using (11) in the form

f'(n) 0<np<¢

0 7=¢ (18)

v(xy)=

Where O is defined (15).
The dimensionless shear-stress at the wall is defined by

il
UO ay ® (19)

X
(20)
sin (\/EQZ]
3 v 2
5 3
2 egUOZKEdi coshe‘(\/Eg]
dx 2
(21)
Which produces using (15)
3 4B i VB .( /B
_E(@8+BX2+B)J.Jﬁgmnhfi_gﬂk_mnh(TfﬁJJ 22)
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where Re is the Reynolds number based on the free stream velocity U, . The values of the dimensionless

shear stress I" the thickness &, B and ¢ are presented in the table 1

B 5 o r
0.1 A XV
0.3244 — 3.0826, | — 00099 0 1 A A
Xv Uo - ==~ tanh| 0.051—— || 1-tanh?| 0.051——
= A \u, VRe [xv xv
Uy Uy U
03 03082i 32438\]% 0.0468 [xv 1 A A
' b - XY __tanh| 0.0844—=— || 1-tanh?| 0.0844—~—
v n W Jme an o an v
Uo Uy Uy
0.5
Xv
A /
0.2940 3.4003 |— 00017 [xv 1 A ) A
XY _~_tanh| 0.1039—=— || 1-tanh? | 0.1039—~—
XV uO A U, vRe XV XV,
Uy U, ™
0.7 Xv
A 3.5528 |—
0.2815 \u, 01391 [ 1 A . A
X _~_tanh| 01177 1-tanh?| 01177 —2—
XV A u, vRe xv xv
Uy u, U,
o 0.2701 A 3'7016\& 01869 [xv 1 A A
: Yo - X _~_tanh| 0.1281—=— || 1- tanh?| 0.1281—=—
xv A \u, vRe [xv v
Uo U, U,
1.0 xv
A 3.7749 | —
0.2649 A\ U 02105 [xv 1 A ) A
— ———tanh| 0.1324— || 1-tanh®| 0.1324—
XV A u, ~Re xv xv
Yo U, u,

It is observed from the table 1 that the ratio £ decreases with the increase in the values of B and if

A > 3.7749 then the thickness A of the second boundary layer is greater than the thickness of the first
Xv

uO
boundary layer o for all values of B

Temperature Distribution and Heat Transfer:
In what follows, we investigate the temperature distribution about a flat plate embedded in a saturated

porous medium when a steady laminar viscous fluid flows past the plate maintained at a constant temperature
T,,- For mathematical analysis we introduce the notion of two temperature boundary layers being formed about

the plate. In the first layer, of thickness o, the component pCTuU varies from zero at the plate to a value of
PCT, U, at the outer edge of the layer. In the second layer of thickness A; , the component pCTV varies from
zero at the plate to a value pCTou0 at the outer edge of the layer. We assume that the temperature boundary

layer of thickness A; is formed within the velocity boundary layer of thickness A and the convective fluid and

the porous medium are everywhere in local thermodynamic equilibrium. Under these assumptions, the energy
equation has the form

oT oT 0%T

u ——o»

V — o 7
oX oy oy (23)

where a =k / pC is the thermal diffusivity: Kk =&k, +(1—&)k,is the coefficient of thermal
conductivity of the porous medium. kf is the thermal conductivity of the fluid, & is the porosity of the medium,
K, is the conductivity of the solid matrix.
The boundary conditions on temperature are :
T=T,, y=0 (24)
T=T,. y=A 25)
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oT _

9 o y=A

oy ! (26)
Consider

T=T(n;) @

0.
where 7; =5l and 5T is the thickness of the first thermal boundary layer. Denoting the ratio ET by §T
T
we can write:

5T = 5§T (28)
1 A . _ L
We assume that — A; = 5 ; then the above assumption leads to the relation 77, =&, . Taking into
T
account the quantities

or __ 4T n; 45 or _ 1 dT O°T _ 1 dT
ox  dny & dx oy & dn; oy* &% dn,? 29)
we transform the equation (23) to the form
Mg,V 1 |dT _AdT(nr)
U, Uy dé‘T dn P, d’7T2
dx (30)
which is equivalent to the following equation
v L AT [T ] AT ()T T,
Ug Uy dﬁ d77T To _Tw Pr d77T2 To _Tw
dx (31)
that yields the solution satisfying the boundary conditions (24)-(26)
It o<y <o
T-T, |7
T,-T - —
o N Ig (- )41, o< <y
UAs (32)
Where
A a . =T - _A
R s o lml g
o~T
dx (33)
1 t>0
e(t)=40 t=0
-1 t<0 (34)

U,V are defined in the formulas (10-11).
Following (Chandrasekhara, B.C., 1986) we consider that
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2 3
S el o ee
((ZJFB)PJ (35)

To obtain an expression for the temperature distribution in the second temperature boundary
layer we assume that the variation of the temperature difference T —T,, is similar as in the first

boundary layer, which means that (32) is also valid for the boundary layer thickness A; . For this case
]7 =
and the expression for the variation of temperature difference T —T, becomes

n

T-T, |&n

TO _TW n (:(ET—l]Jrl
Gy U & (36)

where 77 =§.The above expression is valid for the temperature distribution in the temperature boundary

layer of thickness A; in which 77 varies from 0 to &&;.
The important quantity of interest in engineering application is the specific heat flux q (X) which is defined
by:

w5

negative sign has been omitted from the right hand side of (37) because the direction of Q (X) is opposite to

G IH O LR

y:0:5§§T;T Uas A 18+ B)(2+ B)

@7

that of 7.
In this section we arrive at the following result: we obtain exact solution for the equations (1,2), the
temperature distribution (36) of the equation (23) in the temperature boundary layer of thickness A in which

17 varies from 0 to £&; and the specific heat flux q(x) (37).

Estimation Error:
In this section we estimate the approximation error replacing the exact solution U (10) for the equations

(1), (2) by the approximate solution l] in (Chandrasekhara, B.C., 1986)

~ a Ba a’
u(x,y)=uo[_177+ lp®-—- 477“)
ERE 24 AL (38
igci NCYE=A
s(xy)= B Y _ 48u,B e
)T s ) (18+B)(2+B 1))
de[l+ef?(§;]} ( )( ){1+e£(5 :)j
(39)
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Where B = 5% /K :a, = A=
ST I (18+B)(2+B)

’ u-y
0.2 0.094u,
0.4 0.2577u,
0.6 0.488u,
0.8 0.6617u,
1.0 0.7968u,
12 0.8681u,
14 0.8447u,

Table 2 for B=0,5; A=0.1730; a, =1.297: £ =1.2599

It is observed from the table 2 that the approximation is efficient if the error is less than 10", nel]
1, . - .
which allows to write U, <—10"" where q is the coefficient of Uy in the table 2.

We arrive at the following result: the condition

*

U < 110‘n nell
q (40)

is sufficient to approximate the exact solution U by the approximate solution l] in (Chandrasekhara, B.C.,
1986).

Conclusion:

In this paper,we have investigated the exact solutions for the equations (1),(2) , (23) and we have obtained
that the transverse boundary layer is thicker than the axial boundary layer under suitable assumption.
Furthermore we have estimated the error of approximation of the exact solution (10) by the approximate
solution in (Chandrasekhara, B.C., 1986) which allows to impose the constraint on the velocity of the free
stream.
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