fJnurnanf
AIP 'Mathematical P |

Harmonic oscillator in twisted Moyal plane: Elgenvalue problem and
relevant properties

Mahouton Norbert Hounkonnou and Dine Ousmane Samary

Citation: J. Math. Phys. 51, 102108 (2010); doi: 10.1063/1.3496395
View online: http://dx.doi.org/10.1063/1.3496395

View Table of Contents: http://jmp.aip.org/resource/1/JMAPAQ/v51/i10
Published by the American Institute of Physics.

Related Articles

Mean first-passage time for random walks in general graphs with a deep trap
J. Chem. Phys. 137, 124104 (2012)

Smallest eigenvalue distributions for two classes of 3-Jacobi ensembles
J. Math. Phys. 53, 103301 (2012)

An analytic criterion for generalized synchronization in unidirectionally coupled systems based on the auxiliary
system approach
Chaos 22, 033146 (2012)

Third order integrability conditions for homogeneous potentials of degree -1
J. Math. Phys. 53, 082704 (2012)

A network function-based definition of communities in complex networks
Chaos 22, 033129 (2012)

Additional information on J. Math. Phys.

Journal Homepage: http://jmp.aip.org/

Journal Information: http://jmp.aip.org/about/about_the journal
Top downloads: http://jmp.aip.org/features/most_downloaded
Information for Authors: http://jmp.aip.org/authors

ADVERTISEMENT

The most comprehensive support for physics in any mathematical software package
‘World-leading tools for performing calculations in theoretical physics

o = Your work in Maple matches how you would write the problems and solutions by hand
a n e 1 6 = State-of-the-art environment for algebraic computations in physics
‘The Essential Tool for Mathematics and Modaling « The only system with the ability to handle a wide range of physics computations as well as

pencil-and-paper style input and textbook-quality display of results

www.maplesoft.com/physics = Access to Maple’s full mathematical power, programming language, visualization routines,

and document creation tools

Downloaded 27 Sep 2012 to 193.48.219.9. Redistribution subject to AIP license or copyright; see http://jmp.aip.org/about/rights_and_permissions


http://jmp.aip.org/?ver=pdfcov
http://oasc12039.247realmedia.com/RealMedia/ads/click_lx.ads/test.int.aip.org/adtest/L23/1570277243/x01/AIP/MapleSoft_JMPCovAd_1640x440banner_05_30_2012/Physics_advert_May2012.jpg/7744715775302b784f4d774142526b39?x
http://jmp.aip.org/search?sortby=newestdate&q=&searchzone=2&searchtype=searchin&faceted=faceted&key=AIP_ALL&possible1=Mahouton Norbert Hounkonnou&possible1zone=author&alias=&displayid=AIP&ver=pdfcov
http://jmp.aip.org/search?sortby=newestdate&q=&searchzone=2&searchtype=searchin&faceted=faceted&key=AIP_ALL&possible1=Dine Ousmane Samary&possible1zone=author&alias=&displayid=AIP&ver=pdfcov
http://jmp.aip.org/?ver=pdfcov
http://link.aip.org/link/doi/10.1063/1.3496395?ver=pdfcov
http://jmp.aip.org/resource/1/JMAPAQ/v51/i10?ver=pdfcov
http://www.aip.org/?ver=pdfcov
http://link.aip.org/link/doi/10.1063/1.4754735?ver=pdfcov
http://link.aip.org/link/doi/10.1063/1.4748969?ver=pdfcov
http://link.aip.org/link/doi/10.1063/1.4748862?ver=pdfcov
http://link.aip.org/link/doi/10.1063/1.4746691?ver=pdfcov
http://link.aip.org/link/doi/10.1063/1.4745854?ver=pdfcov
http://jmp.aip.org/?ver=pdfcov
http://jmp.aip.org/about/about_the_journal?ver=pdfcov
http://jmp.aip.org/features/most_downloaded?ver=pdfcov
http://jmp.aip.org/authors?ver=pdfcov

JOURNAL OF MATHEMATICAL PHYSICS 51, 102108 (2010)

Harmonic oscillator in twisted Moyal plane: Eigenvalue
problem and relevant properties

Mahouton Norbert Hounkonnou® and Dine Ousmane Samary®
International Chair in Mathematical Physics and Applications (ICMPA-UNESCO Chair),
University of Abomey-Calavi, 072 BP 50 Cotonou, Benin

(Received 27 April 2010; accepted 11 September 2010; published online 22 October 2010)

This paper reports on a study of a harmonic oscillator (ho) in the twisted Moyal
space, in a well defined matrix basis, generated by the vector fields X,=e/(x)d,
=(84+wfx")d,, which induce a dynamical star product. The usual multiplication
law can be hence reproduced in the w/), null limit. The star actions of creation and
annihilation functions are explicitly computed. The ho states are infinitely degen-
erated with energies depending on the coordinate functions. © 2010 American
Institute of Physics. [doi:10.1063/1.3496395]

I. INTRODUCTION

It is generally believed that the picture of space-time as a manifold M locally modeled on the
flat Minkowski space should break down at very short distances of the order of the Planck length
L,=(Gh/ )12, Limitations in the possible accuracy of localization of space-time events should, in
fact, be a feature of a quantum theory incorporating gravitation. Obtaining a better understanding
of physics at short distances and the cure of the problems occurring when trying to quantize
gravity should lead to change the nature of space-time in a fundamental way. This could be
realized by implementing the noncommutativity through the coordinates which satisfy the com-
mutation relations [£#,£”]=iC*"(X) # 0. In general, the function C**(X) is unknown, but, for physi-
cal reasons, should vanish at large distances where we experience the commutative world and may
be determined by experiments.6’13 The O-deformation case which may at very short distances
provide a reasonable approximation for C**(£) is described by the commutation relation [£#,%"]
=iO®*”. ®* is usually chosen in the form

0 0,
-0, 0 0
0 o,
-0, 0
0= , (1)
0 0 Op,

- D/2 0

where O, e R, j=1,2,--, %, have dimension of length square, ([® j]=[L]2), D denoting the space-
time dimension. The algebra of functions of such noncommuting coordinates can be represented
by the algebra of functions on ordinary space-time, equipped with a noncommutative x-product.
For a constant antisymmetric matrix @**, this can be represented by the Groenewold-Moyal

product,
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(f * @)(x) =m{e’®"*%%f(x) ® g(x)}, xe Ry Vfge C(RY), 2)

m is the ordinary multiplication of functions, Cw(Rg) is the space of suitable smooth functions on
R2, and Rg is the D-dimensional Moyal space. This product can be generalized under the form

(f * 9)(x) =m{e® XN (1) © g(x)}, (3)
where Xa=eg(x)(7M are vector fields. The commutation relation of coordinates then becomes
[x#,x"], =i0©%e*(x)e}(x) := i®#¥(x) engendering a twisted scalar field theory where e and hence
the *-product itself appear dynamical.

In general, the noncoordinate base has a nonvanishing Lie bracket and satisfies

(X, Xp]=efeld e, —eld e )X .= CoX... (4)

a

The particular condition [X,,X,]=0 (i.e., the vector fields are commuting) implies constraints on
e, namely, eftl 0Me”b]=0, that can be solved off-shell in terms of D scalar fields ¢“. Supposing that
the square matrix e/ has an inverse ej, everywhere, so that the X, are linearly independent, then
the above condition becomes 4, e“,,]zO which is satisfied by e}=4,¢". Since X, ¢p’= 62, the field
¢’ can be seen as new coordinates along the X, directions. See Refs. 1-12 for more details.
Besides, the Leibniz rule extends to the commuting fields X, as follows:

Xa(f*g)=(Xaf)*g+f*(Xag)- (5)

Recently,1 a formulation of dynamical noncommutativity, which allows for a consistent inter-
pretation of position measurement and the solution of the problem of a noncommutative well, has
been put forward. In their approach, the authors required that the vector fields X, commute,
ensuring the associativity of star product (3). This work addresses a study of a harmonic oscillator
properties in the twisted Moyal plane. The associativity property does not play any specific role in
the formulation of a noncoordinate base'* as used here and therefore is not required. Besides, it is
worth noticing that such hypothesis made in Ref. 1 (consisting to assume the associativity of the
star product or, equivalently, the commutativity of the fields X,,) does not change the results of our
investigations as shown in Appendix A.

Furthermore, the use of noncoordinate base leads to consider a curve geometry, more general
and richer than a flat one. This could be also of some importance in the study of quantum gravity.

The paper is organized as follows. In Sec. II, using appropriate matrix basis and deforming the
issue of a twisted product, we solve the resulting eigenvalue problem to find the states and the
energy spectrum of the harmonic oscillator Hamiltonian. These states are infinitely degenerate.
Some concluding remarks are pointed out in Sec. III.

Il. HARMONIC OSCILLATOR IN TWISTED MOYAL SPACE

As a prelude to the construction of a matrix basis appropriate for this study, let us set up main
algebraic relations pertaining to twisted noncommutative coordinate transformations.

A. Useful relations
We consider the following infinitesimal affine transformation:

et(x)= 8+ oyt of = -of, and |0 <1. (6)

In the sequel, we restrict the discussion to D=2, where e’ and O can be expressed as follows:

l+wx?  whx? 0 @
(e)z‘=( S ) and @ ={ T = 00)”, ()
- Wy - Wy -

where J2=—j21=1, J"=J?2=(. There follow the relations
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e = det(e”) =1 + wlx* — whx', (8)

e =:det(e}) =1~ X% + wipx!. 9)

Before going further in the development, let us immediately recall that all results of our investi-
gation remain also valid even when the considered vector fields commute. See Appendix A for
details.

The *-product of two Schwartz functions on Rg can be written under the form

i
(f* g)(x)=m[exp<50@"lf’”f9,¢® (9V>(f® g)(x)}, (10)
where u,v=1,2 and d, = j. Using twisted star product (10), one can see that
ok w pitx — pilktq)x e—i/ZHe_lqu' (11)

The Fourier transform of f,g S(Ri)) can be written as

f(k) = f d’xef(x),  g(g) = f d’xe™ g (x), (12)
with the function inverse transform given by
1 o~ .
fx)= e f ke f(k),  g(x) = (27 f d*qe"g(q). (13)

We can then redefine the twisted star product of two Schwartz functions f, g as

1
@2m*

(f*xg)(x)= f dPkd*qf (k)g(g)e™ % &% = J PkdPq (k) g(q)e k) o=il20¢” kig

2m)*

1 . - )
@m J dkd’q J PydP2f(y)g(z) X M1 e (14)
a

Using the identity

. _ 1
f Pheiky-120e Lg) _ (277)26(2)(x —y- Eﬁe‘qu) (15)

and the variable change ¢ to ¢’ :%Ge‘qu, we arrive at the adapted form for the proof of the next
Proposition 2.1,

e

2 2
(f*gx)= (i> f dPydzf(y)g(z)e 20V 0=2) < (—) J dPyd*zf(x — y)g(x — z)e 20
Tl 1)

d? 1 A
=fdzz(2ﬂ_t)2f(x—Eﬁe_lt)g(x—z)e_’”z. (16)

Proposition 2.1: If f and g are two Schwartz functions on R%H), then fxg is also a Schwartz
function on Ry,
Proof: Tt is immediate by induction on formulas (5) and (16) using integration by parts. B

The tensor ®** can be explicit as

~ 0 6!
(©@)* = (O) - (Ol+ waﬁ])xbz(— ge™! i) ) e

The twisted Moyal product of fields generates some basic properties such as the Jacobi identity,
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[, ¥ 21, 1+ [P, e x L0, + [ [P, x40, ], = 020 w bl = 0, (18)

conferring a Lie algebra structure to the defined twisted Moyal space, and

i i
X x f=xPf+ E”be(’l’“e’g&pf and fxx*=x"f- E@“bei‘eﬁ&pﬁ (19)

The star brackets (anticommutator and commutator) of x* and f can be immediately deduced as
follows: {x*, f},=2x"f, [x“,f]*zi(*)“”efjeg(?pf. Relations (19) can be detailed for x*, u=1,2 as

X! *f=x1f+§06‘1(92f, f*x‘:xlf—éﬁe‘lazf, (20)

xz*f=x2f—éﬁe"lz91f, f*x2=x2f+éﬁe‘l¢?lf, 1)

giving rise to the creation and annihilation functions,

X+ ix? _ xl—ix? (22)
a= ~ a= s
V2 \5

with the commutation relation [a,a],=6e”'. It then becomes a matter of algebra to use the
transformations of the vector fields d; and ¢, into d,=: i and d;=: ﬁ—‘; and vice versa to infer ¢!
=l-aw-aw and e=1+aw+aw, where

2 .1 2 .1
W +iw W —lw
W =t % and @ =: #’ (23)
V2 V2
leading to useful relations

de”! de! _ _ « -

—=-w, ——=-0o and for ke Z, we'=w, ®e=n. (24)
da da

Expressing twisted x-product (10) in terms of vectors fields d, and d; as

_1\n—k
(Fx 9)(ad) = [EE 1) ( oe-l) ><(aa®aa->k(aa®aa>"-k(f®g><a,a—>] (25)

n=0 k=0 k!(n—=k)!\2

and using Egs. (20) and (21) [or independently (25)] yield

( 1:) ( 1 ) (26)
( 06’15) _ <_ 06107) 27
frxa=\a————|f, frxa=\a+———|f. (27)

Provided the above definitions, we can now introduce the notions of right and left harmonic
oscillator states denoted by »fTR;lO and f%n, respectively.

B. The right and left states

Let f& e L*(Rg) be the ho “right” fundamental state, such that
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axf& =0 with R =2¢ 20 (1-57), (28)

Then, f§, solves the eigenvalue problem Hx fy,=Ex fo, With the corresponding right fundamental
eigenvalue SOR():g(l —2aw) of the self-adjoint unbounded twisted ho Hamiltonian operator,

H*(.)z:ﬁa*(.)z{a*a+%_l}*(.)z{a*ﬁ—%_l]*(.)z%{(x‘)%(ﬁ)z

+ (iﬁe‘lxl - ?w%z) dy— (iﬁe‘lxz - ?wﬂ) _e_z(&z + &2)] = %
(29)
defined in the domain
D(Hx) = {f € S € AC, (Ry); —f LA(Rg )} (30)

AC,OC(R%) denotes the set of the locally absolutely continuous functions on JR%). Similarly, the
fundamental left state f5, € L?(Rg) defined such that

fho*a=:0 w1thf6—2e (31)

solves the eigenvalue problem fi*x H=Eqfe, with the left fundamental eigenvalue &,
=§(1 —2aw) of the self-adjoint unbounded twisted ho Hamiltonian operator,

-1 -1
(.)*H==(.)*c_la=(.)*[a_*a+067]:(.)*[a*ﬁ—%]:%{(xl)2+(x2)2

& & 1
- (iﬁe‘lxl - —wlz O+ | 107 1x? - —w12 oy — e‘z(&%+ 6%) =~
4 4 2
(32)
defined in the domain
,u
D(xH) = {f e RIS funnfeo € ACL(RG); 2f € LA(RG )} (33)
Then, the other states follow from the next statement.
Proposition 2.2: The vectors fﬁzo € LZ(H%)) given for any m € N by
1 - maw maw U, 6wa™!
e S e a
solve the eigenvalue problem HxfX =R R with
0 ‘0w Ool,
== 2m+1—maw—(3m+2)c_la_)—m_w w__m , meN, (35)
2 4a 2"a
where
m=3
U,=(m-12"2+> (k+ 12", m=3, U_,=0, U,=1. (36)
k=0

Proof: The results are immediate by induction, performing similar analysis as in Ref. 8 to
construct the right states X, such that @ f~ =+ 0(m+1)f* +1.0° |
Similarly, the study of the ho left states provides the following result.
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Proposition 2.3: The vectors fén € L2(R%) given for any n € N by

1 naw naw U, Owa""!
- 2/1 n 1 | _Znh "
o Vn!&”{ a( " 4) 2 ]f&) 57

solve the eigenvalue problem f5 x H=Ep f5 with

20— p—
Eén=g{2n+1—n5€)—(3n+2)aw—n4zw+02w7?], neN. (38)

Proof: Tt uses the same procedure as previously, but with the construction of the left states f%n,
such that f§, *a=+0(n+1)fy,,.,. [

Besides lim,, 5 .o 5510=6(m+%) and lim,, 5 .o Sén= 0(n+%) corresponding to the usual Moyal
*-product spectrum of the harmonic oscillator Hamiltonian H.

All these results show that the ho right and left states as well as their respective energy
spectrum are expressible in terms of the space deformation constant § and of an additional piece
inherent to the nature of the induced infinitesimal transformation through the parameter w and its
conjugate.ls’17 Besides, a noteworthy feature of these states is the following.

Proposition 2.4: The right and left fundamental states defined by fgg)R =" xR
fg(l))L::f%n*ﬁn’“l are given by the following expressions:

MR \rm!0"+2§ (m+4j+1)

00 = 8 2 (m-)) @foo (39)

and

\nn!m”é (n+4j+1)

8 o (=)t /oo (40

W =fta e ae o 0)=-
which, in the usually Moyal product case, are reduced to 0. Besides, the twisted harmonic oscil-
lator states fX, and f~, are degenerate with respect to the rules,

A" fR =0 and f5 xa™?=0 V m=1. (41)

The proof is straightforward. See Appendix B.
Remark 2.1:

(1) fgo and féo are the twisted fundamental states restoring, in the limit of ordinary Moyal space,
the fundamental state given by 2e™>%V% For the analysis purpose, we call fgo and f’(L)O the
normal twisted fundamental states.

(2) The states ff;o correspond to twisted right m+ 1 particles states, reducing, in the usual case,
to right m particle states, while the states fén represent the twisted left n+1 particles states.

(3) There are an infinite number of twisted right m—k particle states and an infinite number of
twisted left n—k particle states given by a**' x ffqo and fﬁn*c_lk”, respectively.

C. Matrix basis of the theory

The usual construction of a matrix basis® exploits the *-multiplication of 1R, with 5 ie.,

(@ *fgo) o (f(%o *a") '

mn! @

LX(R3) > b2 = x(w,@, 0,m,n)fR * 5. = x(w,m, 6,m,n) (42)

Without loss of generality, we set the normalization constant y(w,®, #,m,n)=:1 by convention.
The corresponding eigenvalue problems are given by
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102108-7 Harmonic oscillator in twisted Moyal plane J. Math. Phys. 51, 102108 (2010)

Hxb2? =6k b@  and b2« H=£L b2 (43)

Wll’l mn?

while the x-actions of the annihilation and creation functions a and & are reproduced as follows

a*b() 0(m+1)b,(21n and b(2 *q= \0(n+l)b() o with the basis fundamental state b
)

= fﬁo* fLO satisfying the expected requirements a*boo =0, b(2 *a=0. Given the (1,1)- partlcle
states defined by L2(R3) 3 Al =: (" x fR ) * (f5 xa"), their tw1sted spectra can be computed from

the eigenvalue problems H*A1 1—£A1 |A1 Vand A« H= 5 ! 1A1 to get, depending on the right

mn mn

and left Hamiltonian *-actions,

0 G e m+4j+1
5§1,1=—[1—“—“’<2u+4>], m>0, (44)
m0

2 2 \ia (m=))!
0 aw ”n+4j+1
gA(l)nl— A}’Ol(a<—>aw<—>w)—§|:1—?<zw+4):|, n>0. (45)

For w=0 and =0, these energies are reduced to the usual Moyal space matrix basis right and left
fundamental energies. As needed, the Wick rotation can be used to ensure the real value of the
energy. In the same vein, one can define the single twisted (m—k+1) right particle states by
akx fRo= AT Skl LZ(]R ) corresponding to the energy values obtained from the right Hamil-
tonian *-action by

k
0 aw +4j+1
=2 2m =2k + 1 = (m = K)aw+ | (m—k=1)m - k), L~ _ (m = k)(m + 4k
w2 2 o (m=))!
(m —k)(m - 2k) 6w (m k+1)(m-k)bwU,,
+6)—4}— - ey , m=k>0. (46)

By analogy, the single twisted (n—[+ 1) left particle states f5 *a'=: Al "' e L*(R}) are associated
with the left action energy values,

1
0 +4j+1
= (@ 0@ a)=2) 2m-2+1 - (n—Daw+ — (n—z—l)(n—z)!E%
On n0 2 2 o (m=))!
~)(n—-20)6 — 1+ D)(n-1)6aU,
—(n—z)(n+4l+6>-4}‘(n )(Z e +;5f+l] e BEE
a
(47)

Proposition 2.5: Energy spectra (46) and (47) of the mixed twisted (m—k+1) right and (n
—1+1) left particle states L*(Rg) 3 A" 1~ = (gkxe R ) we (f5 % @) solve the following respec-
tive eigenvalue problems:

— — R - —
H*Am k+1,n—1+1 _ — Am k+1Am k+1,n l+1’ (48)
m0
Am —k+1,n—1+1 * H= EAH I+1Am;k+1,n—l+1‘ (49)

We readily recover spectra (44) and (45) by replacing m=k and n=1 in relations (46) and (47). Of
course, in the limit regime, these energies also well reproduce the ordinary Moyal plane (m—k)
right and (n—1) left particles energies,

0
hm gAm k+1 = 5[2(’/” - k) + 1]7 (50)

w,0—0 m0
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102108-8 M. N. Hounkonnou and D. O. Samary J. Math. Phys. 51, 102108 (2010)

0
lim 5in—l+l = 5[2(’1 - l) + 1]7 (51)
On

w,0—0

respectively.

lll. CONCLUDING REMARKS

We have investigated the main properties of harmonic oscillator in the framework of a dy-
namical noncommutativity realized through a twisted Moyal product. The construction of the
appropriate matrix basis has introduced an x-dependence in the definition of the star product. We
have computed the states and energies of the twisted harmonic oscillator. The degeneracy states
and their energy have been explicitly derived. All examined quantities easily acquire good physi-
cal properties when wj, and x' are transformed into iwj, and ix', respectively. Furthermore, the
ordinary Moyal space tools are well recovered as expected by setting w=0 and w=0.
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APPENDIX A: CASE OF COMMUTING VECTOR FIELDS

Consider the coordinates base =&+ w" x* and the symmetric tensor (between the index a
and b) w’,. Then, the twisted star product is associative and

(X4 Xp] = 0}, d, — why,d, = 0. (A1)

The matrix representation of ¢/ is given by

11 12 2 1, ,2 .2
(o) = I+ o x + opx WX+ wHX (A2)
€a= Lt ol 14 0ia + oia
WX + WX + W)X + WX
and
11 1.2 2 1_ .2 .2
(0)f = l—w X — wpX”  — @)X — W)X (A3)
D=\ o — ol 1 - ot — ol
WX — WX WX — WX
Then,
_l_d(,u)_l (1 2)1 (2 1)2_1 ——
e =det(el)) =1+ (0 + wp)x + (0w +wp)x"=1+aw+aw
e=det(e}) =1~ (0}, + 0h)x' = (w3, + w},)x* = | —aw - aw, (A4)

where w=5((0},+w},) —i(w},+w),)) and a=5(x'+ix?). The noncommutative tensor is given by
(@)= 0@"(_01 10), Then, we can immediately perform the computation and check that the eigen-
value problem of the harmonic oscillator yields the same solution as for the case of the skew
symmetric tensor w/;, but now defining w and @ as

1 . _ 1 .
w= ’—E(((u}1 + w%z) - 1(w%2 + w}z)), 0= TE((w}I + w%z) + l(cu%2 + w%z)). (A5)
vV v

Besides, the matrix eZ can be written as eZ: 5Z+ wff’xb, where wfj’:—wz‘b. Finally, the solution of
the field equation ei:&ﬂqb“ is well given by ¢“=x“+%wszbx”5‘;. From there follow all results

obtained in the core of this work.
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APPENDIX B: RIGHT AND LEFT x-ACTIONS OF THE CREATION AND ANNIHILATION
FUNCTIONS ONTO THE HO STATES

In this part, we derive the right and left x-actions of the creation and annihilation functions
onto the ho states.
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Similarly, >, & %@, & %@, f~ @' can be computed as
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where k=n,

n nam Ao (n+4j+1)
ST PR ES SRR Y Y
0 \n!g™" 2 455 (=) 0
1g"
_ \n!@" (l’l+4j+1)
fora == E ) o0 % f5o- (B3)
fhoxa*?=0. (B4)

APPENDIX C: USEFUL IDENTITIES
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